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Abstract
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messages. In private ads, the challenger makes each voter believe that his policy
is a sufficient improvement over the status quo and wins the election when his
policy is sufficiently moderate. As a voter more extreme, her dissatisfaction with
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1. INTRODUCTION

Targeted advertising has played an essential role in many elections. In 2016, the Trump
campaign in the US presidential election and the Leave campaign in the Brexit refer-
endum used the services of Cambridge Analytica to target voters via Facebook and
Twitter. In 2008, the Obama campaign pioneered using social networks to communi-
cate with the electorate. Even before social media, in 2000, The Bush campaign targeted
voters via direct mail. Given that the winning candidate had access to better technol-
ogy and/or voter data in all these cases, one may wonder whether targeted advertising
was why these candidates won.1 Would they have lost without targeted advertising?
In other words, can targeted advertising swing elections?

To answer these questions, I propose a simple theoretical model that isolates the
effect of targeted advertising from everything else that goes on during electoral cam-
paigns. I assume that there are two candidates, the status quo and the challenger. To
focus on information transmission, I abstract away from the policy selection stage and
assume that both candidates are endowed with policies. The first source of asymmetry
I introduce is informational: I assume that the status quo policy is commonly known
and fixed at the origin. At the same time, the challenger’s policy is his private infor-
mation, and the voters have a common prior belief about where it could be. This prior
belief has full support over the policy space, [−1, 1], reflecting total prior uncertainty.
The second source of asymmetry is strategic: the status quo does not advertise, while
the challenger can choose which messages to send to the voters to sway them. This
setup allows me to reframe the motivating questions as follows: how much informa-
tion does the challenger reveal to the voters? If we consider voters who cannot be con-
vinced by a public advertising campaign, can the challenger convince them privately
by revealing different amounts of information?

I assume that the challenger communicates with the voters with verifiable infor-
mation (in the spirit of Milgrom, 1981 and Grossman, 1981). Each message sent by the
challenger is a statement about his policy (formally, a subset of [−1, 1]) that contains
a grain of truth (formally, it includes his actual policy x). Conceptually, this commu-
nication protocol allows lies of omission, but not commission: a message [−1/2, 0] is
informative because it restricts the support of the voter’s belief about the challenger’s
policy to that interval, but it is only partially informative because the challenger’s pol-
icy could be anywhere in that interval. The selected communication protocol thus
provides a reasonable middle ground to the critique by Persson and Tabellini (2002),

1For comparison of advertising strategies between the candidates, see Kim et al. (2018) and Wylie (2019)
for the 2016 election, Harfoush (2009) and Katz, Barris, and Jain (2013) for the 2008 election and Hillygus
and Shields (2014) for the 2004 election.
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who famously write (p. 483), “It is thus somewhat schizophrenic to study either ex-
treme: where promises have no meaning or where they are all that matter.” From a
technical standpoint, the equilibria of games with verifiable information admit a sim-
ple characterization that roughly corresponds to how vague the challenger can be to
still persuade the voter.

The final component of the model is the voters. Voters face a binary choice be-
tween approving the challenger’s policy (voting ’for’ the challenger) and rejecting it
(voting ’against’ the challenger, which incorporates voting for the status quo and ab-
staining). I assume that voters have standard spatial preferences with a quadratic util-
ity function. Each voter has an ’approval set’ of the challenger’s policies that are closer
to her bliss point than the status quo, and she prefers to approve these policies and
reject all others under complete information. To start, suppose there is only one voter,
and the challenger’s objective is to convince her. Define the outcome of the interac-
tion as the set of challenger’s policies that the voter approves in equilibrium. The first
thing I do is ask the following question: what is the challenger-preferred equilibrium
outcome? Simply put, what is the largest set of challenger’s policies that the voter is
willing to approve in equilibrium?

Mathematically, our goal is to find the set of policies W ⊆ [−1, 1] that maximizes
the challenger’s ex-ante odds of winning subject to the voter’s obedience constraint.
The constraint states that if the voter approves all policies in W, then her expected util-
ity of approval should exceed her expected utility of rejection. One way to implement
this outcome is to have the challenger send message W whenever his policy is x ∈ W
and message X ∖ W otherwise. On the equilibrium path, the voter interprets the first
message as a recommendation to approve and the second message as a recommen-
dation to reject. Off the equilibrium path, the voter is skeptical and assumes that the
message comes from a challenger who most benefits from her approval. By construc-
tion, the challenger wins if his policy is in W and does not have profitable deviations
because he is already collecting the highest payoff. The challenger loses if his policy is
outside W but cannot deviate to the winning message because x /∈ W. The problem of
optimally convincing one voter is well studied in the communication literature (Alonso
and Câmara, 2016 and Titova, 2022). The solution features a cutoff policy: the voter ap-
proves all policies not too far from her bliss point. Geometrically, the challenger selects
the largest interval of policies symmetric about her bliss point that averages the voter’s
utility of approval to her utility of rejection. Conceptually, the challenger tells the voter
that his policy is not too far from her bliss point but does not elaborate further. By se-
lecting the challenger-preferred equilibrium outcome, we are essentially selecting the
vaguest message that could conceivably persuade this voter.

Now that we have established how much information to convey to one voter let
us study elections with multiple voters. We immediately run into the following impos-
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sibility result. If two voters have bliss points on opposite sides of the status quo, they
never both approve the challenger’s policy under a common belief. This result relies
on the voters’ risk aversion: if a voter with bliss point L < 0 approves, then she expects
the challenger’s policy to be in her approval set, which lies to the left of the status quo.
Similarly, when approving, a right voter expects the challenger’s policy to be on the
right. Obviously, the challenger cannot (on average) be both left and right. This im-
possibility result allows us to identify elections that I call unwinnable (under common
belief) for the challenger. These elections are characterized by voter distributions and
social choice rules that require that the challenger convinces both left and right voters
at the same time to win the election. Unless the challenger can induce different pos-
terior beliefs among different voters, he loses an unwinnable election with probability
one in every equilibrium, regardless of the communication protocol. For example, vot-
ers hold a common belief if the challenger does not advertise, fully reveals his policy,
or uses a public disclosure policy. Replacing verifiable messages with cheap talk or
endowing the challenger with commitment power does not resolve the issue.

Let us focus on the simplest unwinnable election that requires the unanimous ap-
proval of two voters, the le f t voter with bliss point L < 0 and the right voter with
bliss point R > 0. Let us allow the challenger to send private messages to each voter.
We know that without targeted advertising, the challenger’s odds of winning are zero.
Can he win with a positive probability if he can tell different things to different voters?
The answer is yes if the voters do not condition on the event of being pivotal.

With two voters, define an outcome as the pair (WL, WR) of sets of policies ap-
proved by each voter. If the voters only observe their own message and do not con-
dition on pivotality, we can use a similar equilibrium characterization to the one with
one voter. That is, we require that if a voter approves a set of policies, then her ex-
pected utility of approval over that set should exceed her expected utility of rejection.
The challenger’s objective, however, is different: he does not care about convincing
a voter per se; he wins if and only if he convinces both voters simultaneously. Con-
sequently, to find the challenger-preferred equilibrium outcome, we would maximize
the prior measure of the set WL ∩WR of unanimously approved policies, subject to the
obedience constraint of each voter. Now, it is no longer optimal to persuade each voter
with policies close enough to their bliss points. Instead, the challenger should skew
each message toward the other voter’s bliss point. That is, he should convince the le f t
voter with the left policies in her approval set plus as many right policies as possible,
and vice versa. Intuitively, the policies to the left of the le f t voter’s approval set are so
far from the right voter that it is too expensive (in terms of the right voter’s constraint)
to try to convince her with them. There is a sense in which the set of unanimously
approved policies is ”sufficiently moderate,” or rather, it includes the policies that are
not too far from the status quo. After all, there are only these many right policies that
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the le f t voter is willing to approve and vice versa. At the same time, each voter is
persuadable by a range of policies outside her approval set, leading to a non-empty
interval of unanimously approved policies. In other words, the challenger now wins
an unwinnable election with positive probability. The following motivating example
describes the simple algebra behind the model and illustrates that the challenger has
higher odds of swinging elections with more polarized electorates.

