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Abstract

We propose a nonparametric simulated maximum likelihood estimation
(NPSMLE) with built-in nonlinear filtering. By recursively approximating the
unknown conditional densities, our method enables a maximum likelihood estima-
tion of general dynamic models with latent variables—including time-inhomogeneous
and non-stationary processes. We establish the asymptotic properties of the NPSM-
LEs for hidden Markov models, and then demonstrate the usefulness of our proposed
method with Monte Carlo studies.
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1 Introduction

We propose a general method to estimate dynamic models with latent variables by max-
imum likelihood. This method incorporates nonlinear filtering into the nonparametric
simulated maximum likelihood estimation (NPSMLE) of Kristensen and Shin (2006).
The estimator is highly general in the sense that it can be implemented for basically any
dynamic model from which one can simulate.

The procedure is a recursion of two steps: The first step is to estimate the unknown
conditional densities from simulated observations by kernel methods. The second is to
simulate the next set of artificial observations from the estimated densities. The condi-
tional density will converge to the true density as the number of artificial observations
(N) goes to infinity, so we can approximate the density arbitrarily well by choosing
a sufficiently large N. Given this simulated density, we obtain a simulated maximum
likelihood estimator of the model parameters.

We give sufficient conditions for the simulated MLE to be consistent and have the
same asymptotic distribution as the infeasible MLE. The latter result appears to be the
first of its kind for dynamic latent variable models. Previous studies on simulated MLE
of latent dynamic models have at most shown consistency.

Our method is related to simulated methods of moments (SMM) (Duffie and Single-
ton, 1993) and indirect inference (Gallant and Tauchen, 1996; Gouriéroux et al., 1993;
Smith, 1993), but, unlike these approaches, is not subject to the arbitrariness involved in
the selection of target moments or auxiliary models. Furthermore, under weak regularity
conditions, maximum likelihood estimators enjoy higher efficiency than these estimators,
and the SMLEs will inherit these properties.

Related nonparametric simulation-based methods are considered in Fermanian and
Salanié (2004) and Altissimo and Mele (2005). The former however only considers the
case of fully observable stationary processes, while the latter restricts itself to cross-
sectional models where latent variables easily can be dealt with. In comparison, our
method allows for potentially non-stationary processes, including time-inhomogeneous
dynamics, and utilizes filtering procedures to deal with latent variables. In this re-
gard, our method is closely related to particle filtering (Ferndndez-Villaverde and Rubio-
Ramirez, 2004; Kim et al., 1998; Pitt and Shephard, 1999).

Our method however has several advantages compared to the particle filtering ap-
proach: One advantage is that the our simulated likelihood function is smooth in its

parameters, which helps us characterize asymptotic properties of the estimators. Fur-



thermore, smoothness is desirable in numerical maximizations since most optimization
routines depend on this property. Another is the simplicity of the proposed estimation
method, which facilitates the implementation of it; no advanced programming skills are
required to apply the method.

On the other hand, one disadvantage of our proposed method is the bias incurred by
using kernel methods to estimate the density for a finite number of simulations. However,
one can simulate one’s way out of this problem by drawing a sufficiently large number
of data points—that is, by letting N — oo.

The paper is organized as follows. In the next section, we set up our framework and
present the approximate density and the associated NPSMLE for hidden Markov models.
In Section 3, we derive the asymptotics of the NPSMLE under regularity condition.

Section 4 presents a specific example where NPSMLE can be used with advantage.

2 NPSMLE for hidden Markov models

Consider a Markov process w; = (y¢,2¢) € R? where Y € R% and z € R% such that
d = dy + ds. The process belongs to a parametric family given by {p; (v|w;0) : 0 € ©}
where © C R¥. That is, there exists a true, but unknown, value 6y € © such that

P (w; € Alwi—1 = w) = /Apt (v|w; o) dv.

We are interested in estimating the parameter 6. However, only the component y; is
observed such that z; is a latent variable, and we therefore have to base our estimation
method on the observations {y; : t = 1,...,T}.

A natural choice of estimator is the MLE. Suppose that zg € R% is known, although

z; for t > 1 is unobservable. The (conditional) likelihood can then be written as

T
Ly(6) =logpr(yr, yr—1,- - -, y11y0, 20;0) = Y log pe(yi|ae—1; )
t=1
where xy = (yt, ..., Y0, 20), and the 2nd equality follows by the standard conditioning
argument. The actual MLE is then defined as

0 = argsup L7 (6).
0cO

Unfortunately, the conditional density for the observables is in most cases not avail-

able on closed form; p;(y¢|zi—1;6) is unknown. Instead, we here propose to combine



simulations with nonparametric kernel methods to construct a simulated version of the
likelihood. This can then be used to obtain a simulated MLE. Below, we propose three
alternative methods to do this, all based on the kernel density method. The two first
suffer from certain disadvantages which will lead us to focus on the third one in the
following sections.

