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Abstract

This paper proposes a multiple threshold factor model to enhance the flexibility in model-

ing the underlying regime switching mechanism for high dimensional time series. The factor

loadings are assumed to switch between different regimes according to the value of a thresh-

old variable. A novel estimation procedure is proposed to consistently estimate the multiple

thresholds with the aid of sorting operation, principal component analysis and shrinkage esti-

mation, which is practically easy-to-implement and computationally efficient. Furthermore,

asymptotic properties for the multiple threshold estimators are established, together with

other theoretical results. Monte Carlo simulations demonstrate that the procedure works

well in finite samples. The U.S. data sets are analyzed with the proposed model to illustrate

the threshold effect of economy policy uncertainty on the financial market.
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1 Introduction

With the increasing availability of large data sets in economics and finance, the large factor model

has become one of the most important tools to achieve dimension reduction in the statistical and

econometric analysis. To capture the instability caused by economic condition shifts or policy

reforms, factor models with structural breaks in the factor loadings are accordingly developed.

See Breitung and Eickmeier (2011), Chen et al. (2014), Han and Inoue (2015) and Yamamoto

and Tanaka (2015) for testing procedures to detect breaks, and Baltagi et al. (2017, 2021), Su

and Wang (2017), Ma and Su (2018), and Ma and Tu (2022) for the estimation theory. These

developments facilitate the analysis of large data sets in the presence of important economic,

political events and policy changes that induce low-frequency episodes separated in time, such

as the European debt crisis, the end of the Cold War or the end of China’s one-child policy.

On the other hand, recurring regime shifts that relate to higher frequency recurring fluctu-

ation arise in situation where “history repeats” (Ang and Timmermann, 2012). The behavior

of economic variables such as risk-free rate, unemployment and economic growth may vary un-

der different fiscal policies (neutral, expansionary, or contractionary) (Kim and Nelson, 1998;

Liu and Chen, 2020). As pointed out by Chan et al. (2017), among others, threshold model is

an important strategy to account for recurring regimes. Accordingly, threshold factor models,

which allow recurring regime shifts in the factor loadings according to the magnitude of a (con-

tinuous) threshold variable, have been developed. For example, Ng and Wright (2013) simulated

data from a large dimensional threshold factor model to investigate the effects of nonlinearities

on business cycle dynamics. Massacci (2017) studied a large dimensional factor model with

regime changes in the loadings governed by the threshold principle. Liu and Chen (2020) also

considered a threshold factor model for high-dimensional time series in which the dynamics of

the time series was assumed to switch between two regimes. Wu (2021) further extended the

analysis of Massacci (2017) to a factor model with multiple threshold-type regime shifts in the

factor loadings. Massacci (2021) developed a test for threshold-type regimes in the risk expo-

sures in portfolios with a large number of financial assets whose returns exhibit an approximate

factor structure. The threshold factor model not only provides a powerful tool for dimension

reduction, but also enhances the flexibility in modeling the recurring regime shifting mechanism

driven by the threshold principle, offering an interpretable framework that can easily capture

the underlying nonlinearity.

This paper proposes a shrinkage estimation procedure to efficiently and consistently estimate

the number and values of thresholds in multiple threshold factor models. The methodology

proposed is motivated by Tsay (1989) and Chan et al. (2015), who represented the threshold

autoregressive model as an autoregressive model with structural breaks, and Ma and Tu (2022)

who used group Lasso (Yuan and Lin, 2006) to estimate factor models with multiple structural

breaks. The procedure involves first reformulating the threshold factor model into the factor

model with structural breaks, by sorting the observed high dimensional time series according to
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the value of the threshold variable in ascending order. This is made possible thanks to the fact

that the threshold models are similar to structural break models, except that the breaks occur

according to the value of a (continuous) threshold variable rather than the time index. The

second step applies the structural break detection method for factor models recently proposed

by Ma and Tu (2022) to pin down the break dates, which will in turn offer estimates for the

original unknown threshold values. The second step is comprised of two sub-steps: (i) ignoring

the change points occurred in the factor model, use the information criterion proposed by Bai

and Ng (2002) to estimate the number of factors and principal component analysis (PCA) to

estimate the (pseudo) factors; (ii) use the shrinkage technique to detect the number and locations

of the breaks in the factor regression coefficients, where the factor regression is constructed by

regressing the estimated factor corresponding to the largest eigenvalue on the remaining ones.

The last step is based on the one-to-one correspondence between the breaks in the factor model

and the change points in the factor regression coefficients. Consequently, the threshold values

are estimated from the locations of estimated change points and the corresponding values of the

threshold variable. The details will be outlined in the following section.

Compared with the two-step sequential estimation procedure of Wu (2021), our new shrink-

age approach is attractive for at least two aspects. First, the shrinkage estimation is much more

appealing in terms of both computational efficiency and estimation accuracy. The procedure of

Wu (2021) divides the whole time span into several subintervals and determines the number of

thresholds by comparing the number of factors in consecutive intervals, while ours only fits a sin-

gle factor model for the whole time span and then uses group Lasso to determine the thresholds,

which significantly relieves the computational burden, especially when the number of thresholds

is large. On the one hand, sample division inevitably introduces extra tuning parameters such

as the number of subintervals. On the other hand, it notably reduces the sample size in each

regime, which will affect the estimation of factor number, and consequently the estimation ac-

curacy of the thresholds. Second, unlike Wu (2021), our framework allows the factor number to

vary across regimes, which includes interesting possibilities, such as emergence of new factors

or disappearance of old factors, considered in the recent factor model literature (Cheng et al.,

2016; Baltagi et al., 2021; Ma and Tu, 2022). Neither does Massacci (2017) nor Liu and Chen

(2020) allow such a scenario in the single threshold factor model. These desirable features are

confirmed in the simulation studies.

The theoretical contributions of this paper include the consistency of the group Lasso esti-

mators, and the consistency of the estimated number of factors and factor space in each regime

separated by the threshold estimators, among others. The theory incorporates the small thresh-

old effects which can shrink to zero as the time length T increases, a case which has not been

entertained in factor models analyzed by Massacci (2017), Liu and Chen (2020) or Wu (2021).

We emphasize that threshold estimation in factor models is much more complex than that in the

standard regressions, because the (unobserved) factors are not identified (up to rotation) when
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the thresholds are unknown. Ignoring the thresholds, only the pseudo factors (up to rotation)

instead of the true factors (up to rotation) can be identified in the linear factor model, which will

be elaborated in the following section. Besides, the theoretical results of threshold factor models

are not simple extensions of those in the change-point framework. Specifically, the factors are no

longer stationary mixing after sorting the observations, even if we assume that the true factors

are. Therefore, the ordinary large deviation principle for the stationary mixing processes, the

key tool used to analyze the properties of change point estimators by Ma and Tu (2022), can not

apply in the threshold factor models. To solve the problem, we develop the asymptotic analysis

using a bracketing entropy technique inspired by Chan et al. (2015), to derive the convergence

rate of the estimators, which brings technical differences and additional challenges as compared

to the theoretical study of Ma and Tu (2022).

The rest of the paper is organized as follows. Section 2 introduces the multiple threshold

factor model, and discusses the shrinkage estimation procedure for the unknown thresholds.

Section 3 contains the asymptotic results, including the consistency of the group Lasso estimators

of the thresholds, and a refined two-step procedure to improve the Lasso estimators. Section 4

conducts Monte Carlo simulations to investigate the finite sample performance of the proposed

procedure, and demonstrate its superiority over that of Wu (2021). Section 5 applies our method

to explore the potential threshold effect of economic policy uncertainty on the financial market.

Section 6 concludes the paper with discussions on future research. Due to space limit, the

inference for the factor number and factor space in each regime, the empirical study to investigate

the influence of economic condition on the macroeconomy and all technical details are relegated

to an online Supplementary Material.

A word on notations. Throughout the paper, for a symmetric matrix B, we use B > 0

to denote that B is positive definite, and denote its Moore-Penrose generalized inverse as B+,

and its trace as tr(B). For any real matrix A, we denote its transpose as A>, its rank as

rank(A), and its Frobenius norm as ‖A‖ ≡ [tr(AA>)]1/2. We write v = Op(1) (v = op(1)),

when ‖v‖ = Op(1) (‖v‖ = op(1)) for a finite dimensional vector v. For any positive numbers an

and bn, let an � bn denote a−1n bn = o(1). For any constants a and b, let a ∧ b = min{a, b}. For

any two sets A and B, let A\B = {x|x ∈ A and x /∈ B}, and let D(A,B) = supb∈B infa∈A |a−b|.
The operator

p→ denotes convergence in probability, and
d→ signifies convergence in distribution.

2 Methodology

2.1 Threshold factor models

The high dimensional time series {xit, i = 1, . . . , N, t = 1, . . . , T} is assumed to follow a threshold

factor model with multiple regimes, separated by the magnitude of the threshold variable zt.

Specifically, when θk−1,0 < zt ≤ θk,0, for k = 1, . . . ,m + 1, the factor model assumes that the
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observed data xit in the k-th regime can be represented as

xit = f>0,tλ0,i + f>−0,tλk,i + eit, (2.1)

where i = 1, . . . , N and t = 1, . . . , T . The r dimensional factor ft = (f>0,t,f
>
−0,t)

> and the

factor loading λ0k,i = (λ>0,i,λ
>
k,i)
> in the k-th regime are decomposed conformably according to

whether the loading changes with the regimes or not. That is, the loading vector λ0,i associated

to the r − q dimensional factor f0,t is not affected by the threshold variable zt, thus is constant

over the whole time span. However, the loading λk,i for the q dimensional factor f−0,t depends

on the regime k, such that λk,i 6= λk+1,i for k = 1, . . . ,m. The threshold variable zt ∈ R is

observed but θk,0’s (k = 1, . . . ,m) are the unknown threshold values. We adopt the convention

that θ0,0 = −∞ (or the lower bound of the support of zt) and θm+1,0 =∞ (or the corresponding

upper bound). Let A = {θ1,0, . . . , θm,0} be the set of true thresholds. The number of thresholds

m and the number of factors r are both assumed to be fixed.

