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We study a search platform ranking firms’ products across sponsored and
organic positions, accounting for the incentives of both firms and consumers.
To characterize an optimal ranking when the number of firms is large, we
formulate a Mixing Principle for Consumer Search, adapting tools from the
social learning literature. The platform assigns the products it deems best to
sponsored positions and obfuscates the content of organic positions subject
to consumers’ participation constraints. Obfuscation serves to maximize the
platform’s revenue from both sponsored position auctions and commission fees.
Our results allow us to analyze the welfare effects of sponsored positions.

By 2026, the worldwide market for digital advertising is projected to reach $836bn. Its biggest
component—accounting for about 40% or $330bn—is search advertising." Search platforms

(such as Amazon, Booking.com, Google and TripAdvisor) assist consumers looking for
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a product or service.” The consumer submits a keyword, the platform provides a list of
results, and the consumer inspects these results in whatever order they prefer. In producing
this list, the platform may draw on information about the consumer (demographics, past
searches, order histories, etc.) as well as on other consumers’ behavior. Search advertising
refers to the practice of platforms to auction specific positions in the list of search results to

advertisers (firms) for their products or services.

The power of these paid search results, or sponsored positions, stems from (a) the way
they steer consumer search activity and (b) the platform leveraging its information about
consumers. Online search pioneers and Google founders Sergey Brin and Larry Page
discussed the commercial value of sponsored positions (slots) well before the advent of

search advertising, warning of their implications:

“We expect that advertising funded search engines will be inherently biased

towards the advertisers and away from the need of the consumers.”>

In this paper, we study how search platforms leverage their information to shape online
markets by creating a ranking to maximize their revenue from both selling sponsored slots
and commission fees. We show that when ranking a large number of search results, a
platform has an incentive to obfuscate firms across organic positions, but to assign the firm it
deems most relevant for the consumer to a sponsored position (Theorem 1). Thus, the impact

of sponsored positions and their welfare effects are more complex than this quote suggests.*

The extent to which the platform is able to obfuscate organic positions depends on consumers’
outside option. To ensure consumers who do not buy from sponsored positions inspect
organic ones rather than leave the platform, the platform may find it optimal to introduce

premium positions across which it obfuscates more relevant products (Theorem 2).°

Obfuscation plays a dual role in maximizing auction revenue from sponsored slots and

commission fees. On the one hand, by obfuscating organic search results, the platform

2We refer to search platforms and platforms interchangeably throughout.

3This quote first appeared in 1998 in the appendix of a paper later in the same year published as Brin and Page (1998) introducing the
Google search engine to the wider scientific community.

4This result is supportive of the FTC’s recent announcement to sue Amazon for products by deliberately worsening search quality in
order to increase their profits (see https://www.ftc.gov/news-events/news/press-releases/2023/09/ftc-sues-amazon-illegally-maintaining-
monopoly-power).

5The relevance of premium positions is supported by empirical findings that consumers overwhelmingly search more prominent positions.
In the case of Amazon, for example, more than 80% of clicks happen on the first page (Yu, 2024).
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increases the probability a consumer buys from a sponsored position, raising advertisers’
valuation of obtaining such a position. On the other hand, if the consumer does not buy from
the sponsored slot, obfuscation causes them to inspect a larger number of organic positions,

increasing the platform’s expected earnings from commission fees.

Even though our results indicate that a platform’s ranking of search results does not reveal its
entire information, we find the platform has an incentive to invest in learning about consumers,
as better information increases firm’s bids for sponsored positions and the platform’s ability
to assign firms relevant for the consumer to premium positions.® Therefore, abandoning
sponsored positions—that potentially convey important information to the consumer—may

actually decrease consumer welfare.

Building on the seminal consumer search papers of Wolinsky (1986) and Anderson and
Renault (1999), we study a search platform providing a ranking of a finite but large number
of keyword-relevant firms in response to a representative consumer query. Leveraging
its access to rich consumer data, the platform has some understanding of the consumer’s
preferences, represented by a match score for each firm that is informative of the consumer’s
ultimate match value. The platform chooses a ranking algorithm assigning firms across one
sponsored and many organic positions based on their bids and match scores. In our baseline
model—which we extend in several directions—ex ante symmetric firms submit bids for
the sponsored slot and charge a uniform price. The consumer then sequentially inspects the
platform’s search results in their preferred order, each time incurring a search/inspection

cost, until they acquire a product/service or abort search altogether.

As the ranking of search results is strategically chosen by the platform, inspecting one slot
allows consumers to learn about the value of products not yet inspected. It is well-known
that learning in consumer search complicates the characterization of the optimal search
behavior; see, e.g., Rothschild (1974), Janssen et al. (2017) and Garcia and Shelegia (2018).
By means of examples we show that due to learning, with a small number of search results it
may neither be optimal to obfuscate organic slots nor to assign the sponsored slot to the firm

with the best match score.

We overcome these issues by adapting the so-called mixing property of stochastic processes

described within the context of social learning (Mossel et al., 2020), introducing a Mixing

6The extent to which user data collection can be excessive plays an important role in the current antitrust case in front of the United States
District Court for the District of Columbia vs. Google LLC.



Principle for Consumer Search. It states that—due to independence of match values across
firms—the sponsored firm’s match value can be strongly correlated with the match values of
at most a few firms in organic positions (Lemma 1). As such, when the number of search
results increases, additional information about the continuation value of search conveyed by
a realized match value vanishes. We believe that our Mixing Principle is fruitful for other
search and inspection environments in which learning is important, because it allows for
a characterization of optimal search behavior when the number of alternatives is large but

their match values fail to be independent, i.e., when Weitzman (1979) does not apply.

In order to understand why full obfuscation—i.e., minimizing information provision—of
organic slots is optimal with a larger number of firms, consider the consumer’s problem.
Under full obfuscation, they essentially pick a random firm once they search beyond the
sponsored slot. It follows that full obfuscation minimizes the consumer’s utility from
inspecting organic positions, thereby minimizing the likelihood of the consumer to search
beyond the sponsored slot.” As a result, advertisers’ willingness to bid for the sponsored slot
is maximized, even though obfuscation minimizes the probability that a consumer returns
to the sponsored slot (return demand). The Mixing Principle, imposing bounds on return

demand, is essential in establishing this obfuscation result.

The logic of why the platform designs the auction such that the firm with the highest match
score wins the sponsored slot is as follows. Note that in our baseline model all firms submit
identical bids. As a consequence, the sponsored position contains informational value for
both consumers and firms when the platform assigns the highest match score firm to the
sponsored slot in case of a tie. Therefore, consumers examine the sponsored slot first. Firms,
on their part, learn about their favorable match score through winning the auction, raising
their willingness to bid. Thus, it is not benevolence that drives platforms to take match
scores into account when allocating the sponsored slot. In fact, doing so increases firms’

bids to acquire the sponsored position.

We also show that the better a search platform is able to predict consumers’ match values (in
the sense of Lehmann (1988)) the higher platform profits and consumer surplus (Proposition
1). Consumers are more likely to buy from the sponsored slot if a firm with a more predictive

match score wins the sponsored position. As a result, firms are willing to up their bids for

"The same intuition explains why the platform fully obfuscates firms with higher match scores across premium positions when the
consumer has a viable outside option.



the sponsored position, while consumers expect both a better match and lower search costs.

Obfuscating organic positions does not only maximize the advertising firms’ willingness
to bid for the sponsored position, but also the number of organic slots a consumer is
expected to inspect. As such, obfuscation increases the probability of a sale intermediated
by the platform, regardless of whether the platform offers sponsored positions or not and
independently of the consumer’s outside option. The consumer’s alternatives do however
affect the set of firms over which the platform randomizes. The better the outside option,
the higher the match scores of the firms assigned to premium positions. When prices are
uniform, maximizing sales probability maximizes sales commissions. Therefore, obfuscation
optimizes the auction revenue from the sponsored slot as well as sales commissions, and the
informativeness of a ranking decreases in the platform’s market power (as measured by a

consumer’s outside option).

Our main obfuscation result persists when adding other real-world features of search
advertising. If firms also hold consumer-relevant information, the platform can extract this
information through the auction for the sponsored slot. Thus, our main intuition about
an informative sponsored slot and obfuscation of organic slots persists (Proposition 2).
Alternatively, when firms quote different prices, the platform continues to obfuscate organic
positions and sells the sponsored slot to the firm with the highest match value (Proposition 3).
However, to earn high commission fees, the platform now will put firms with higher match
scores and the highest prices in premium positions (Corollary 1). Thus, heterogeneous
prices generate another reason to obfuscate over premium positions. We then show that our

results are robust to a platform selling multiple sponsored positions (Proposition 4).

Finally, we address the welfare effects of the platform’s ranking algorithm, and of sponsored
positions in particular. Note that the platform’s ranking algorithm creates several ineffi-
ciencies, harming consumers. First, the expected match value of consumers who buy at
the sponsored position decreases (because with obfuscation consumers are more willing to
stop searching than without). Second, consumers who continue to search beyond the first
position expect to spend more time inspecting other products to achieve any given match
value. Third, with heterogeneous prices, consumers tend to pay higher prices in organic
slots as these firms generate higher commissions from a sale for the platform. However, if
the sponsored position is eliminated (perhaps surprisingly) consumers can be even worse off.

In fact, the additional information from putting the firm with the best match score in the
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sponsored position increases the expected match value of the consumer’s purchase and helps
reducing expected search costs (Proposition 5). Additionally, with heterogeneous prices, a

sponsored slot helps the consumer to find a lower priced firm with high match value.

Starting with Athey and Ellison (2011), Chen and He (2011) and Eliaz and Spiegler (2011),
a growing literature on position auctions explicitly takes consumers’ search patterns into
account.® In contrast to these papers, we focus on a platform that has information about
consumer preferences, allowing us to address the important policy question of how online

search platforms leverage their information about consumers to steer consumer search.

More recent papers on search platforms address questions that are different from ours. Motta
and Penta (2022) analyze the the effects of sponsored positions crowding out organic slots.
Bergemann and Bonatti (2024) study the impact of a platform’s paid ads on firms’ product
quality choices. They do not study, however, platforms’ incentives how to rank products.
Others analyze which rankings maximize consumer and industry surplus (Anderson and
Renault, 2021), different sales mechanisms of sponsored positions (Bar-Isaac and Shelegia,
2022) or a social influencer recommending products Janssen and Williams (2024).° None of

these papers consider, however, the issues we address related to sponsored positions.'”

In the context of a multi-product firm, Nocke and Rey (2023) find that “garbling” of
information may be optimal for the seller as it induces a buyer to inspect a larger number of
items before terminating search. This is related to the second role of obfuscation in our paper.
Similar to Chen and He (2011) and Anderson and Renault (2021), however, in their paper a
firm-consumer pair either constitutes a match or not, and the value of this match is constant
across firms. As a consequence, consumers do not learn about firms not yet inspected. Also,

neither of these papers studies the interactions of sponsored and organic positions.

The effects of sponsored slots and different rankings of organic slots on choices have also
been studied empirically. Ghose et al. (2014), Ursu (2018), and Donnelly et al. (2022),
among others, show that personalized rankings affect consumer choices and induce positive
welfare effects. Using a field experiment of mobile search platforms in 13 Asian cities where
consumers search for restaurants, Sahni and Nair (2020) find that users significantly more

often call at restaurants if these have acquired a sponsored position. In line with our main

8See also Baye and Morgan (2001), Armstrong and Zhou (2011) and De Corniere and Taylor (2019) on information gatekeepers.
9 Armstrong and Zhou (2022) consider how information provision affects consumers in the absence of consumer search.

10 ong et al. (2022) and Ke et al. (2023) also analyze how a platform uses its information about consumer preferences to allocate firms to
sponsored and organic positions, but their modeling is very different and consumer learning plays a very limited role.
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result, this suggests sponsored slots provide valuable information to consumers.

The remainder of this paper is organized as follows. Section | introduces the main model.
Section 2 presents our main results, which Section 3 generalizes to scenarios where (i) both
the platform and the firms hold consumer-relevant information, (ii) firms with heterogeneous
prices, and (iii) multiple sponsored positions. In Section 4 we discuss the welfare effects of
sponsored positions and how they depend on the platform’s objectives. Finally, Section 5

concludes with a discussion.

1 The Model

The market comprises a platform, # firms selling horizontally differentiated products, and
a representative consumer. The consumer demands one unit of the product and has an
unobserved match value v; with firm i. Match values are independently and identically
distributed across firms according to a continuous distribution G with bounded support
[v,7] ¢ R.!' The platform’s information regarding the consumer’s match value with firm
i is summarized by a match score 0;, following a continuous distribution F(6;|v;) with
compact support [6, 0] C R. Higher scores indicate “good news” in the sense that F (- V)
has likelihood ratio dominance over F(-|v;) if vi > v;, i.e., a higher match score is suggestive
of a higher match value. Let z denote an independent non-atomic random variable with
support Z that the platform can use as a randomization device to play a mixed strategy.
We then denote the probability measure on Q = [6,8]" x [v,7]" x Z by u and denote
probabilities and expectations w.r.t. u by P[-] and E[-], respectively.

The platform displays a ranking x € X of the firms to the consumer, where X denotes the set
of firm permutations.'? The platform forms the ranking by running an auction in which firms
submit bids, the winner of the auction is placed at the top in the “sponsored” position (i.e.
x(i) = 1 implies i is sponsored), and all other firms are allocated to the remaining “organic”
positions. Denote firm i’s bid by b; > 0. Given the bids and scores, the platform’s algorithm
determines which firm wins the sponsored position and how the remaining firms are allocated
to the organic positions. The platform’s algorithm is a function mapping bids, scores, and

realizations of the randomization device to rankings, a : R” x [6,0]" X Z — X. Let A,

II'The results can be extended to the case with unbounded match values.
12That is, X is the set of bijections from {1, ..., n} to itself.



denote the set of (measurable) algorithms in the game with n firms. Denoting the vector of
bids by b = (b1, ba, . . ., b,), the platform also specifies a payment rule p : R} — R with
p(b) = (pl(b), ..., p" (b)) and whereby p’(b) < b; is the amount firm i pays the platform
conditional on it winning the sponsored position. Let #, denote the space of (measurable)

payment rules in the game with n firms.

Note that the algorithm and payment rule jointly define the structure of the sponsored
search auction. For example, an algorithm that always places a firm with the highest bid in
the sponsored position and a payment rule satisfying p’(b) = b; correspond to a standard
first-price auction. More generally, the platform can use the information contained in the

scores to determine the winner of the auction.