In the first method, we simulate N trajectories recursively, (}QGZ?IO,ZE;.IO) ~

s (-,-|}g‘i§°i,zfﬂ°i;9), t =1,.,T, i = 1,..N, with (Y2 Z0%) = 20.This can

N2

be done such that the trajectories are mutually independent. Since by construc-

tion, (Yﬁ’fo,....,Yle’;””O) ~ pr(yr,yr—1,-.-,y1|z0;0), we can use these to calculate a
nonparametric kernel density estimator of pr:
T
- .0 — & O,x0
pr (yTa"'vyl‘x()ag) - NZ;HK}L <}/t’z yt) ) (1)
1= =

where K : R™ +— R is a kernel and h > 0 a bandwidth; see ? for an introduction to
these. Observe however that this will suffer from a severe curse of dimensionality: Under

regularity conditions,
ﬁT (yTa s 7yl‘$0; 9) —Pr (yTv R 7y1|-’130; 6) = OP(l/ v Nh’le) + OP (h2) )

where the first component is the variance term and the second the bias term. Note that
the variance term grows exponentially with the number of observations T" and as such pr
will be a not very precise version of the actual density. So a large number of simulations
have to be performed to obtain a sufficient degree of accuracy. The deterioration in the
convergence rate mirrors the fact that at time ¢ the simulations are performed conditional
only on the information available at time 0, xg, not utilizing the information contained
in (Ye—1, .- Y1)-

Instead of using the likelihood for estimation, an alternative could be to use the

criterion function given by

T
Qr9) = > logpe(wlet”130), 2\ = Yeo1s o Yi—q) »
t=1

for some fixed ¢ > 1, and then estimate 6y by the maximizer of this. The density
pt(yt|x£g)1; ) could be approximated by simulating N i.i.d. samples of length T" as in
(1), and then calculate

0
Zi]\il Ky, (Y;fez - y) K (Xfil,i - x)
10 ’
Zf\;l K (thfl,i - 33)

pe (ylw; 0) = (2)



t—q,t
ror is Op(1/V Nh#@1(1+49)) and as such fixed as T — oco. But the identification of 6

is not clear since we only condition on a subset of the information available at time

where Xff)“ = <Yt€_1 P Y/ ) Now the variance component of the simulation er-

t > 1, and the estimator will not in general achieve MLE efficiency. Note that for this
estimator, instead of simulating N i.i.d. trajectories, one could simulate one long trajec-
tory, {(Yf, Zf) it =1, ,]\7} with (Y;@, Zf) ~ Dy (-, -]Yf_l,Zf_l), and then use this to
calculate
N [4
Yy Kn (Y —y) K (thll,i - 33)
- N q,0 ) (3)
> i1 K (Xt 1, 95)

This however requires the process to be stationary, and the resulting density estimator

will most likely be less precise; see Kristensen and Shin (2006) for further discussion of
this issue.

Given the drawbacks of the two methods outlined above, we now propose a recursive
method to construct a simulated version of the likelihood, Ly (0), which does not suffer
from the dimension problem as in the estimator in (1). This is done by iteratively
calculating kernel-based estimates of p; (y¢|zi—1;0), t = 1,...,T. In the following, we

suppress the dependence on 6 € O since it is kept fixed. The procedure works as follows:

1. Given 29 = (yo,20) and 0, we can simulate Z7} and Y|} for i = 1,..., N. From

these simulated values, we can estimate p1(y1|zo) and pi1(z1|y1, zo) by

p1(y1lzo) = ZKh 5 ),

and
S Kn(Z79 — 20) Kn(Y(Y —yl)
Zz lKh(Y,E _yl)

p1(21]y1, w0) =

2. We draw Z7} for i = 1,..., N from pi(21]|z1) = p1(21]y1,70). Given the Markov

property, for each i, generate Y;il and Zglz from pa (-, -Jy1, Z1 z) Kernel estimation

gives us:
1
p2(y2|r1) = ﬁZKh(Y;; —Y2),
i=1
ﬁ (Z |£Ij ) _ Zz lKh(Zgz _ZQ)Kh(YVQZI _yQ)
2(22|T2) =

Zz 1 Kh(yz )



3. We draw Z,2 fori=1,..., N from po (zg\xg) Given the Markov property, for each

i, generate Ygxf and Z;fzZ from p3(-,-|y2, Z5 ) Kernel estimation gives us:

P3(yslze) = ZKh P —ys3),

21:1 Kh(Zgz - zd)Kh(stf )
Zz lKh( 3,1 _y3)

P3(z3]z3)

Once we have obtained the simulated densities, these can be used to calculate a
simulated version of the likelihood and then define the NPSMLE as

0 = argsupLp(0),
)
T
Lr(0) Z og Pt (Yt|Ti—1;0).