The model in (2.1) bears similarity to the class of threshold models studied by Tong and

Lim (1980), Tsay (1989), Gonzalo and Pitarakis (2002), Li and Ling (2012), Chan et al. (2015),

among others. The regime for the loadings prevailing at time t depends on the position of

zt, relative to the unknown threshold values θk,0, for k = 1, . . . ,m. The major difference lies

in the fact that the regressors in the above studies are observed, while the factors here are

unobserved and the number of factors is unknown. This model nests the large dimensional linear

factor models (Bai and Ng, 2002) as a special case when m = 0, extends the single threshold

factor model (m = 1) recently considered by Massacci (2017) and Liu and Chen (2020) to

allow for multiple unknown thresholds, and is similar to that considered by Wu (2021). This

general model leads to tremendous difficulties to the identification of thresholds and subsequent

inference. Alternative to the two-step sequential procedure of Wu (2021), this paper proposes a

simple-to-implement procedure, which involves only principal component analysis and shrinkage

estimation, to efficiently estimate all the unknown quantities.

To obtain a form convenient for further analysis, we firstly use the sorting operation to

reformulate the threshold factor model as follows. Let (zπ(1), zπ(2), . . . , zπ(T ))
> be the order

statistics of (z1, . . . , zT )>, ordered from the smallest to the largest. Denote (x>π(1), . . . ,x
>
π(T ))

>

as the sorted observations, where xt = (x1t, . . . , xNt)
>. With these notations, the model in (2.1)

can be expressed alternatively as

xi,π(s) = f>0,π(s)λ0,i + f>−0,π(s)λk,i + ei,π(s), (2.2)

for τk−1,0 ≤ s < τk,0, where τk,0 = min{s|s ∈ {1, . . . , T}, zπ(s) > θk,0}, k = 1, . . . ,m. Here we

adopt the convention that τ0,0 = 1 and τm+1,0 = T + 1. That is, the threshold factor model

with multiple regimes in model (2.1) can be equivalently represented by the factor model with

multiple change points in the factor loadings in model (2.2), which has been analyzed by Baltagi

et al. (2021) and Ma and Tu (2022).
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In matrix form, the model (2.2) can be written as follows:

Xk = F0kΛ
>
0 + F−0kΛ

>
k +Ek, for k = 1, . . . ,m+ 1, (2.3)

where Xk = (xπ(τk−1,0), . . . ,xπ(τk,0−1))
> and Ek = (eπ(τk−1,0), . . . , eπ(τk,0−1))

> are both (τk,0 −
τk−1,0)×N matrix. The factor loadings Λ0 = (λ0,1, . . . ,λ0,N )> and Λk = (λk,1, . . . ,λk,N )> are of

dimensions N×(r−q) and N×q, respectively. The subvector of the true factors Fk = (F0k,F−0k)

is accordingly decomposed, where F0k and F−0k are of dimensions (τk,0 − τk−1,0)× (r − q) and

(τk,0 − τk−1,0) × q, respectively. Note that our model allows for the emergence of new factors

or disappearance of old factors, which is made possible by allowing Λk, for some k, to contain

some zero columns that may appear in different locations of Λk for different k. In this way,

the effective number of factors rk (< r) in the k-th regime could vary with k, in contrast to

Massacci (2017), Liu and Chen (2020) and Wu (2021) where the number of factors is assumed

to be constant across regimes. It is further noticed that some columns of Λk are permitted

to return to their previous values after two or more breaks. In this representation, with the

observed data {xit}, the objective is to estimate the unknown quantities, including the number

of breaks m, the break dates τk,0 (k = 1, . . . ,m), the common factor ft and its dimension r, and

factor loadings Λ0k.

The above factor model (2.2) with multiple breaks in the factor loadings can be seen as a

standard factor model with stable loading matrix, as mentioned in a few related studies such as

Barigozzi et al. (2018), Baltagi et al. (2021) and Ma and Tu (2022). The underlying mechanism

is that we can absorb the break information from loading matrix to the pseudo factors. To

see how it works, we borrow the definition of Baltagi et al. (2021) to define Γ as follows. Set

Γ = Λ0, and start from the first column of Λ1, to the last column of Λm+1, i.e., traverse all

the columns of Λk, k = 1, . . . ,m+ 1, if it is nonzero and linearly independent with the columns

that are already in Γ, put it in Γ. Let r̄ denote the number of columns in Γ, the maximum

value of which is (m + 1)r. By the definition of Γ, it is easily seen that (i) Γ has full column

rank; and (ii) for any k, we have Λ0k = ΓRk for some r̄ × r dimensional matrix Rk. Let

Gk = (gπ(τk−1,0), . . . , gπ(τk,0−1))
> = FkR

>
k denote the new (pseudo) factors. It follows that

gπ(s) = Rkfπ(s) if τk−1,0 ≤ s < τk,0, and (2.3) can be written as

Xk = FkΛ
>
0k +Ek = FkR

>
k Γ> +Ek = GkΓ

> +Ek, (2.4)

which is a standard factor model with the new stable factor loadings Γ = [γ1, . . . ,γN ]> and the

pseudo factors gπ(s).

We now discuss the estimation of the pseudo factors in (2.4). We first use the information

criterion proposed by Bai and Ng (2002) to estimate the number of pseudo factors r̄, the esti-

mator for which is denoted as r̂. Then, PCA is used to obtain the first r̂ factors. Specifically,

let Ĝ = [ĝπ(1), . . . , ĝπ(T )]
> be the estimated (pseudo) factors, which are

√
T times the r̂ eigen-

vectors corresponding to the r̂ largest eigenvalues of the matrix XX>, with the T ×N matrix

X = [xπ(1),xπ(2), . . . ,xπ(T )]
>.
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To investigate the properties of the estimators, it is necessary to state the technical conditions

with the above introduced notations.

Assumption 1 (i) E‖ft‖4 < M <∞; (ii) E(ftf
>
t ) = ΣF for all t; (iii) ΣF is positive definite

and 1
T

∑T
t=1 ftf

>
t I(θk−1,0 < zt ≤ θk,0)−ΣF = Op(T

−1/2) for k = 1, . . . ,m+ 1.

Assumption 2 The factor loadings Γ, the error term E and the factors G satisfy the Assump-

tions 2-5 and 7 in Ma and Tu (2022).

Assumption 1 adjusts Assumption 1 in Ma and Tu (2022) to accommodate threshold effects in

factor models, which holds under Assumptions C1 and CR(a) in Massacci (2017) or Assumptions

2 and 7(1) in Wu (2021). Conditions imposed in Assumption 2 are standard in the literature on

factor model, which are not repeated for brevity. See Baltagi et al. (2021) and Ma and Tu (2022)

for detailed discussions of these conditions. Under the above assumptions, it is easy to conclude

that the errors E, factors G and factor loadings Γ in model (2.4) satisfy Assumptions A-D of

Bai and Ng (2002). Consequently, it follows immediately from an application of Theorems 1

and 2 of Bai and Ng (2002) that r̂ is consistent for r̄, and ĝπ(t) is asymptotically close to Dgπ(t),

t = 1, . . . , T , where D is an r̂ × r̄ rotation matrix and D
p−→ D∗ = V −

1
2 Φ>Σ

1
2
Γ, with V being

the diagonal matrix of eigenvalues of Σ
1
2
ΓΣGΣ

1
2
Γ, Φ the corresponding eigenvector matrix, and

D∗ an r̄ × r̄ full rank matrix.

2.2 Group Lasso estimation of multiple thresholds

To estimate the break points in (2.2), Ma and Tu (2022) considered the following time varying

factor regression model:

ĝ1,π(s) = c2,π(s)ĝ2,π(s) + · · ·+ cr̂,π(s)ĝr̂,π(s) + uπ(s) = c>π(s)ĝ−1,π(s) + uπ(s), s = 1, . . . , T, (2.5)

where ĝ1,π(s) denotes the estimated factor corresponding to the largest eigenvalue and ĝ−1,π(s) =[
ĝ2,π(s), . . . , ĝr̂,π(s)

]>
collects the remaining r̂− 1 estimated factors, with the (r̂− 1) dimensional

coefficient cπ(s) =
[
c2,π(s), . . . , cr̂,π(s)

]>
. They demonstrated that under some regularity con-

ditions, there is a one-to-one correspondence between the structural break in factor loadings

in (2.2) and that in the factor regression coefficients in (2.5). We refer readers to Ma and Tu

(2022) for detailed discussions on the regularity condition. The subsequent theoretical analysis

will build upon a much more general framework that allows the threshold effect (therefore the

break size) to shrink towards zero as the time length T increases, which will be portrayed in

Assumption 6. Alternative to (2.5), we can also use the regression ĝ`,π(s) = c>`,π(s)ĝ−`,π(s)+uπ(s),

for 1 ≤ ` ≤ r̂, (i.e., ` is not necessarily equal to 1), to perform break detection. The subsequent

analysis can be adapted accordingly.