MOTIVATING EXAMPLE

Suppose that L = −0.2 and R = 0.4. Voter v’s utility is −(x − v)2 if she approves chal-
lenger’s policy x ∈ [−1, 1] and −v2 if she rejects, for each v ∈ {L, R}. The challenger
receives 1 if he convinces both voters and 0 otherwise. For simplicity, suppose that the
prior about challenger’s policy is uniform: every x in [−1, 1] is ex ante equally likely.
Consider the following strategy of the challenger. When communicating with the le f t
voter, he sends the message [−0.4, 0.2] whenever his policy is x ∈ [−0.4, 0.2]; other-
wise, he sends the message [−1, 1]. In words, the challenger tells the left voter that
his policy is not ultra left and not moderate- to ultra right, whenever that is true, and
says nothing otherwise. Similarly, when talking to the right voter, he sends the mes-
sage [−0.4, 0.8] whenever his policy is x ∈ [−0.4, 0.8], and [−1, 1] otherwise. Figure 1
illustrates the challenger’s strategy.

−1 −0.4 −0.2 0 0.2 0.4 0.8 1

L
R

Figure 1. Targeted messages that convince voter L (in blue) and R (in red). The challenger
wins the election by unanimous approval whenever his policy is in the intersection of the

convincing messages (in black).

Now, suppose that the le f t voter receives message [−0.4, 0.2]. The expected utility

of approving the challenger’s policy is
0.2∫

−0.4
−(x + 0.2)2dx = −0.024, which coincides

with the expected utility of rejecting, which is
0.2∫

−0.4
−(0.2)2dx = −0.024. In other words,

if the le f t voter hears the message [−0.4, 0.2] and knows that every challenger with the
policy x ∈ [−0.4, 0.2] sends that message with probability one, then she is indifferent
between approval and rejection. Suppose that she breaks the tie in favor of approval.
Note that the message [−0.4, 0.2] that convinces L comprises of the policies [−0.4, 0]
that she prefers to the status quo as well as the policies (0, 0, 0.2] that are strictly domi-
nated by the status quo. Although the voter is indifferent when approving, the average
policy that the le f t voter approves is −0.1 < 0, which reflects her risk aversion. Simi-
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larly, the right voter approves after the message [−0.4, 0.8]. Whenever each voter hears
the message [−1, 1], she knows that it is sent by the challenger whose policy is further
away than the status quo, so she rejects.

Now, these strategies of the challenger and voters lead to the following outcome.
The le f t voter approves if and only if the challenger’s policy is in the interval
[−0.4, 0, 2]. At the same time, the right voter approves the challenger’s policy when-
ever it is in the interval [−0.4, 0.8]. We conclude that the challenger wins the election
by unanimous approval whenever his policy is between −0.4 and 0.2. Given the
uniform prior on [−1, 1], the ex-ante odds that the challenger wins are 30%. It remains
to show that the players’ strategies constitute a perfect Bayesian equilibrium.

To complete the equilibrium characterization, we need to specify each voter’s be-
liefs off the path. Let us impose that the voters are skeptical: they assume that each
off-path message is sent by the challenger (i) who can send that message and (ii) whose
policy is the farthest away from the voter’s bliss point. Now, the challenger does not
have profitable deviations: for any policy, he either wins the election and secures the
highest possible payoff or loses the election, but cannot verifiably send messages that
convince both voters. The voters also do not have profitable deviations. Thus, the de-
scribed strategies constitute an equilibrium. In fact, this is the challenger’s preferred
equilibrium, in which his odds of winning are the highest across all equilibria.

Next, suppose that the right voter becomes more extreme and her bliss point shifts
from R = 0.4 to R′ = 0.5. Following the same logic as above, the challenger can try
to convince the le f t voter with as many right policies, as possible, and vice versa.
Since the le f t voter’s bliss point has not changed, her convincing message remains
[−0.4, 0.2]. Re-doing the calculations for the new bliss point of the right voter, we find
that her convincing message is now [−0.5, 1]. The challenger wins when his policy is
between −0.4 and 0.2, which is the same interval as before.

Now, notice that the challenger can do even better. Specifically, notice that when
his policy is between −0.5 and −0.4, he is convincing the right voter, but not the le f t
voter. At the same time, these policies are preferred by the le f t voter to the policies
she is currently approving, namely, the policies between 0.1 and 0.2, because they are
closer to her bliss point. Hence, we can recalculate the le f t voter’s convincing message,
forcing it to start at −0.5. The new message that convinces the le f t voter and makes
her indifferent between the challenger and the status quo is [−0.5, 0.179]. Figure 2
illustrates the new messages that convince the voters after the right voter becomes
more extreme.

In the new equilibrium, the set of unanimously approved policies is [−0.5, 0.179],
and the odds of the challenger winning are 33.96%. An immediate observation is that
more extreme voters increase the challenger’s odds of swinging an unwinnable elec-
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−1 −0.4 −0.2 0 0.2 0.5 1−0.5

L
R′

Figure 2. Challenger-preferred targeted messages that convince voters L and R′. A more
extreme right voter is now persuadable by more left policies. As a result, the set of

unanimously approved policies (in black) is larger and shifts to the left.

tion. Essentially, when a voter becomes more extreme, her dissatisfaction with the
status quo grows, making her more persuadable. A less obvious observation is that
when the right voter’s bliss point shifts to the right, the set of unanimously approved
policies of the challenger shifts in the opposite direction, to the left. When a voter be-
comose more extreme, she becomes persuadable by a wider range of policies, in either
direction, despite her risk aversion. As a result, the challenger can persuade the voter
by more policies on the opposite side of the status quo from her bliss point.

Note that the results rely on both expressive voting and the equilibrium selection.
On the one hand, while the voters are fully Bayesian, they do not condition on the
event of being pivotal. In other words, the only information they take into account is
their own signal. In that sense, the proposed model is more suitable to describe large
elections.2 On the other hand, even when the voters are expressive, there exist other
equilibria of the game under consideration. For example, the challenger could just
reveal his policy (that is, send the message {x} for each realization x ∈ X of his policy)
to each voter and lose with probability one. However, empirical evidence suggests that
politicians do, in fact, often make vague statements about the policies that they intend
to pursue.3 I select the equilibrium in which, in some sense, the challenger’s messages
to the voters are the most vague.

RELATED LITERATURE

This paper contributes to the growing literature that compares public and private com-
munication. When it comes to games of verifiable information, the closest paper to
mine is Schipper and Woo (2019), who study advertising competition with micro-

2The theory of expressive voting was pioneered by Brennan and Lomasky (1993), Brennan and Hamlin
(1998) and reviewed by Hamlin and Jennings (2011). There is a large body of evidence that the behavior
of voters is consistent with expressive voting, e.g., in US national elections (Kan and Yang, 2001; Degan
and Merlo, 2007), Spanish general elections (Artabe and Gardeazabal, 2014), Israeli general elections
(Felsenthal and Brichta, 1985).

3For empirical evidence of candidate ambiguity in the lab and in the field, see, e.g., Tomz and Houweling
(2009), Somer-Topcu (2015), Bräuninger and Giger (2018), Tolvanen, Tremewan, and Wagner (2022).

7



targeting. They show that even with targeted advertising, candidates tend to volun-
tarily disclose all of their private information. This unraveling result is fairly common
in the verifiable information literature on voter persuasion (Board, 2009; Janssen and
Teteryatnikova, 2017), and arises because the candidates play a zero-sum game. In
contrast to these papers, I consider an asymmetric model in which only one candi-
date can communicate with the voters. Unraveling does not necessarily occur, and the
challenger can improve his chances of winning over full disclosure.

Much progress has been made in comparing public and private communication
in the cheap talk literature. The sender often prefers to communicate in public, rather
than in private (Farrell and Gibbons, 1989, Koessler, 2008, Goltsman and Pavlov, 2011,
Bar-Isaac and Deb, 2014), because public communication reduces the number of de-
viations available to the sender in each state of the world. When his messages are
verifiable, the sender’s message space is already restricted, and there is no such effect.
Thus, my main result is the opposite: the sender strictly benefits from private adver-
tising when his messages are verifiable to the point that he can win elections that are
unwinnable under public advertising.

In information design, the sender prefers private communication to public adver-
tising (Arieli and Babichenko, 2019, Bardhi and Guo, 2018, Chan et al., 2019, Heese and
Lauermann, 2021). I confirm this finding, which is not surprising: while my sender
does not possess any commitment power, the sender-preferred equilibrium outcome
is also a commitment outcome (Titova, 2022). Beyond that, my contribution to this
literature is twofold: on the one hand, I conclude that the sender does not need com-
mitment power to benefit from targeted advertising. On the other hand, he does not
only improve his ex ante utility by communicating in private; he improves it from 0 in
every equilibrium to a positive number in his most preferred equilibrium.

