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Abstract. Capturing tail phenomena with quantile regression (QR) typically

requires the quantile level to vary with the sample size. Consequently, the effec-

tive number of observations contributing to estimation shrinks rapidly, inducing

substantial variance inflation in the conventional QR estimator. Exploiting the

widely observed power-law behavior of heavy-tailed distributions, this paper pro-

poses a new estimation method for QR parameters in the tail region. The proposed

approach incorporates additional tail information and substantially reinforces esti-

mation precision relative to conventional QR. The framework accommodates both

heavy-tailed and light-tailed outcomes within linear QR models. We establish the

asymptotic normality of the proposed estimator over the entire tail region. Build-

ing on an orthogonal decomposition of the estimation error, we develop a multiplier

double bootstrap procedure that enables valid inference. Simulation studies demon-

strate that our estimator produces markedly narrower confidence intervals than QR

estimator. We apply the method to estimate the marginal effect of education on

upper-tail incomes.
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1 Introduction

Koenker and Bassett (1978) introduce quantile regression (QR), a natural general-

ization of sample quantiles from the location model to linear model. By minimizing

a weighted sum of absolute residuals, the QR estimator exhibits robustness prop-

erties under non-Gaussian errors such as heavy-tailed distributions. Since then,

QR has become a widely used tool for analyzing heterogeneous covariate effects in

economics, finance, and health studies. For a prespecified and fixed quantile level

τ ∈ (0, 1), the asymptotic normality of the τ -QR estimator has been studied under

suitable regularity conditions; see, e.g., Koenker (2005, Section 4.3) and references

therein. The estimation precision is positively associated with the conditional den-

sity of the outcome variable evaluated at its τ -th conditional quantile.

In risk analysis, investment, insurance, and policy evaluation, empirical interest

often focuses on the tail region of the conditional distribution. For example, Engle

and Manganelli (2004), Hong et al. (2009), and Adrian and Brunnermeier (2016)

examine extreme or systemic risk in financial markets through tail conditional quan-

tiles; Xiao (2014) highlights the particular value of right-tail information in asset

return distributions for investors and portfolio managers; Wang and Li (2013) in-

vestigate the effects of chronic conditions on the upper quantiles of medical costs;

and Sasaki and Wang (2025) evaluate policy interventions aimed at populations

with extremely high net savings. Capturing such tail phenomena typically requires

the target quantile level to grow with the sample size. As τ approaches 1, the

conditional density evaluated at the τ -th conditional quantile becomes arbitrarily

small. As a consequence, the effective number of observations contributing to QR

estimation shrinks rapidly.

By integrating extreme value theory with QR, Chernozhukov (2005) rigorously

establishes the asymptotic theory of QR estimators for quantile levels approaching

1 or 0. The resulting asymptotic behavior depends critically on the effective sample
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size and distinguishes between two tail regimes. As illustrated in Figure 1, which

depicts the upper tail of a heavy-tailed distribution, the intermediate tail represents

a transition regime in which the number of outcome observations remains large. In

contrast, the extreme tail is characterized by data scarcity. In this regime, the τ -QR

estimator loses asymptotic normality and under heavy-tailed outcomes its estima-

tion error diverges, rendering the conventional QR estimator unreliable. To address

inference in the extreme tail, Chernozhukov and Fernández-Val (2011) develop a

subsampling-based procedure for the QR estimator. Subsequent studies have ex-

tended the extremal QR framework of Chernozhukov (2005) to settings involving

censored outcomes (Altonji et al., 2012), treatment effects (Zhang, 2018; Deuber

et al., 2024), endogenous selection (D’Haultfœuille et al., 2018), and time-series

models (Zhang, 2021; Daouia et al., 2023), among others. Nevertheless, relatively

little work has focused on improving the estimation accuracy of QR parameters in

the tail region. The QR estimator may suffer from variance inflation and numerical

instability in tails, as noted by He et al. (2023). As emphasized by Chernozhukov

et al. (2017), “the τ -QR estimator can be very inaccurate” when τ is very close to

1 or 0.

This paper proposes a novel method for estimating τ -QR parameters when the

quantile level τ approaches 1 or 0. Without loss of generality, we focus on the upper-

tail. By approximating the vanishing tail probability in the population τ -QR score

using an empirical power law representation, the proposed estimator effectively ex-

ploits information from the entire tail region above a threshold. As a result, the

effective number of observations contributing to estimation does not shrink as τ

approaches 1. The proposed method substantially reinforces estimation precision in

the tail region relative to the conventional QR. Specifically, under suitable regu-

larity conditions, the proposed estimator attains the same convergence rate in the

extreme-tail regime as in the intermediate-tail regime.