Since neither the number of breaks m nor the break dates are known, and m is typically

much smaller than T , this leads us to consider the estimation of cπ(s)’s and the change points via
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a variant of fused Lasso (Tibshirani et al., 2005). We propose to estimate {cπ(s)} by minimizing

the following penalized least squares objective function:

VTλ({cπ(s)}) =
1

T

T∑
s=1

(ĝ1,π(s) − c>π(s)ĝ−1,π(s))
2 + λT

T∑
s=2

‖cπ(s) − cπ(s−1)‖, (2.6)

where λT is a positive tuning parameter. Note that the objective function in (2.6) is convex in

{cπ(s)}. As a result, the solution can be obtained efficiently through standard convex optimiza-

tion algorithms.

Note further that the penalty is imposed on vectors, therefore it is natural to connect it

with the group Lasso of Yuan and Lin (2006) by reconstructing the design matrix. Let dπ(1) =

cπ(1), dπ(s) = cπ(s) − cπ(s−1), s = 2, . . . , T . Let c = (c>π(1), . . . , c
>
π(T ))

>, d = (d>π(1), . . . ,d
>
π(T ))

>,

Y = (ĝ1,π(1), ĝ1,π(2), . . . , ĝ1,π(T ))
>, and u = (uπ(1), . . . , uπ(T ))

>. Define

X∗ =



ĝ>−1,π(1) 0 0 · · · 0

ĝ>−1,π(2) ĝ>−1,π(2) 0 · · · 0

ĝ>−1,π(3) ĝ>−1,π(3) ĝ>−1,π(3) · · · 0
...

...
...

. . .
...

ĝ>−1,π(T ) ĝ>−1,π(T ) ĝ>−1,π(T ) · · · ĝ
>
−1,π(T )


,

which is a T × (T (r̂ − 1)) design matrix. Then (2.5) can be rewritten in an alternative form

as Y = X∗d + u, and minimizing (2.6) is equivalent to minimizing the following group Lasso

criterion function

V̄Tλ({dπ(s)}) =
1

T
‖Y −X∗d‖2 + λT

T∑
s=2

‖dπ(s)‖

=
1

T

T∑
s=1

ĝ1,π(s) − ĝ>−1,π(s) s∑
q=1

dπ(q)

2

+ λT

T∑
s=2

‖dπ(s)‖. (2.7)

The penalty is imposed on the sum of Frobenius norm of dπ(s). For some large magnitude of

λT , the entire group dπ(s) may drop out of the model, since this procedure encourages sparsity

at both the group and individual levels by the fact that the Frobenius norm of a vector is zero

only if all of its components are zero. This coincides with our starting point that the whole

entry of dπ(s) is a zero vector unless there is a break at time π(s).

At the first glance, the above loss function is similar to that (eq. (2.6)) in Ma and Tu (2022)

for structural break detection in factor models. However, to perform threshold detection, the

loss function here is constructed based on estimated factors that are sorted according to the

value of the threshold variable zt instead. This does not cause any additional challenge from

the computational aspect, because the standard algorithm to solve the group Lasso problem can
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simply apply to (2.7), illustrating the practical advantage of the proposed method. Neverthe-

less, the new feature in the loss function brings essential technical difficulties in analyzing the

theoretical properties of the resulting estimators, as will be detailed in the following section.

Let {d̂π(s)} be a solution of (2.7), which would exhibit certain sparsity due to the shrinkage

estimation. For convenience, define the index set of the non-zero components in {d̂π(s)}Ts=2,

arranged in ascending order, as I = {τ̂1, . . . , τ̂m̂}, where m̂ is the cardinality of the set I. That

is to say, d̂π(τ̂k) 6= 0 for k = 1, . . . , m̂, and d̂π(s) = 0 when s ∈ {2, . . . , T} \I. Then, m̂ and I are

the estimated number of breaks and estimated set of break points, respectively. Moreover, by

the relationship between {dπ(s)} and {cπ(s)}, we compute ĉπ(s) =
∑s

t=1 d̂π(t) for s = 1, . . . , T .

We next derive the threshold estimates from the estimated set of break points I. From the

representations in (2.1) and (2.2), it is clear that θk,0 < zπ(τk,0) ≤ θk+1,0, for k = 1, . . . ,m.

Consequently, the thresholds θk,0’s, k = 1, . . . ,m, are estimated from zπ(τ̂k−1)’s, k = 1, . . . , m̂.

This leads to the estimate of the set of thresholds by

AT = {zπ(τ̂k−1), k = 1, . . . , m̂.}. (2.8)

3 Asymptotic properties

This section presents the asymptotic properties of the group Lasso procedure. In particular,

the consistency of group Lasso estimators for the thresholds, and that of the refined two-step

estimators will be investigated. The theoretical results of estimators of the factor space separated

by the threshold estimates can be found in the Supplementary Material.

We emphasize that the statistical analyses of threshold factor models are not simple exten-

sions of those in the change-point framework. As seen in the structural break representation in

(2.2) and the group Lasso objective function in (2.7), the theoretical development will involve

factors sorted according to the threshold variable. It is worth noting that the factors are no

longer stationary mixing after sorting the observations, even if we assume that the true factors

are. Therefore, the ordinary large deviation principle for the stationary mixing processes, the

key tool used to analyze the properties of change point estimators by Ma and Tu (2022), can

not apply in the threshold factor models. In contrast, the derivation involves large deviation

probability bounds for quantities such as maxx∈R
1√
T
‖
∑T

t=1 ftutI(zt ≤ x)‖. Inspired by Chan

et al. (2015), a bracketing entropy technique, the maximal inequality (Van der Vaart, 1998,

Lemma 19.34), the Bernstein and Cauchy-Schwarz inequalities are applied instead to establish

the large deviation bound (the details are contained in the proofs of Lemmas A.3 and A.4 in the

Supplementary Material). This brings important technical differences and additional challenges

as compared to the theoretical study of Ma and Tu (2022). A second type of technical challenge,

compared to the development in Chan et al. (2015), is to eliminate the effect of factor estima-

tion error in the derivations, because the group Lasso is implemented based on estimated factors

instead of observed data. The technical conditions imposed below are shaped accordingly for
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these new theoretical developments.

3.1 Consistency of group Lasso estimators

To study the consistency of group Lasso estimators, we first impose the following assumptions.

Assumption 3

(a) E
(
‖ft‖2+`|zt = θ

)
<∞ for all θ and some ` > 2;

(b) {ft, zt} is a stationary and α-mixing process with a geometric decaying rate;

(c) {ft} and {zt} have bounded, positive and continuous densities.

Assumption 4 There exists an M <∞ such that:

(a) E

(
sup

θ0,0≤θ1<θ2≤θm+1,0

1
L

∑T
t=1

∣∣∣ 1√
N

∑N
i=1[eiseit − E(eiseit)]

∣∣∣ I(θ1 < zt ≤ θ2)

)
≤M for all s;

(b) E

(
sup

θ0,0≤θ1<θ2≤θm+1,0

1
L

∑T
t=1

∥∥∥ 1√
N

∑N
i=1 γieitI(θ1 < zt ≤ θ2)

∥∥∥) ≤M ,

where L =
∑T

t=1 I(θ1 < zt ≤ θ2).

Assumption 5 Define εt = vech(ftf
>
t −ΣF ).

(a) The Hajek-Renyi inequality can be applied to the processes {εtI(θk−1,0 < zt ≤ θk,0)} for each

k = 1, . . . ,m+ 1;

(b) There exist δ > 0 and M <∞ such that E

(
sup

θk−1,0≤θ1<θ2≤θk,0
‖ 1√

L

∑T
t=1 εtI(θ1 < zt ≤ θ2)‖4+δ

)
<

M , for k = 1, . . . ,m+ 1, where L =
∑T

t=1 I(θ1 < zt ≤ θ2).

Assumption 3 is a regularity condition in the literature for standard asymptotic properties,

which restricts the memory of the sequence {ft, zt}, excludes trends and integrated processes (Li

and Ling, 2012; Chan et al., 2015), and imposes the existence of conditional moment of factors

given the threshold variable. This assumption is less restrictive than those imposed by Massacci

(2017) and Wu (2021), which require instead that {ft, zt} be strictly stationary, ergodic and

ρ-mixing. Assumption 4 imposes further conditions on the errors in the factor model, which

are natural extensions of Assumption 9 in Ma and Tu (2022) to incorporate threshold effect.

To provide some intuition for Assumption 4, let ξs,t = 1√
N

∑N
i=1[eiseit − E(eiseit)]. Note that

E(supθ0,0≤θ1<θ2≤θm+1,0
1/L

∑T
t=1 |ξs,t|I(θ1 < zt ≤ θ2)) ≤ E(supt |ξs,t|), then E(supt |ξs,t|) ≤ M ,

for all s, is a sufficient condition for Assumption 4(a). This rules out the case where the

expectation of supt |ξs,t| does not exist, and imposes restrictions on the tail probability of ξs,t.
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This condition is needed to facilitate the derivation of the uniform bound of the differences

between the estimated factors and the rotation of the pseudo factors. The fact that ξs,t is a

demeaned sample average of eiseit shows that, when ξs,t is asymptotically normal under a central

limit theorem, the assumption is not as strong as it might appear. Assumption 5, similar to

Assumption 7 of Baltagi et al. (2021), imposes a further requirement on the factor process. It is

emphasized that the estimated pseudo factors used in the factor regression contain estimation

errors, the treatment of which is crucial in deriving the asymptotic properties of the threshold

estimates. Here we require the Hajek-Renyi inequality be applicable to the second moment of

the factors, which facilitates to pin down the order of the estimation error in the estimated

thresholds.