The key component in our iterative scheme is that the simulations at time ¢ are
done conditional on all (observed) information at time ¢t — 1, z;—1. That is, we simulate
(V;"=',Z*""). This is in contrast to the alternative methods in (1) and (2). In the case
of (1), at time ¢, the draw (Y;*°, Z{°) is done conditional on the much smaller information
set xg; the iterative scheme thereby increases the precision in our simulations and we
can reduce the number of simulations used in each step. For the estimator in (2) only
a subset, acgq_)l = (Yt—1,---,Yt—q), of the full information is utilized; the iterative scheme
utilizes the full set of information and thereby increases the efficiency of the estimator.

On the other hand, in the iterative scheme, each step involves an additional error
since we use p¢(z¢|x¢) instead of (the unknown) pi(z¢|z:) to draw Z*. So in addition to
the estimation error incurred by the kernel method, we also face a simulation error. This
error will accumulate as T' — oo, but the cumulative approximation error will only grow
linearly in 7" in contrast to the estimator in (1) where the simulation error increases at
an exponential rate.

Many latent variables models take the form
Yo = g(Yi-1,2t,6t),
ze = h(z-1,m),

where {(g¢,7,)} are i.i.d. and mutually independent, and the density p; (y¢|zt, x1—1) =

Pt (Yt|zt, ye—1) is known. In this case, an alternative, more precise, estimate of p; (z¢|x¢)



can be obtained by Bayes’ Rule,

Pe(Yelze, Ye—1)De (2| Te—1)

Dt(2t|wt) = - )
( | ) Pt(yt\l’t—l)
where
N N
Pr(zt|re-1) = ZKh(ZETI —yt),  Pe(yelzi—1) = ZKh(ﬁffl —Yt)-
i=1 1=1

Finally, we note that discrete components, found for example in Markov switching
models, can be accommodated for here by modifying the kernel; see Kristensen and Shin
(2006) for more details.

3 Asymptotic Properties of the NPSMLE

In this section we show that under regularity conditions on the parametric model, the
NPSMLE 6 will have the same asymptotic properties as the infeasible estimator 0 for a
suitably chosen sequence N = N (T") and h = h (N).

Our proof proceeds in two steps: We first show that p(ye|z:_1;60) —F pe(ye|zi_1;0)
in a suitable sense as N — oo and h — 0. Given this result, we are able to demonstrate
that the NPSMLE 6 has the same (first order) asymptotic properties as the infeasible
estimator 6 for a suitably chosen sequence N = N (T) and h = h (N). The second step
is shown by applying the set of general results regarding simulated estimators found in
Kristensen and Shin (2006).

In order to show the two above steps, we have to modify the recursive simulation
strategy and the simulated version of the likelihood slightly.. In particular, we introduce
a trimming device allowing us to control the tail behaviour of the density estimator. Let
Ta(+) be a continuously differentiable trimming function satisfying 7,(z) = 1 if |z| > a,
and 0 if |z| < a/2, and @ = a(N) — 0 be a trimming sequence. By letting a — 0
sufficiently fast, the trimming will have no effect asymptotically.

We first need to modify our simulation scheme: At step ¢t > 1, we draw Zﬁ from the

following trimmed version of p; (z¢|x¢) instead of py (z¢|z) itself,

Dt (Zt\wt) Ta {ﬁt (yh Zt|xt71)}

S Bt (z|@e) Ta {Dr (Y, 2| @e-1)} d2 (4)
Pr (Yes 2l e—1) Ta {Pt (Yt, 2| e-1) }

fﬁt (Y, 2lwe—1) Ta {Ps (e, 2|we 1)} dz”

Pt (2|25 0) =




This corresponds to first drawing from p; (z¢|x¢), and then discarding all simulated values
outside a compact (but growing) set defined in terms of the trimming function. Except
for this alteration, the recursive scheme outlined in the previous section remains the
same. Second, we also trim the simulated log-likelihood function. So we redefine ﬁT(Q)

as
) T
Lr(0) = Z Ta (P(yt|wi—1;0)) log p(ye|ri—130),
=1

where 7 is the same trimming function.

In Kristensen and Shin (2006), a trimming device is also used, but only in the
calculation of the simulated likelihood. Here, we employ trimming both in the likelihood
evaluation and in the simulation. The latter is due to the fact that we here, in contrast
to the fully observed case, cannot simulate Zf; perfectly, and instead draw from an
estimated density. The trimming of the simulated values enables us to control the
additional error arising from the imperfect simulation.