Semiparametric Pareto approximation from extreme value theory (e.g., de Haan
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Figure 1: Sparsity and integration in the extreme tail

Notes: The upper tail of the t(3) distribution with the 95% quantile taken as the threshold. The
tail region above this threshold contains 58 observations (red circles), of which 47 belong to the
intermediate tail, while the remaining 11 constitute the extreme tail.

and Ferreira (2006) and Resnick (1987)) provides an important, if not the only,

statistical method for extrapolation beyond the observed data. For a heavy-tailed

random variable with quantile function Q, the tail can be extrapolated via

Q(τ) ≈
(

1− τ0

1− τ

)γ
Q(τ0), (1)

where τ corresponds to an extreme quantile level, while τ0 lies in the intermadiate

tail regime. The exponent γ > 0 is the extreme value index, which characterizes tail

heaviness. Weissman (1978) uses this approximation to extrapolate intermediate

sample quantile into the extreme tail with fitted γ. More recently, Wang et al.

(2012) and Hou et al. (2024) extend this approach to the QR setting. Specifically,

they estimate the conditional quantile at an intermediate level τ0 using QR and

extrapolate it to an extreme level τ according to the Pareto approximation. The

rationale behind the approximation rests on the empirical power law behavior widely

observed in real world data.

Unlike prior studies that apply Pareto approximation to estimate high con-
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ditional quantiles, our focus is on QR parameters for their economic and policy

implications in the tail region. The proposed estimator is obtained by solving a

convex and smooth optimization problem constructed via a convolution with an in-

tegrated Pareto distribution. Our estimator remains asymptotically normal in both

the intermediate and extreme tail regimes. Moreover, owing to the Pareto-based

convolution, the precision matrix of our estimator no longer involves the conditional

density of the outcome evaluated at its τ -th conditional quantile, which vanishes as

τ approaches 1. Leveraging recent advances in extreme value theory for heteroge-

neous data by Einmahl et al. (2016) and Einmahl and He (2023), we estimate the

extreme value index of the underlying Pareto distribution directly from heteroge-

neous outcomes rather than from conditional quantiles. This yields a covariate-free

approach that remains robust to the choice and dimensionality of covariates. We

accommodate both heavy-tailed and light-tailed outcomes in linear QR models; for

light-tailed outcomes, an exponential transformation is employed to induce power

law behavior.

Building on the established asymptotic normality and an orthogonal decompo-

sition of the estimation error, we develop a multiplier double bootstrap procedure

that enables valid inference. Recent work by He et al. (2023) and Galvao et al.

(2024) investigates random-weight bootstrap methods within the QR framework.

Our numerical analysis, including simulation studies and an application to returns

to education at high income levels, demonstrates appealing performance of the pro-

posed estimation and inference methods. In particular, the proposed estimator

produces markedly narrower confidence intervals than conventional QR when the

effective sample size is small.

The remainder of the paper is organized as follows. Section 2 introduces the

proposed estimator for QR parameters in the tail region and establishes its asymp-

totic normality. Section 3 proposes a bootstrap procedure with random weights

and proves its asymptotic validity. Simulation studies in Section 4 demonstrate the
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advantages of the proposed method relative to conventional QR. Section 5 applies

the method to an income dataset. Section 6 concludes.

2 New estimator for linear QR

Let Yi be a scalar response and Xi = (Xi1, . . . , Xid)
> a d-dimensional vector of

covariates for unit i, where d is fixed. Denote by QYi(τ | xi) the conditional τ -

quantile of Yi given Xi = xi for τ ∈ (0, 1). A commonly used specification assumes

that the conditional quantile function is linear in the covariates:

QYi(τ | xi) = ατ + x>i βτ , (2)

where ατ ∈ R is the quantile-specific intercept and βτ = (β1(τ), . . . , βd(τ))> ∈ Rd is

the vector of quantile-specific slope coefficients. Koenker and Xiao (2002) propose

tests for linear QR models. Let ρτ (u) = u{τ − 1(u < 0)} denote the check loss

function. The τ -QR coefficients of model (2) minimize the expected check loss:

(ατ ,βτ ) = arg min
α,β

1

n

n∑
i=1

E
{
ρτ (Yi − α− x>i β)

}
, (3)

where E denotes expectation conditional on the covariates and n is the sample

size. Suppose that {Yi,Xi}ni=1 are independent over i. The τ -QR estimator is then

obtained by minimizing the corresponding empirical counterpart,

(α̂qr(τ), β̂qr(τ)) = arg min
α,β

1

n

n∑
i=1

ρτ (Yi − α− x>i β). (4)

For a comprehensive overview of QR methodology under a fixed quantile level τ, see

Koenker (2005). In this paper, we focus on precise estimation of the QR parameters

in the tail region where τ = τn ↑ 1 as n → ∞. We distinguish between two tail

regimes: an intermediate tail, where (1 − τ)n → ∞, and an extreme tail, where
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(1− τ)n→ C <∞. If the lower tail (τ = τn ↓ 0) is of interest, one can equivalently

consider −Yi instead of Yi.