Let βk be the factor regression coefficient of (2.5) in the k-th regime. The next assumption

portrays the size of the threshold effects allowed in the factor model in terms of the changes

from βk to βk+1. To proceed, let Jmin = min
1≤k≤m

‖D∗−1RkR
>
kD

∗>
−1(βk+1 − βk)‖, where D∗> =

(D∗1,D
∗>
−1) is the probability limit of the rotation matrix D = (D1,D

>
−1) and D1 is an r̄ − 1

vector and D>−1 is an (r̂ − 1)× r̄ matrix. Furthermore, define Imin = min2≤k≤m |θk,0 − θk−1,0|.

Assumption 6

(a). It holds that T 1/2−wJmin →∞ for 0 ≤ w < 1/2, and γTJmin/λT →∞.

(b). There exist constants l, u such that θk,0 ∈ [l, u], 1 ≤ k ≤ m and Imin/γT → ∞ for some

γT → 0, where γ−1T (TγT )−`/2(log T )2(2+`) → 0 and γT /λT →∞ as T →∞.

Assumption 6(a) characterizes the specific conditions on γT , Jmin and λT . In particular, the

minimum size of structural break Jmin is allowed to diminish toward zero at an order no smaller

than max{λT /γT , T−1/2}, the magnitude of which is roughly equivalent to that of the threshold

effect allowed in the factor loadings. This assumption describes the types of threshold effects that

are allowed and rules out cases where two adjacent factor regression coefficients are the same,

for example, there are two factors and one threshold, and the factors exchange their loadings

in the two regimes. This special case rarely occurs in reality and is also excluded by Liu and

Chen (2020) and Wu (2021) via the condition that the column spaces of two adjacent loading

matrices should be different. However, their condition is more stringent than our Assumption

6(a). To see this, Example 2.1 in Ma and Tu (2022) offers a case where the column spaces

spanned by the adjacent loading matrices are the same but the break detection method adopted

in this paper remains effective. Further, note that Massacci (2017, Assumption I) and Wu

(2021, Assumption 1) portrayed another form of weak threshold effects, i.e., the changes in the

loadings are fixed but only O(Nαk) variables of xit’s undergo the changes, for 0.5 < αk ≤ 1

and k = 1, . . . ,m. To ensure identification of the thresholds, they required that the order

of the largest eigenvalue of ∆k∆
>
k /(NT ), Op(N

αk−1), should be larger than that of the error

second moment δ−2NT , where ∆k = (Λ0k−Λ0k−1)Fk and δNT = min{
√
N,
√
T}. This implies that
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N1−αk = o(T ) for k = 1, . . . ,m. To entertain the small magnitude of changes in the loadings, this

condition ought to be changed to N1−αkJ−2min = o(δ2NT ) accordingly. The detailed investigation

along this direction can be carried out in a way similar to the analysis below, but is beyond the

scope of the current study due to the extra complexity involved. This leaves us to focus on the

case where αk = 1 subsequently for the sake of exposition. Assumption 6(b) is similar to Chan

et al. (2015) and requires that the distance between two consecutive thresholds should be much

larger than a diminishing sequence γT , which in turn should be larger than the regularization

parameter λT used in the group Lasso. This relaxes the condition min2≤k≤m |θk,0 − θk−1,0| > δ

for some δ > 0 considered in most of the studies on threshold regression.

The following theorem presents the consistency for the estimators of the thresholds, when

the estimated number of thresholds equals to m.

Theorem 3.1 Let θ̂k = zπ(τ̂k−1) be the k-th estimated threshold given in (2.8). Suppose that

Assumptions 1-6 hold. Then, if |AT | = m, we have

Pr

(
max

1≤k≤m
|θ̂k − θk,0| ≤ γT

)
→ 1, as N,T →∞. (3.1)

Theorem 3.1 requires that the cardinality of AT be equal to the true number m, which does

not account for the uncertainty in the estimation of the number of thresholds. Therefore, this

result is not practically meaningful, but serves as a key intermediate step toward results to be

presented below. Theorem 3.2 shows that, the true number of thresholds m will tend to be

overestimated. However, for every true threshold in A, there exists one estimate in AT that can

identify it within a γT neighborhood.

Theorem 3.2 Under Assumptions 1-6, as N,T →∞, we have

Pr(|AT | ≥ m)→ 1, (3.2)

and

Pr (D(AT ,A) ≤ γT )→ 1. (3.3)

Remark 3.1 (i) Theorem 3.1 only requires that N and T go to infinity jointly, without imposing

any condition on the N -T ratio. This is similar to that found in Baltagi et al. (2021) and Ma

and Tu (2022) under the setting of factor model with multiple structural breaks, but different

from the requirement in factor-augmented forecast and vector autoregression, such as Bai and Ng

(2006) where
√
T/N → 0 is needed to eliminate the estimation effect of the factors. This is due

to the uniqueness of the threshold estimation, which relies on observations lying only in a local

region of the true threshold (i.e., change points in (2.2)) and consequently the estimation error

brought by the estimated factors will not accumulate as T →∞. Therefore, the estimation error

asymptotically has no effect on the estimated thresholds. Consequently, no N -T ratio condition
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is needed. In contrast, the estimation in factor-augmented forecasting and vector autoregression

depends on all observations and consequently the estimation error will accumulate as T →∞.

(ii) The overestimation of the number of thresholds is related to the violation of the restricted

eigenvalue conditions (e.g., Bickel et al. (2009)) in the group Lasso problem defined in (2.7).

These conditions require that any subset of the explanatory variables of a given size should

form a positive definite design matrix, and they are essential for establishing the consistency

properties of Lasso. However, any two adjacent columns of the design matrix X∗ only differ

by one entry, which fails such a requirement. Consequently, the consistency argument used for

ordinary regression problem does not apply here. Instead, the theorem is proved by contradiction.

It is shown that for any true threshold value, there exists one estimator that can identify it within

a γT neighborhood. Otherwise, the Karush-Kuhn-Tucker condition can not be satisfied.

Remark 3.2 (i) The quantity γT can be regarded as the convergence rate of the threshold

estimator θ̂k. The optimal rate of convergence for the threshold estimator in regression set-

ting is O(1/T ) when the number of thresholds m is known and the true thresholds θk,0’s are

fixed constants (Li and Ling, 2012). In our case, from Assumption 6, γT can be taken as

O(log4+c T/T
`

2+` ) for some constant c > 0. When ` is arbitrarily large, the order of γT can be

made close to O(1/T ) (except for a factor of log T ). Accordingly, the tuning parameter choice

λT = log T/T ensures that Assumption 6 holds, and is found proper in the simulation studies.

Alternatively, λT can also be chosen by an information criterion as in Qian and Su (2016) and

Ma and Tu (2022).

(ii) For the single threshold factor model, under the presumption that the number of true

factors is known, Massacci (2017) showed that the threshold parameter estimator is consistent at

a rate Op(1/(N
α0
T )), where 0.5 < α0 ≤ 1, with a requirement that at least a fraction of O(Nα0

)

of the N cross-sectional units experience a regime shift in the loadings. This convergence rate

is much faster than our convergence rate γT . The faster convergence rate, especially the 1/Nα0

multiplier, is a direct consequence of applying the concentrated least squares and PCA, which

makes full use of all the information across the cross-sectional units. In contrast, our detection

of the thresholds relies on the sparsity in the factor regression coefficients over time, to build

which the cross-sectional unit information has been first aggregated to obtain consistent (pseudo)

factor estimators (up to rotation). For the multiple threshold factor model, the concentrated least

squares may be also married with PCA to form a joint estimation of the thresholds, similar to the

extensions of Gonzalo and Pitarakis (2002) and Li and Ling (2012) to tackle multiple threshold

regressions. However, the computational burden could become overwhelming when the number

of thresholds is more than two, especially with a long time series. It is in this sense that our

proposed procedure becomes practically advantageous. A more efficient procedure that combines

our estimator with that of Massacci (2017) will be discussed in Remark 3.3 below.

(iii) Liu and Chen (2020) approached the estimation of the single threshold factor model by

using a sum of squared norm of the projection cross moment matrices. The convergence rate
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they obtained for the single threshold estimator is at most T−1/2 (i.e., in the strong regimes

case), which is slower than the fastest possible rate that can be achieved for our estimator.

(iv) For multiple threshold factor model, Wu (2021) showed that the convergence rate of the

k-th threshold can achieve Nα0
kT with α0

k defined similar to α0 in (ii). The faster consistency is

a consequence of the procedure using the concentrated least squares proposed by Massacci (2017),

as demonstrated in (ii). However, the division of the data into subintervals significantly reduces

the available sample size for estimation of each threshold, which undermines the estimation

accuracy in finite samples as confirmed in the simulation results reported later on.

3.2 Two-step estimation procedure

From Theorem 3.2, we have that with probability approaching 1, all the true thresholds can be

identified by AT within a γT neighborhood. This leads to a set of threshold candidates, whose

size is larger than that of the true set A. Therefore, one practical problem is how to better

estimate m, or equivalently, how to choose the best subset of threshold estimates from AT .