This paper also contributes to the literature on political ambiguity. Current ex-
planations for why politicians advertise ranges of policies include voters’ risk-seeking
behavior (Shepsle, 1972); candidates’ policy preference (Alesina and Cukierman, 1990);
candidates’ preference for ambiguity (Aragonès and Neeman, 2000); future elections
(Meirowitz, 2005, Alesina and Holden, 2008); resolution of uncertainty after the elec-
tion (Kartik, Van Weelden, and Wolton, 2017). This paper’s equilibrium features am-
biguity because being vague allows the challenger to convince multiple voters at once
without lying (by commission) to any of them. Notably, two papers have previously
found that politicians may be able to persuade voters on the opposite sides of the status
quo. In Callander and Wilson (2008), voters have context-dependent preferences, and
in Tolvanen (2021), the voters’ preferences are correlated with the state of the world. I
get to a similar conclusion in a remarkably simple setup with expressive voters who
have standard risk averse preferences.
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2. BASELINE ELECTION: MODEL

I study a game between a politician who challenges the status quo (the challenger,
he/him) and the voters (each she/her). There is an underlying policy space X :=
[−1, 1] with policy positions ranging from far left (−1) to far right (1). The status quo
policy is fixed, known, and normalized to 0. The game begins with the challenger pri-
vately observing his policy x ∈ X, which is drawn from a common prior distribution
µ0 ∈ ∆X with full support.4 The challenger is office-motivated and his goal is to win
the election. I normalize his payoff from winning to 1 and losing to 0. In the base-
line election, there are two voters, le f t and right, and the challenger needs unanimous
approval of both voters to win the election. Section 4 generalizes the model to large
elections with many voters and arbitrary social choice functions.

The challenger advertises his policy to voters through private verifiable messages.
Specifically, each message m that the challenger may send (i) is a statement about his
policy, m ⊆ X, and (ii) contains a grain of truth, x ∈ m. That is, the challenger can lie
by omission and send messages that contain policies other than x. At the same time, he
cannot lie by commission and send messages that do not include x. The verifiability of
the messages allows the voters to draw inferences about the challenger’s policy. For
example, suppose that a voter hears the message [−1/2, 0], or “my policy is moderately
left”. She concludes that the challenger’s policy is not far-left or anywhere on the
right. At the same time, she does not know the exact location of the challenger’s policy
between −1/2 and 0.

The voters have spatial preferences and vote expressively for the candidate they
prefer the most. The voter with bliss point v ∈ X, to whom I will refer as “voter v”
when there is no confusion, prefers to approve the challenger’s policy x ∈ X if she
considers it a sufficient improvement over the status quo. Otherwise, she prefers to
reject it. Mathematically, when the challenger’s policy is x ∈ X, the payoff of the voter
with bliss point v ∈ X is

uv(approve, x) = −(v − x)2, uv(reject, x) = −(v − 0)2.

To simplify the analysis, let αv(x) := uv(approve, x)−uv(reject, x) = −x2 + 2vx be
v’s net payoff from approval. Note that v’s net payoff from approval is a downward-
sloping parabola that peaks at v, which reflects the voter’s risk aversion. Now, this
voter’s best response is to approve the challenger’s policy x ∈ X whenever her net

4For a compact metrizable space Y, I let ∆Y denote the set of all Borel probability measures over Y,
endowed with the weak* topology. For γ ∈ ∆Y , I let supp γ denote the support of y. I say that γ ∈ ∆Y
is degenerate if γ(y) = 1 for some y ∈ Y, and non-degenerate otherwise.
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payoff from approval αv(x) is non-negative. Next, let Av := {x ∈ X | αv(x) ≥ 0} be
her (complete information) approval set that includes all the policies of the challenger
that she prefers to approve under complete information. Let ⌊Av⌋ := min Av be the
smallest and ⌈Av⌉ := max Av be the largest elements of the set Av.

In the baseline election, the le f t voter has bliss point L ∈ [−1, 0) and the right
voter has bliss point R ∈ (0, 1]. Figure 3 illustrates the preferences of the le f t voter.

−1 10

L

αL(x)⌊AL⌋

L’s approval set AL

Figure 3. The policy space X = [−1, 1], the le f t voter with bliss point L < 0, her net payoff
from approval αL(x), and her approval set AL.

I focus on the challenger-preferred Perfect Bayesian equilibrium of this game.
Knowing his policy x, the challenger chooses verifiable messages mL ⊆ X and mR ⊆ X
for voters L and R, respectively. Verifiability requires that x ∈ mv for all v ∈ {L, R}.
Having observed message mv, voter v ∈ {L, R} forms a posterior belief over X. She
then approves or rejects.

In equilibrium, (i) the challenger sends messages that maximize his payoff, (ii)
each voter approves the challenger’s policy whenever her expected net payoff from
approval is non-negative under her posterior belief, (iii) each voter calculates her pos-
terior using the Bayes rule without conditioning on being pivotal. The challenger-
preferred equilibrium is one in which his odds of unanimous approval are the highest
across all equilibria.

3. BASELINE ELECTION: ANALYSIS

INCOMPATIBLE VOTERS AND UNWINNABLE ELECTIONS

Let us first establish the result that the challenger faces an electorate of voters who
prefer diametrically opposing policies. Observe that each voter expects that the chal-
lenger’s policy is on the same side of the status quo as her bliss point when she prefers
to approve.

LEMMA 1. If voter with bliss point v ∈ X approves under a non-degenerate belief µ ∈ ∆X,
then Eµ[x] ∈

(
⌊Av⌋, ⌈Av⌉

)
.
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Proof. By Jensen’s inequality for the strictly concave function αv(x) and the non-
degenerate belief µ, αv

(
Eµ[x]

)
> Eµ

[
αv(x)

]
. Since voter v approves under µ, the

right-hand side, which is her expected net payoff from approval, is non-negative.
Now, αv(x) = −x2 + 2vx = −x(x − 2v) > 0 if and only if x ∈

(
⌊Av⌋, ⌈Av⌉

)
.

Consequently, if v approves under µ, then Eµ[x] ∈
(
⌊Av⌋, ⌈Av⌉

)
.

Second, if the voters hold a common belief, they cannot both expect the chal-
lenger’s policy to be on the opposite sides of the status quo.

LEMMA 2. For any common non-degenerate belief µ ∈ ∆X, at most one of the voters prefers
to approve.

Proof. From Lemma 1, if the le f t voter approves under belief µ, then Eµ[x] ∈ (2L, 0).
Similarly, if the right voter approves under µ, then Eµ[x] ∈ (0, 2R). Clearly, at least one
of the voters prefers to reject under µ.

−1 10L⌊AL⌋

L’s approval set AL

R ⌈AR⌉

R’s approval set AR

Figure 4. Voters L and R are incompatible: L prefers to approve left policies and R prefers to
approve right policies.

Figure 4 illustrates the approval sets of the voters. Simply put, the le f t voter
prefers the left (blue) policies, while the right voter prefers the right (red) policies.
Since the challenger’s policy cannot be both left and right at the same time, at least one
of the voters prefers to reject it. The same argument applies when the voters have a
common belief.

Lemma 2 implies that the baseline election is unwinnable for the challenger without
targeted advertising. If he does not advertise at all, the voters hold a common prior, and
at most one of them votes to approve. If he advertises publicly, the voters’ common
prior is updated to a common posterior, but again, at most one voter is convinced to
approve. The only event in which the challenger wins is when his policy coincides
with the status quo. However, this event has a zero prior measure.