Suppose that the conditional distribution of Yi given xi is heavy-tailed. We

order the observations Y1, . . . , Yn as Y1,n ≤ . . . ≤ Yn,n, and take the (k + 1)-th

largest observation Yn−k,n as the threshold tk. Here k denotes the number of the

observations exceeding threshold tk. Then rewrite the population objective function

in (3) as

(ατ ,βτ ) = arg min
α,β

1

n

n∑
i=1

E
{
ρτ
(
(Yi − tk)− (α + x>i β − tk)

)}
. (5)

A fundamental result in extreme value statistics states that the exceedances over a

high threshold, {Yn−k+i−tk}ki=1, asymptotically follow a generalized Pareto distribu-

tion under mild regularity conditions, known as the peak-over-threshold approach

(Pickands III, 1975). Motivated by this property, we propose a Pareto-convolution-

based loss to approximate the expected check loss for τ in the tail region. Specifi-

cally, we modify the standard check loss ρτ and define

ρτ,D(u) = u{1(u > 0)D − (1− τ)}, D = 1{Y > tk}.

This tail-adapted check loss incorporates the exceedance indicator D into ρτ . When

Y exceeds the threshold, ρτ,D coincides with ρτ . Otherwise, ρτ,D becomes asymp-

totically negligible as τ → 1. Thus, the modified check loss effectively downweights

the non-tail observations. Based on (5), we define the Pareto-convolution-based loss

as

`τ,D(v) =

∫ ∞
0

{ρτ,D (u− v)− ρτ,D (u)} dGγ̂H ,tk(u), (6)

Gγ,tk denotes the Pareto distribution function

Gγ,tk(u) = 1−
(

1 +
u

tk

)−1/γ

, u > 0,
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and γ̂H is the Hill estimator (Hill, 1975) for the shape parameter γ > 0,

γ̂H =
1

k

k∑
i=1

(log Yn−k+i,n − log tk). (7)

Here γ corresponds to the extreme value index of the conditional outcome distri-

butions. Under the linear QR model (2), Proposition 2.1 of Wang and Li (2013)

shows that γ is invariant with respect to the covariates.

Figure 2 illustrates the shape of the convolution-based loss function `τ,D(v) which

is both convex and smooth. Note that the term ρτ,D (u− v) in the integrand of

`τ,D(v) corresponds to the check loss ρτ ((Yi− tk)− (α+x>i β− tk)) in (5), while the

integrator dGγ̂H ,tk plays the role of the expectation E. The additional subtraction

of ρτ,D (u) ensures that the integral in (6) is well defined for any γ̂H > 0. Recently,

the asymptotic properties of the Hill estimator for γ under the independent but

non-identically distributed univariate samples have been studied by Einmahl et al.

(2016) and Einmahl and He (2023).

Figure 2: Visualization of function `τ,D by setting tk = 3, γ̂H = 1/3 and τ = 0.9.
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Finally, our estimator of (ατ ,βτ ) for τ = τn → 1 is defined as

(α̂(τ), β̂(τ)) = arg min
α,β

1

n

n∑
i=1

`τ,Di(α + x>i β − tk)︸ ︷︷ ︸
convex in (α,β)

, (8)
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where Di = 1{Yi > tk} indicates whether observation Yi exceeds the threshold.

Unlike conventional QR, the proposed objective function is differentiable. The

approach is related to convolution-based smoothing methods for QR, such as Fer-

nandes et al. (2021) and He et al. (2023), which employ kernel-based nonparametric

smoothers. Define the function

ŝγ(α,β) :=
1

n

n∑
i=1

(1,x>i )>

{(
α + x>i β

tk

)−1/γ

Di − (1− τ)

}
.

The following theorem shows that ŝγ̂H () is the gradient of the proposed objective

function with respect to parameters.

Theorem 1. The proposed estimator from (8) satisfies ŝγ̂H (α̂(τ), β̂(τ)) = 0.

Note that the gradient of the population objective function in (3) is given by

s(α,β) :=
1

n

n∑
i=1

(1,x>i )>
{
P(Yi > α + x>i β | xi)− (1− τ)

}
,

which satisfies s(ατ ,βτ ) = 0 at the true parameter values. When τ approaches 1,

ŝγ̂H (ατ ,βτ ) provides a tractable approximation to s(ατ ,βτ ). To see this, rewrite

the population gradient as

s(α,β) =
1

n

n∑
i=1

(1,x>i )>
{
P(Yi > α + x>i β | xi)

P(Yi > tk | xi)
· P(Yi > tk | xi)− (1− τ)

}
. (9)

Since Yi | xi follows a heavy-tailed distribution with extreme value index γ, the

conditional tail probabilities obey the power-law relation

lim
y→∞

P(Yi > sy | xi)
P(Yi > y | xi)

= s−1/γ, s > 0.

This implies

P(Yi > ατ + x>i βτ | xi)
P(Yi > tk | xi)

≈
(
ατ + x>i βτ

tk

)−1/γ

. (10)
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Combining (9) and (10) yields

s(ατ ,βτ ) ≈
1

n

n∑
i=1

(1,x>i )>

{(
ατ + x>i βτ

tk

)−1/γ

· P(Yi > tk | xi)− (1− τ)

}

≈ ŝγ̂H (ατ ,βτ ), (11)

where the final approximation replaces the unknown exceedance probability P(Yi >

tk | xi) with its empirical counterpart under suitable regularity conditions.