To this aim, we construct an information criterion based on the post-Lasso estimators to

select the optimal subset from AT . Given m̂ and the threshold set AT = (θ̂1, . . . , θ̂m̂), let

β̃ = (β̃>1 , . . . , β̃
>
m̂+1)

> be the post-Lasso least squares estimates and ST (θ̂k−1, θ̂k) =
∑T

t=1(ĝ1,t−
ĝ>−1,tβ̃k)

2I(θ̂k−1 < zt ≤ θ̂k) be the residual sum of squares for the k-th regime. Consider a

general information criterion of the form

IC(m̂,AT ) = ST (θ̂1, . . . , θ̂m̂) + m̂ωT , (3.4)

where the least squares criterion ST (θ̂1, . . . , θ̂m̂) =
∑m̂+1

k=1 ST (θ̂k−1, θ̂k) is the goodness-of-fit

measure and ωT is the penalty term. We estimate the number and locations of the thresholds

by solving

(m̃, ÃT ) = arg min
n∈(0,1,...,|AT |)

θ=(θ1,...,θn)⊂AT

IC(n,θ). (3.5)

The following theorem shows that m̃ and ÃT in (3.5) are consistent for m and the true threshold

values, respectively.

Theorem 3.3 If ωT satisfies that limT→∞ ωT /(T min1≤k≤m |θk,0 − θk−1,0|) = 0 and

limT→∞ ωT /(mTγT ) ≥ C for some constant C > 3, then under Assumptions 1-6, as N,T →∞,

we have

Pr(m̃ = m)→ 1, (3.6)

and there exists a constant B > 0 such that

Pr
(
D(ÃT ,A) ≤ BγT

)
→ 1. (3.7)
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The optimal penalty term ωT in Theorem 3.3 is difficult to choose since the constant C is

hard to determine in practice. Actually, it suffices to choose an ωT such that ωT /(TγT ) → ∞
as T →∞. Since γT can be nearly optimal (γT is of the order O(1/T )) when ` in Assumptions

3(a) and 6 can be arbitrarily large, TγT is nearly O(1), as noted in Remark 3.2(i). Therefore,

the usual consistent model selection criteria such as BIC (ωT = log T ) can be applied (Chan

et al., 2015). The other choice of ωT =
√
T also satisfies all the required conditions even when

γT is not optimal.

The practical implementation of the above method involves the evaluation of all possible

subsets of AT to yield the threshold estimates. This becomes very computationally demanding,

especially when |AT | is large. To expedite the computation, we follow Chan et al. (2015) to use

the well known backward elimination algorithm (BEA) to help us choose the best subset. We

start with the whole set of thresholds AT obtained from the previous step, then remove the most

redundant threshold which corresponds to the largest reduction of IC defined in (3.4). Then we

repeat the above process until the IC can not be reduced any more. More specifically, the BEA

goes as follows.

Backward Elimination Algorithm (BEA):

Step (i). Set K = |AT |, θK := (θK,1, . . . , θK,K) = AT and V ?
K = IC(K,AT ).

Step (ii). For k = 1, . . . ,K, compute VK,k = IC(K − 1,θK \ {θK,k}). Set V ?
K−1 = mink VK,k.

Step (iii). • If V ?
K−1 > V ?

K , then the estimated set of thresholds is A?T = θK .

• If V ?
K−1 ≤ V ?

K and K = 1, then A?T = ∅. There is no threshold in the factor

model.

• If V ?
K−1 ≤ V ?

K and K > 1, then set j = arg mink VK,k, θK−1 = θK \ {θK,j} and

K = K − 1. Go to step (ii).

For the estimate A?T =: (θ̂?1, . . . , θ̂
?
|A?T |

) obtained from BEA, we have the same consistency

results as those in Theorem 3.3.

Theorem 3.4 Under the same conditions of Theorem 3.3, as N,T →∞,

Pr(|A?T | = m)→ 1, (3.8)

and there exists a constant B > 0 such that

Pr (D(A?T ,A) ≤ BγT )→ 1. (3.9)

To sum up, the one-step group Lasso estimate AT contains a subset A?T that can consistently

estimate the number and values of true thresholds. Theorem 3.3 and Theorem 3.4 ensure that

the two-step procedure estimates the true number of thresholds m with probability approaching

1, and estimates the true thresholds consistently.
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Remark 3.3 With consistent estimation of the threshold number (|A?T |) and values (θ̂?k’s) via

the two-step procedure, it is possible to obtain super-consistent threshold estimators as in Mas-

sacci (2017) through a further re-estimation step. This is to re-estimate the regime specific

loadings and factors and threshold values sequentially by using the principal components and

concentrated least squares. Specifically, to estimate θk,0, we collect the sample at all time t such

that θ̂?k−1 + ε < zt < θ̂?k+1 − ε, for a small positive number ε. For such a selected sample, there

is only one threshold in the factor representation, so that the method of Massacci (2017) could

be applied to obtain an estimator for θk,0. The sequential procedure continues until all the |A?T |
thresholds are estimated. It can be shown that such estimators are converging at the same rate

as that of Massacci (2017), if the number of thresholds is fixed and does not grow with the sam-

ple size. This further re-estimation is also more convenient than that proposed by Wu (2021),

since we only need to search possible threshold values around our consistent two-step estimators

(θ̂∗k), which relieves significantly the computational burden. The detailed investigation is beyond

the scope of this study. We emphasize that the above re-estimation significantly downgrades the

computational challenge, in comparison to the joint search of all the thresholds from the start

using the concentrated least squares as mentioned in Remark 3.2(ii).

4 Simulation

In this section, a set of Monte Carlo experiments are conducted to evaluate the finite sample

performance of our proposed method (MT hereafter), with a comparison to that of Wu (2021)

(Wu hereafter). The data generating processes contain factor models with no threshold, one

threshold, and multiple thresholds.

4.1 Data generating processes

DGP0 (No threshold) When there is no threshold effect, we consider the linear factor model

xsit = λ11if
s
1t + λ12if

s
2t + esit,

for i = 1, . . . , N, t = 1, . . . , T, where s = 1, . . . , S refers to the replication and S is the total

number of replications. The factor loadings are generated as λ11i ∼ N(1, 1) and λ12i ∼ N(1, 1),

which are fixed in the repeated replications.

DGP1 (One threshold) For the factor model with one threshold, we consider:

xsit = I(zst ≤ θ1,0)(λ11ifs1t + λ12if
s
2t)

+I(zst > θ1,0)(λ21if
s
1t + λ22if

s
2t) + esit,

for i = 1, . . . , N, t = 1, . . . , T, where s = 1, . . . , S refers to the replication. We fix the factor

loadings λ11i, λ12i and λ21i, λ22i and the threshold parameter θ1,0 throughout the replications,
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with λ11i ∼ N(1, 1), λ12i ∼ N(1, 1), λ21i ∼ N(1 + δ, 1) and λ22i ∼ N(1 + δ, 1) for i = 1, . . . , N ,

and set θ1,0 = 2. We generate zst according to

zst = µz(1− ρz) + ρzz
s
t−1 + (1− ρ2z)1/2εszt, zs−50 = µz,

for t = −49, . . . , 0, . . . , T , where µz and ρz ∼ U(0.05, 0.95) are fixed in repeated samples, and

εszt ∼ i.i.d. N(0, 1). In this way, E(zst ) = µz and V ar(zst ) = 1. We let π0 = P (zst ≤ θ1,0) =

P (zst − µz ≤ θ1,0 − µz) = Φ(θ1,0 − µz) = 0.50 and obtain µz = θ1,0 − Φ−1(π0) = 2. The choice

π0 = 0.50 is consistent with that of Massacci (2017).

DGP2-5 (Multiple thresholds) We next consider a factor model with three-regime factor

loadings separated by 2 thresholds (DGP2):

xsit = I(zst ≤ θ1,0)(λ11ifs1t + λ12if
s
2t)

+I(θ1,0 < zst ≤ θ2,0)(λ21if s1t + λ22if
s
2t)

+I(zst > θ2,0)(λ31if
s
1t + λ32if

s
2t) + esit, (4.1)

with λ11i ∼ N(1, 1), λ12i ∼ N(1, 1), λ21i ∼ N(1 + δ, 1), λ22i ∼ N(1 + δ, 1) and λ31i ∼ N(1 +

2δ, 1), λ32i ∼ N(1+2δ, 1) for i = 1, . . . , N . We set θ1,0 = 1.57 and θ2,0 = 2.43, which are 1/3, 2/3

quantiles of N(2, 1), respectively. The factor loadings and the threshold values are fixed in the

repeated samples.

We also consider the cases where there are m = 3, 4, 5 thresholds. For DGPm, the whole

time span is separated into m + 1 regimes based on the quantile statistics of the observations

{z1, . . . , zT }. That is, the k/(m + 1)-th quantile of {z1, . . . , zT } is set as the true value of

the k-th threshold, for k = 1, . . . ,m. Finally, the factor loadings are generated similarly to

DGP2. More specifically, λk1i and λk2i are i.i.d. N(1 + (k− 1)× δ, 1) in the k-th regime, where

k = 1, . . . ,m+ 1, i = 1, . . . , N , for DGPm, with m = 3, 4, 5.

Our setup incorporates the scenario that allows the number of factors to change over time,

which is important because new (old) factor(s) can arise (disappear) in empirical applications.

For example, a new factor may appear to capture financial co-movement emerges at the beginning

of the Great Recession (Cheng et al., 2016). To study the finite sample performance of our

proposed method when the number of factors is varying across regimes, we consider the following

DGP.