Consumers are initially uninformed of their match values with firms and can only uncover
them through costly sequential search. At each point along the search path, the consumer
can select any position in the ranking and incur the inspection cost s > 0 to learn the match
value with the firm located in that position, buy the good from a firm whose match value the
consumer has already inspected, or exit the market and take an outside option 7 € R at the
same price p.'> We focus on the interesting case in which there exist algorithms where the
consumer wants to search the platform. Define r(¢) to be the reservation value for a firm
with match score above ¢; that is, the unique value satisfying

v

s=Elmax(v—r (.00, 61= [ (1-G010 = g 1)
r(¢
We focus on the case with < r(f)—otherwise, no algorithm designed by the platform

attracts consumers.

When searching they only observe their match values with different firms but not the
platform’s match score. In principle, the consumer search problem is reminiscent of
Pandora’s box problem as studied in Weitzman (1979). However, knowledge that the
platform utilizes in a ranking algorithm can create interdependence between match values so
that inspecting the goods of one firm provides the consumer with information about other

firms. Consumers have perfect recall when searching.

The timing is as follows. First, the platform commits to an algorithm and payment rule

observed by the firms and consumer. Second, firms privately submit their bids to the platform.

13 Assuming the consumer’s outside option 77 to come at price p simplifies notation but is innocuous for our results. In essence, at every
point in time, the consumer buys from the platform or continues to search only if their expected payoff from doing so exceeds 17 — p.



Third, Nature determines the match scores and values. Fourth, the platform receives the
firms’ scores and bids, and the algorithm determines the position each firm takes in the list.
The consumer receives the list and then proceeds with their search. At each point along the
search path, the consumer’s information consists of the algorithm, the payment rule, as well

as the realized match values at all positions previously inspected.

Consumers receive the match value minus the price of a good they purchase net the search
costs. A firm’s profit equals the revenue minus production cost and any fee paid for the
sponsored position. Unless explicitly stated otherwise (as in Sections 3.2 and 4) we assume
that all firms charge price p and normalize their production costs to 0. The platform’s
expected profit corresponds to the sum of the expected revenue from the sponsored search
auction and the expected revenue from sales commission fees, i.e., a fee firms pay in the
case of a transaction that is a fixed percentage ¢ > 0 of the transaction sum. We focus on

symmetric Perfect Bayesian Equilibria.

We end this section with a few comments on the model. First, we assume that the platform
commits to its ranking algorithm. We see this as a reasonable approximation of the real
world situation where platforms submit a ranking of alternatives within a split second after
the consumer has typed its key words. Consumers typically use the same platform repeatedly
learning about how the resulting rankings satisfy their needs. Platforms may, of course, work
on different algorithms to improve their functioning, but will implement new algorithms
only once in a while. Without commitment, other outcomes than the ones we focus on in this
paper may be supported. For example, if firms and consumers believe that the platform’s
ranking, including the sponsored position, is completely random, then the platform may not

be able to do better than indeed randomly allocating firms to positions.

Second, in line with the literature on platform design (see, e.g., Bar-Isaac and Shelegia,
2022; Johnson et al., 2023) the commission rate g is exogenous in our model. Our results
generalize, however, to markets where platforms actively choose their commission rates and
are constrained by firms leaving the platform if these rates are too high. Instead of analyzing
endogenous commission rates explicitly, we note that our results hold true forany 0 < ¢ < 1,

and thus remain valid if the commission rate is chosen by the platform in this range.

Third, the questions we address are akin to the ones studied in the literature on information
design (see, e.g., Bergemann and Pesendorfer, 2007; Kamenica and Gentzkow, 2011) in

the sense that the platform chooses which information to release to firms and consumers.
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However, unlike most of that literature, the platform’s choice set is limited in that it can only

choose a ranking of alternatives and gives the same information to both consumers and firms.

Fourth, in our model the platform ranks all firms. Indeed, as the platform also generates
revenue from commissions, it has an incentive to rank many firms for the consumer to
search. However, we allow the platform to rank items in a way that consumers will decide
themselves not to search among a subset of items. Fifth, the model treats firms’ prices as
exogenous. In particular, prices do not depend on whether or not a firm is recommended.
We think that this is realistic in many cases in which the revenue a firm makes is only to a
limited extent dependent on the sales via the search platform. Implicitly, we also assume
that all firms charge identical prices, but that turns out to be inessential as we will explain in
Section 3.2. Finally, sixth, in Section 3.3 we show that the restriction to a single sponsored

position is innocuous for the main intuition underlying our qualitative results.

2 Obfuscation to Maximize Revenue

In this section we state and explain our main result: as the number of firms grows large, it is
optimal for the platform to obfuscate the organic slots to the maximal extent possible—subject
to consumer participation constraints—and to allocate the sponsored position to the firm
with the highest match score. To focus on how consumers learn along their search path and
how our Mixing Principle deals with that, we initially simplify and consider in Subsection 2.1
that the consumers’ outside option is not binding so that even if the platform fully obfuscates
the organic slots consumers continue to use the platform if the sponsored position did not
result in a good enough match. As such, revenues from sales commissions are automatically
generated when consumers find a good match eventually. By means of two examples, we
also show in this subsection that for small n the optimal algorithm may neither obfuscate

organic slots nor to put the firm with the highest match score in the sponsored position.

Then in Subsection 2.2, we consider a binding outside option, i.e., if the platform uniformly
obfuscates all organic positions, consumers will not search organic slots. This outside option
may reflect competition among platforms, alternative sales channels and substitute products.
In order to generate maximal revenue from both the sponsored slot and commission fees,
the platform will then determine a subset of firms with the best match scores and randomly

assign these firms to limited “premium positions” such that the consumer finds it optimal to
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continue searching these positions until they find a product with a good enough match.

Even though a platform does not have the incentive to provide a full ranking according
to match scores, it still has an incentive to invest in acquiring information on consumers’
match values. To further emphasize this point, we show in Subsection 2.3 that the platform

generates more revenue if its match scores are better predictors of consumers’ match values.

Our analysis focuses on an algorithm that yields approximately maximal profits when the
number of firms to be ranked gets large.'* To this end, it is important to note that after
choosing the algorithm and payment rule, a proper subgame is played by the firms, the
consumer, and nature. Let X,, ¢ A, X £ denote the nonempty subset of algorithms and
payment rules for which an equilibrium of the subgame exists. We focus on the “platform’s
preferred equilibria" of the subgame by defining IT : {J;”; X, — R to be the supremum of
the platform’s expected profit taken over the equilibria of the subgame. The results can be
extended to apply to any arbitrary selection of equilibria through the use of more complicated

algorithms. Thus, in this paper we define asymptotic optimality as follows.

Definition 1. A sequence {a,, p,}nen is asymptotically optimal if for every sequence

{a,,, py}nen and € > O there exists an n* such that n > n* implies I1(a,, p,) +€ > Il(a,, p},).

2.1 Non-Binding Outside Option

We begin with the case in which the consumer’s outside option is small enough to become
an essentially non-binding constraint on the platform as it designs its algorithm. To this end,
define the function d; : R X AQ — R by

di(v,A) = [zmax{vi —v,0}dA(w) - s, 2)

which reflects the option value of inspecting firm i and paying the search cost s when the
consumer can alternatively select a product with value v and the distribution over the state is
A. Observe that d;(v, A) is strictly decreasing in v whenever the largest value of v; in the
support of A exceeds v and takes the value of s otherwise. The ex ante reservation price is
the unique value 7 satisfying d; (7, u) = 0. Given only the prior, the consumer is indifferent
between taking a good with value 7 and first inspecting firm 7 and then taking the larger value

between the two. We will say that a consumer has a non-binding outside option if < 7.

14For finite n there is not one algorithm that is approximately optimal which follows from our examples below.
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Next we define a class of algorithms, where the match value found at an organic position

does not convey any information about the match value at other organic positions.

Definition 2. An algorithm a € A, exhibits uniform obfuscation if the firms that lose the

auction are assigned to each of the organic positions with uniform probability.

Using this definition, we can now state our main result when the outside option is non-binding.

Theorem 1. Ifn < 7, then there is a sequence of uniformly obfuscating algorithms that is
asymptotically optimal. Along this sequence, the firm with the highest match score wins the

sponsored position.

It is important to note that uniform obfuscation serves the dual role of maximizing revenue
from the sponsored slot (by increasing the probability consumers buy from that slot and
thereby increasing the bids of firms) as well as the revenue from sales commissions (by
increasing the probability the consumer buys from an organic slot, given it does not buy from
the sponsored slot). This second, but not the first, role of obfuscation extends Nocke and Rey
(2023) who show that a multi-product firm may want to use obfuscation of product orderings
to maximize profits. There are important differences between our modeling environments.
In their setup, products that match a consumer’s needs all offer the same value, leading a
consumer to immediately halt search upon finding a match. This approach abstracts from
the ability for platform design to shape consumer learning during search, which lies at the

heart of our analysis.

Indeed, in our setting, consumer learning is important because a ranking algorithm introduces
interdependence between the consumer’s conditional match values across firms: consumers
may use observed match values to make inferences about the match values with firms they
have not yet inspected. The ability to influence the consumer’s learning over the course of
search introduces strategic tension in the platform’s objective of designing the algorithm.
On the one hand, the sponsored firm’s initial demand can be increased by providing a less
informative ranking of the organic positions because this reduces the consumer’s expected
payoff from continuing search beyond the sponsored firm. On the other hand, supplying
some information in the organic ranking can actually increase the value of the sponsored
position by bolstering the sponsored firm’s return demand. By providing some information

in the ranking, a consumer who observes a low match value at an organic firm becomes
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pessimistic about the remaining organic firms, making returning back to the sponsored firm

more attractive. We illustrate this latter effect in Example 1 below.

There is an additional subtle effect of consumer learning that may lead the platform to
prefer to design its algorithm so that the firm with the highest match score does not win the
sponsored position in every instance. The reason is that, if the consumer obtains a high
match value at the sponsored position and knows that this firm has the highest match score,
then the consumer may become more optimistic about finding an even better match value
by prolonging search into the organic positions. As we illustrate below in Example 2, this
additional optimism for continuing search can diminish the platform’s revenue from the

sponsored search auction.

Theorem 1 provides a clear picture of two properties of optimal algorithms by focusing on
the many real-world applications where the number of potentially relevant firms for a search
query is large. This allows us to adapt the property of mixing (Mossel, Mueller-Frank, Sly,
and Tamuz, 2020, Lemma 1) to establish our main results. In order to develop the intuition
for why the result holds for large n, we start by presenting two examples showing that, due to
learning effects, our main result may fail to hold with a small number of firms. To simplify
the analysis in the examples we focus on the special case g = 0, but the qualitative point
made remains valid when ¢ is small. The first example shows that uniform obfuscation may
fail to be optimal, while the second example shows that the platform may not want to put the
firm with the best match score in the sponsored position. The second example also illustrates
that, with a small number of firms, if the platform always puts the firm with the highest
match score in the sponsored position, consumers may have non-monotonic reservation
values: they continue to search for intermediate match values, but stop searching for high or

low match values.

Example 1 Suppose there are three firms. The consumer’s match value is either low ¢,
medium m, or high 4 and a product is only worth purchasing if it provides at least a medium
value. A firm’s match score is L when the value is low and H otherwise, i.e., the platform can
distinguish firms with low match values from other firms, but cannot distinguish firms with
medium and high match values.'> Suppose the platform employs the following algorithm.

The firm with the highest bid is placed in the sponsored position, ties are broken in favor of

15This example departs from the assumptions of our model in that the distribution of match values conditional on the match scores do
not share the same support. This is insignificant to the particular example since we could modify the distributions to P({£}|L) =
P({m, h}|H) = 1 — & so that the conclusion continues to hold for & > 0 sufficiently small.
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the firm with the highest match score and further ties are broken with equal probability. For
the two non-sponsored firms, if only one of them has a high score it is placed in the second
position with probability a > %, otherwise they are arranged in the organic positions with
equal probability. Uniform obfuscation is a special case where a = %
The consumer’s optimal search proceeds in the following manner. If the sponsored firm’s
value is high A, the consumer buys it immediately since there is no advantage from continuing.
If instead the sponsored firm’s value is low ¢, then given the algorithm, the consumer learns
that all remaining firms must likewise have low match values and so the consumer exits the
market. If, however, the consumer observes m in the sponsored slot, then it might still be

prudent to continue searching as some remaining firm might deliver a higher match value.

In Online Appendix S.1, we show that there are values such that (i) if @ = %, the consumer
continues searching when observing m in the first and second search, but halts otherwise,
and that (ii) for some values of @ > % the consumer inspects the second slot if the sponsored
position provides a medium match value, but does not find it optimal to search further. Note
that by providing some information in the organic slots, the non-uniformly obfuscating
algorithm makes inspecting the second firm more desirable, but increases a sponsored firm’s
return demand as consumers do not inspect the third firm. In addition, it also affects the
expected profits of a non-sponsored slot. Online Appendix S.1 shows that firms are willing
to bid more for the sponsored slot with an algorithm that is not uniformly obfuscating, i.e.,

a > %, because the effect on return demand dominates the other effects.

Example 2 As in the example above, suppose that there are three distinct match values
[, m, h and that the platform cannot distinguish medium and high match values, but perfectly
recognizes a low value match. Contrary to example 1, every product is, in principle, worth

buying (that is, better than any outside option). Also, assume there are four firms.

Consider the following two algorithms. The first one always assigns the firm with the highest
match score to the sponsored position and uniformly obfuscates the organic positions. The
second algorithm does almost always the same except in the event that two match scores are
L and two are H. In that case the platform puts a firm with the lowest match score in the

sponsored position and uniformly obfuscates the organic positions.

In Online Appendix S.2 we show that there are parameters under which the second algorithm

gives the winning firm a higher probability of selling. In particular, with the first algorithm
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the consumer buys immediately from the sponsored position whenever it contains an 4 or
[ value, but they continue to search if they see an m value. On the other hand, with the
second algorithm the consumer buys immediately from the sponsored position whatever its
match value. Since the second algorithm ensures that the consumer always buys from the
sponsored slot and never buys from an organic position, it is clear that the platform gets its

highest possible profit as a result of firms bidding maximally for the sponsored slot.

The main idea exploited in Online Appendix S.2 is that under the first algorithm when
consumers find an / in the sponsored slot, they know that all remaining slots must contain /
and therefore they buy immediately. The second algorithm exploits this pessimism: even
though the consumer knows that after observing an / in the sponsored slot the realized
match scores may now be either {L, L, L, L} or {L, L, H, H}, the consumer may still buy
immediately if the ex ante probability of L is sufficiently high.'® The effect of this is that
when the consumer observes an m on the first search, under the second algorithm they are
more pessimistic about finding an 2 when continuing to search than under the first algorithm.