EQUILIBRIUM OUTCOMES UNDER TARGETED ADVERTISING

Let us now characterize the (challenger-preferred) equilibrium payoff of the baseline
election game with targeted advertising. According to Titova (2022), every equilibrium
is payoff equivalent to a direct equilibrium with sets of approved policies WL ⊆ X and
WR ⊆ X that satisfy certain constraints. In the direct equilibrium, the challenger sends

11



the message Wv to voter v ∈ {L, R} if x ∈ Wv, and its complement Wc
v := X ∖ Wv

otherwise.5 When voter v hears Wv, she approves; otherwise, she rejects. Therefore,
we can interpret the message Wv as the challenger’s recommendation to approve and the
message Wc

v as the recommendation to reject. Off the (direct) equilibrium path, each voter
is “skeptical” and assumes that every unexpected message comes from the challenger
whose policy is outside of her approval set, whenever possible.6

To be implementable in equilibrium, voter v’s set of approved policies Wv must
satisfy two conditions. On the one hand, there is the sender’s incentive-compatibility
constraint, Av ⊆ Wv, which guarantees that the challenger does not want to devi-
ate towards a fully informative strategy. This constraint is automatically satisfied in
the challenger-preferred equilibrium because the challenger attempts to convince the
voters with as many policies as possible. On the other hand, there is the receiver’s obe-
dience constraint that ensures that voter v only approves when her average net payoff
from approval is non-negative: ∫

Wv

αv(x)dµ0(x) ≥ 0. (obedience)

The challenger wins the election whenever both voters approve, or when x ∈
WL ∩ WR, and his odds of winning are µ0(WL ∩ WR). Thus, the (challenger-preferred)
equilibrium sets of approved policies (WL, WR) solve

max
WL,WR⊆X

∫
WL∩WR

dµ0(x) subject to
∫

Wv

αv(x)dµ0(x) ≥ 0, ∀v ∈ {L, R} (1)

I refer to the pair (WL, WR) that solves Problem (1) as the (challenger-preferred)
equilibrium outcome (under targeted advertising). The main result of this paper es-
tablishes that the challenger can always win an unwinnable election by advertising
privately.

PROPOSITION 1. In equilibrium of the baseline election game, the challenger’s ex-ante odds of
winning are positive.

5More specifically, the challenger’s strategy is to send (with probability 1 in all cases) WL to L and WR to
R if x ∈ WL ∩ WR; WL to L and Wc

R to R if x ∈ WL ∩ Wc
R; Wc

L to L and WR to R if x ∈ Wc
L ∩ WR; Wc

L to L
and Wc

R to R if x ∈ Wc
L ∩ Wc

R.

6Let m ⊆ X such that m /∈ {Wv, Wc
v} be an off-path message and µ(· | m) ∈ ∆X be v’s posterior belief

after m. If m ⊈ Av, let supp µ(m) ⊆ m ∖ Av so that
∫

αv(x)dµ(x | m) < 0 and v prefers to reject. If
m ⊆ Av, then supp µ(· | m) ⊆ Av since the messages are verifiable, and v prefers to approve. If Av ⊆ Wv
then the challengers with policies x ∈ Av do not wish to deviate as they are already convincing voter v
on the equilibrium path.
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The proof of this result is straightforward. First, observe that each voter’s approval
set is guaranteed to convince this voter, i.e.,

∫
Av

αv(x)dµ0(x) > 0 for each v ∈ {L, R}.

Next, for each voter v ∈ {L, R}, select a subset Bv ⊆ A−v of the other voter’s approval
set that satisfies

∫
Av

αv(x)dµ0(x) +
∫
Bv

αv(x)dµ0(x) ≥ 0 and µ0(Bv) > 0. Let Wv := Av ∪

Bv be voter v’s set of approved policies. Although WL and WR may not be equilibrium
sets of approved policies, they do, by construction, satisfy the constraints of Problem
(1). At the same time, µ0(WL ∩ WR) = µ0(BR ∪ BL) > 0, implying that the challenger’s
ex ante odds of winning in equilibrium must be positive.

Before characterizing the equilibrium sets of approved policies, let us focus on the
problem of maximizing the odds of convincing just one voter.

ONE VOTER’S INTERVALS OF APPROVED POLICIES

Consider a voter with bliss point v ∈ X ∖ {0}. Let us focus on the following auxiliary
problem of finding this voter’s largest (in terms of prior measure) set of approved
policies constrained by l ∈

[
− 1, ⌊Av⌋

]
from the left and r ∈

[
⌈Av⌉, 1

]
from the right.

Iv(l, r) := max
W⊆[l,r]

µ0
(
W

)
subject to

∫
W

αv(x)dµ0(x) ≥ 0. (AUX)

The solution to the auxiliary problem is characterized by a cutoff value for the
voter’s net payoff from approval (see Alonso and Câmara, 2016 and Titova, 2022). In
words, voter v approves every policy with a not too negative payoff from approval
(those x ∈ X for which αv(x) ≥ −c∗v). The cutoff value c∗v > 0 is obtained from the
binding constraint. The set {x ∈ [l, r] | αv(x) ≥ −c∗v} is an interval: it is the upper
contour set of the concave function αv(x). Corollary 1 characterizes the solution of the
auxiliary problem.

COROLLARY 1. Consider a voter with bliss point v ∈ X ∖ {0}. The solution Iv(l, r) ⊆ [l, r]
to Problem (AUX) with l ∈

[
− 1, ⌊Av⌋

]
and r ∈

[
⌈Av⌉, 1

]
is almost surely an interval such

that

• if
r∫
l

αv(x)dµ0(x) ≥ 0, then Iv(l, r) = [l, r];

• otherwise, Iv(l, r) =
{

x ∈ [l, r] | αv(x) ≥ −c∗v(l, r)
}

, where c∗v(l, r) > 0 is obtained
from the binding constraint

∫
Iv(l,r)

αv(x)dµ0(x) = 0.

Two special cases of the auxiliary problem will be useful in further analysis. Firstly,
there is the unconstrained (by anything other than the voter’s obedience constraint)
version with l = −1 and r = 1. Figure 5 illustrates the largest unconstrained interval

13



of approved policies of the le f t voter.

DEFINITION 1. Consider a voter with bliss point v ∈ X. Then, this voter’s largest uncon-
strained interval of approved policies is IUC

v = [aUC
v , bUC

v ] := Iv(−1, 1).

−1 1

−c∗L(−1, 1)
αL(x)

L

⌊AL⌋ 0 bUC
LaUC

L

Figure 5. The le f t voter’s largest unconstrained interval of approved policies. Under uniform
prior, c∗L is obtained from equating the solid area to the dashed area.

The second relevant case is the largest asymmetric interval of approved policies
that includes the most policies on the opposite side of the status quo from the voter’s
approval set. Figure 6 illustrates it for the le f t voter.

DEFINITION 2. The le f t voter’s largest asymmetric interval of approved policies is
IAS
L =

[
⌊AL⌋, bAS

L
]

:= IL(⌊AL⌋, 1) and the right voter’s largest asymmetric interval
of approved policies is IAS

R =
[
aAS

R , ⌈AR⌉
]

:= IR(−1, ⌈AR⌉).

−1 1

bAS
L

−c∗L(⌊AL⌋, 1)

L

αL(x)

⌊AL⌋ 0

Figure 6. The le f t voter’s largest asymmetric interval of approved policies. Under uniform
prior, c∗L is obtained from equating the solid area to the dashed area.

CONVINCING TWO VOTERS AT THE SAME TIME

Let us now solve Problem (1), or, put simply, attempt to convince both voters at the
same time as often as possible. One thing the challenger can do is convince the le f t
(right) voter with as many policies to the right (left) of her approval set as possible.

14



−1 1
0

unanimously approved policies

L⌊AL⌋ bAS
L

IAS
L : policies approved by L

R ⌈AR⌉aAS
R

IAS
R : policies approved by R

Figure 7. Challenger convinces each voter with her largest asymmetric interval of approved
policies. Unanimously approved policies of the challenger are in black.

That is, he can let each voter’s set of approved policies be her largest asymmetric in-
terval of approved policies. I illustrate the outcome (IAS

L , IAS
R ) in Figure 7. As it turns

out, (IAS
L , IAS

R ) is often an equilibrium outcome.

One case when [aAS
R , bAS

L ] may not be an equilibrium set of approved policies is

if ⌊AL⌋ > −1 and
⌈AR⌉∫
⌊AL⌋

αR(x)dµ0(x) > 0, which jointly imply that aAS
R < ⌊AL⌋.7 Intu-

itively, in this case, the right voter is so persuadable that her largest asymmetric interval
of approved policies includes the le f t voter’s entire approval set, and then some. Note

that
⌈AR⌉∫
⌊AL⌋

αv(x)dµ0(x) > 0 cannot hold for both v = L and v = R at the same time.8 To

simplify notation, I let ρv(L, R) :=
⌈AR⌉∫
⌊AL⌋

αv(x)dµ0(x). For ease of exposition, I do not

characterize the case when ρL(L, R) > 0 as it is symmetric to when ρR(L, R) > 0.