By leveraging power-law behavior, our method avoids direct estimation of the

vanishing tail probability, P(Yi > ατ + x>i βτ | xi) = 1 − τ ↓ 0, which appears

in the population τ -QR score. This enables us to effectively use the k exceedances

above a threshold to estimate the τ -QR parameters for all τ > 1−k/n, regardless of

whether τ lies in the intermediate or extreme tail regime. In extreme value analysis,

k = kn is typically taken as an intermediate sequence satisfying k →∞ and k/n→

0. Relative to the conventional τ -QR estimator, the convolution-based approach

substantially reinforces estimation precision, particularly when k/{n(1− τ)} → ∞.

We refer to (α̂(τ), β̂(τ)) as the reinforced tail quantile regression (ReQR) estimator.

We establish the consistency of the ReQR estimator, in the sense that the es-

timation errors are asymptotically negligible relative to the true parameter values.

The required regularity conditions are provided in Appendix A of the online sup-

plementary material. In particular, we assume that the conditional outcome distri-

butions are tail-equivalent and asymptotically proportional to a common “mother”

heavy-tailed distribution F,

sup
i≥1

∣∣∣∣1− Fi(y | xi)1− F (y)
− gni

∣∣∣∣→ 0, as y →∞.

Here, gni captures covariate-induced heterogeneity in tail scale across outcome vari-

ables, which we refer to as skedastic factors. When gni ≡ 1 for all i, the conditional

outcome distributions have asymptotically identical upper tails. Several illustrative
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examples of gni are provided in Appendix A.

Proposition 1. Suppose that Assumptions S.1–S.4 in Appendix A hold and that

τ = τn ↑ 1 as n → ∞. Then α̂(τ)−ατ
Q(τ)

P−→ 0, and β̂(τ)−βτ
Q(τ)

P−→ 0, where Q(τ) :=

inf{y : F (y) ≥ τ} denotes the quantile function of F.

Since QYi(τ | xi) = ατ + x>i βτ →∞, it follows that either ατ →∞ or ‖βτ‖ →

∞, or both. Without loss of generality, we assume that ατ → ∞. Note that ατ is

asymptotically proportional to Q(τ). Proposition 1 then implies α̂(τ)
ατ
−1 = oP(1), as

n→∞. A similar consistency result holds for the slope coefficients βτ . Specifically,

for the location-scale shift model (Example 1 in simulation studies), Proposition

1 yields max1≤j≤d

∣∣∣ β̂j(τ)

βj,τ
− 1
∣∣∣ = oP(1), where β̂(τ) = (β̂1(τ), . . . , β̂d(τ))> and βτ =

(β1,τ , . . . , βd,τ )
>.

Building on the consistency result in Proposition 1, we establish the asymptotic

normality of the ReQR slope estimator.

Theorem 2. Suppose that Assumptions S.1–S.5 in Appendix A hold. Let k be an

intermediate sequence and consider quantile levels τ > 1− k/n.

(i) If k
n(1−τ)

→ c ∈ (1,∞) as n→∞, we have

√
k
β̂(τ)− βτ
Q(τ)

D−→ N
(
0, γ2Γ−1

xxΦc,xxΓ−1
xx

)
.

(ii) If k
n(1−τ)

→ ∞ and
√
k

log2(n(1−τ)/k)
→ ∞ as n → ∞, then the following results

hold.

(a) When the conditional outcome distributions have asymptotically identical

upper tails,
√
k
β̂(τ)− βτ
Q(τ)

D−→ N
(
0, γ2Γ−1

xx

)
,

where Γxx = limn→∞ 1/n
∑n

i=1(xi − xn)(xi − xn)> in this simple case.
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(b) When the conditional outcome distributions are asymptotically non-identical

in the upper tails,

√
k

log(n(1− τ)/k)

β̂(τ)− βτ
Q(τ)

D−→ N
(
0, γ2Γ−1

xxhxh
>
xΓ−1

xx

)
.

The explicit expressions for the asymptotic variance matrices are provided in

Assumption S.5 of Appendix A.

Theorem 2 establishes the asymptotic normality under both intermediate and

extreme quantile levels. The variance matrices rely on weighted sample moments

of the covariates incorporating skedastic factors and no longer involve the condi-

tional outcome densities. Case (i) belongs to the intermediate tail regime, in which

n(1 − τ) is proportional to k → ∞, and n(1 − τ) < k for large n. In this case,

the ReQR estimator converges at the rate k−1/2, whereas the conventional QR es-

timator converges at the slower rate {n(1− τ)}−1/2 (Chernozhukov, 2005, Theorem

5.1 for type 2 tails). If the conditional outcome distributions have asymptotically

identical upper tails, the result of case (i) coincides with that in case (ii)(a). For

the intermediate tail satisfying n(1 − τ) = kα with α ∈ (0, 1), by case (ii)(a), the

ReQR slope estimator converges at the rate k−1/2, whereas the conventional QR

estimator converges at the slower rate k−α/2.

Case (ii) also covers the extreme tail regime in which n(1 − τ) → C < ∞.