Thus, they may stop searching under the second algorithm, but not under the first.

Proof Outline We are now ready to convey the main elements of the proof of Theorem
1. A key idea in the argument is that when there are many firms, then for any possible
algorithm, when the consumer finds that their match value with the sponsored firm lies
below 7, they almost certainly have a better option for how to proceed with their search than
to buy the sponsored firm’s product. The tool we use to formalize this idea is the fact that
independently and identically distributed (IID) random variables have the property of mixing
(Mossel, Mueller-Frank, Sly, and Tamuz, 2020, Lemma 1). Intuitively, mixing means that
any event defined on the same probability space as a sequence of IID random variables can

only be strongly related to a finite number of them.

Lemma 1 (Mixing Principle for Consumer Search). Consider a collection of events {E, }nen
in Q such that P(E,) > a for some @ > 0. Foreveryv € Rand § > 0, there exists an n* € N
such that, if n > n* then |d;(v, u) — d;(v, u(-|E,))| < 6 for some firmi < n.

The lemma implies that if the number of firms is large, then for a given event, there always

exists a firm whose expected option value conditional on the search histories induced by

16To some extent, this is reminiscent of Bayesian Persuasion as the platform pools good and bad events subject to the constraint that the
consumer stops searching immediately.
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the event is arbitrarily close to its unconditional option value. The Mixing Principle for
Consumer Search follows from the fact that the difference between the probability of an
event H conditional on another event £ and the unconditional probability of H cannot be too
large if the probability of E is bounded away from zero. To understand the logic underlying
this claim, consider a game in which a player flips 1000 coins and wins if and only if at least
x € {500, ...,999, 1000} coins turn up heads. Let E(x) be the event that the player wins,
and let P(H) denote the probability that a randomly chosen coin has turned up heads. Then,
for P(H|E(x)) — P(H) to become large, we must choose a high value of x. But selecting
a higher x makes E'(x) very unlikely, demonstrating a fundamental trade-off between the
likelihood of an event and the effect it can have on the prior. Consequently, an event that
occurs with a positive probability bounded away from zero cannot be arbitrarily informative

and, thus, cannot shift the conditional probability too much away from the prior.

Using the Mixing Principle for Consumer Search, we derive two important implications.
First, we develop an upper bound on platform profits attainable from any algorithm (Lemma
B.1). Second, we show how uniform obfuscation, if the firm with the highest match score
wins the sponsored position, achieves this upper bound (Lemma B.2). The examples above
illustrate that the platform can leverage a consumer’s learning to its own advantage when n

is small. The Mixing Principle for Consumer Search implies this is not true when 7 is large.

For the intuition of the first claim, we argue that the probability the consumer buys from the
sponsored firm when it offers a match value less than 7 vanishes as the number n of firms
grows large. To see why this is true, take any € > 0 and let E,, be the event in which the
consumer buys from the sponsored firm and it delivers a match value that is less than 7 — €
when there are n firms. If the probability of this event fails to vanish as the number of firms
grows large, then by the Mixing Principle there will eventually be some position with an
arbitrarily high probability of containing a firm i < n for whom d;(7¥ — €, u(-|E,)) > 0. But
this implies a contradiction as there will eventually be a position with an option value that is,

in expectation, positive over the event E,,.

Thus, the limiting demand facing a sponsored firm with match score 6; cannot be larger
than the probability that its match value exceeds 7, which is equal to 1 — G (7|6;), which
is increasing in 6;. Consequently, because the platform’s profit cannot exceed the amount
accrued by the sponsored firm and the match scores are bounded by 6, an upper bound on

platform profitis p(1 — G(7|6)).
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For the second claim, we next argue that when n grows large, an algorithm for which the
firm with the highest match score wins the sponsored position and uniformly obfuscates the
organic slots gives the firm in the sponsored slot a demand that is arbitrary close to this upper
bound. The algorithm has two features that are important. First, by allocating the sponsored
slot to the firm with the highest match score, the platform makes it attractive for consumers to
start their search at the sponsored slot. When n grows large, there is almost surely a firm that
has a match score that is arbitrarily close to 8. Second, even for large n, the platform could
in principle choose a ranking that allows consumers to learn, but by uniformly obfuscating
the organic slots, it effectuates that consumers do not learn anything from observing their
match value at the sponsored slot and they expect a randomly selected firm to have a match
value close to 7. This makes it least attractive for consumers to continue searching beyond
the sponsored slot and from the above we know that the return demand is arbitrarily small
for large n. Thus, it is not the case that when n grows large consumers cannot learn from the
platform’s ranking, but the platform cannot gain from rankings that do allow consumers to
infer information about match values at firms that are not inspected yet. Together, the above

two features ensure that a firm’s demand in the sponsored slot approaches 1 — G (#9).

The last step of the proof argues that for large n there exists an equilibrium where firms
find it optimal to bid an amount in the bidding stage that is close to p(1 — ¢)(1 — G(7|))
realizing an expected profit for the platform close to the maximal attainable profits. This
step has two parts. We intuitively discuss here the argument where firms do not have private
information on which to condition their bid so that in a symmetric equilibrium the platform
receives identical bids from all firms. Section 3.1 shows that the result actually holds for
an arbitrary distribution of private information about the consumer between firms and the
platform. So, let d, be the algorithm which: (1) assigns the sponsored position to the firm
with the highest bid, breaking ties in favor of a firm with the highest score and remaining
ties with uniform probability; (2) assign those firms that do not win the auction to organic
positions with uniform probability. Specify the payment rule p',(b) to be equivalent to a

second-price auction, equal to the highest bid among all firms j < n excluding i.

Let us provide the necessary conditions for there to be a symmetric equilibrium in which all
firms submit the same bid S, € R. Given the above algorithm, payment rule, and strategy

profile, let 7(m, n) be a firm’s expected profit (excluding the bid paid to the platform) given
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that it is placed in the mth position in the game with n firms. A firm’s expected profit is then
1 <l
=(n(1,n) = ) + ) ~m(m,n).
n —n

Supposing all other firms continue to submit 8, let #(m,n) for m > 2 denote a firm’s
expected profit from submitting a bid strictly below ,, given that it is placed in the mth
position in the game with n firms. A firm’s expected payoff from such a “downward

deviation" is thus

n

Z ni 17?(m,n).

m=2

Finally, supposing all other firms submit S, let 7(1,n) denote a firm’s expected profit
(excluding the bid paid to the platform) from submitting a bid strictly higher than g, and

winning the sponsored position. The expected payoff from such an “upward deviation" is
a(l,n) — By.

Combining these conditions, placing an identical bid of £, is a best reply for all firms if and
only if

n

ﬁ(l,n)—n%Zﬂ(m,n) < Bn < Zﬂ(m,n)— " Zﬁ(m,n). 3)
m=1 m=1

n

n-1

-1
n m=2

The remainder of the argument shows that for large n the LHS of this expression approaches
p(1 = g)(1 = G(¥)), while the RHS approaches p(1 — g)(1 — G(#|0)). Thus, for large n
there is a continuum of equilibrium bids. By choosing a reserve price that is close to the
highest equilibrium bid, the platform can easily resolve this equilibrium multiplicity to its

own advantage achieving a profit close to p(1 — g)(1 — G(7]6)).

2.2 Binding Outside Option

We now consider the case in which the consumer’s outside option is binding, i.e., the outside
option has a value n > 7. If the platform continues to assign the firm with the highest match
score to the sponsored position but otherwise uniformly obfuscates firms across organic

positions, the consumer inspects the sponsored position, but never inspects an organic
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one. Therefore, even though such an obfuscating algorithm is asymptotically optimal in
maximizing the sponsored position auction revenue as n grows large, the platform only earns
commission when the consumer buys from the firm in the sponsored slot. Below we show

that, in this case, the platform can do better than obfuscating over the entire set of firms.

Below we allow the platform to divide its n — 1 organic positions into two sets, so-called
premium positions and the remaining ones.!” Consider premium positions for example
as those located on the first page or otherwise endorsed by the platform.This allows us to
formally define an algorithm that obfuscates firms with the best match scores across premium

positions:

Definition 3. An algorithm a € A, uniformly obfuscates firms with higher match scores
across premium positions if it assigns each of the firms that lose the auction—and whose

match scores exceeds a value ¢—to each of the premium positions with uniform probability.

A search platform, leveraging big data techniques, has a fairly accurate idea of the match
value distribution of products and the consumer’s outside option. Based on this information,
the platform commits to an algorithm that assigns the sponsored position to the firm with the
highest match score and randomly assigns all firms that lose the auction and whose match

score exceeds a value ¢ to premium positions.

When the consumer then types in a keyword, the platform learns the consumer’s match
scores and executes the algorithm. Theorem 2 below establishes that there is a sequence of
cutoff values (¢, ),en such that an algorithm that assigns the likely best matches to premium

positions is approximately optimal for the platform when the number of firms is large.

Theorem 2. Ifn > r, there is a sequence of algorithms that uniformly obfuscate firms with
higher match scores across premium positions that is asymptotically optimal. Along this

sequence, the firm with the highest match score wins the sponsored position.

The main idea behind this result is as follows. Recall the consumer’s reservation value
r(¢) defined in equation (1) in Section 1. Absent additional information, the consumer is

indifferent between searching a premium position and taking a product with value r(¢) when

That s, a : RIx[6,0]"xZ—Xx{0,1,..., n — 1} where a(b, 0, z) = (x, 1) implies that the algorithm selects ranking x and
demarcates the first 7 organic positions as premium positions. Thus, the ranking and number of premium positions depend on the
realized match scores. This variation in the number of premium positions with the submitted keyword is consistent with empirical
observations on prominent search platforms such as Amazon or Google.
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the match score cutoff for premium positions is ¢. Thus, from an ex ante perspective, the

consumer inspects a premium position only if 7(¢) > 7, or equivalently, if ¢ > ¢ = r~1(z).

With an algorithm that assigns the sponsored position to a firm with the highest match score,
however, the consumer inspects the sponsored position first, thereby learning about the
match scores of firms in premium positions. With a small number of firms, a particularly
low match value at the sponsored position may induce a consumer to become so pessimistic

that they prefer their outside option 1 over inspecting any premium position, even if ¢ > (.

If the number of firms to be ranked is large, however, the Mixing Principle of Consumer

Search not only allows us to define an upper bound for platform profits,

(1-q)p(1 -G(l6)) + pyq,

but also establishes that the effect of learning from the sponsored slot vanishes. No matter
how low the match value of the firm in the sponsored position the consumer observes, it
will not sway them enough to choose the outside option 1 over inspecting another premium
position. In the proof of Theorem 2 we show that one sequence of premium cutoffs that

establishes asymptotic optimality is given by {¢, }, converging to {.

As the number of firms grows large, i.e, n — oo, r(¢,) converges from above to r({) = 7.
Thus, on the one hand—invoking the logic derived in the proof of Theorem 1—the revenue
accrued from the auction for the sponsored position is maximized. On the other hand,
learning about firms in premium positions vanishes, and there is a premium position with
a positive option value relative to the outside option n with arbitrarily high probability.
Therefore, the consumer prefers inspecting any premium position over their outside option.
It follows that an algorithm uniformly obfuscating a set of firms across premium positions is

approximately optimal when the number of firms is large.

Intuitively, we have shown that our main result generalizes when the platform faces
competition or when substitute products are readily available. The platform exhibits an
incentive to assign the sponsored position to the firm with the highest match score, while it
wants to provide the consumer with as little information as possible through organic search
results, i.e., obfuscate them to the maximal extent possible subject to the constraint that the
consumer prefers inspecting premium positions over leaving the platform altogether and
taking their business elsewhere. As such, premium positions are a viable instrument for

platforms to address threats such as competition and substitute products.
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2.3 Improved Platform Information

Now that we better understand for which purposes the platform may (not) use the information
it possesses, we can also answer the question how the market is affected by the platform
having more accurate information. Consider an improvement in the quality of the platform’s
information in the sense of Lehmann (1988). That is, if F(6;|v;) is the platform’s initial
score distribution, then the platform has better information if its new score distribution
F(6;|v;) is such that

F7V(F(6:]vi)lvi)

is nondecreasing in v; for all 6;.'8

The next proposition argues that both the platform and consumers are better off if the platform

has better information.

Proposition 1. When there are many firms, improving the quality of the platform’s information
leads to higher platform profit and consumer surplus under the algorithms specified in

Theorems 1 and 2.

When the platform has the ability to design its algorithm with more accurate information
about consumers’ match values, it can create a sponsored position that is more valuable
for firms, and extract more revenue from the sponsored search auction. Moreover, better
information can also lead to more revenue through commission fees as the platform has
more latitude to keep consumers from exiting the platform by designing more attractive

premium positions.

Proposition 1 is consistent with the interpretation of search platforms being critical gatekeep-
ers in online markets. The platform sells “preferred access” to consumers to firms, which is
more valuable to a firm if the likelihood that the consumer likes the firm’s product is higher.

This is why more accurate information increases the platform’s profits.

Interestingly, consumers are also better off as they are more likely to find a product they will
like enough so that they will not continue searching. They benefit from improved information
both through a higher expected match value conditional on buying and through a reduced

expected total search cost.

18Dewatripont et al. (1999) and Persico (2000) discuss economic applications of Lehmann information.
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3 Generalizations

In this section we show that our main result continues to hold when we take into account
that (i) firms may also have some information regarding consumers’ match values, or (ii)

firms charge different prices.

3.1 Privately Informed Firms

We have so far assumed that only the platform has access to relevant information regarding
consumer preferences, and firms do not possess such information. We think this is relevant
in many instances where firms do not have the relevant technology in place to digest large
amounts of information or where firms do not have access to the necessary data. However,
there are other instances where firms also do have relevant information in addition to the
platform, perhaps from other sales channels. Here, we therefore consider the situation where

firms also have some information about how well their product fits a particular search query.

To model those instances, suppose that in addition to the platform receiving a match score
6; € [0, 0], each firm receives a private signal #; € [¢, ] and that the consumer’s match value
with firm i is drawn from a distribution G (v;|t; + 8;). The match scores ¢; are independently
and identically distributed (IID) across firms according to a compactly supported, atomless
distribution F'(¢;). Denoting y; = t; +;, we assume, similar to the main model, that G (v; 1y

has likelihood ratio dominance over G (v;|y;) whenever y’ > y;.