PROPOSITION 2. Suppose that the le f t voter is not significantly more persuadable than the
right voter, that is, ρL(L, R) ≤ 0. Almost surely, the right voter’s equilibrium set of approved
policies is her largest asymmetric interval of approved policies, or WR = IAS

R . Furthermore,
almost surely,

7Observe that ϕ(t) :=
⌈AR⌉∫

t
αR(x)dµ0(x) is strictly increasing in t < 0 since ∂ϕ(t)

∂t = −αR(t)µ0(t) > 0.

Then, ϕ(⌊AL⌋) > 0 = ϕ(aAS
L ) is possible if and only if ⌊AL⌋ > aAS

L .

8Use Lemma 2 for the prior belief truncated to
[
⌊AL⌋, ⌈AR⌉

]
to conclude that

⌈AR⌉∫
⌊AL⌋

αvdµ0(x) ≥ 0 implies

that
⌈AR⌉∫
⌊AL⌋

α−vdµ0(x) < 0, for each v ∈ {L, R}.
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(1) if ρR(L, R) ≤ 0, then
• the equilibrium set of approved policies of the le f t voter is her largest asymmetric

interval of approved policies, or WL = IAS
L ;

• the equilibrium set of unanimously approved policies is W = [aAS
R , bAS

L ];
(2) if ρR(L, R) > 0, then

• the equilibrium set of approved policies of the le f t voter is the largest interval of
approved policies constrained from the left by aAS

R , or WL = IL(aAS
R , 1);

• the equilibrium set of unanimously approved policies is W = WL.

For this and the following results, I outline the proof in the main text and pro-
vide the formal arguments in the appendix. Since the right voter is relatively more
persuadable, let us add as many left policies to her message as possible. That is, let
WR = IAS

R =
[
aAS

R , ⌈AR⌉
]
. Now, Proposition 2 states that the equilibrium depends

on how aAS
R is related to ⌊AL⌋. Specifically, if we are in Case (2) of Proposition 2, then

aAS
R < ⌊AL⌋. Otherwise, we are in Case (1). Let us first consider the lower values of

aAS
R . Note that since ρL(L, R) ≤ 0, the le f t voter can never be persuaded by policies to

the right of the right voter’s approval set, i.e. bAS
L ≤ ⌈AR⌉.

Suppose first that the right voter is so persuadable that she is willing to approve
all left policies, i.e. aAS

R = −1. In this case, (IUC
L , IAS

R ) solves Problem (1), and the set
of unanimously approved policies, which is essentially determined by the le f t voter,
is IUC

L .9 By construction, there is no way to increase the objective beyond µ0(IUC
L )

while still satisfying the le f t voter’s constraint. The same argument applies for every
aAS

R ∈ [−1, aUC
L ]. This case is illustrated in Figure 8 on the left.

Next, suppose that aUC
L < aAS

R < ⌊AL⌋. Now, (IUC
L , IAS

R ) is no longer optimal: the
challenger does not persuade the right voter with policies in [aUC

L , aAS
R ), yet “wastes”

the constraint of the le f t voter on them. Instead, select the le f t voter’s message out of
[aAS

R , 1], since the right voter rejects the policies outside of that interval anyway. Now,
the proposed solution is

(
IL(aAS

R , 1), IAS
R

)
, with the set of unanimously approved poli-

cies IL(aAS
R , 1).10 The challenger cannot increase his objective beyond µ0

(
IL(aAS

R , 1)
)
:

it would require unanimous approval of policies to the left of aAS
R , which are strictly

more expensive in terms of the right voter’s constraint than those that she already ap-
proves. Therefore, the proposed solution is optimal. This case is illustrated in Figure 8
on the right.

9Without the right voter’s constraint, apply Corollary 1 to conclude that WL = IUC
L . The set of

unanimously approved policies is then WL ∩ WR = WL since ⌊WL⌋ = aAS
R ≤ aUC

L = ⌊WR⌋ and
⌈WL⌉ = bUC

L ≤ bAS
L ≤ ⌈AR⌉ = ⌈WR⌉.

10WL ∩ WR = WL since ⌊WL⌋ = aAS
R = ⌊WR⌋ and ⌈WL⌉ ≤ bAS

L ≤ ⌈AR⌉ = ⌈WR⌉.
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−1 1
0

L bUC
LaUC

L

IUC
L

RaAS
R

IAS
R

−1 1
0

L

IL(aAS
R , 1)

RaAS
R

IAS
R

Figure 8. Equilibrium sets of approved policies when the right voter is significantly more
persuadable than the le f t voter.

The last case we need to consider is when ⌊AL⌋ ≤ aAS
R < 0. It remains to show that

the proposed solution (WL, WR) = (IAS
L , IAS

R ) with the set of unanimously approved
policies W = [aAS

R , bAS
L ] maximizes the objective of Problem (1). Indeed, any alternative

set of unanimously approved policies would include policies to the left of aAS
R or to

the right of bAS
L , which are more expensive in terms of the right or the le f t voter’s

constraint, respectively.

Note that the obedience constraint of the relatively less persuadable (le f t) voter
always binds. The right voter’s constraint also binds unless aAS

R < aUC
L . Finding the

equilibrium sets of approved policies is not computationally difficult and requires solv-
ing at most two auxiliary optimization problems. The following example calculates the
equilibrium illustrated in Figure 7.

EXAMPLE 1 (UNIFORM PRIOR, L = −0.4, R = 0.3.). In this example, AL = [−0.8, 0]
and AR = [0, 0.6]. First, we check the relative persuadability of each voter by calculat-

ing
⌈AR⌉∫
⌊AL⌋

αv(x)dx for each v ∈ {L, R}. Both of these values are negative, so it remains to

calculate bAS
L and aAS

R .

To find bAS
L , solve

bAS
L∫

⌊AL⌋
αL(x)dx = 0. Plugging in αL(x) = −x2 + 2Lx, we arrive at

the following equation: (bAS
L )3 − 3L · (bAS

L )2 = −4L3. It is not hard to check that the
unique solution is bAS

L = −L = 0.4, so that WL = [−0.8, 0.4].11 Similarly, we find that
aAS

R = −R and WR = [−0.3, 0.6].

Recall that one way to implement the equilibrium outcome is by pooling all poli-
cies in Wv into one message Wv that convinces voter v ∈ {L, R}. In this example,

11Note that under the uniform prior, the solution bAS
L = −L is applicable for any L ∈ [0.5, 0) and any

quadratic net payoff from approval αv(x) = −d(v) · (x2 − 2vx) with d(v) > 0.
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WL = [−0.8, 0.4], meaning that the challenger says that his policy is not ultra left and
not moderate to ultra right, but does not clarify any further. Furthermore, that message
averages to −0.2, which is to the left of the status quo, making the le f t voter think that
the challenger’s policy is aligned with her preferences.

Both voters approve and the challenger wins if x ∈ WL ∩WR = [−0.3, 0.4], that is,
if his policy is sufficiently moderate. His odds of winning, calculated as the length of
the interval of winning policies (0.7) relative to the length of the policy space (2), equal
0.35. We conclude that targeted advertising allows the challenger to improve his odds
of winning from 0% to 35%.

COMPARATIVE STATICS

Next, let us analyze what happens when the voters become more extreme.

DEFINITION 3.

• The le f t voter becomes more extreme if L decreases; the right voter becomes more
extreme if R increases.

• The baseline electorate becomes more polarized if the le f t and/or the right voter be-
comes more extreme.

Note that the larger distance between the voters does not necessarily imply higher
polarization. To increase polarization, one voter has to become more extreme, while the
other voter has to stay fixed, or also become more extreme (in the opposite direction).

Observe that when a voter becomes more extreme, she becomes less satisfied with
the status quo, and that makes her more persuadable. While there are multiple ways to
formalize this observation, for now we will focus on the changes in the largest asym-
metric interval of approved policies.12 Lemma 3 states that a more extreme voter is
persuadable by a wider range of policies, and Figure 9 illustrates the argument for the
right voter.