DGP2.1 (Varying factor numbers) We simulate the data separated by 2 thresholds as

model (4.1) with λ11i ∼ N(1, 1), λ12i ∼ N(1, 1), λ21i ∼ N(1 + δ, 1), λ22i = 0 and λ31i ∼ N(1 +

2δ, 1), λ32i ∼ N(1 + 2δ, 1) for i = 1, . . . , N . We set θ1,0 and θ2,0 as the 60% and 70% quantile

statistics of {z1, . . . , zT } to examine the efficacy of both methods when the distance between

the two thresholds is relatively small. By setting λ22i = 0 for i = 1, 2, . . . , N , the second factor

that appears in the first regime disappears in the second regime and emerges again in the last

regime. Thus the numbers of factors in the three regimes are 2, 1, 2, respectively, which results

in the number of pseudo factors to be 5.
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For all the above data generating processes, we setN = 100, 250, T = 100, 250, 500 for DGP1-

2 and T = 250, 500 for DGP3-5, and the number of replications as S = 1, 000. We generate the

factor fs1t as fs1t = ρf1f
s
1,t−1+u1t, u1t’s are i.i.d. N(0, 1−ρ2f1), and fs2t = ρf2f

s
2,t−1+u2t, u2t’s are

i.i.d. N(0, 1 − ρ2f2), where ρf1 ∼ U(0.05, 0.55) and ρf2 ∼ U(0.55, 0.95). Note that ρf1 and ρf2

are generated once and fixed in all the replications. The error terms esit’s are generated in four

cases. (C1) independent and identically errors: esit’s are i.i.d. N(0, 2), (C2) cross-sectionally

heterogeneous errors: esit = σsi v
s
it, where σsi ’s are i.i.d. U(0.5, 1.5), vsit’s are i.i.d. N(0, 2),

(C3) serially correlated errors: esit = 0.2esi,t−1 + usit, where usit’s are i.i.d. N(0, 2(1 − 0.22)),

and (C4) cross-sectionally dependent errors: eit = ηit/
√

1 + 2dβ2, where ηit = (1 − β)vit +∑min{i+d,N}
l=max{i−d,1} βvlt, d = max{10, N/20} and β = 0.1. The threshold variable zst in DGP2-5 and

DGP2.1 is generated the same way as that in DGP1. Further, we control the magnitude of the

threshold effect by setting δ = 1, 2.

DGP2.2 (Small threshold effects) We finally consider a factor model with shrinking threshold

effects. To this end, we generate the data according to DGP2, except that we set δ = T−3/7.

4.2 Results

For DGP0 with no threshold, the false detection proportions (%) for thresholds and the average

running time (in seconds) for both MT and Wu’s methods are shown in Table 1. We only

report the results for N = 100 here and those for N = 250 are shown in the Supplementary

Material for space consideration. For the model complexity term ωT , we experiment with log T

(BIC), 2 log T (2BIC) and 3 log T (3BIC) in the simulations for MT method. There are several

interesting findings which are summarized as follows. First, it is observed that for different

error settings, the false detection proportions of our method (MT) are quite small and would

decrease as the time length T increases. However, Wu only works for the first three error cases,

the FDPs of which in the cross-sectional dependent error case (C4) can reach 100%, due to the

poor estimation of the number of factors in each subinterval. Furthermore, the FDPs of Wu are

also quite large for small sample size (T = 100). Second, MT is less time demanding, especially

for large sample size, which demonstrates the computational advantages of our method in the

presence of large data sets.

For data generating processes with one or more thresholds, we use the percentages of correct

estimation (PCE) for the number of thresholds and the accuracy of threshold estimation to

evaluate the performance of finite sample properties (conditional on the correct estimation of

m). More specifically, let m̂s denote the estimated number of thresholds in the s-th replication.

The PCE of m̂ is defined as PCE =
∑S

s=1 1{m̂s = m}/S, where the indicator function 1{m̂s =

m} = 1 if m̂s = m, and 0 otherwise. Conditional on the correct estimation of m, the accuracy

of thresholds estimation will be measured by the Hausdorff distance (HD) between the set of

the estimated thresholds and that of the true thresholds, which is then averaged over all the

replications. Recall that the Hausdorff distance between any two sets A and B is defined as

17



HD = max{D(A,B),D(B,A)}, where D(A,B) ≡ supb∈B infa∈A |a−b|. The estimation accuracy

is also measured by the bias and root mean squared error (RMSE) of each threshold for each

case:

Biask = S−1
S∑
s=1

(θ̂sk − θk,0), RMSEk =

√√√√S−1
S∑
s=1

(θ̂sk − θk,0)2, for k = 1, . . . ,m.

To compare the computational efficiency between the two methods, we calculate the average

running time for each replication, i.e., S−1
∑S

s=1 times, where times denotes the running time

(in seconds) in the s-th replication. We set the number of subintervals J+1 = 10 for the method

of Wu (2021), so that the sample size in each subinterval is about 10%T . Due to space limit,

the subsequent experiments only report the results with BIC, i.e., ωT = log T , while the detailed

results for other choices of ωT , including 2 log T, 3 log T,
√
T , are quite similar for large sample

sizes and relegated to the Supplementary Material.

We report the estimation accuracy, as measured by the PCE, HD, bias and RMSE in Table

2 for DGP3 with δ = 1 and N = 100. The results for DGP1, 2 and 4, and other settings for

DGP3 are similar and relegated to the online Supplementary Material to save space. Several

interesting findings are as follows. First, it is observed that the PCEs of MT are significantly

larger than the corresponding ones of Wu, which means MT can detect the number of unknown

multiple thresholds more accurately. Furthermore, compared with the results for DGP1 in Table

D.2 in the Supplementary Material, the performance of MT is not much different, while for Wu,

the PCEs for DGP3 are apparently smaller, which demonstrates that our method is more robust

for detecting multiple thresholds in the factor models. Second, the RMSEs and HDs of MT are

apparently smaller than those of Wu, which indicates that in terms of estimation accuracy, our

estimators dominate for almost all cases in finite samples. Third, the results of MT are robust to

the error dependences, while the cross-sectional dependence in the idiosyncratic error, i.e., case

(C4), greatly impairs the results of Wu. Specifically, the PCEs of Wu are quite small for C4 and

the method almost fails to detect the correct number of thresholds even for sample size as large

as T = 500. This finding is consistent with that reported in Wu (2021), which is perhaps due to

the fact that the unsatisfactory performance of ICp1 of Bai and Ng (2002) under cross-sectional

error dependence jeopardises the performance of Wu. Lastly, Wu is much more computationally

time-consuming than MT, especially when the sample sizes N , T and the number of thresholds

are large, as also confirmed by the results in Tables D.2-D.5 in the Supplementary Material.

We further present the estimation results (PCE, HD, RMSE and running time) in Figure

4.1 for DGP5 with five thresholds when δ = 1. The results for δ = 2 can be found in the

Supplementary Material. In Figure 4.1, RMSE denotes the aggregated root mean squared

errors of all the five threshold estimators. It is seen that Wu fails to detect the correct number

of thresholds, while our PCEs can be very close to 100%. The estimation accuracy of our

estimators is almost unaffected by the the number of thresholds. In addition, the HDs and
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RMSEs of our estimated thresholds are smaller than the corresponding ones of Wu, conditional

on that the threshold number is correctly detected. Furthermore, the running time of MT is

also much less than that of Wu for each set of parameter specification, which highlights the

computational efficiency of our proposed method.

We next turn to the case where the number of factors is changing in adjacent regimes, i.e.,

DGP2.1, the results for which are shown in Table 3 for both MT and Wu, with δ = 1, N = 250.

The results for other parameter specifications are similar and can be found in the Supplementary

Material. We summarize some new findings here. Although the PCEs of MT are small for

T = 100, they increase quickly to 95% as T increases. However, Wu can not detect the correct

threshold number even when T = 500, and the RMSEs and HDs of Wu are extremely large.

Therefore, the approach of Wu is not effective in the presence of varying number of factors and

closely distributed thresholds. Finally, the results for DGP2.2 with shrinking threshold effects

are presented in Table 4. The main findings are not much different from those discussed above,

except that the PCEs of both our method and Wu become smaller, especially for small T . These

findings highlight the wide applicability of our method in practice.

Table 1: False detection proportions (%) and average running time (in seconds) for DGP0,

N = 100.

T = 100 T = 250 T = 500

FDP Time FDP Time FDP Time

C1

MT (BIC) 3.9 0.03 0.8 0.08 0 0.32

MT (2BIC) 0 0.03 0 0.08 0 0.21

MT (3BIC) 0 0.03 0 0.08 0 0.19

Wu 100 0.13 0 0.26 0 0.70

C2

MT (BIC) 6.5 0.03 1.6 0.09 0 0.28

MT (2BIC) 0 0.03 0 0.09 0 0.26

MT (3BIC) 0 0.03 0 0.09 0 0.26

Wu 100 0.13 0.4 0.26 0 0.69

C3

MT (BIC) 5.7 0.03 2.0 0.11 0 0.24

MT (2BIC) 0.3 0.03 0 0.11 0 0.24

MT (3BIC) 0 0.03 0 0.1 0 0.24

Wu 100 0.13 0 0.26 0 0.70

C4

MT (BIC) 1.2 0.03 0 0.30 0.1 0.45

MT (2BIC) 0 0.03 0 0.13 0 0.43

MT (3BIC) 0 0.02 0 0.13 0 0.43

Wu 100 0.13 100 2.13 100 2.16

19



Table 2: Percentages of correct estimation (%) of the threshold number, estimation accuracy of

the threshold estimators (×100) and average running time (in seconds) for DGP3, δ = 1, N =

100.