Define a firm’s adjusted bid ¥ (b;, 6;) to be a smooth and strictly increasing function of a
firm’s bid on [0, p] and score on [#, §]. Consider an algorithm which awards the sponsored
slot to the firm with the highest adjusted bid and uniformly and randomly assigns all
other firms to organic positions. Normalize the smallest adjusted bid to (0, 6) = 0. We
suppose that for all bids b; > p the adjusted score is the same as if they had bid zero
v (b, 0;) =y¢(0,8;). Specify the payment rule, p,, so that the firm that wins the auction
pays the value of its bid.!” As bidding higher than p is dominated by bidding zero, it is

without loss of generality to restrict the firms’ strategy space to bids in [0, p]. Because the

19Note that this marks a minor difference with the main result where we considered a second-price auction. Second-price auctions are a
bit more difficult to handle as when firms are ranked according to their adjusted bid, the second-highest adjusted bid may have a bid that
is higher than the highest-ranked adjusted bid. When n is large, this difference becomes negligible, however, as the second-highest
(adjusted) bid is arbitrarily close to the highest (adjusted) bid.
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distribution of 8; is atomless, the probability of a tie is zero. Thus, unlike the main model,

each firm’s expected profit is continuous in the bids on [0, p].

Denote b = (1 — q)p(1 — G(max{7,n}|f + 0)) as the expected profit a firm with private
signal  and a platform’s signal § would make if the consumer would visit that firm at their

first search and decide to engage in optimal sequential search afterwards.

We can then state the following proposition, which is the analogue of our main result for the

case where firms also have some private information.

Proposition 2. Suppose firms have private information. There is a sequence of algorithms
that uniformly obfuscate firms with higher match scores across premium positions that is
asymptotically optimal. Along the sequence the sponsored firm’s match value distribution

converges to G (v|0 + 1) and the platform’s profit converges to a mass point at b+p-q.

It is not difficult to see that if # is large and the combined information of the winning firm
and the platform about the match score is the same as the platform’s information in the main
model, the platform earns the same profits, whether or not the firms have private information.
The reason is that if firms do not have information as in the main model, they know that
the platform uses match scores to allocate the sponsored slots and take this already into
account when making the bid. If, on the other hand, firms have some private information in
the form of a match score they realize that the firm with the highest combined match score
7 + 6 will win the auction and that as far as the allocation of organic slots is concerned the
platform ignores all information. Thus, for a given total match score of the winner, sales

will be independent of whether firms have private information.

3.2 Heterogeneous Prices

The main model not only stipulates that prices are exogenously determined, but also that
they are the same across firms. For an analysis of the welfare consequences of sponsored
positions it is important to consider that different firms may have different prices. In this
section, we accommodate this fact. To keep the analysis tractable, we assume there is a finite,
but rich set of prices charged by different firms. Moreover, and in line with considering that

the sales through a specific search query are a relatively small fraction of the overall sales of
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a firm, prices remain determined independently of a search query.”’ Allowing for different
firms charging different prices, we introduce a finite set of prices # = {p', p?, ..., pX}.%!

Without loss of generality, assume that p! < p? < ... < pK.

We denote the distribution over # by H with probability mass function 4. For this setting,

we redefine the ex ante reservation value 7 as the unique solution to

7
S hp) (/ (v=p=F)dG()| =. 0
peP r+p

Observe that the above definition of 7 differs slightly from the one in the previous Section in
so far as the reservation value of a randomly chosen firm accounts for the (distribution of)
price(s) a consumer encounters at the firm. For consistency, we let 7 denote the value of the
outside option net of any price the consumer may have to pay for it. Defining y := max(n, 7),
if the platform uniformly obfuscates and n — co, then a consumer whose best searched firm

so far has a match value v at price p continues to search (randomly) if and only if v — p < .

Finally, to focus on the main issues at hand, we introduce two simplifying assumptions. First,

/v (v - pk —)/) dG(v|6) > s. (5)
y

+pK
If (5) holds, there are no firms with prices so high that a consumer would not want to pay the

search cost s to inspect them, even if they knew that the firm’s match score is 6. Second,
ptq <argmaxp(1-G(y +pl9)) 6)

ensures that the platform benefits from offering a sponsored slot. The assumption trivially

holds for any ¢ < 1 if all firms charge the same price as in the main model.

Under heterogeneous prices, the following two implications are reminiscent of our previous
analysis. First, by the Mixing Principle of Consumer Search, a consumer will not purchase
from the sponsored firm if vy — py < y for n large enough, where the subscript s refers to the

sponsored firm. Second, if the platform wants the consumer to inspect particular slots, then

205anssen and Williams (2024) consider a model where a social influencer recommends followers to inspect a certain product. They
consider that firms may change their prices depending on whether or not they are recommended. Their analysis suggests that the
conclusions we derive here could be extended to situations where firms’ prices are endogenous. In particular, a firm that wins a sponsored
slot (as the recommended firm in Janssen and Williams (2024)) will optimally adjust its price (upwards) in response to the favorable
news of being awarded the sponsored slot. This will further increase the willingness to bid to get it and boost the platform’s profits.

2lwe implicitly assume here that the reason why prices vary is orthogonal to match values. We could further micro-found this assumption
by introducing heterogeneous marginal costs. The inclusion of heterogeneous costs, however, would not alter any of the qualitative
predictions in this section. To simplify the exposition of the analysis, we thus continue to assume that marginal costs are zero.
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those slots must have a reservation value that is weakly higher than y for large n.

Therefore, the following algorithm allows the platform to achieve asymptotically maximum
profits. Suppose the platform runs an adjusted second-price auction and places the firm with
the highest bid in the sponsored slot. For large enough n, the price of firms with the highest
willingness to bid for the sponsored slot (and thus the price of a firm that wins the sponsored
slot) equals p* € argmax,ep p (1 — G(y + p|#)). Organic slots are divided into premium
and non-premium ones. Importantly, the platform now uses premium positions regardless of
the value of the outside option because it wants the consumer to inspect products with the
highest prices to maximize commission fees. To incentivize the consumer to inspect firms in
premium positions despite the higher prices, the algorithm requires a firm’s match score to
exceed a minimum threshold. Furthermore, the platform uniformly obfuscates these firms
across premium positions to keep the consumer searching. We can thus invoke Definition 2

of uniform obfuscation across premium positions.

Proposition 3. Given (5) and (6), there is a sequence of algorithms that uniformly obfuscate
firms with high match scores across premium positions that is asymptotically optimal. Along
this sequence, the expected match score of the firm that wins the sponsored position converges

to the maximal match score 0, and the prices of firms in the premium positions to pX.

Thus, obfuscation remains an important tool for the platform even if firms have different
prices. Additionally, firms with a match score that, at least for n — oo, is arbitrarily close to

the highest match score have a chance of winning the sponsored slot.

It remains to be understood how the platform can extract almost the entire rent from the
winning firm in this case. The relevant intuition is reminiscent of Theorem 1. As n — oo,
the bids of all firms converge to their expected profit when occupying the sponsored slot as
for any finite n there is a positive, although vanishing, probability that they win the auction
and the probability there is another firm with the same price approaches one. Thus, the
auction for the sponsored slot is almost surely decided by the match score as a tiebreaker
among firms with price p*. Since these firms earn equal profits, the adjusted-second price

auction underlying Theorem 1 remains asymptotically optimal.

Since the match scores of firms in premium positions and the sponsored approaches the

maximal match score, the next result follows immediately from the last part of Proposition 3.
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Corollary 1. Under the asymptotically optimal algorithm, the price of the sponsored firm is

lower than the price of a firm in a premium position.

When assigning firms to premium positions, the platform only cares about the probability
the consumer buys from any of these firms. This probability converges to one as long as the
probability that the consumer buys at a particular firm in a premium position is positive. In
contrast, when deciding which firm to assign the sponsored slot to it is a single firm’s profits
that the platform seeks to maximize, because this is what firms are willing to bid to obtain
the slot. Therefore, the probability of a single firm generating a sale cannot be too small,

implying a lower price (p* < pX) for the firm winning the sponsored slot.

3.3 Multiple Sponsored Positions

Real-world search platforms routinely feature more than one sponsored position among their
search results. In this section, we show that our main results and intuition from Section 2
extend to the case of a platform offering multiple sponsored slots. In fact, when offering &
sponsored slots, a generalization of a uniformly obfuscating algorithm remains approximately
optimal when the number of firms is large. The firms with the very best k match scores are
allocated into the k& sponsored positions and the platform continues to uniformly obfuscate
the remaining firms across organic positions (and firms with the best match scores across
premium positions such that the consumer just prefers to inspect a premium position over

taking their outside option in case n > 7).

One implementation of this allocation rule is for the platform to ask every firm to submit a
bid to be included among the k sponsored positions where each position is assigned with
equal probability and to have the k winners to pay the highest bid submitted by any firm

losing the auction. Thus, we have the following generalization of Theorem 2.

Proposition 4. With k sponsored positions, there is a sequence of uniformly obfuscating
algorithms that is asymptotically optimal. If n > 7, the sequence uniformly obfuscates firms
with higher match scores across premium positions. Along this sequence, the firms with the

k highest match scores win the sponsored positions.

The proof of Proposition 4 follows the same structure as the proofs of Theorems 1 and 2,

and is thus omitted. To understand Proposition 4, observe that the k-th highest match score
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becomes arbitrarily close to  as n — co. Thus, a consumer never inspects an organic slot
before having inspected all k sponsored slots. Also, for large enough n, the consumer only
buys from a sponsored slot if vy > max{r,n}. As such, asymptotically, if £ > 1 firms are
allocated to sponsored slots, then the joint profits generated by all firms in sponsored slots
are bounded from above by p(1 — G(max{7,7}|0)¥). Thus, by the arguments in the proofs
of Theorems 1 and 2, there is a symmetric equilibrium in which it is asymptotically optimal
for firms to bid 1/k(1 — G (max{7, n}|6)¥) establishing the desired result.

Note that, as n grows large, this implies that the platform’s return of having an additional
sponsored slot is positive but decreasing for all k¥ € N and the total surplus accrued by firms
(1 - ¢)G(max{7,n}|8)* declines in the number of sponsored positions k. This suggests that
if firms have alternative channels selling their products where they make positive profits, the
number of sponsored positions a platform can profitably introduce is limited by the firms’

outside option as they would leave the platform’s ecosystem.

4 Consumer Surplus

This section discusses the important policy question of whether consumers are better or
worse off if search platforms (stop) employ(ing) sponsored positions. Clearly, if in the
absence of sponsored positions the platform’s and consumers’ interests are aligned, and
the platform maximizes consumer surplus (which may be what Brin and Page had in mind
when they wrote the phrase quoted in the Introduction), then consumers are better off
without a sponsored slot: asymptotically, it is optimal for the platform to offer a perfect
ranking, i.e., firms are ranked according to their match score in descending order.?? Thus,
consumers economize on their search cost and will more likely buy a product with a high
match score. Interestingly, the reason why introducing a sponsored slot harms consumers
in this scenario is not that the sponsored slot is “biased” toward the firm paying for it (as
perhaps suggested by the Google founders), but because introducing such a slot lowers the

quality of all non-sponsored slots.

Most search platforms without sponsored slots earn, however, commission fees when
consumers buy from their website. In that case a platform’s profits are bounded by pXg. This

upper bound is approximately reached for large # if the platform obfuscates over premium

22This is not necessarily the case for small 7, as the platform may want to use its ranking as a communication device.
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positions and limits those positions to only include firms with a price of pX (and sets the
match score threshold high enough so that consumers want to inspect the premium positions).
Notably, any alternative algorithm under which the consumer purchases (and inspects) a
lower priced product with positive probability leads to stricter lower commission revenue for
the platform. Moreover, when setting the match score threshold to ensure that consumers
inspect the premium positions, the platform benefits from setting it as low as possible so that
the number of premium positions that the consumer is willing to inspect (if they do not buy)
is as large as possible. Therefore, it is asymptotically optimal for the platform—as in the
previous section—to set the match score cutoft so that consumers are indifferent between
searching premium positions and the outside option. Invoking this ranking algorithm in case

there is no sponsored slot, the next result follows immediately.

Proposition 5. [f the platform maximizes sales commission revenue only, then introducing a

sponsored position increases consumer welfare if n is large.

When firms have heterogeneous prices, there are two reasons why consumers benefit from
sponsored positions. First, platforms assign a firm with a lower price to the sponsored
position. Thus, in expectation, the presence of a sponsored slot helps consumers find a
firm with a lower price. Second, as the platform benefits when consumers buy from the
firm in the sponsored position, it assigns a firm with a particularly high match score to this
very position. This, in turn, ensures the consumer inspects the sponsored position first,
thereby raising the expected match value of the product the consumer eventually chooses,

and reducing the number of slots they expect to inspect.

Note that heterogeneous prices are not necessary for consumers to benefit from a sponsored
position. Although there are no price advantages for the consumer in case firms have identical
prices, the additional information provided to the consumer via the sponsored slot continues

to increase the consumer’s expected match value and reduces their expected search costs.

5 Discussion and Conclusion

In this paper, we analyze how search advertising, i.e, selling sponsored positions, affects a
search platform’s ranking of products in response to a consumer query. When producing a

ranking the platform takes into account that consumers are free to choose how to search. The
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platform faces an incentive to leverage its information about consumers to assign the firm it
deems most relevant to a sponsored position. In response, (a) the consumer first inspects the
sponsored firm, and (b) this firm becomes more optimistic about its match value with the
consumer, both increasing the sponsored firm’s demand. In addition, obfuscation of organic
slots plays a crucial and dual role in the platform’s ranking of search results. On one hand, it
increases firms’ incentives to acquire the sponsored positions by lowering the consumer’s
continuation value of searching organic positions. On the other hand, it increases the number
of organic positions the consumer inspects if they do not buy from the sponsored slot. As a

result, introducing sponsored positions generally increases a search platform’s revenue.

Our findings apply when the number of search results (firms) is sufficiently large as is the
case for many real-world search platforms (Amazon, Booking.com, Google, TripAdvisor,
etc.). In contrast, when the number of keyword-relevant firms is small, learning effects arise
and the optimal platform rule varies with the specific environment. We demonstrate the
robustness of our main results to (i) firms holding private information about consumers, (ii)
firms quoting different prices, and (iii) the platform selling multiple sponsored positions.
In addition, we contribute to the theoretical search literature by introducing the Mixing
Principle of Consumer Search, allowing for the analysis of optimal consumer search behavior

when the number of alternatives is large but match values fail to satisfy mutual independence.