LEMMA 3. As a voter becomes more extreme, her largest asymmetric interval of approved
policies expands, i.e. IAS

v′ ⊇ IAS
v . Specifically,

• if L′ < L, then
[
⌊AL′⌋, bAS

L′
]
⊇

[
⌊AL⌋, bAS

L
]
, with ⌊AL′⌋ ≤ ⌊AL⌋ and bAS

L′ ≥ bAS
L ; the

latter inequality is strict unless bAS
L = 1;

• if R′ > R, then
[
aAS

R′ , ⌈AR′⌉
]
⊇

[
aAS

R , ⌈AR⌉
]
, with aAS

R′ ≤ aAS
R and ⌈AR′⌉ ≥ ⌈AR⌉; the

former inequality is strict unless aAS
R = −1.

12I provide alternative but related measures of “higher persuadability” of more extreme voters in Sec-
tion 4, Lemma 5.
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αR(x)

−1 1R ⌈AR⌉aAS
R

αR′(x)

R′ ⌈AR′⌉aAS
R′

0

Figure 9. The right voter becomes persuadable by a wider range of policies as she becomes
more extreme (her bliss point increases from R to R′): her largest asymmetric interval of

approved policies
[
aAS

R , ⌈AR⌉
]

expands.

When her bliss point increases from R to R′, two effects occur. On the one hand,
her approval set expands, and the expected value of her net payoff from approval

over her approval set,
⌈AR⌉∫

0
αR(x)dµ0(x), strictly increases.13 On the other hand, the

voter becomes more risk averse as she becomes more extreme, and her net payoff from
approval to the left of her approval set strictly decreases. The two changes work in
opposite directions, meaning that aAS

R decreases if the former effect dominates and
increases if the latter effect is stronger. As it turns out, the quadratic utility is not
concave enough for the latter effect to ever be stronger. Note that Lemma 3 is the first
result of this paper that relies on the quadratic utility of the voters; all previous results
require risk aversion only.

Now, consider the baseline electorate that satisfies the assumption of Proposi-
tion 2. That is, the le f t voter is not significantly more persuadable than the right voter.
Proposition 3 describes what happens to the equilibrium sets of approved policies as
the right voter becomes more extreme. Figure 10 illustrates.14

PROPOSITION 3. Suppose that the le f t voter is not significantly more persuadable than the
right voter, that is, ρL(L, R) ≤ 0. Then, as the right voter becomes more extreme,

• the challenger’s odds of winning increase;

13If 2R ≥ 1, then the approval set itself remains the same, unlike in Figure 9. However,
⌈AR⌉∫

0
αR(x)dµ0(x)

strictly increases because αR′(x)− αR(x) = 2x(R′ − R) > 0 if x > 0.

14Figure 10 presents the numerical solution for the uniform prior, L = −0.15, and R1 = 0.15, R2 =
0.25, R3 = 0.35, R4 = 0.50 (top to bottom). The sets of unanimously approved policies (in black) are
[−0.15, 0.15], [−0.25, 0.15], [−0.35, 0.1436], [−0.4098, 0.1098], respectively.
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• the equilibrium set of unanimously approved policies shifts to the left.

−1 1

L

R1L

R2L

R3L

R4

Figure 10. Equilibrium set of approved policies as the right voter becomes more extreme (top
to bottom). She becomes persuadable by a wider range of policies (in red), so the set of

unanimously approved policies (in black) shifts to the left.

Proposition 3 compares the equilibrium outcomes of two baseline elections, fixing
the le f t voter’s bliss point at L and increasing the right voter’s bliss point from R to
R′. Assume that aAS

R > aUC
L , or else no changes will take place.15 Let (WL, WR) and

(W ′
L, W ′

R) be the equilibrium outcome when the right voter’s bliss point is R and R′,
respectively. Also, let W = WL ∩ WL and W ′

= W ′
L ∩ W ′

R be the equilibrium sets of
unanimously approved policies before and after the change. Note that by Lemma 3,
the right voter’s constraint is looser after the change, immediately implying that the
value of the objective (the challenger’s odds of winning) can only go up. Furthermore,
increasing R decreases the left boundary aAS

R of the right voter’s largest interval of
approved policies (strictly so, unless aAS

R = −1). From Proposition 2, aAS
R is also the

left boundary of the set of unanimously approved policies. It remains to prove that the
right boundary of W also decreases. The general idea is that this boundary cannot shift
to the right, as it is determined by the le f t voter’s constraint, which does not change.
The remainder of this section describes the conditions under which the decrease is
strict.

Recall that Proposition 2 had two cases: one in which both voters are moderately
persuadable and one in which the right voter is significantly more persuadable. Also,

15If aAS
R ≤ aUC

L , then W = WL = IUC
L . Loosening the right voter’s constraint does not change the equi-

librium set of unanimously approved policies because the objective cannot be improved upon µ0(IUC
L )

while still satisfying the le f t voter’s constraint, which does not change.
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recall that increasing R increases ⌈AR⌉ and decreases ρL(L, R). That is, the le f t voter re-
mains moderately persuadable after the change. At the same time, ρR(L, R) increases,
making the right voter more persuadable. We have three cases to consider.

Case (i): the right voter is moderately persuadable before and after the change, or
ρR(L, R) < ρR′(L, R′) ≤ 0. Applying Part (1) of Proposition 2, we get Wv = IAS

v for
each v ∈ {L, R} and W ′

v = IAS
v for each v ∈ {L, R′}. In particular, the right boundary

of the set of unanimously approved policies is fixed at bAS
L before and after the change.

In Figure 10, Case (i) can be seen in the transition from the first to the second exhibit
(when R1 increases to R2).

Case (ii): the right voter is moderately persuadable before and significantly more
persuadable than the le f t voter after the change, or ρR(L, R) ≤ 0 < ρR′(L, R′). Apply
Part (1) of Proposition 2 before the change to get Wv = IAS

v for each v ∈ {L, R}, with
W = [aAS

R , bAS
L ]. After the change, apply Part (2) of Proposition 2 to get W ′

R = IAS
R′ ,

W ′
L = IL(aAS

R′ , 1) =
[

max{aAS
R′ , aUC

L }, b′L
]
, with W ′

= W ′
L. Now, by the le f t voter’s

obedience constraint,

∫
IAS
L

αL(x)dµ0(x) =

bAS
L∫

⌊AL⌋

αL(x)dµ0(x) = 0 ≤

∫
IL(aAS

R′ ,1)

αL(x)dµ0(x) =

b′L∫
max{aAS

R′ ,aUC
L }

αL(x)dµ0(x).

Since ⌊AL⌋ > max{aAS
R′ , aUC

L }, we must have bAS
L > b′L, meaning that both ends of the

set of unanimously approved policies strictly decrease. In Figure 10, Case (ii) can be
seen in the transition from the second to the third exhibit (when R2 increases to R3).

Case (iii): the right voter is significantly more persuadable than the le f t voter be-
fore and after the change, or 0 < ρR(L, R) < ρR′(L, R′). Applying Part 2 of Proposi-
tion 2 before and after the change, we conclude that W = WL = IL(aAS

R , 1) =
[
aAS

R , bL
]

and W ′
= W ′

L = IL(aAS
R′ , 1) =

[
max{aAS

R′ , aUC
L }, b′L

]
. Once again, from the le f t voter’s

obedience constraint, aAS
R > max{aAS

R′ , aUC
L } =⇒ bL > b′L. In Figure 10, Case (iii) can

be seen in the transition from the third to the fourth exhibit (when R3 increases to R4).

WELFARE

Consider an outcome in which a voter with a bliss point v ∈ X approves some set of
policies Wv ⊆ X. When v approves, her payoff is −(v − x)2, and when she rejects,
it is −v2. Hence, her ex-ante utility is −Eµ0

[
1(x ∈ Wv) · (v − x)2 + 1(x ∈ Wc

v) · v2].
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Next, add v2 from to that expression, to get
∫

Wv

αv(x)dµ0(x). I use the latter object as

a measure of v’s welfare. I also define voter v’s amount of regret as the difference
between her welfare in the outcome under consideration (when she approves Wv) and
under complete information (when she approves Av).

DEFINITION 4. Consider a voter with bliss point v ∈ X ∖ {0} and her set of approved poli-
cies Wv. Then, v’s welfare is

∫
Wv

αv(x)dµ0(x) and amount of regret is
∫
Av

αv(x)dµ0(x) −∫
Wv

αv(x)dµ0(x).