In this regime, the estimator exhibits asymptotic behavior analogous to that in

the intermediate tail and retains asymptotic normality. In contrast, the conven-

tional QR estimator in the extreme tail has a non-Gaussian limiting distribution

(Chernozhukov, 2005, Theorem 4.1 for type-2 tails) and converges at a substantially

slower rate.

Remark 1. The joint asymptotic normality of α̂(τ) and β̂(τ) is established in The-

orem ?? of online supplementary material Appendix B.
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2.1 ReQR estimator for Log-transformed linear QR

Many economics and finance variables, such as income, wealth, and asset returns,

are highly skewed. A common practice to mitigate skewness is to apply a logarithmic

transformation. We consider the following log-linear QR model:

Qlog Yi(τ | xi) = ατ + x>i βτ , (12)

where the conditional τ -quantile of log Yi is specified as a linear function of co-

variates. By the equivariance of quantiles to monotone transformations, Qlog Yi(τ |

xi) = logQYi(τ | xi). Thus, the conditional quantile of Yi is given by

QYi(τ | xi) = exp(ατ + x>i βτ ). (13)

We extend the ReQR method developed in Section 2 to the log-transformed QR

model (12) which accommodates light-tailed outcomes within linear QR framework.

More generally, the proposed approach can be adapted to Box-Cox transformed QR

models, as studied in Mu and He (2007) and Wang and Li (2013).

Under Assumptions A.2 and A.3 in Appendix A, the conditional distribution of

Yi given Xi is heavy-tailed with extreme value index γ. Based on (13), we define

the ReQR estimator as

(α̃(τ), β̃(τ)) = arg min
α,β

1

n

n∑
i=1

`τ,Di
(

exp(α + x>i β)− tk
)
, (14)

where the smooth loss function `τ,D is defined in (6). Since the exponential function

is convex, the objective function in (14) is convex in (α,β). The theorem below

shows the gradient of the objective function with respect to the parameters.
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Theorem 3. The ReQR estimator defined in (14) satisfies

1

n

n∑
i=1

(1,x>i )>Q̃Yi(τ | xi)


(
Q̃Yi(τ | xi)

tk

)−1/γ̂H

Di − (1− τ)

 = 0,

where Q̃Yi(τ | xi) := exp(α̃(τ) + x>i β̃(τ)) and Di = 1{Yi > tk}.

Note that the population score evaluated at (ατ ,βτ ) is given by

1

n

n∑
i=1

(1,x>i )>QYi(τ | xi)
{
P(Yi > QYi(τ | xi) | xi)− (1− τ)

}
= 0,

where QYi(τ | xi) = exp(ατ + x>i βτ ). Analogous to the analysis of Theorem 1 for

the linear QR model, the feasible score in Theorem 3 approximates this population

score by invoking a power-law approximation for the tail probability P(Yi > QYi(τ |

xi) | xi) = 1 − τ. The next proposition establishes the consistency of the ReQR

estimator.

Proposition 2. Suppose that Assumptions S.1–S.4 hold and that τ = τn → 1 as

n→∞. Then α̃(τ)− ατ
P−→ 0 and β̃(τ)− βτ

P−→ 0.

Building on this consistency result, we derive the asymptotic normality of the

ReQR slope estimator.

Theorem 4. Suppose that Assumptions S.1–S.4 and Assumption S.6 hold. Let k be

an intermediate sequence and consider quantile levels τ > 1−k/n. If
√
k

log2(n(1−τ)/k)
→

∞ as n→∞, we have

√
k
(
β̃(τ)− βτ

) D−→ N
(
0, γ2Ω−1

xxΨxxΩ−1
xx

)
,

where the asymptotic variance matrix is defined in Assumption S.6 of Appendix A.

Theorem 4 establishes the asymptotic normality of the ReQR estimator for the

log-linear QR model (12), which allows log Yi to be light-tailed. Relative to the
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corresponding result for the linear QR model (2), the asymptotic behavior of the

log-linear QR is more transparent. In particular, the slope estimator exhibits the

same asymptotic distribution in both the intermediate- and extreme-tail regimes.

The resulting improvement in estimation accuracy in the tail region constitutes a

key advantage of the reinforced approach over the conventional QR.

Remark 2. The joint asymptotic normality of α̃(τ) and β̃(τ) is established in The-

orem ?? of online supplementary material Appendix B.

3 Inference: Multiplier double bootstrap

Since the asymptotic variances established in Theorems 2 and 4 depend on the

unknown skedastic factors gni, direct plug-in estimation is challenging. Building

on the asymptotic normality of the ReQR estimator in both the intermediate and

extreme tails, together with an orthogonal decomposition of the estimation error,

we develop a multiplier double bootstrap procedure that delivers valid inference

over the entire tail region.

Models (2) and (13) can be written in a unified form as QYi(τ | xi) = Λ
(
ατ +

x>i βτ
)
, where the link function Λ(·) is defined by

Λ(x) =

 x, linear QR model (2),

exp(x), log-linear QR model (12).

Accordingly, the ReQR estimator can be defined uniformly as

(α̂Λ(τ), β̂Λ(τ)) = arg min
α,β

1

n

n∑
i=1

`τ,Di
(
Λ(α + x>i β)− tk

)
.