The results in this paper have important implications for consumer welfare. If a platform
earns sales commission, introducing a sponsored position benefits the consumer by inducing
a strictly more informative ranking of search results. Moreover, when prices differ across
firms, the platform faces an incentive to elevate high-price firms to more prominent positions.
It tends to allocate sponsored positions to firms with a lower price, however, creating an
additional benefit to consumers. These factors are more pronounced the better the platform’s
data and provide a different explanation for why platforms make enormous data collection
efforts. These factors should be taken into account in the debate about protecting consumer
privacy. Finally, our results suggest that platform market power (through its effect of lowering

consumers’ outside option) rather than search advertising is detrimental to consumer welfare.
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A Appendix: Preliminaries

To prove our asymptotic results, we consider a framework with infinitely many firmsi € N in
which we embed the model with finitely many firms. Let @ = (61, 085, ...) € O be the vector
of scores, v = (vi,v2,...) € V the vector of match values, and z the nonatomic random
variable with support Z for randomization. We maintain the distributional assumptions
of Section 1, denote the probability measure on ® X V X Z by u and probabilities and
expectations w.r.t. i by P[-] and E[-], respectively. Letting b = (b1, b;,...) € B be the bid
vector and X the set of firm permutations, the set of algorithms (A is the set of functions
a: Bx0®xZ — X such that a(b, -) is measurable for all b € B. The set of payment rules
P is the set of measurable functions p : B — B with p = (p!, p?, ...) such that p(b) < b;.

To embed the finite firm model into this framework, let A,, C A be the subset of algorithms
which only permute the first n firms, which is to say that a(b, 8, z) = x implies that x(i) =
foralli > n + 1. The game with n firms is obtained by requiring the platform to select an

algorithm in (A, and restricting the consumer to only inspect the first n positions.

We present three lemmas that characterize the consumer’s search problem in a general
environment where the consumer learns while searching. We begin by establishing an
algorithm-independent upper bound on the equilibrium expected match value of a consumer
engaging in optimal search. The reservation value for a firm known to have the highest
possible match score is the unique value r* that satisfies d;(r*, u(-|6; = 6)) = 0, where
d; (v, ) is defined in (2).
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Lemma A.1. In every equilibrium of the game with n firms, the expected match value
acquired by the consumer who has made a purchase after searching m firms is less than

u* = E[v;|6; = 0,v; > r*], forallm < n.

Proof. We first claim that the consumer halts their search and buys from a firm upon
inspecting its good and finding a match value above r*. Upon inspecting a single firm, the
expected utility from continuing to search depends on the consumer’s beliefs about the match
scores of the remaining firms. Informing the consumer precisely of the remaining firms’
match scores yields a Blackwell improvement and thus must weakly increase the expected
utility from continued search. Also, setting the remaining firms’ match scores to each equal
the largest possible score § weakly increases the expected utility from continued search. In
this case, it is optimal to follow Weitzman’s rule and thus the consumer will halt their search
and buy from the first visited firm when its match value exceeds r*. Furthermore, if the
match values uncovered at the first m — 1 visited firms are below r* and the consumer decides
to visit an mth firm, then this same argument provides that the consumer will immediately

buy from this mth firm whenever its value is above r*. Thus, the claim inductively follows.

Suppose the consumer buys the good sold by firm i when its match score is 8; and the
consumer’s expected utility from choosing optimally among the set of continuation strategies
that exclude buying immediately from firm i is w. Then the consumer’s expected match
value in this event is E[v;|6;, v; > w]. Due to the fact that this expectation is increasing in w
and 6; as well our previous arguments ensuring that w < r*, the expression is bounded above
by u* = E[v;|6; = 6,v; > r*]. Thus u* < oo serves as an upper bound for the expected match
value acquired by the consumer and is independent of the algorithm, equilibrium strategies,

number of firms inspected by the consumer, and number of firms in the market. O

This argument also bounds the probability a consumer engages in a lengthy search because

if the search lasts too long, the consumer’s expected payoftf must be negative.

Lemma A.2. In every equilibrium of the game and at every decision node for the consumer,
for each &€ > 0 there exists an m € N such that the probability that a consumer searches m

or more additional firms is less than &.

Proof. Consider a decision node for the consumer in an equilibrium of the game and let

h denote the consumer’s information set. Let M denote the random variable equal to the
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number of additional firms inspected by a consumer. From Lemma A.l, a consumer’s
expected match value given that they search m’ more firms is less than u* for all m’ € N.

Hence, a consumer’s expected utility is bounded above by

Z (u* —m’ - $)P(M = m'|h).

m’eN

For a given m € N, the above expression is less than or equal to
P(M < m|h)u* +P(M > m|h)(u* —m - s).

As the consumer’s expected utility from optimal search must be nonnegative, the above

expression must likewise be nonnegative, implying

*

P(M > m|h) < ——.

m-s

Thus, regardless of the algorithm or number of firms, if m > ﬁ, then the probability that

the consumer searches beyond m more firms is less than €. O

Define an “m-restricted" consumer as the consumer in our model, except that we restrict the
consumer to only be able to search at most m positions. Let U denote the expected utility
for the “unrestricted" consumer in our model and let U,, denote the expected utility for the

m-restricted consumer. We obtain the following bound on expected utility.

Lemma A.3. Consider a decision node at which the consumer has visited k firms and let h
denote the consumer’s information set. For a given € > 0, let m be large enough so that the

probability of searching m — k more firms is less than €. Then E[U|h] < E[U,|h] + € - u*.

Proof. At the specified decision node, let M denote the random variable corresponding to
the number of additional firms searched by the consumer. The m-restricted consumer can
always mimic the unrestricted consumer’s strategy for the next m — k steps of search and
then exit the market whenever the unrestricted consumer would search further, implying that
E[Uy|h] = E[UIM <m —k,h]P(M < m - k, h). Therefore, we obtain
E[U|h) =E[UIM <m —k,h|P(M <m —k|h) +E[U|M >m -k, h]| P(M > m — k|h)
<E[Uu|hl +E[UIM > m —k,h| P(M > m — k|h) < E[Uy|h] +&-u"

completing the proof. O
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A.1 Consumer Search and Mixing

A key idea of our argument is that when there are many firms, then for any possible algorithm,
when the consumer finds that their match value with the sponsored firm lies below 7, they
almost certainly will continue to search rather than buy the sponsored firm’s product. The
tool we use to make this simple idea concrete is the fact that independently and identically
distributed (IID) random variables have the property of mixing (Mossel, Mueller-Frank, Sly,
and Tamuz, 2020, Lemma 1). Intuitively, mixing means that any event £ defined on the
same probability space as a sequence of IID random variables {Y;};ci can only be strongly
related to a finite number of them. Formally, for every € > 0, except for a set N C N with

IN| < 1/€?, eachi ¢ N has the property that for every event K only depending on Y;
|P(ENK)-P(E)P(K)| <e. (7)

Random variables satisfying (7) are called e-independent of E. In our model, match values

{vi}ien form an IID sequence of random variables and hence have the mixing property.

Proof of Lemma 1. For a given v and neighborhood N of d;(v, u), there exists an ¢y > 0
such that, if |1(K) — u(K)| < € for all o(v;)-measurable K c Q, then d;(v,1) € N. The
conclusion follows by noting that, to the contrary, if the conclusion does not hold, then
there is a sequence of probability measures {Ay }ren satisfying |1 (K) — u(K)| < 1/k for
all o (v;)-measurable K and d;(v, ;) ¢ N for all k € N. But this implies a contradiction
because the induced probability distribution over v;, 1, weakly converges to the one over v;

given by u and thus d;(v, A;) — d;(v, i) (see Aliprantis and Border, 2006, Theorem 15.3).

Let € = @ - € and consider n > 1/€2. From the mixing property (Mossel et al., 2020, Lemma
1), at least one firm i < n has a score that is e-independent of E,. It follows that for any
o (v;)-measurable event K

€ €
P(E,) @
and thus d; (v, u(-|E,)) € N. O

|P(KI|E,) - P(K)| <

Recall that, during search, the consumer’s strategy involves choosing positions in the ranking
to search. Let ¥; = ¥;(w, ay, p,, 0,) be the match value of the firm located in position i and

define the function d;(v, 1) = /Q max{?v; — v,0}dA(w) — s which reflects the option value
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of inspecting position i when the outside option is v given the consumer’s uncertainty over
the state 1.>> Under the hypotheses of Lemma 1, the conclusion of Lemma 1 extends to
ensure the existence of an n** such that n > n** implies that |d; (v, u(-|En)) — d:(v, )| < &
for some position i < n. This can be seen by first letting € be the value which guarantees
|d; (v, u(-|E,)) — d;i(v, ))| < 6/2 whenever v; is e-independent of E,. The conclusion
follows from noting that at least one position has probability of at least 1 — Eé—n of containing

a match value that is e-independent of E, and then applying the triangle inequality.

B Appendix: Proofs for Section 2

Lemma B.1 (Upper Bound on Platform Profit). For any sequence of algorithms, payment
rules, and corresponding selected equilibria, {(ay, pn, 0n) tnen, the platform’s limiting profit

is bounded above by lim sup,_,, I1(an, pn) < (1 — q¢)p (1 — G(max{7,n}|9)) + pq.

Proof. First, letting D(ay, pn, 0,) the demand for the sponsored firm, we claim that
limsup,,_, D(an, pn,0n) < 1 — G(max{7,n}|d). Observe that, because a consumer will
never purchase from the sponsored firm when if offers a match values below 7, the expected

demand received by the sponsored firm is bounded above by 1 — G (1|8).

In the case where ¥ > 7, we can tighten this upper bound as follows. Notice that if
S, C ® XV x Z is the event in which the consumer buys from the sponsored firm in

equilibrium o, for a given 6 > 0 we have

D(an, pn,on) =P(Spy N {1 =27 -0}) +P(S, N {D) <7 -0}). 8)

Denoting E, = S, N {¥; < 7 — 6}, we now show that P(E,) — 0 asn — oo. Toward a
contradiction, suppose that P(E,) does not vanish in the limit, which is to say that there
is an @ > 0 and a subsequence {ny }ken satisfying P(E,,) > a for all k. From Lemma 1,
there is a k™ such that, for all k > k¥, there is a position i < n; with cfi(ﬁ,-,/l(-lEnk)) >
d;(7 = 6, u(-|E,,)) > 0. But this implies a contradiction as the consumer can yield a strictly

higher expected payoff by deviating and committing to inspect (or possibly paying the search

23Note that d; differs from d; defined previously because d; is the option value of a given firm i whereas d; reflects the option value of
the firm in position i taking into account the ranking as well.
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cost to reinspect) position i whenever they know that the event E,,, has occurred. Therefore

P(E,) must vanish in the limit.

Next, observe that
P(S,N{P1 >7—-06}) <P(P1 >7F-6)<1-G(-5|0).

Thus, it follows that lim sup,,_,, D (an, pn, o) < 1 =G (7 —6|6). Moreover, as the inequality
holds for all 6 > 0, we have limsup,,_,., D(an, pn, ) < 1 — G(7|0). This proves our first

claim.

Using this bound placed on the limiting demand, we now bound the platform’s limiting profit.
The platform’s profit is less than or equal to the winning bid. Let §,, denote the expected
winning bid in equilibrium o;,,. Whenever a firm has a positive probability of winning the
auction, its equilibrium bid cannot exceed the expected profit conditional on winning. That is,
its bid is bounded above by (1—¢)-p-D(a,, pu, 07). The limiting equilibrium bids, therefore,
satisfy lim sup,,_,, B < limsup,_, (1 =q) - p-D(an, pp,on) < (1=¢q) - p- (1 =G (7]9)).
Because the expected revenue via commission fees is bounded above by pg, the desired

conclusion follows. O

Using uniform obfuscation, it becomes possible to approximately guarantee that the consumer

buys from the sponsored firm whenever its match value exceeds 7.

Lemma B.2 (Obfuscation Achieves Bound). Let {(a,, pn, 0) }nen be a sequence of uniformly
obfuscating algorithms, payment rules, and selected equilibrium and suppose that for all
sufficiently large n, the consumer begins search at the sponsored position. Then the
probability that the consumer receives a match value above i from the sponsored firm and

searches at least one organic firm vanishes in the limit.

Proof. Let ¢ > 0 and let E,, denote the event in which the consumer receives a match value
above 7 + ¢ from the sponsored firm and searches at least one organic firm. We begin by
proving the claim for the simpler problem where we replace the consumer in our model with
an "m-restricted consumer" who shares the same preferences, but can search at most m firms.

Combining this conclusion with Lemma A.3 then proves the original claim.

Fix m > 2 and let E,, , denote the event in which the m-restricted consumer searches m

firms and ¥ > 7 + 6. We claim that lim,_,o, P(E,, ,) = 0. Toward a contradiction, suppose
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to the contrary that there is a constant @ > 0 and a subsequence {n;};., along which
P(E.n,) > aholds for all k. By Lemma 1, there is an n* for which n > n* implies that there
is at least one position i < n satisfying cf,-(ﬁl,y(-|Enk)) < di(F + o, u(-|Ey,)) < 0. However,
because the algorithm is uniformly obfuscating, the match value distributions are the same
foralli € {m,m+1,...,n} and thus d, (7 + 6, 1(:|Ep,)) < 0. This means that buying from
the sponsored position is, in expectation, strictly preferred to inspecting the mth position
conditional on the event E,, ,, . This implies a contradiction as E,, ,, is an event in which

the consumer inspects the mth position. Therefore, lim,_,o P(E,, ,) = 0.

Similarly, consider the case with m > 3 and let E(,,_1), be the event in which ¥ > 7 +¢6
and the m-restricted consumer searches at least m — 1 firms. Given E(,,_1) ,, the expected
difference in the expected utility between buying the good with the highest match value of
those which have been inspected in the first m — 2 positions and continuing search to the

m — 1th position is greater than’*

_‘z\m—l(f +90, ,u("E(m—l),n)) - P(Em,nlE(m—l),n) ut

By the same argument above, if P(E(,-1),,) has a subsequence that is bounded away
from zero, then this expression is eventually positive along the subsequence, implying a
contradiction. Thus, P(E(,,-1),) — 0. Continuing the argument, it inductively follows that

P(E,,) — 0 for an m-restricted consumer with m > 2.