The table below compares voter welfare and challenger’s odds of winning across
three communication protocols. Firstly, there is the first-best full disclosure outcome
(AL, AR) that delivers the complete information payoff for all players.16 Secondly,
there is the public disclosure outcome (WPD

L , WPD
R ) of the baseline model with an addi-

tional restriction that the challenger must always send the same (verifiable) message to
both voters.17 Thirdly, there is the targeted advertising outcome (WL, WR). Recall from
the discussion after Proposition 2 that the obedience constraints

∫
Wv

αv(x)dµ0(x) ≥ 0 of

both voters bind unless one of them is very extreme/persuadable, in which case her
constraint may be loose.

v’s welfare v’s regret
challenger’s

odds of winning

full disclosure
∫
Av

αv(x)dµ0(x) > 0 0 0

public disclosure
∫

WPD
v

αv(x)dµ0(x) ≥ 0 ≥ 0 0

targeted advertising
∫

Wv

αv(x)dµ0(x) = 0 > 0 µ0(WL ∩ WR) > 0

Notice that targeted advertising maximizes the challenger’s odds of winning at
the expense of minimizing voter welfare and maximizing voter regret.

16Under full disclosure, the set of approved policies of voter v ∈ {L, R} is Av. Each voter learns whether
the challenger’s policy is in her approval set, and thus acts as if under complete information. Note that
full disclosure is the sender-worst equilibrium outcome of the baseline model.

17While not covered in this paper, the public disclosure outcome has to satisfy voter v’s obedience con-
straint,

∫
WPD

v

αv(x)dµ0(x) ≥ 0, or else v would not approve these policies. Furthermore, the challenger’s

odds of winning are µ0(WPD
L ∩ WPD

R ) = 0 because the election is unwinnable.
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4. LARGE ELECTIONS

This section generalizes the baseline model to electorates with more than two voters
and any social choice rule. A large election (V , sc f ) consists of

• a finite set V = {v1, . . . , vn} ⊆ X of voters’ bliss points;
• a social choice function sc f : 2V → {0, 1} that describes, for every subset of voters

V ⊆ V whether the challenger wins (1) or loses (0) the election if every voter in
V approves his proposal.

Now, let D := {D ⊆ V | sc f (D) = 1} be the set of all decisive coalitions. Then, to
win the election, the challenger must convince all voters of some decisive coalition D ∈
D. The first result characterizes large elections that are unwinnable without targeted
advertising.

LEMMA 4. The following statements about large election (V , sc f ) are equivalent

(1) no decisive coalition consists of voters with only strictly negative or only strictly positive
bliss points;

(2) the status quo policy is almost surely socially preferred to the challenger’s policy under
complete information, that is, for any decisive coalition D ∈ D, the prior measure of the
set

⋂
v∈D

Av is zero;

(3) the status quo policy is socially preferred to the challenger’s policy under any non-
degenerate belief µ ∈ ∆X, that is, for any decisive coalition D ∈ D, at least one of the
voters v ∈ D prefers to reject under belief µ, or

∫
αv(x)dµ(x) < 0.

Lemma 4 generalizes the idea that left and right voters never prefer to approve
the challenger’s policy at the same time under complete information (condition 2) and
under common belief (condition 3). Condition 1 provides a simple characterization
of an unwinnable election in terms of the locations of the voters relative to the status
quo. Under simple majority, the first condition describes a version of the median voter
proposition.18

COROLLARY 2. Under simple majority, a large election is unwinnable for the challenger with-
out targeted advertising if and only if the status quo is the bliss point of the median voter.

Now, recall from Lemma 3 that more extreme voters have larger asymmetric in-
tervals of approved policies. Relatedly, more extreme voters also prefer to approve
whenever their less extreme counterparts do.

18Black (1948) states the median voter proposition as “If X is a single-dimensional issue and all voters
have single-peaked preferences defined over X, then the median position could not lose under majority
rule.”
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LEMMA 5. If voter v ∈ X ∖ {0} prefers to approve under belief µ ∈ ∆X, then v′, who is more
extreme than v, also prefers to approve under belief µ.

At this point, we can conclude that if the challenger convinces voter v whose bliss
point is, say, to the left of the status quo, then he can convince every voter to the left of
v using the exact same strategy.19

DEFINITION 5. Consider a decisive coalition D ∈ D. The left pivot of D is L(D) :=
max

v∈D,v<0
v and the right pivot of D is R(D) := min

v∈D,v>0
v.

Now, if D does not include any voters whose bliss point is exactly 0, then convinc-
ing the pivotal voters L(D) and R(D) is necessary and sufficient to convince all voters
in D. While every unwinnable baseline election can be won with targeted advertising,
it may be the case that every decisive coalition of a large election includes voters whose
bliss point is 0.20 As a result, many, but not all, unwinnable large elections can be won
with targeted advertising.

PROPOSITION 4. Consider an unwinnable large election (V, sc f ). In equilibrium, the chal-
lenger’s ex-ante odds of winning are positive if and only if there exists a decisive coalition
D ∈ D such that 0 /∈ D.

The proof of Proposition 4 is straightforward: if every decisive coalition includes
a voter with a bliss point of 0, then the challenger’s odds of winning are 0 because his
odds of convincing that voter are 0. Otherwise, select a winning coalition D ∈ D that
does not have a voter with a bliss point of 0, and solve the baseline election game for
L(D) and R(D). Proposition 2 describes the solution.

Maximizing the challenger’s odds of winning involves the search over all deci-
sive coalitions that do not include voter 0. Proposition 3 reduces the domain of this
optimization problem: for two decisive coalitions D, D′ ∈ D, if the baseline electorate(

L(D), R(D)
)

is more polarized than
(

L(D′), R(D′)
)
, then the challenger’s odds of

winning are higher in the former baseline election. Beyond that, the challenger must
solve Problem (1) for the pair

(
L(D), R(D)

)
of pivotal voters of all decisive coalitions

D ∈ D such that 0 /∈ D.

EXAMPLE 2. Let V = {−0.5,−0.2, 0, 0.2, 0.3} and sc f (V) = 1(|V| ≥ 3) (simple major-
ity). That is, to win, the challenger must convince at least 3 voters. By Corollary 2, this

19The same strategy means that for every x ∈ X the challenger sends the same messages with equal
probabilities to voter v and every voter v′ who is more extreme than v.

20If v = 0, then αv = −x2 and Av = {0}. Every belief µ ∈ ∆X that convinces this voter to approve, or∫
αv(x)dµ(x) ≥ 0 is such that µ(0) = 1. The ex-ante probability of convincing such voter is 0.
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large election is unwinnable for the challenger without targeted advertising because
the mediam voter is 0.

The (minimal) decisive coalitions and their pivotal voters are

coalition left pivot right pivot
D1 = {−0.5,−0.2, 0.2} −0.2 0.2
D2 = {−0.5,−0.2, 0.3} −0.2 0.3
D3 = {−0.5, 0.2, 0.3} −0.5 0.2
D4 = {−0.5, 0.2, 0.3} −0.2 0.2

Since −0.5 is more extreme than −0.2 and 0.3 is more extreme than 0.2, target-
ing coalitions D2 and D3 results in higher odds of winning than targeting D1 and D4.
Now, without any assumptions on the shape of the prior distribution, targeting either
coalition may maximize the challenger’s odds of winning. For example, if the prior dis-
tribution is heavily skewed to the right of 0, then D2 may result in the highest odds of
winning. At the same time, for any prior distribution that is symmetric about 0, target-
ing D3 maximizes the challenger’s objective.21 Under the uniform prior, if we solve the
baseline election for L = −0.5 and R = 0.2, we get WL = [−1, 0.5], WR = [−0.179, 0.5],
and W = [−0.179, 0.5]. Now, in his most preferred equilibrium, the challenger sends
message WL = [−1, 0.5], whenever x ∈ WL, to all voters to the left of the status quo,
and message WR = [−0.179, 0.5], whenever x ∈ WR, to all voters to the right of the
status quo. Otherwise, he says nothing. On the equilibrium path, the challenger con-
vinces voters −0.5, 0.2, 0.3 whenever his policy is x ∈ [−0.179, 0.5]. His ex-ante odds
of winning are 33.96%.