T PCE HD Bias1 RMSE1 Bias2 RMSE2 Bias3 RMSE3 Time

250

C1
MT 97.6 2.64 -1.22 2.99 -1.06 2.64 -1.37 3.71 1.03

Wu 73.3 3.79 -0.45 4.47 -0.19 7.21 -0.26 4.10 1.42

C2
MT 98.6 2.42 -1.19 2.15 -0.98 1.49 -1.22 1.97 1.14

Wu 76.2 3.13 -0.31 3.40 -0.21 2.44 -0.02 3.52 1.45

C3
MT 98.9 2.35 -1.20 1.99 -1.00 1.50 -1.20 1.86 1.10

Wu 83.0 3.32 -0.53 3.34 -0.01 4.76 0.06 3.33 1.48

C4
MT 100 3.13 -1.73 2.51 -1.35 1.92 -1.83 2.78 0.71

Wu 36.8 26.7 -10.2 34.1 -6.57 27.9 -3.22 20.0 1.42

500

C1
MT 97.7 1.12 -0.65 0.94 -0.48 0.73 -0.62 0.90 1.21

Wu 88.4 1.77 -0.44 2.10 -0.13 1.39 -0.19 1.68 2.26

C2
MT 98.6 1.20 -0.52 2.33 -0.43 2.26 -0.61 0.97 1.38

Wu 82.4 1.91 -0.44 2.78 -0.13 1.89 -0.21 1.57 2.21

C3
MT 98.9 1.14 -0.59 0.96 -0.47 0.75 -0.61 0.94 1.29

Wu 89.5 2.00 -0.40 2.23 -0.03 2.18 -0.10 1.67 2.29

C4
MT 100 2.07 -1.23 1.81 -0.83 1.22 -1.19 1.72 1.46

Wu 31.5 27.7 -6.60 30.2 -6.58 27.9 -6.19 20.9 2.17
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Table 3: Percentages of correct estimation (%) of the threshold number, estimation accuracy of

the threshold estimators (×100) and average running time (in seconds) for DGP2.1, δ = 1, N =

250.

T PCE HD Bias1 RMSE1 Bias2 RMSE2 Time

100

C1
MT 64.2 3.88 -0.62 2.80 -2.87 7.14 0.04

Wu 0 - - - - - 0.28

C2
MT 69.7 3.23 -0.34 3.58 -1.87 5.64 0.04

Wu 0 - - - - - 0.28

C3
MT 56.4 4.75 -0.01 4.83 -3.19 7.76 0.04

Wu 0 - - - - - 0.27

C4
MT 74.3 2.22 -0.74 2.44 -1.11 2.43 0.05

Wu 0 - - - - - 0.28

250

C1
MT 99.7 1.00 -0.19 0.93 -0.49 1.33 0.53

Wu 0.1 145 -145 145 21.4 21.4 5.15

C2
MT 98 1.19 -0.22 0.87 -0.63 2.40 0.57

Wu 0 - - - - - 5.13

C3
MT 97.1 1.05 -0.19 0.78 -0.59 2.13 0.54

Wu 0.2 88.7 -88.7 91.6 15.6 18.4 5.14

C4
MT 100 0.83 -0.36 0.74 -0.45 0.96 0.44

Wu 25.1 81.5 -69.9 92.3 27.1 41.0 5.95

500

C1
MT 100 0.69 -0.03 0.52 -0.15 1.15 2.13

Wu 0 - - - - - 6.51

C2
MT 100 0.64 -0.06 0.54 -0.14 0.99 2.34

Wu 0 - - - - - 6.49

C3
MT 99 0.76 0.01 0.63 -0.28 1.23 2.02

Wu 0 - - - - - 6.48

C4
MT 100 0.59 -0.18 0.58 -0.17 0.70 2.15

Wu 35.5 112 -107 124 38.1 49.7 13.0
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Table 4: Percentages of correct estimation (%) of the threshold number, estimation accuracy of

the threshold estimators (×100) and average running time (in seconds) for DGP2.2.

T N = 100 N = 250

PCE HD Bias1 RMSE1 Bias2 RMSE2 Time PCE HD Bias1 RMSE1 Bias2 RMSE2 Time

100

C1
MT 97.8 4.68 -2.59 5.03 -2.68 5.69 0.10 78.8 16.6 -1.25 17.4 -11.6 29.1 0.15

Wu 0 - - - - - 0.14 0 - - - - - 0.29

C2
MT 75.3 19.0 0.76 21.3 -12.1 30.0 0.08 85.8 12.1 -2.94 6.30 -9.94 26.1 0.17

Wu 0 - - - - - 0.14 0 - - - - - 0.29

C3
MT 89.5 10.7 -2.74 7.18 -7.99 22.8 0.10 87.8 10.8 -2.29 8.05 -8.38 23.0 0.17

Wu 0 - - - - - 0.14 0 - - - - - 0.29

C4
MT 87.4 11.0 -3.30 4.99 -9.07 23.0 0.08 86.2 10.2 -2.74 4.05 -8.71 23.5 0.17

Wu 0 - - - - - 0.14 0 - - - - - 0.29

250

C1
MT 100 1.71 -1.08 1.63 -1.02 1.58 0.85 98.5 1.47 -0.60 1.42 -1.05 1.09 1.33

Wu 97.3 2.59 -0.94 3.65 0.68 3.34 1.18 95.6 2.85 -1.18 4.85 0.46 3.70 8.50

C2
MT 99.8 1.75 -1.07 1.68 -1.04 1.60 0.84 98.5 2.11 -1.10 1.59 -1.42 6.24 1.48

Wu 96.6 2.48 -0.92 3.57 0.33 3.14 1.18 97.7 2.53 -1.10 4.56 0.37 2.94 8.94

C3
MT 99.1 1.67 -1.00 1.57 -1.06 1.60 0.95 98.7 2.07 -1.16 1.67 -1.40 5.64 1.63

Wu 92.5 3.39 -1.38 8.98 0.54 3.86 1.14 97.1 2.79 -1.23 5.72 0.52 3.48 8.87

C4
MT 99.5 2.97 -1.54 2.48 -1.89 4.02 0.78 94.9 2.31 0.09 1.98 -1.83 2.73 1.03

Wu 9.3 57.3 -43.2 64.5 27.1 48.8 1.41 83.9 11.9 -7.95 28.2 2.34 16.4 8.93

500

C1
MT 100 0.83 -0.50 0.76 -0.55 0.83 1.46 99.9 0.87 -0.55 0.85 -0.57 0.84 2.65

Wu 99.3 1.34 -0.52 1.58 0.23 1.53 1.89 99.4 1.77 -0.80 3.38 0.19 2.32 10.9

C2
MT 100 0.86 -0.51 0.78 -0.54 0.81 1.47 100 0.84 -0.56 0.80 -0.53 0.79 2.62

Wu 99.7 1.73 -0.58 1.55 0.04 2.97 1.90 99.8 1.86 -0.82 3.84 0.33 2.57 11.1

C3
MT 99.6 0.86 -0.54 0.83 -0.52 0.80 1.48 100 0.81 -0.55 0.78 -0.52 0.75 2.38

Wu 98.8 1.56 -0.65 2.19 0.21 1.74 1.88 99.4 1.57 -0.59 2.11 0.20 2.20 11.0

C4
MT 98.6 2.42 -0.91 1.67 -1.74 5.89 1.27 97.8 4.45 -0.93 1.45 -3.89 14.9 2.82

Wu 2.5 72.6 -46.4 69.4 42.1 62.7 2.22 36.4 60.0 -38.5 65.9 27.7 53.6 13.9
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Figure 4.1: Plots of the estimation accuracy (PCE, HD, RMSE) and the average running time

for DGP5, δ = 1.

5 Empirical application

Ang and Timmermann (2012) pointed out that financial markets often undergo recurring regime

shifts when “history repeats,” and such phenomenon was described through a threshold factor

specification by Massacci (2017) and Wu (2021). This section extends this line of research and

shows how our framework is used to portray this nonlinear characteristic with a focus on financial

variables. As argued in Baker et al. (2016), the index of economic policy uncertainty is associated

with stock price volatility and employment in policy-sensitive sectors like defense, health care,

finance, and infrastructure construction. The behaviors of the financial markets are different

when the policy uncertainty differs in turn, which means that economic policy uncertainty has

certain guiding effect on the behaviors of financial market. In the following, we first study how

economic policy uncertainty affects the financial market by using our proposed threshold factor

models, measure the connectedness in multivariate nonlinear dynamics system (Massacci, 2017),

and then evaluate the importance of the common factors jointly in each regime. Finally, the
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effectiveness of the threshold factor model contrasted with the structural break factor model is

presented.

The monthly financial dataset used in Jurado et al. (2015) and Massacci (2017) consists of

147 series (xt) related to the U.S. financial markets, which are used to measure the behaviors

of stock market and asset returns. The dataset covers the period ranging from January 1985

to December 2011, with a total of T = 324 observations, due to data availability issues. The

threshold variable zt is set as the lagged index of economic policy uncertainty (EPU) proposed

by Baker et al. (2016), with a higher index value signifying higher uncertainty. See Jurado et al.

(2015) and Baker et al. (2016) for detailed data description.