Let0 < € < —u*/d;(¥ + 8, u) and let m be large enough so that the probability of searching
m — 1 more positions from a decision node is less than €, as provided by Lemma A.2. Using
Lemma A.3, conditional on the event E,,, the difference between the expected utility of
buying the good from the sponsored position and searching the first organic position is

greater than

~d (7 + 6, u(-|Ey)) — P(Ea

E,) u"—e-u". 9)

Repeating the above arguments again, if P(E,) has a subsequence bounded away from zero,
then (9) is eventually positive for a large enough n, implying a contradiction. Therefore,

P(E,) — 0. As the choice of 6 > 0 was arbitrary, the desired conclusion holds. O

HAletve = (91, .., Vi). In the event E(,,,_1) p, the realized utility is (max v,,_1 — (m —1) - s)gc + (maxvy, —m-s)lg,, , <
max vy, — (m = 1)s + max vy, - 1g,, ,, . Subtracting the right side from the realized utility if the consumer were to only inspect
m — 2 firms yields s — max{¥,,-] — maxv,,-2,0} — maxv,, - 1g,, . Taking the expectation of this expression given E,,_1),, and
applying Lemma A. 1 obtains —dyy,—1 (max Vyy—2, 4 (- |EGn-1),n)) —E[Max Vi - 1g,, , |E(n-1),n] > =dm-1 (F+ 6, u(-|E(n-1),n)) —
P(Em,n |E(m—l),n) ‘ut.
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Our interest is in equilibria in which all firms submit the same bid and the platform awards
the sponsored position to the firm with the highest match score and performs uniform
obfuscation within the organic positions. It is a straightforward calculation to show that,
for such algorithms and bidding strategies, the consumer optimally begins their search at
the sponsored position. The calculation can be found in Online Appendix S.3. For these
equilibria, the demand for a firm with score that wins the sponsored position and has a
score of 6; eventually exceeds 1 — G (¥ + §|6;) for all 6 > 0. Moreover, the distribution of
the winning firm’s score weakly converges to a point mass on 8, thus, the sequence of the

uniformly obfuscating algorithms achieves the upper bound given in Lemma B.1.

Notice that if a firm deviates to a higher bid then it wins the auction for sure, but loses
information about whether it has the highest match score. It must be that such a deviation

offers an expected profit of p(1 — ¢)(1 — G (7)) in the limit.

Proof of Theorem 1. First, observe that when 7 > n, that a straightforward application of
the Mixing Lemma provides that the expected revenue via commission fees converges to pg
under any sequence of algorithms. Otherwise, if we let £, denote the event in which the
consumer takes the outside option when there are n firms, if there is a subsequence along

which P(E,,) > a > 0, there is an n* € N such that d;(n, u(-|E,)) > 0 whenever n > n*.

Denote the leftmost side of (3) by L, and the rightmost side by R,, so that (3) simplifies to

L, < B, < R,. We want to show that L,, < R, as the number of firms grows large.

Given the algorithm and the consumer’s optimal search, we establish the following. First,
because total industry profit is bounded from above, the product ﬁ 2. _y m(m, n) vanishes
in the limit. Second, as we verify in Claim 1 below, the expected profit when deviating to a
higher bid converges to #(1,n) — (1 — q)p(1 — G(7)) since the consumer will only make a
purchase if their match with the sponsored firm exceeds 7 and the distribution of the match
value of the upward deviating firm is G (v;) = /99 G (v{|0;)dF (6;). Third, if we let 7*(m, n)
denote the expected profit for a firm deviating to a lower bid and being assigned to a position
m > 2 given that it has the highest score, we have 7(m,n) = %ﬁ*(m,n) + "T_lﬂ(m,n).
Hence, we can write R, = n(1,n) — anl 2 _ 1 (m, n) where the bound on industry profit
guarantees that the rightmost term vanishes in the limit. Combining these three observations,
we findthat L, — (1-¢)p(1-G(¥))and R, — (1-¢)p(1-G(7|0)) > (1-q)p(1-G(¥)),
where the inequality holds because G (v|6) satisfies the MLRP. Thus, there exists an n*
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such that n > n* implies L,, < R,,. Therefore, for n > n* there exist symmetric equilibria
in which all firms bid 8, € [L,,R,]. Thus, we have that R, < Il(a,, p,). Because
R, — (1 =¢q)p(1 — G(#|0)) it follows that (d,, Hn), is asymptotically optimal.

Claim 1 (Upward Deviation). Given (d,, On)n, suppose all other firms play the proposed
symmetric equilibrium of bidding B, and the consumer searches optimally given the belief
that all firms bid 3,. Let S), be the event in which a firm which deviates to a higher bid makes
a sale. Then lim,_,1 P(S;) < 1 -G (7).

Let §), c ®xXV X Zand S, C ®xV X Z be the events in which the consumer and
m-restricted consumer buy the sponsored product given a deviation, respectively. As before,
given the proposed strategies, it is without loss of generality to assume that the consumer
searches organic firms in order of their ranking. As the continuation value for the unrestricted
consumer is always at least that of the m-restricted consumer, we have S, C S}, , for all m
SRS 5 1 — L for all 6;. Let V¥
denote the event in which vg € [vg, 7] given the deviation. Having assumed that the density

and n. For a given k € N, let v € (v,7) satisfy

g(v;]0;) is positive on the interior and continuous, we know that there is a constant ¢ > 0

such that % > ¢ whenever v; € V¥ for all ; and 6 ;.

Given the bound placed on the likelihood ratio in the event vk, the m-restricted consumer’s
beliefs about the first m—1 organic firm’s match values converges to the true distribution, which
is that they are IID G (v;). At the limiting distribution, the probability that the m-restricted
consumer buys from the sponsored firm given V¥ is /Vk G(vs)" 1dG (vg|VF) < G(F)™ L.

Using the inequality
P(S), lvs < 7) < P(S,, VO P(VEvs <7) + 1 =P(VFvs < 7)

1\ 1
< P(S),,IV5) (1 - —) +—

k k
we obtain
lim P(S,, ,|vs < 7) < lim (S, ,[V¥) (1 - LR L G(H)" 1 - 1
n—oo m.n 5= T n—ooo m.n k k k k

As the above expression holds for all £k € N, taking the limit as k — oo we find
lim,, 00 P(S), ,lvs < 7) < G (7F)""!. Because S/, C Sy it follows that lim,, e P(S7,|[vs <
7) < G(F)""! for all m € N and therefore lim,, o, P(S’|vs < 7) = 0. The desired conclusion

therefore follows from noting that P(S;,) = P(S,,|vs < F)G (7)) +P(S;|vs > 7)(1-G(F)). O
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Define r(¢) to be function satisfying s = fr ? ¢)(1 —G(v|6 = ¢))dv. Throughout, we assume
that n < r(6) and denote ¢ = r~! (7).

Proof of Theorem 2. Let N4(n) denote the random number of firms assigned to premium

positions given the “premium score threshold” ¢ > ¢ when there are n firms.

Consider now the variation of our model in which we replace the match score distributions
of all n firms with the following truncated distribution F,(6) = %{(;@ -1(6 > ¢). From
Theorem 1, we know that, in this setting, the platform’s limiting revenue from uniform

obfuscation in this problem is £(¢) = (1 — g)p(1 — G(r(¢)|0)) + pq.

Return to our model with the match scores of all n firms distributed according to F(6),
using the premium obfuscation algorithm, the platform’s expected revenue conditional on
Ng(n) = 7i is equal to £(¢) as it is precisely the same as applying uniform obfuscation
in the setting with 7 + 1 firms and match scores drawn from Fy(6). Hence, denote
T1(fi, ¢) to be the platform’s expected revenue conditional on Ng(n) = ii. From the above,
limseo [1(7A, #) = €(¢). Noting that P(Ng(n) < n'|n) — 0 for all n' € N provides that
assigning firms with quality threshold ¢ to premium positions yields the platform a limiting

revenue of £(¢).

Denoting ¢; = { +1/j, we see that £(¢;) — (1 —q)p(1 -G (7|0)) + pg as j — oo. Let y,;
denote the platform’s expected revenue with n firms when it uses premium quality threshold
¢;. Given that lim,_,.o y,; = €(¢;) for all j and lim;_,., £(¢;) = €£({) there must exist a
function j*(n) such that lim, e y,+(») = €({). This completes the proof. O

Proof of Proposition 1. As Lemma B.1 identifies the maximal limiting profit under the
information structures as (1 — ¢)p(1 — G(y]6)) + pq and (1 — ¢)p(1 — G(y|0)) + pg
respectively with y = max{7, n}, the result follows from showing G(y|d) < G(y|9).
Drawing from the argument for Theorem 5.1 in Lehmann (1988), let {a,,} be a vanishing
sequence of values in (0, 1), {¢,,} the sequence satisfying F (¢,,|y) = 1 — a,,, and {7,,} the
sequence satisfying F(7,,|y) = 1 — a,,. Due to the fact that F is more accurate than F, we
have F (t,,|v;) < F(f.|v;) for all v; < y and F(t,,|v;) = F(,|v;) for all v; > y. Consider
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the two posterior probabilities

[ (1= Ftnlv) g(vi)dv
G()’lel > tm) = _‘-}
L= Ftulv) g(vi)dv

=~ - ‘/“}7 (1 - F(fmlvz)) g(v,-)dv
G(Ylel 2 tm) = _‘_} —— .
/v (1 - F(tmlvi)) g(vi)dv

By rearranging terms, we see that G(y|6; > f,,) < G(y|6; > t,,) if and only if

0= Flv) gvddv. [ (1= F(@nlvi) g(vi)dy )
ST Q= Ftnlvi) gdv [T (1= F(tu|vi)) g(vi)dv

which must hold as the left side is less than one while the right side exceeds one. Thus,
G(v|0; > i) < G(y|6; > t,,) for all m. At the same time, G(y|6; > t,,) — G(v|6) and
G(y)0; > i,,) = G(y]|0) as m — +oo, implying G(y|0) < G(v|0). |

C Appendix: Proofs for Section 3

C.1 Privately Informed Firms

For simplicity, this section proves Proposition 2 under the assumption that the outside option
is non-binding. The argument readily extends to the case with a binding outside option and

premium positions following the approach used to prove Theorem 2.

Consider an algorithm which awards the sponsored slot to the firm with the highest adjusted
bid and uniformly and randomly assigns all other firms to organic positions. Denote
b=(1-q)p(l-GF|f+0)). A firm’s adjusted bid  (b;,6;) is a smooth and strictly
increasing function of firm’s bid on [0, b] and score on [6,]. Normalize the smallest
adjusted bid to ¢(0, ) = 0. We suppose that for all bids b; > b the adjusted score is the
same as if they had bid zero ¥ (b;, 8;) = ¥ (0, 6;). Specify the payment rule so that the firm
that wins the auction pays the value of its bid. As bidding higher than b is dominated by
bidding zero, it is without loss in generality to restrict the firms’ strategy space to bids in
[0, b]. Because the distribution of @; is atomless, the probability of tying is zero. Thus, each
firm’s expected profit is continuous in the bids on [0, p]. Using Lemma B.2, we pin down a

lower bound on the expected profit for a firm from winning the auction when n grows large.
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Lemma C.1. For all € > 0 and V' € (7, V) there exists n’ € N such that, if n > n’, then a

firm with signal y; = (0;,t;) that wins the auction generates an expected profit that is greater
than (1 - q)p(G(V'ly;) — G(7lyi)) — €.

Proof. Let V, c [r,V’] denote the subset of match values such that the consumer buys
immediately from the sponsored firm if ¥; € [7, 7']\“V, and searches at least one more firm
V1 € V,. From the Lemma B.2, the Lebesgue measure of “V,, must vanish in the limit. Thus,

when a firm with signal y; = (6;, ;) wins the auction, it makes a sale immediately with
probability G (¥'[y;) = G(Fly;) = [, dG(vilyy).

We argue that /% dG (v;]y;) uniformly converges to zero as n — oo. The density g(v;|y;)
is finite for all y; € [y, y] and v; € [F, V']. Due to compactness and continuity, there must
be a constant ¢ > 0 such that max, c[7,y.¢[y,5] (Vilyi) < c. But then it follows that
Maxy,efy,y] /(Vn g(vily))dv; < ¢ - A(V,) and uniform convergence follows. Thus, for all
€’ > 0 there exists n’ € N such that, if n > »’, then a deviating firm’s profit given that it wins

the auction and has a signal of y; is greater than (1 — ¢)p(G (V'|y;) — G(7|y;)) — €. O

Proof of Proposition 2. Consider the sequence of uniformly obfuscating algorithms de-
scribed above. Now, assume that the consumer begins search at the sponsored position. The
calculation found in Subsection S.3 verifies that this is optimal in the limit. As all payofts
are continuous in each player’s strategy and the strategy spaces are compact, Theorem 3.1
in Balder (1988) establishes the existence of an equilibrium. The argument in Lemma B.1
provides that the limit inferior of the profit derived from any sequence of algorithms is
bounded above by 5. We want to show that the uniformly obfuscating algorithms described
above achieve this upper bound. Towards this end, we begin by proving the following claim.

For each n > 2, let 0, be an equilibrium strategy profile for the game featuring n firms.

Let ¥, be the random variable denoting the highest adjusted bid in equilibrium o,,. We claim
that ¥, weakly converges to point mass on ¢ = (b, §). Toward a contradiction, suppose
to the contrary that there is a * < ¢, an € > 0, and a subsequence {ny}icy such that
P(¥,, <y*) > eforall k. Let i, be a firm with the lowest expected profit in equilibrium o,.
The expected profit for i, must vanish in the limit. Let ¥, correspond to the highest adjusted
bid among firms j # i,. As ¥, < ¥,, it must also be that P(‘i’nk < yY*) > eforall k. Let
M = {1 e A([0,¢]) : A([0,¥*]) > €}. As A([0,¥]) is compact and M a closed subset of
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A([0,¢]), M is also compact. We want to show that, for n large enough, firm 7, can achieve

a positive payoff whenever the distribution of ¥, is given by a probability measure 1 € M.

Let b* denote the bid that satisfies y(b*, §) = y*. Let € > 0 be small enough and 7’ large
enough so that (1 — q)p(G(V'|f +0) — G(F|t +0)) — € > b*. From Lemma C.1, there is an
n’ € N such that n > n’ implies that the expected net profit from winning the auction for a

firm i with signal #; and score 0; is at least (1 — g)p(G(V'|6; +t;) — G(¥|0; +1;)) — €.