By Theorems 1 and 3, the ReQR estimator solves a feasible score equation that

approximates the population score evaluated at the true parameter values. The ap-

proximation involves two layers: (i) a power-law approximation to the conditional
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tail probability, implemented via the Hill estimator for the extreme value index

γ; and (ii) an empirical approximation to the intermediate exceedance probability.

Lemma ?? in Appendix E of online supplementary material shows that the esti-

mation uncertainties arising from these two layers are asymptotically independent.

This result motivates our multiplier double boostatrap procedure for constructing

confidence intervals for the ReQR estimator.

Step 1 Draw two mutually independent i.i.d. sequences of nonnegative random

weights, denoted {ω(b)
i }ni=1 and {ξ(b)

i }ni=1, also independent of the data. The

weights ω
(b)
i have mean 1 and variance 1/2, while ξ

(b)
i have mean 1 and variance

1.

Step 2 Using the weights ω
(b)
i , define the randomly weighted Hill estimator as

γ̂bH = 1
k

∑n
i=1 ω

(b)
i (log Yi − log tk)1{Yi > tk}, and construct the corresponding

loss function `bτ,D(v) =
∫∞

0
{ρτ,D (u− v)− ρτ,D(u)} dGγ̂bH ,tk

(u).

Step 3 Using the weights ξ
(b)
i , obtain the bootstrap ReQR estimator

(α̂bΛ(τ), β̂bΛ(τ)) = argmin
α,β

1

n

n∑
i=1

ξ
(b)
i `bτ,Di

(
Λ(α + x>i β)− tk

)
.

Step 4 Repeat Steps 1–3 to generate a pool of bootstrap estimators {β̂bΛ(τ)}Bb=1.

Let β̂bΛ(τ) = (β̂bΛ,1(τ), . . . , β̂bΛ,d(τ))> and β̂Λ(τ) = (β̂Λ,1(τ), . . . , β̂Λ,d(τ))>. De-

fine δbj := |β̂bΛ,j(τ) − β̂Λ,j(τ)|. Order δ1
j , . . . , δ

B
j as δ

(1)
j ≤ . . . ≤ δ

(B)
j . For a

confidence level a ∈ (0, 1), we construct the two-sided bootstrap confidence

intervals CIβ̂Λ,j
(τ, a) =

(
β̂Λ,j(τ)− δ([Ba])

j , β̂Λ,j(τ) + δ
([Ba])
j

)
. for j = 1, . . . , d.

The weight sequence {ω(b)
i }ni=1 employed in Step 2 is designed to replicate the asymp-

totic behavior of the Hill estimator γ̂H . In Step 3 we perturb the objective function

using an additional sequence of weights {ξ(b)
i }ni=1, following the standard multiplier

bootstrap approach; see, for example, Jin et al. (2001) and Chatterjee and Bose
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(2005). Specifically, we draw ξ
(b)
i from a standard exponential distribution and

construct ω
(b)
i = (ξ̃

(b)
i − 1)/

√
2 + 1 where ξ̃

(b)
i is an independent copy of ξ

(b)
i , en-

suring that ω
(b)
i has mean 1 and variance 1/2. We use the ReQR estimator as the

initial value when computing the bootstrap ReQR estimator. Our bootstrap proce-

dure approximates the distribution of β̂Λ(τ)−βτ by the conditional distribution of

β̂bΛ(τ)− β̂Λ(τ) given the sample. The theoretical validity of this inference method

is established in the theorems of online supplementary material Appendix C.

4 Simulation

In this section, we evaluate the estimation accuracy of the proposed ReQR estima-

tors at high quantile levels and compare their performance with that of conventional

QR estimators. We also examine empirical coverage probabilities and widths of the

confidence intervals constructed using the proposed bootstrap procedure, and com-

pare them with those obtained from the subsampling-based inference method for

conventional QR developed by Chernozhukov and Fernández-Val (2011). Finally,

we assess prediction errors for high conditional quantiles by comparing the ReQR

approach with both conventional QR and the extrapolation method proposed by

Wang et al. (2012). We generate data from the following three models:

Model 1 (Location-scale shift model):

Yi = α + x>i β + (x>i κ+ 1)εi, i = 1, . . . , n.

The covariate vector is drawn from a bivariate uniform distribution on [0, 1]2 with

covariance matrix (0.7|m−l|)1≤m,l≤2. The error εi is independently generated from

a Student t(3) distribution. We set α = 2, β = (3, 1)> and κ = (0.5, 1)>. For a

given quantile level τ, the corresponding QR parameters are ατ = α+Qt(3)(τ) and

βτ = β + κQt(3)(τ), where Qt(3)(τ) denotes the τ -quantile of the t(3) distribution.
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Model 2 (Location shift model):

Yi = α + x>i β + εi, i = 1, . . . , n.

When κ = 0, Model 1 reduces to Model 2 in which ατ = α+Qt(3)(τ) and βτ ≡ β,

so that the slope coefficients remain constant across quantile levels. The data are

generated under the same setup as in Model 1.