5. CONCLUSION

An election is unwinnable for a challenger without targeted advertising if pivotal vot-
ers are on the opposite sides of the status quo because no public message convinces
them to approve the challenger’s policy. I show that the challenger can win any such
election with targeted advertising. In private, the challenger makes each voter believe
that his policy is a sufficient improvement over the status quo. He wins the election if
his policy is sufficiently moderate. When voters become more extreme, the challenger’s
odds of winning increase.

21If the prior is symmetric about 0, then left and right voters are symmetric. Consequently, the challenger’s
odds of winning are the same for baseline electorates (−0.2, 0.3) and (−0.3, 0.2). At the same time, the
baseline electorate (−0.5, 0.2) is more polarized than (−0.3, 0.2).
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APPENDIX: OMITTED PROOFS

PROOF OF PROPOSITION 2

The case where aAS
R ≤ aUC

L is proved in the main text.

Suppose that aUC
L < aAS

R < ⌊AL⌋. Let WL = IL(aAS
R , 1) and WR = IAS

R . It remains
to show that the challenger’s odds of winning cannot be higher than µ0(WL) for any
other pair (WL, WR) that satisfies both voters’ constraints. Indeed, any WL such that
µ0(WL) > µ0(WL) satisfies the constraint of the le f t voter has to include a positive-
measure set Y ⊆ [−1, aAS

R ]. However, every policy y ∈ Y is more expensive in terms
of R’s constraint than any policy x ∈ [aAS

R , 0] (because αR(y) < αR(x)). Consequently,
including Y in the set of unanimously approved policies increases the objective by
µ0(Y) but decreases it by more than µ0(Y). Hence, (IL(aAS

R , 1), IAS
R ) solves Problem (1)

if aUC
L < aAS

R < ⌊AL⌋, or more generally, whenever aAS
R < ⌊AL⌋, since if aAS

R ≤ aUC
L

then IL(aAS
R , 1) = IUC

L .

The last case is where ⌊AL⌋ ≤ aAS
R ≤ 0. Here I show that the proposed solution

(WL, WR) = (IAS
L , IAS

R ) with the set of unanimously approved policies W = [aAS
R , bAS

L ]

maximizes the objective of Problem (1). Consider another solution (WL, WR) with the
set of unanimously approved policies W = WL ∩ WR. First, observe that W can-
not be left of W, i.e. the set W ∩ [bAS

L , 1] must have a positive prior measure. If
not, then the right voter’s constraint has to be spent on policies further than aAS

R ,
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which decreases the objective. Specifically, from R’s constraint,
∫

WR∩Wc
R

αR(x)dµ0(x) ≤∫
WR∩[−1,aAS

R ]

αR(x)dµ0(x). Also, αR(x) > αR(x) for all x ∈ WR and x ∈ [−1, aAS
R ], which

implies µ0(WR ∩ Wc
R) > µ0(WR ∩ [−1, aAS

R ]). Finally, we have WR ∩ Wc
R = W ∖W and

WR ∩ [−1, aAS
R ] ⊇ W ∖ W. It follows that µ0(W) > µ0(W). By a symmetric argument

for the le f t voter, W cannot be to the right of W, either, and the set W ∩ [−1, aAS
L ] has

to have a positive prior measure.

Next, observe that sets W ∩
[
− 1, 0

]
and W ∩

[
0, 1

]
must be intervals that end at

0 and start at 0, respectively. Otherwise, W can be improved upon. For example, if
W ∩

[
− 1, 0

]
̸= [a, 0] for some a ≥ −1, then there exist two sets Y = [y1, y2] ⊆ W

and Z = [z1, z2] ⊆ Wc such that −1 ≤ y1 < y2 ≤ z1 < z2 ≤ 0 and µ0(Y) = µ0(Z).
Then, for every y ∈ Y and z ∈ Z, αR(y) < αR(z) < 0 and either αL(y) < αL(z) or
αL(y) > αL(z) ≥ 0. Let ŴL =

(
WL ∖ (Y ∩ Ac

L)
)
∪ Z and ŴR =

(
WR ∖ Y

)
∪ Z. By

construction, (ŴL, ŴR) satisfies both constraints and maintains the objective at µ0(W).
However, since R’s constraint is now loose, we can further increase the objective, a
contradiction.

PROOF OF LEMMA 3

I prove this lemma for the right voter whose bliss point increases from R to R′. The case
of the le f t voter is symmetric. To simplify the notation, I let a := aAS

R and a′ := aAS
R′ .

First, note that R′ > R implies ⌈AR′⌉ ≥ ⌈AR⌉ since ⌈AR′⌉ = min{1, 2R′} ≥
min{1, 2R} = ⌈AR⌉. Thus, AR′ ⊇ AR.

Next, observe that unless a = −1, R’s constraint binds and
⌈AR⌉∫

a
αR(x)dµ0(x) = 0.

If the constraint does not bind for R′, then a′ = −1 < a. If it does bind, then

⌈AR′⌉∫
a′

αR′(x)dµ0(x) = 0 ⇐⇒
a∫

a′

αR′(x)︸ ︷︷ ︸
<0 since x<0

dµ0(x)

+

⌈AR⌉∫
a

(
αR′(x)− αR(x)

)
dµ0(x) +

⌈AR′⌉∫
⌈AR⌉

αR′(x)︸ ︷︷ ︸
≥0 since x∈AR′

dµ0(x) = 0,

where I subtracted
⌈AR⌉∫

a
αR(x)dµ0(x) = 0 from the second term.
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Now, if
⌈AR⌉∫

a

(
αR′(x) − αR(x)

)
dµ0(x) ≥ 0, then a′ < a. In what follows, I show

that the former inequality holds for the quadratic αR(x). Indeed, αR′(x) − αR(x) =

2(R′ − R)x. Let xR :=
⌈AR⌉∫

a
xdµ0(x). By Jensen’s inequality for the concave αR(x),

αR(xR) ≥
⌈AR⌉∫

a
αR(x)dµ0(x) = 0, and αR(xR) ≥ 0 if and only if xR ∈

[
0, ⌈AR⌉

]
. There-

fore,
⌈AR⌉∫

a
2(R′ − R)xdµ0(x) ≥ 0 and a′ < a.

PROOF OF LEMMA 4

(1) =⇒ (2),(3): there are two cases to consider, Case 1 is when all decisive coalitions include
0, and Case 2 is when every decisive coalition consists of voters with strictly
negative and strictly positive bliss points.
In Case 1,

⋂
v∈D

Av = {0} for all D ∈ D because A0 = {0}. At the same time, 0

only approves under belief µ ∈ ∆X if µ(0) = 1, which is a degenerate belief. She
prefers to reject for any non-degenerate belief.
In Case 2,

⋂
v∈D

Av = {0} for all D ∈ D because AL ∩ AR = {0} for each L ∈ D

and R ∈ D. Similarly, by Lemma 2, at most one of the voters L and R prefers to
approve under a common noon-degenerate belief, for all L ∈ D and R ∈ D.

(2),(3) =⇒ (1) (by contrapositive). If (1) is not true, then there exists a decisive coalition D ∈ D
of voters with strictly negative or strictly positive bliss points. For that coalition
(say, all bliss points are strictly positive), let v̂ := min

v∈D
v be the voter closest to the

status quo. Then,
⋂

v∈D
Av = Av̂ because Av =

[
0, min{1, 2v}

]
for all v ∈ D. Since

v̂ > 0, the set Av̂ has a positive prior measure. Now, let µ ∈ ∆X be the prior belief
µ0 truncated to v̂’s approval set Av̂. Note that µ is a non-degenerate belief because
µ0 has no atoms and Av̂ has a positive prior measure. Every voter’s expected
net payoff from approval is strictly positive under µ because αv(x) ≥ 0 for all
x ∈ supp µ = Av̂ (strictly so in the interior of Av̂) and v ∈ D. Consequently,
every voter in D prefers to approve.
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PROOF OF LEMMA 5

I prove this result for R′ > R > 0. The case of L′ < L < 0 is symmetric. Since voter R
approves, we have∫

αR(x)dµ(x) =
∫
(−x2 + 2Rx)dµ(x)

=
∫
(−x2 + 2R′x)dµ(x) + 2(R − R′)

∫
xdµ(x)

=
∫

αR′(x)dµ(x) + 2(R − R′)Eµ[x] ≥ 0.

Since by Lemma 1 Eµ[x] > 0 whenever R approves, the last inequality implies that∫
αR′(x)dµ(x) > 0.
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