Suppose that the distribution of ¥, is A € M. Notice that if A ([0,¥ (0,8))) > 0, then
firm i,’s expected profit from always bidding zero is positive. Suppose instead that
A([0,¥ (0,6))) = 0 so that i,,’s bid must be positive to ensure a positive chance of winning
the auction. Let ¢ = min supp 4. Notice that if i, submits the bid b that satisfies (b, 0) = v,
then the probability of i, winning the auction is zero. All bids higher than b deliver a positive
probability of winning the auction. Letting b;, — b from the right, the distribution of i,’s
score conditional on winning the auction weakly converges to a point mass on . When #;, is
in a neighborhood of 7, then //(1 -q)p(G(V'6;, +1;,) — G(¥6;,,1;,))dF (6; |y (b; ,6; ) >
x)dA(x) —€ > b* > b

then i, has a positive expected profit. Since M is compact and firm i,,’s expected profit

;.. This means that for all n > n’, if the distribution of ¥, is A,
is continuous in the adjusted bid distribution for all other firms, then firm i,,’s expected
profit is bounded away from zero for all n > n’. But this implies a contradiction and thus

liminf, . P(¥, > ¢*) = 1 for all y* < ¢. The desired conclusion follows. i

C.2 Heterogeneous Prices

Proof of Proposition 3. Consider a sequence of algorithms (a,),en, each of which assigns
the sponsored slot to the highest bidding firm, with ties being broken in favor of higher
match scores. Moreover, a, uniformly obfuscates all firms with p > pX — % and 0 >  + %

across premium positions, where

Vv
/ (v=y)dG(v|8 > ) = 5.
Y
We now show that (a,),en asymptotically maximizes (1) commission revenue from non-

sponsored slots given the consumer does not buy from the sponsored slot, (2) profits from

the sponsored slot, and (3) that (a,),en thereby maximizes total platform revenue.
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(1) Denote commission earnings from non-sponsored positions, conditional on the consumer
not buying from the sponsored slot, by R, which is bounded by pXg. By the Mixing
Principle, for n — oo, there exists—under any history—almost surely a premium slot with a
reservation value that exceeds 7. It follows that the conditional probability that the consumer

buys from a firm in a premium position converges to 1, and, thus R(a,) — pXq.

(2) Note that the profits of the firm in the sponsored slot (before commission fees), denoted
by ms(ay), are bounded by max,ep p (1 — G(y + p|6)). We assume that P is sufficiently
dense so that there exists a unique maximizer p* € #. It follows that this expression also
constitutes a bound for platform profits from the sponsored slot. Due to the independence of
prices, match scores, and match values between firms, the Mixing Principle of Consumer
Search implies that a consumer buys from the sponsored if and only if vy — p* > vy asn — oo,

and, thus, lim 74(a,) = p* (1 — G(y + p*|0)).
n—oo

Lemmas S.2 and S.3 in the Online Appendix establish (i) that the winning firm’s type
approaches 6, (ii) that the price of that firm is p*, and (iii) that the platform is indeed able to

extract the expected profits of the firm in the sponsored slot.

(3) To see why (an)nen asymptotically maximizes total platform profits, note that the

platform’s total profits converge to

lim (7y(an) + G (y +p*10)R(an)) = p"(1 = G(y +p*10)) + Gy + pilopXq. (D

Any alternative sequence (a,,),en (Weakly) reduces both 75 and R because of (1) and (2). It
follows that for any alternative sequence of algorithms (a),),en to yield higher total limit
profits than (a,),en, the sequence (a;,),en must increase the probability that the consumer
buys from a non-sponsored slot (which equals G (y + p*|d) under a,,), thereby reducing the
probability they buy from the sponsored one (which equals 1 — G(y + p*|#) under a,,) by

the same amount. This, however, is only profitable if gpX > p* contradicting (6).
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S.1 Example 1

In this section, we discuss an example illustrating how uniform obfuscation can fail to be
optimal when there are a small number of firms, because of non-monotonicities in the

inference consumers draw from observing their match value at the sponsored slot.

Suppose there are three firms i = 1, 2, 3. The consumer’s match value is either low £, medium
m, or high h and a good is only worth purchasing if it provides at least a medium value. A
firm’s match score is L when the value is low and H when the value is either medium or
high, i.e., the platform can distinguish firms with low match scores from other firms, but
cannot distinguish firms with medium and high match scores. Let py and p; denote the

marginal probability that a firm’s score is high and low, respectively.”’

Suppose the platform employs the following algorithm. The firm with the highest bid is
placed in sponsored positions, ties are broken in favor of the firm with the highest match
score, further ties are broken with equal probability. For the two nonsponsored firms, if only
one of them has a high signal it is placed in the second position with probability a > %
otherwise they are arranged in the organic positions with equal probability.

Given the algorithm, the consumer’s optimal search proceeds in the following manner. If the

sponsored firm’s value is high 4, then the consumer buys it immediately since there is no

25This example departs from the assumptions of our model in that the distribution of match values conditional on the match scores do
not share the same support. This is insignificant to the particular example since we could modify the distributions to P({£}|L) =
P({m, h}|H) = 1 — & so that the conclusion continues to hold for & > 0 sufficiently small.



advantage from continuing. If instead the sponsored firm’s value is low ¢, then given the
algorithm, the consumer learns that all remaining firms must likewise have low match values
and so the consumer might as well exit the market. If, however, the consumer observes m in
the sponsored slot, then it might still be prudent to continue searching as some remaining
firm might deliver a higher match value. To describe the consumer’s learning over the course
of search, let subscripts denote the index of the position so that the list of possible events
are {(H,, H», H3), (Hy, L», H3), (Hy, H», L3), (Hy, Ly, L3) (L1, L>, L3)} which occur with
corresponding probabilities {p?q, 3(1 - a)p%ipL, 3a/p%1pL, 3pHpi, pi}. The probability

that slot two has a high score given that the first does is

Py *3apype

P(HolHy; @) = ; (8.1
The probability that slot three has a high score given that the first two also do is
P
P(Hs|Hy, Hys ) = - (82)

py +3apipL
The probability that slot three has a high score given that the first does and the second has a
low score is

3(1-a)pipL
3(1 —a)pypL+3pup;

P(H3|Hy, Ly; @) = (S.3)

Inspecting the above expressions, we find that (S.2)>(S.3) which naturally implies that the
consumer is more optimistic about the third slot upon observing a medium match value in
the first two slots than if they were to observe a medium in the first and a low in the second.
Also, (S.1)>(S.3) holds true, implying the consumer is more optimistic about the second
slot after observing a medium in the first than they are about the third slot upon observing a
medium and low value in the first two. The comparison between (S.1) and (S.2) depends on
a. As Figure 1 illustrates, increasing o makes proceeding to the second firm more attractive,

but continuing to the third less so.

Suppose the parameters are such that, under uniform obfuscation (i.e. when a = 1/2), the
consumer continues searching when observing m in the first firm and m in the second firm,
but halts otherwise. To be concrete, assume that the parameters satisfy %P(H2|H La =
%) (h — m) = s which leads the consumer to follow the desired search pattern. We compare

uniform obfuscation against a nonuniformly obfuscating algorithm with @ = a* > % whereby
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Figure 1: The figure plots the conditional probabilities as a function of & given that match
values each occur with equal probability.

a* 1s large enough to ensure that a consumer will inspect the second slot if the first provides
a medium match value, but will search no further. For example, in Figure 1, given our
assumptions on parameters, setting @ = 0.6 guarantees that P(H3|H{, Hy; a*) < P(H|H}; %)
and thus it is never optimal for the consumer to inspect the third firm. Notice that by
providing some information in the organic slots, the nonuniformly obfuscating algorithm
makes inspecting the second firm more desirable, but increases a sponsored firm’s return

demand as consumers will not inspect the third firm.

For each algorithm, consider a symmetric equilibrium in which each firm bids g. Figure
2 plots the tentative expected equilibrium and deviation profits under the two proposed
algorithms for different values of the bid 5. Naturally, the expected profit from playing the
tentative equilibrium strategy is decreasing in the bid with a slope of —% as each of the
three firms win with equal probability. Placing a higher bid, no matter how high, ensures
that a firm wins the auction, but also makes winning uninformative as it does not provide
information about the firm’s match score. The slope of the expected profit given an upward
deviation is thus —1. Thus, this deviation risks winning in case the firm has a medium match
score and consumers continue searching after visiting the sponsored slot. The deviation is
optimal for low values of the candidate equilibrium bid, but not for higher values. Offering
a bid less than g ensures that a firm does not win the sponsored slot; hence, the deviation

profit is simply the expected profit in an organic slot and does not depend on the bid.

We can use Figure 2 to compare the profitability of the two algorithms by comparing the
range of bids firms are willing to place. The figure shows that, in principle, there can be a
continuum of equilibrium bids. However, we only need to compare the equilibria with the

highest bids as the platform can secure a profit equal to this bid by setting a reserve price
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Figure 2: The figures plot an individual firm’s expected profit in a tentative symmetric
equilibrium in which all firms bid g under the respective algorithms from likewise bidding
B, deviating to a lower bid, and deviating to a higher bid (given that match values each occur

with equal probability).



equal to the highest possible equilibrium bid. As illustrated by Figure 2, using a uniform
obfuscation algorithm, the platform can achieve a profit of exactly %, which is identified by
finding the highest value for the bid at which no firm wishes to deviate from placing that bid.
On the other hand, using the nonuniformly obfuscating algorithm, the platform can secure a
profit of approximately 0.6. Thus, due to the learning from match values at the sponsored

slots, the platform is better off choosing the nonuniformly obfuscating algorithm.

S.2 Example 2

In this section, we discuss an example illustrating how the platform may deviate from
assigning the firm with the highest match score to the sponsored slot when there are a small
number of firms. To this end, consider a similar setup as before in Example 1 where there
are three distinct match values /, m, h and where the platform cannot distinguish medium
and high values, but perfectly recognizes a low value firm. Thus, when the match value is /,
the match score is L and when the match values is either m or & the platform has a match
score of H. Now there are four firms, however. Moreover, suppose the consumer would

choose any match value, including the lowest /, over their outside option.

Consider two different algorithms, one where the platform always puts the firm with the
highest match score in the sponsored position and uniformly obfuscates the organic positions
and another, second, algorithm where the platform almost always follows the same algorithm
apart from the case where two match scores are L and two are H. In that case the platform
puts a firm with the lowest match score in the sponsored position and uniformly obfuscates

the organic positions.

We show the conditions under which the second algorithm gives the winning firm a higher
probability of selling. In particular, consider that with the first algorithm the consumer buys
immediately from the sponsored position whenever it contains an 4 or [ value, but they
continue to search if he sees an m value. On the other hand, with the second algorithm the
consumer buys immediately from the sponsored position whatever its match value. As the
second algorithm makes sure that the consumer will always buy from the sponsored position
and never buys from an organic position, it is clear that platform gets its highest possible

profit as firms bid maximally to get into the sponsored position.

We first consider under what conditions after observing an m in the sponsored slot the



consumer continues to search under the first algorithm, but not under the second, and we start
the analysis with the second algorithm. We use backward induction to determine the pay-off
for the consumer if he decides to continue to search after observing an m. So, consider that
after observing an m in the first round, the consumer observes either [/, m! (or lm) or mm in
the subsequent two rounds (and we thus focus on whether the consumer wants to inspect the
last object or not). If, in the meantime a consumer has found an % object, they will of course

buy immediately).

(i) After observing mll in the first three search rounds, the consumer obviously stops
searching, as they must update their beliefs in such a way that the last object is also an /.

Their pay-off in this case is m — 3s.

(ii) After observing mlm or mml in the first three search rounds, we postulate the consumer
continues searching as under the second algorithm the only pattern that is consistent with
this is for there to be an H object in the last round. Thus, the consumer’s pay-off, then would

be %(m + h) —4s > m — 3s. Thus, we implicitly assume that 4 —m > 2s.

(ii1) Finally, after observing mmm in the first three search rounds, we postulate the consumer
continues searching. Updating their beliefs, if the consumer continues to search they
igfz*i ;2 = 41’2%13;1 and an H with
probability é‘pi’%m. Thus, the consumer’s pay-off would then be gg i:gi m + SPiing h—4s
PH

(and this is better than stop searching with a payoff of m — 3s, if m(h —m) > s). Thus,

encounter an L on the last search with probability
3

we implicitly assume that

h—
m >2+8PJ.
K 3pH

(S4)

Note that this condition also implies that 4 — m > 2s.

Let us then go back one search round and consider that the consumer after observing an m

in the first round, they observes either / or m in the next round.

(i) After observing ml in the first two search rounds, we postulate the consumer stops
searching, as they must update their beliefs in such a way that the last two objects are either //
or HH. Given the second algorithm, the total ex ante probability that the consumer observes

ml in the first two search rounds is % . 4p§{p L+ 4pi p g and thus continuing to search yields



an expected pay-oft of

3-4pypL

L 4apdpL+4pdpy

4p3 pu
Loapd pr +4p3
3 yPL 4P PH

(m—3s) +

(% (h—3s)+%(%(m+h) —4s)).

This is smaller than m — 2s (the pay-off if they stop searching) if, and only if, % (h-2s)+

1 3 3 2
1g +4 3 . . .
% (%(m +h) - 3s) <m—2s+ IBHPLIPLPH ¢ %(h -m) < (% + %) s, which is true if
34rypL Ph

<2+ —=. (S.5)

(ii) After observing mm in the first two search rounds, we postulate the consumer continues
to search all the way until they found an / object, as they must update their beliefs in such
a way that the last two objects are either HL, LH or HH (which happens with a total ex
ante probability of % -4 p?{ pL+ pjf{) and thus they get an additional pay-off of continuing to

search of

Rt 5 30-m -2
———— | z(h-m—=s)+ =< |z(h—m)—2s
pH+3-4pL (2( : 2 2( :

2

54 1 1 3
+ 32—pL(—(h—m——s)——-2s)
pa+5-4pp \2 27 4
3 3 1 8 1 7
7N E Y I TR 72 O
3PH+8PL 4 2 3PH+8PL 2 4
2pn+4pL _%pH+14PL

m s
3pu+38pL 3pu+38pL

which should be larger than O for them to prefer to continue searching, which is the case if
h-m 2pn+14py

§ 2pu +4pL .