Model 3 (Log-transformed location shift model):

Yi = exp
(
α + x>i β + 0.5εi

)
, εi ∼ Exp(1), i = 1, . . . , n.

We set α = 1 and β = (1, 1)>, and generate the covariates from the same distribu-

tion as in Model 1. The errors follow a standard exponential distribution, implying

that the outcome variable Yi exhibits a power-law upper tail with extreme value in-

dex γ = 0.5. In contrast log Yi is light-tailed. The conditional quantile function of Yi

given xi takes the form QYi(τ | xi) = exp
(
ατ +x>i βτ

)
, where ατ = α+ 0.5Qexp(τ),

βτ ≡ β, and Qexp(τ) denotes the τ -quantile of the standard exponential distribu-

tion. Model 3 is calibrated to match key characteristics of the empirical dataset.

For each model, we generate S = 3000 random samples with size n = 1000

and 2000, respectively. The quantile level is set to τ = 0.99, corresponding to the

effective sample size of 10 and 20, respectively. The number of tail observations

k is fixed at 100, which determines both the threshold tk and Hill estimator γ̂H .

To guide the choice of k, one may use the log-log plot, as illustrated in the left

panel of Figure 4 in Section 5, where an appropriate value of k is associated with an

approximately linear pattern. Alternatively, k can be selected from the first stable

region of the Hill plot, shown in the right panel of Figure 4, which reports Hill

estimates over a range of k values.

To evaluate estimation performance, we compute the standard deviation and
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root mean squared error (RMSE) of both the ReQR and the conventional QR

estimators for each component of the slope vector. Table ?? in Appendix D of

online supplementary material reports the average standard deviation and RMSE

across 3000 simulated samples. Overall, the bias of both estimators is negligible,

while the ReQR estimator consistently achieves substantially smaller RMSE. The

improvement is particularly pronounced when n = 1000. Figure 3 further illustrates

estimation accuracy through boxplots of the slope estimates obtained from the two

methods. The estimation precision of the ReQR estimator is approximately doubled

relative to the conventional QR estimator which may experience significant variance

inflation in the extreme tail. The choice of k governs a bias–variance trade-off. In

practice, we recommend selecting a relatively large value of k to reduce variance,

while ensuring that the induced bias remains well controlled.

We further evaluate the finite-sample performance of the proposed bootstrap

inference procedure. Table 1 reports the average confidence interval widths and

empirical coverage rates at the 95% confidence level over 3000 simulated samples,

using 500 bootstrap repetitions for each sample. For comparison, we also report the

results from the subsampling procedure of Chernozhukov et al. (2010) for conven-

tional QR, with the subsample size set to n/5 and the spacing parameter specified

as 20/(τn)+1. The rule of thumb condition n(1− τ)/(d+1) ≤ 20 recommended by

Chernozhukov et al. (2010) is satisfied. As the sample size increases, the coverage

rates of both methods converge to the nominal level of 95%, and the corresponding

confidence interval widths decrease. Notably, the confidence intervals constructed

using ReQR are approximately one half as wide as those based on conventional QR

across all cases, which is consistent with the standard deviation results reported in

Table ??. These findings highlight the validity of the proposed inference procedure

and the superior efficiency of the ReQR estimator in the extreme tail.

Finally, we investigate prediction accuracy for high conditional quantiles. We

obtain the conditional quantile estimates by plugging the ReQR estimators into
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the QR models (2) and (13). We compare ReQR with the approach of Wang

et al. (2012), which extrapolates intermediate regression quantiles via a power law,

as described in (1). Table ?? in Appendix D of online supplementary material

reports prediction accracy measured by the average absolute percentage error (APE)

over 3000 simulated samples for Models 1-3. For a given covariate vector x0, the

APE is defined as 1/S
∑S

s=1

∣∣∣∣ Q̂(s)
Y (τ |x0)

Q
(s)
Y (τ |x0)

− 1

∣∣∣∣. The column labeled “QR” corresponds

to the plug-in estimator based on conventional QR. while “ExQR” refers to the

extrapolation method of Wang et al. (2012). In general, both ExQR and ReQR

outperform conventional QR by achieving smaller APE. The performance of ReQR

is comparable to that of ExQR and slightly superior when the sample size becomes

large (n = 2000). We further consider a combined method, labeled “CQR”, which

first uses ReQR to estimate an intermediate conditional quantile at a selected level

τ0, and then applies the ExQR approach to extrapolate from the τ0-conditional

quantile to the target τ -conditional quantile. The results for this combined approach

are reported in the last column. Overall, CQR attains the lowest APE among all

methods when the quantile level is very close to 1 (τ = 0.995).