Connectedness is important for risk measurement and management, which is measured based

on several different underlying mechanisms (Massacci, 2017). To tightly relate to our proposed

model, we follow Massacci (2017) to define a connectedness measure that accommodates regime

shifts and relies on the optimally selected number of eigenvalues. To be precise, let Σ̂kx =

[(NT )−1
∑T

t=1 xtx
>
t I(θ̂?k−1 < zt ≤ θ̂?k)], where θ̂?k’s denote the estimated thresholds from BEA,

for k = 1, . . . , |A?T | + 1, and {ωki}Ni=1 be the sequence of eigenvalues of the N × N covariance

matrix Σ̂kx arranged in descending order. Since the number of factors is allowed to vary in

different regimes, we measure connectedness through

Ck(r̂k) =

∑r̂k
i=1 ωki∑N
i=1 ωki

, k = 1, . . . , |A?T |+ 1.

Note that by considering the estimated number of factors in each regime, Ck(r̂k) quantifies regime

specific connectedness. A higher Ck(r̂k) denotes higher connectedness amongst the financial

variables.

To measure the importance of the factors jointly (i.e., the common component of the data),

we compute the cross-sectional average of standard deviation of the common component x̂it =

λ̂>i f̂t in each separated regime. Ng and Wright (2013), who presented a factor view of business

cycles, found that the factors estimated from a monthly panel data are noticeably more variable

during recession years than the nonrecession years. In addition, they suggested that uncertainty

should be a contributing factor to the severity of the Great Recession, which was later confirmed

by Basu and Bundick (2017) that increased uncertainty about fiscal policy and demand may

lead to an economic slowdown. Therefore, uncertainty may be the real driver of the variation in

the factor importance. This leads us to check whether factor variability is related to the EPU.

We first build our multiple threshold factor model with the available data. After rearranging

the data xt according to the value of zt, we fit a linear factor model with r̂ = 8, which is suggested

by the information criterion ICp1 of Bai and Ng (2002). Then we use the two-step estimation

procedure to help detect the thresholds. There are two thresholds found, i.e., θ̂?1 = 75.65 and

θ̂?2 = 139.8, which separate the whole sample into three regimes, with frequencies equal to

π̂1 = 0.329, π̂2 = 0.512 and π̂3 = 0.158, respectively. These three regimes correspond to the

low, median, and high economic policy uncertainty. Note that the second estimated threshold
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θ̂?2 = 139.8 is close the single threshold 131.4 discovered in Massacci (2017), indicating that the

low policy uncertainty regime in his setting is further separated into two regimes in our model.

The time series plot of the threshold variable EPU and the locations of the estimated thresholds

θ̂?1 and θ̂?2 are shown in Figure 5.1.

We next calculate the estimated number of factors, connectedness, and the standard de-

viation of common components in each regime, with the results summarized in Table 5. The

information criterion suggests that the numbers of factors in the three regimes are 3, 7 and

5, respectively. The connectedness measures of the three regimes are 0.779, 0.806 and 0.883,

respectively, which shows an increasing trend as consistent with the finding of Massacci (2017).

This growing trend of connectedness indicates that the variables are becoming more interrelated

as the EPU increases, likely increasing the level of systemic risk, which corroborates the earlier

discovery by Billio et al. (2012). This insight may be beneficial to risk measurement and man-

agement. Moreover, the standard deviations of common components in the three regimes are

0.862, 0.887 and 0.927, respectively. This means that the common factors are more important

at higher economic policy uncertainty.

As pointed out by Massacci (2021), financial variables are likely to be heteroskedastic, which

could invalidate the time invariance assumption imposed on the second moment of factors in

financial markets. Consequently, the identified threshold effects could be driven by the changes

in the factor dynamics. To disentangle breaks in loadings from those in factors, we next adapt

the identification strategy of Chen et al. (2014) to the current more general framework that

allows the number of factors to vary across regimes. The procedure is described as follows. We

first estimate the number of factors in each regime separated by the estimated thresholds. Then

we consider sequentially each pair of adjacent regimes that have the same number of factors

(i.e., r̂1 = r̂2), merge the two subsamples into one subsample and re-estimate the number of

factors in the merged subsample, denoted as r̂12. Finally, it is clear from the discussion of this

paper that if the break comes from the loadings, then it holds that r̂12 > r̂1; on the other hand,

when r̂12 = r̂1 = r̂2, the break comes from the factor heteroskedasticity. It is worth noting

that, for the current study, the estimated factor numbers for the three regimes are 3, 7 and 5,

respectively, indicating that there should be either emergence of new factors or disappearance of

old factors and the changes in factor loadings occur. In this case, it is not clear whether factors

are heteroskedastic or not.

To provide an intuitive interpretation of the estimated factors, we identify the series that

load most heavily on each of the factors as done by Ng and Wright (2013). In the first regime

with low EPU, the three factors represent the value weighted security price, the small stock value

spread R15 − R11 and portfolios sorted on (size, book to market), respectively (Jurado et al.,

2015). In the second regime with moderate EPU, 7 series mainly contain the group of variables

called “risk-factors”, since they have been used in cross-sectional or time-series studies to uncover

variation in the market risk-premium. The risk factors include the three Fama and French (1992)
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risk factors, namely the excess return on the market, the “small-minus-big” (SMB) and “high-

minus-low” (HML) portfolio returns, the momentum factor “up-minus-down” (UMD), and

the bond risk premia factor of Cochrane and Piazzesi (2005). In addition to these risk factors,

the 7 series are also related to food industry portfolio and dividends. In the last regime with

high EPU, the 5 factors capture market portfolio under reinvestment of dividends, risk factors

(UMD,SMB), dividends, and coal industry portfolio, respectively. Factors representing market

risk-premium appear in all three regimes, which include R15−R11 in the first regime, risk factors

mentioned above in the second, and UMD, SMB in the last. This indicates that the variables

related to market risk play a pivotal role in financial market, especially in the second regime

where 5 of 7 factors are bound with risk. Furthermore, there exist some industrial portfolios,

such as food and coal industries, which occupy an increasingly important position in financial

market as EPU increases.

We finally contrast the performance of the proposed threshold factor models with the struc-

tural break factor models. The EPU plotted in Figure 5.1 is relatively high in the recession

years (the National Bureau of Economic Research (NBER) recession periods are in shaded ar-

eas), consistent with the findings in Basu and Bundick (2017). This points to the possibility that

both types of structural instabilities could be appropriate for the observed data. As a result,

we next fit a factor model with change points in the loadings following the procedure proposed

by Ma and Tu (2022). Two structural breaks are found, i.e., τ̂1 =1999M2 and τ̂2 =2008M1,

which also split the time series into three regimes, as shown in Figure 5.1. The two change

points are closely related to the two recessions in 2000 and 2008. As can be seen from Figure

5.1, the structural break effect induces low-frequency episodes in time, while the threshold effect

generates recurring regime shifts at much higher frequency, although both types of instability in

factor loadings separate the time series into three regimes. To evaluate the two types of models,

we follow the strategy used by Massacci (2021) to select the threshold variable that adopts the

following information criterion IC = 1
3

∑3
k=1 [ICp1(r̂k)] , where ICp1 is the information criterion

proposed by Bai and Ng (2002) to estimate the number of factors and r̂k is the selected number

of factor in the k-th regime. The IC calculated from the threshold factor model is 3.688, while

that from the estimated factor model with two structural breaks is 3.695. Although the two

types of models are non-nested, the slightly lower IC value from our threshold factor model

could indicate its superiority as a better fit to the data. A rigorous theoretical study to compare

these two types of models would provide more insight here but is beyond the scope of this paper

due to space consideration.

6 Concluding remarks

This paper proposes a simple-to-implement procedure to estimate the multiple unknown thresh-

olds in high-dimensional threshold factor model. The procedure is comprised of sorting the
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Table 5: Empirical influence of economic policy uncertainty on the financial market.

Thresholds θ̂?1 = 75.65 θ̂?2 = 139.8

Regime 1st 2nd 3rd

Frequency 0.329 0.512 0.158

Number of Factors 3 7 5

Connectedness 0.779 0.806 0.883

Standard deviation 0.862 0.887 0.927

original data according to the value of the threshold variable, one factor estimation using PCA,

and one group Lasso to find breaks in the factor regression coefficients, which is quite computa-

tionally efficient. It is shown that the number and the locations of the thresholds, and the factor

space can be consistently estimated. Simulation studies demonstrate superior performance of

the proposed method in finite samples. Applications to the U.S. macroeconomic and financial

market data set further illustrate the merits of our method.

The current study could be extended in several aspects. First, it is theoretically interesting to

extend the current results to the case where the number of thresholds and the number of factors

diverge along N and T . The theoretical setup of Li et al. (2017) could be inspiring in this

regard. Second, after representing the threshold factor model in the change-point form, there

are several alternative methods that can be applied to detect the structural breaks, such as wild

binary segmentation, MOSUM, etc. The asymptotic properties of the corresponding threshold

estimators worth detailed investigation. Third, the threshold variable could be endogenous in

practice, which has been incorporated in our model as long as Assumption 6(a) holds. Our

treatment on endogeneity without the need for instrumental variable has been similarly used by

Qian and Su (2014) when estimating structural changes in the presence of endogenous regressors.

Yu and Phillips (2018) showed that instrumentation can improve efficiency under the framework

of endogeneous threshold regression, which may shed light on the threshold factor setup. Fourth,

the present work can be further extended to allow both structural breaks and threshold effects

simultaneously in the factor models. In this way, a theory of the information criterion used

in Section 5 to select between structural breaks and threshold effects in factor models can be

developed. These new topics involve quite challenging technical difficulties, therefore deserve

separate future effort.
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Appendix

The inference for the factor number and factor space in each regime, empirical investigation of

the influence of economic condition on the macroeconomy, technical proofs and some additional

simulation results are contained in an online Supplementary Material.
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