(S.6)

So, now we can give a condition under which the consumer stops searching after observing
an m in the first slot as their overall additional pay-off (incorporating learning and optimal
search) of continuing to search after observing an m in the first round instead of stopping

immediately is (as the overall probability of this event happening is pj,‘{ + 4p;’] pL+ 4pi PH):



_ Apipn+ 3 4pype )
P +4pypL +4p;p

4 2 3 9
+%-4 1 1[spg+4 + 14
4P1-1 33 pHpé —(l’l— )+_ iPH pL(h— ) 2pH pL _sb <o,
Py +4p,pL+4p; PH 2 2\ 3py +8pyL 3pH+8pL

which after combining terms yields

4pH + 4pL
3pu+8pL

h—m
p2(3py +8pL) c (1

1 TP+ 7pL 1
< (§P%(3PH +8pr) (l + 4—) +4pr (p% + gplzq)) S,

3pu+8pL
or
/’l 1 21
3pH—— (7PH +16p) < (3 : ( pnt 19PL) +4PL)
or

h-m _ 42p3, +152p2 pr +96p;

S.7
s 21p3, +48p2pr >.7)

Let us now do the same exercise for the first algorithm and use backward induction to
determine the pay-off for the consumer if he decides to continue to search after observing an
m. So, consider that after observing an m in the first round, the consumer observes either
[l,ml (or Im) or mm in the subsequent two rounds.

(1) After observing [l in search rounds two and three, the consumer encounters an L with

4p3 pu _ _2pL PH
PH+2I7HPL " 2pLtpH 2pr+pm’

probability py on the last search and an H with probability

(i1) After observing Im (the same analysis applies to ml) in search rounds two and three,
the total ex ante probability of HHLH and HHLL is 3 4pHpL+ 3 6pHpL, where for
example 6p? o p? 7 1s the ex ante probability that there are two H and two L and in that case
(under the first algorithm) the sponsored slot is an H and the chance that the first organic

slot contains an L is 1/3. So the conditional probability of the last one being H, resp. L, is
ApypL __ _ 2py 3pL

= and .
4p§1pL+6p§1p% 2pu+3pL 2pu+3pL

(111) Finally, after observing mm in search rounds two and three, the total ex ante probability

of HHHH and HHHL is p‘}{ + % . 4p§1 pL so the conditional probability of the last one being



4
: 3PL
H, resp. L,is —24— =,
PH+3PL PH+3DPL

If the consumer continues to search in the first case, they certainly continue to search in all
2pr

other cases and this is the case if mth 4 m—s>m,or —LL_hm o o
PH +2pL 2 PHH2pPL PH2pL 2
h—-m 2 L
>2 (14 22L). (S.8)
s PH

It is clear that (S.8) implies (S.4) and (S.6).

What we will do in the subsequent analysis is the following. We show that if (S.8) holds,
then the consumer wants to continue searching in all previous search rounds until they have
found an h. The easiest way to do so is to show that if (S.8) holds the consumer prefers
to search in round ¢ even if in subsequent round ¢ + 1 they stop searching. As the pay-off
of continuing to search in round 7 is higher than that (as the consumer actually continues
to search as this yields a higher pay-off), they certainly want to continue searching if that

higher continuation pay-off is taken into account.

With this in mind, let us then go back one period and consider that the consumer after

observing an m in the first round either observes / or m in the next round.

(1) After observing / in search round two, the consumer believes that the last two objects are ei-
ther LL, HL or HH and so overall, they believe the objects are either HLHH, HLHL, HLLH
or HLLL and the ex ante total probability that one of these events happens is % . 4p?{ pL+

6p 5 p? 7 +4py pi.(For example, the ex ante probability that three products are H and one
is L is 4p> yPL and out of these cases under the first algorithm the probability that the first

objects ranked is an H and the next one is an Lis ; ) Thus, the conditional probability that
3 4PHPL+ 6PHPL

LPL+3-6p%, Pl +4pEp
prefers searching in round 3 even if they do not continue searchmg in round 4 if

the third object searched is an H equals T g and therefore the consumer

I-4pupL+3-6phpt  h-m
4PHPL+3 6pHpL+4PHPz 2

> S.

2p%+6 +6p2 3 +6p?
This condition can be rewritten as “=2 h —m s, pZPuTOPHPLTOPL _ o (1 M) . The RHS

2p%+3pupL 2p4,+3pupL
of this inequality is smaller than the RHS of (S.8) if ;ﬁ o :gp L < 2, which is clearly the case.

(i1) After observing m in search round two, the ex ante total probability of the first two
objects being H equals p H+ 3 -4p3 yPL+ 3 - 6p2 H p? L Thus, the conditional probability that

_ 4 L
Pty > and therefore the consumer

the third object searched is an H equals
! A 3 pir ko

9



prefers searching in round 3 even if they do not continue searching in round 4 if

P+ 3 4pipL h—m

Pii+3 - 4pypL+ s 6pypy 2

> s,

. . _ 3p%+8 +6p? 4 +6p? .
which can be written as =2 > 22Pu2PuPLTPL _ o (1 + M) . The RHS of this
$ 3PH+4PHPL 3PH+4PHPL

4p ,+6p,
3[7H+4pL

inequality is smaller than the RHS of (S.8) if < 2, which again is clearly the case.

So, now we go to the first search round where the consumer observes an m. The ex ante

total probability of this state equals p},+ 4p3,pr + 6p3,p3 +4prp; . Thus, the conditional

Pit34PyPLts6P7 P
PL 4P PLYOPY P 4P H DT
therefore the consumer prefers searching in round 2 even if they do not continue searching in

and

probability that the second object searched is an H equals

round 3 if

P+ 3-4pipL+-6p4pt h—m

ph+4pypL +6p5p7 +4pup; 2

> s,

4 3 2 2 3 1 3 2 2 2 3

. . _ +4 L+6 +4py -4 L+56 +4py

which can be written as 2= > 228 PP > PuPL zp sz =2(1+2 le; 3 PrPL P QPL
§ Puts4pyPrt36pypy Put34pyPL+36pypy

14,3 +2.6p2 2
The RHS of this inequality is smaller than the RHS of (S.8) if 2a2u*3PuPLt4vupy o
Pyt54PyPLt36PHD]

which again is clearly the case.
Thus, combining (S.5), (S.7) and (S.8), a sufficient condition for it to be possible that after
observing m the consumer continues searching after the first algorithm, but not under the

second is that

2 h— 42p3 +152p2%,pr +96p3 4p?
2(1+ﬂ)< " < min{—2H T 2PuPL TP 5 TPLE (59
PH s 2lpy, +48pLpL Py

As the LHS and the RHS are function of pg only (as p; = 1 — pp), it is possible to choose
values of & — m, s such that both inequalities hold if there exist values of py such that the
RHS is larger than the left hand side. Figure 3 draws h_T’" on the vertical axis and py on the
horizontal axis. The term of the LHS is represented by the black curve and the two terms of
the RHS are represented by the green and red curve, respectively. It is clear that for (roughly)

pu < 0.27 the black curve is below the green curve and the green curve is the constraining

10
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factor on the RHS, reflecting the first term on the RHS. Thus, for the area in between the
black and the green curve inequality (S.9) holds.

Finally, we consider the conditions under which it is optimal to stop searching under the
second algorithm after observing an / on the first search. (It is clear it is optimal to stop
searching after observing an / under the first algorithm). After observing an / under the
second algorithm, the consumer knows there are either two H products or all are L. It is

clear that after observing three / the consumer stops searching. Also, after observing two L

2
H

continuation is either LL or HH and then the consumer stops searching if

(which happens with a total ex ante probability of % -6p pi + pi) the consumer knows the

2p; +h 1 h- 2
) e Ay )
2py + 11 2 202 2py + 11
orifl ~m
h— 2p?
h=m) 54 2L (S.10)
S 3pH

which is depicted by the beige curve in the figure.

Finally, after observing /m the consumer knows that there is still one L and one H option
and it is then optimal to continue to search if the H option on the second search turned out to
be an m if § (55— m) = ) + 5 (5 = m) - 2s) > 0, which is the case if 222 > 3, which

11



is clearly implied by the previous conditions in the figure. (The pay-off formula follows from
the fact that with probability % the next option is an H and then the consumer certainly stops
searching afterwards, while with the remaining probability % the next option is an L and

then the consumer certainly continues searching).

Thus, after observing an L in the first position, the pay-off of continuing to search is given by

2p2 + p? 4p? 1 1 1 1 ]
pf pf(l— )+—2pH S|z =)+ 5(h=s)+ z(m+ S (h—m)-255)].
6py, +p; 6py, +p; \3 3 3 2 2

For [ ~ m this is smaller than [ if (approx.)

ap (1 1 11 1 4p} 2P+ 1
—2PH . —(m—s)+—(h—S)+—(—(m+h)—2—5))< 2pH ym P;zq pés’
6p% +p2 \3 3 372 2 6y +prL  OPu+rL

or
4 2 3 1 2 2 + 2
% (__s +=(h- m)) < %s,
6py+pp \ 2 2 6Py +pL
or
h— 2+2 2 2
m_ L. PL 2PH:4+ PLZ, (S.11)
S 2pH 2pH

which is depicted by the blue curve in the graph.

Thus, we can conclude that there is a parameter region where the stipulated search behavior
under both algorithms is optimal at every stage, which is given by the black curve as the
lower bound and the blue curve as the upper bound. In this region, the consumer always
stops searching at the sponsored slot under the second algorithm but continues to search
after observing an m in the sponsored slot under the first algorithm. It is clear from the
analysis that we have provided sufficient conditions for this to be the case that are by no
means necessary conditions. The total area of parameter values where the consumer always
stops searching at the sponsored slot under the second algorithm but continues to search
after observing an m in the sponsored slot under the first algorithm is larger than the area

between the black and blue curves depicted in the figure.
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S.3 Calculations for Consumer Search Pattern

Consider the problem of the m-restricted consumer. Under the proposed equilibria the
match value distribution of the sponsored firm converges to G (v|#) and the distributions for
the first m — 1 organic positions converge to the marginal distribution G (v). The optimal
search strategy at the limiting distribution is to follow Weitzman’s rule, first inspecting the

sponsored firm. As m grows large, the expected payoff then approaches
/ max{v,7}dG(v|0) — s. (5.12)
v

Of the strategies that do not involve beginning search at the sponsored position, the optimal
one involves beginning search at an organic position and then following Weitzman’s rule

thereafter. As m grows large, the expected payoff from this strategy converges to
/ max{v’, min{v, 7'}, 7 }dG(v')dG (v|8) — (1 + G(r"))s. (S.13)

Noting that (S.12) is strictly larger than (S.13), it follows that an m-restricted consumer
strictly prefers to begin search at the sponsored position as n grows large, and that the
loss from beginning search at an organic position is bounded away from zero for large
m. Combining this with Lemma A.3, it follows that, under the proposed equilibrium and
for large enough n, the unrestricted consumer strictly prefers to begin their search at the

sponsored position.

S.4 Auxiliary Analysis for Heterogenous Prices

We here provide the missing details underlying the argument in the proof of Proposition 3
(2). Specifically, we first show that if the platform runs an adjusted second-price auction
placing the firm with the highest bid in the sponsored slot and breaking ties in favor of higher
match scores, then the probability that a firm with price p* wins the auction approaches 1.
Second, we argue that this auction also allows the platform to capture the entire rents of the
winning firm, thus asymptotically achieving the upper bound of profits that can be earned

form the sponsored slot.

Lemma S.2. There exists an nn such that firms with price p* bid more in equilibrium than

any firmwith p € P\ {p*} and h(p) > 0ifn > n.
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Proof. The expected profit difference from obtaining and not obtaining the sponsored slot is
1 n
(P)(1=q) (1= G(y +pl8” (0. H)) = —= 3" 7 (m. p. 67 (n. H)) (S.14)
m=2

where 07 (n, H) denotes the expected highest match score among all firms with the price
(p), given the distribution H and n and where 7 (m, -) is the profit from position m. Clearly,
firms will never bid more than (S.14). This upper bound increases in 6. Thus, the most that

a firm with p # p* bids is
- 1 <& _
(P)(1-q) (1-G(y+pld) —mmzzzn(m,p,e). (S.15)

Note that the second term vanishes in the limit because the joint profits of all firms ares

bounded. Then, by the properties of G(-) there is a * < § such that

(P)(1=q)(1-G(y+plo) < (p)(1-q)(1-G(y+pl6)) (S.16)

forall p € P\ {p*} with h(p) > 0,6 € @ and 8’ > 6*. Since, by assumption

(P -q) (1-G(y+pld) < (p)(1-q) (1-G(y+p'ld) (S.17)

forall p € P\ {p*} with h(p) > 0, and because (p)(1 —¢g) (1 — G(y + p|0)) is continuous
in 6, and P is finite, there is a 6* <  such that

(P)(1-9) (1-G(y+pld)) <(p)(1-q) (1-G(y+p*l¢) (S.18)

forall p € P\ {p*} with h(p) > 0,0 € @ and §" > 0*. Since the left-hand side of the

inequality above is monotonically increasing in 6, inequality (S.16) follows.

Since 7" (n, H) increases in n, there is an 72 large enough so that 67" (n, H) > 6*. Considering
(S.14) and noting that the second term vanishes, we conclude that the upper bound of what
(p*)— types are willing to bid exceeds that of other types if n > 7. Firms with p* will never
bid less than any firm with p # p* in any symmetric equilibrium because if not, then every

firm with type p* would find it profitable to raise its bid. O

Lemma S.3. In the limit, the platform earns (p*) (1 — G(7 + p*|0)) a.s. from the firm

winning the sponsored slot.

Proof of Lemma S.3. As n — oo, the probability that there are at least two firms with a

14



price p* converges to 1. By Lemma S.2, these firms with p* compete only against each
other asymptotically almost surely. Notably, all firms with that price are ex ante identical
as in our base model. The same argument as in the proof of Theorem 1 then guarantees
an equilibrium bid to exist, which in the limit converges to (p*)(1 - g) (1 = G(y + p*|0)).
Since there are at least 2 bidders a. s., platform profits from the sponsored slot auction equal
this bid. In addition, the firm in the sponsored slot pays commissions, which converge to
(p*)gq (1 — G(y + p*|9)), implying total profits extracted from the firm in the sponsored slot

as stated in the Lemma. O

15



	The Model
	Obfuscation to Maximize Revenue
	Non-Binding Outside Option
	Binding Outside Option
	Improved Platform Information

	Generalizations
	Privately Informed Firms
	Heterogeneous Prices
	Multiple Sponsored Positions

	Consumer Surplus
	Discussion and Conclusion
	Appendix: Preliminaries
	Consumer Search and Mixing

	Appendix: Proofs for Section 2
	Appendix: Proofs for Section 3
	Privately Informed Firms
	Heterogeneous Prices
	Example 1
	Example 2
	Calculations for Consumer Search Pattern
	Auxiliary Analysis for Heterogenous Prices