Table 1: Confidence Interval Widths and Coverage Rates

Widths Coverage Rates

τ = 0.99 n = 1000 n = 2000 n = 1000 n = 2000

QR ReQR QR ReQR QR ReQR QR ReQR

Model 1
β̂1(τ) 19 8 14 7 0.93 0.96 0.94 0.96

β̂2(τ) 19 9 15 8 0.93 0.94 0.94 0.95

Model 2
β̂1(τ) 11 4 8 3 0.92 0.96 0.93 0.95

β̂2(τ) 11 4 8 3 0.92 0.96 0.94 0.95

Model 3
β̂1(τ) 3 1 3 1 0.93 0.92 0.95 0.94

β̂2(τ) 3 1 3 1 0.92 0.92 0.94 0.95

Notes: Widths and coverage rates at the 95% confidence level.
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Figure 3: Boxplots of slope estimates from 3000 simulations of Models 1–3
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Notes: The horizontal dashed lines represent the true parameter values for each
case. The quantile level τ = 0.99. Boxplots are based on 3000 simulated samples.
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5 Extremely high returns to education

Beginning with the seminal work of Mincer (1974), the estimation of returns to

education has been a central and enduring topic in labor economics. The core

hypothesis that education constitutes an investment that enhances individual pro-

ductivity and, consequently, earnings, has been tested and refined across a wide

range of economic contexts. Using urban Chinese data, studies such as Fleisher

and Wang (2004) and Zhang et al. (2005) find a rising trend in returns to education

over the period 1988-2001. Li et al. (2012) further show that both vocational and

college education yield high returns in China, comparable to those observed in the

United States. While early work primarily focused on estimating average returns,

Buchinsky (1994) employed quantile regression to examine heterogeneity in returns

to education across the wage distribution.

In this section, we apply the proposed ReQR method to examine the marginal

effect of education on upper-tail monthly income. The analysis is based on a survey

conducted by the National Bureau of Statistics of China in June and July 2002. The

sample comprises 2,412 individuals drawn from five major Chinese cities: Chengdu,

Chongqing, Harbin, Hefei, and Wuhan. Average monthly income is CNY 912, with

observations ranging from a minimum of CNY 30 to a maximum of CNY 30,000.

To assess upper-tail behavior of the income distribution, the left panel of Figure

4 presents a log–log plot of the 100 largest income observations, where sample

ranks (in descending order) are plotted against income values on logarithmic scales.

The pronounced linear pattern provides strong evidence of heavy-tailed behavior.

Guided by this feature, we set k = 100, corresponding to the 95th sample percentile

(CNY 2,043) as the threshold tk. The Hill estimator of the extreme value index,

γ̂H = 0.49 (right panel of Figure 4), further indicates that the income distribution

may lack finite second moments.

The sample has an average of 11.4 years of schooling per individual. Based
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on educational attainment, we classify individuals into five groups: elementary

school (≤ 6 years), middle school ((6, 9] years), high school ((9, 12] years), college

((12, 16] years), and graduate (> 16 years). Figure 5 displays the proportion of

high-income individuals in each group, where “high-income” is defined as income

exceeding the 95th sample percentile. The proportion of high-income individuals

increases monotonically with years of schooling, indicating a positive association

between educational attainment and high-income outcomes.

We estimate the log-linear QR model (12) for individual income Yi. Years of

schooling is the primary covariate of interest, and we include employment status,

age, age squared, and gender as control variables to account for potential confound-

ing factors. The left panel of Figure 6 displays the conventional QR estimates of

the education effect across quantile levels τ ∈ [0.50, 0.99]. The 95% confidence in-

tervals are constructed by the rank-score method of Koenker and Machado (1999),

which is robust to heteroscedasticity in the error terms. The estimated effects

are significantly positive for τ < 0.98. To examine the effect of education on

the extreme upper-tail income, we apply the subsampling-based inference proce-

dure of Chernozhukov and Fernández-Val (2011), as shown in the right panel. For

τ ∈ [0.980, 0.999], the QR estimates become statistically insignificant and are ac-

companied by wide confidence intervals. However, this is inconsistent with the

descriptive evidence presented in Figure 5.

As τ increases from 0.980 to 0.999, the effective sample size for the QR estimator

declines sharply, from 48 observations to as few as 3. To circumvent the data

sparsity in this region, we apply the proposed ReQR approach. In contrast to

the QR estimates, the ReQR estimates indicate significantly positive returns to

education, as illustrated in Figure 7. Our results reveal that for the monthly income

levels between CNY 3,000 and CNY 6,000, an additional year of schooling increases

individual income by about 4%–5% when k = 100. To assess the robustness of our

findings with respect to the choice of k, we vary k from 100 to 200 in increments
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of 10. Across the selected values of k, the estimated effects exhibit a consistent

pattern. Overall, the marginal returns to education are significantly positive across

the income distribution, but are more pronounced in the central region than in the

upper tail.

6 Conclusion

Leveraging the widely observed power-law behavior of heavy-tailed distributions,

this paper proposes an efficient method for estimating QR parameters in the tail

region. By approximating the vanishing tail probability in the population score, the

proposed method substantially reinforces estimation precision when the effective tail

sample size is small. We establish the asymptotic normality of the ReQR estimator

over the entire tail region and develop a multiplier double bootstrap procedure to

conduct inference on both intermediate and extreme regression quantiles. Extending

the ReQR framework to settings with temporal dependence remains an important

and challenging topic for future research.
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Figure 6: Effects of education on incomes
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