Let Wtw’o denote a random variable drawn from the transition density of wy, p; (-|w; ).

We then impose the following regularity conditions on the model.

A.1 There exist a A; with EA?2 < oo and 8, > 0 such that |[W" — Wtwl’9,|| <
Ay [lw —w'|[Pr + |0 — 0[|P1] for all ,6" € © and w,w' € R.

A.2 0 — Y* i differentiable with its derivative, Y%, satisfying
e A I A e L R ) R A g W o
for all §,0' € © and z,2’ € R!, where 35 > 0.

A.3 The density p; (v|w;0) is 7 > 2 times continuously differentiable w.r.t. v with

bounded derivatives such that

maxsup  sup Z ‘Dépt (vjw; 0)] < 0.
t>1 geo (v,w)€ER2d Ner

A.4 The density p; (v|w;0) is continuous w.r.t. 6.

A.5 The density p; (v|w; @) is thrice continuously differentiable w.r.t. 6.

Uniform convergence of p over x and 6 are established under (A.1)-(A.3) using higher-
order kernels as defined below. The remaining two assumptions give us a smooth likeli-
hood function which in turn enables us to use standard Taylor expansion arguments.

We impose the following conditions on the actual MLE to obtain consistency of 6:



C.1 © C R? is compact.
c.2 0L 0,
C.3 There exists a sequence Ly > 0 such that:

1. Ly () /Ly is stochastically equicontinuous.
2. suppeo Yoy [log pr (yt|xi_1; 0)|**° /Ly = Op(1) , for some § > 0.
3. w0 /Ly = Op (1) and S B||A¢]|/Lr = Op (1), for some & > 0.

The condition (C.3) is used to obtain uniform convergence of the simulated likelihood
over ©. In the stationary case, Ly can be chosen as Ly = T in which case (C.3.1)-(C.3.3)
will follow by the LLN under suitable moment conditions.

In order to show that @ has the same asymptotic distribution as 6, additional assump-
tions are needed. They basically require that the actual MLE in fact has an asymptotic

distribution:

N.1 6y € intO.

N.2 Z;' = 7' (6) — 0.

N.3 W;r(0) = Op(1) uniformly in a neighborhood of 6y for j =1, ...,d.

N.4 (Ur(6o), Vr(6o)) < (Up, V) for some random variables (Up, Vp) with Vj being non-

singular almost surely.

Under these conditions, 171/ 2(@ —6o) LN Vi 'Us. Regularity conditions under which
(C.1)—(C.3) and (N.1)—(N.4) hold can be found in Bickel and Ritov (1996), Bickel et al.
(1998), Douc and Matias (2001), Jensen and Petersen (1999) and Leroux (1992).

The kernel K is assumed to belong to the following class of so-called higher-order or

bias-reducing kernels:

K.1 The kernel K satisfies [pa, K(2)dz = 1; [pa, 22K (2)dz = 0, for 1 < [A] < 7 —1;
Jgar 12" K (2)]dx < oo; sup, [|K ()| max(||z]|,1)] < oo ; K is absolutely integrable
with a Fourier transform W satisfying [pa, {(1 4 ||2)) supys; [¥(b2)]} dz < cc.

Finally, we restrict the class of permissible bandwidths and the number of simulations

as follows:



B.L.1 a=7\/log (N)N~'/2p~%~1 - 0, h"a~T — 0, and N=27log (a) b~ — 0 for some
v > 0.

B.L.2 Lyh~ " a~"\/log(N) /N — 0, Lrh"a™" — 0, LyN *'log(a) b= — 0,
Lrlog (a)™" — 0, Ly N~ — 0 for some 7 > 0.

Theorem 1 Assume that (A.1)-(A.4), (K.1), (C.1)~(C.3) hold. Then 0 L 0, for any
sequences N — oo, h — 0 satisfying (B.L.1).

If furthermore (A.5) and (N.1)-(N.4) hold, then Izlp/z(é — 0o) -, Vo tUy for any
sequences N — 0o, h — 0 satisfying (B.L.2).

Comparing with the results obtained in Kristensen and Shin (2006), we here require
the number of simulations to increase with a higher rate as T' — oco. This is a consequence
of the additional error term arising from the imperfect simulation scheme. This additional
error seems unavoidable in dynamic models; particle filtering methods suffers from the
same drawback. In contrast, this issue is avoided in cross-sectional models due to the

independence assumption, c.f. Fermanian and Salanié (2004)

4 Application: stochastic volatility

One of the merits of our approach is generality. In this section, however, we apply
NPSMLE to a simple, well-known model for expositional purposes: the discrete-time
stochastic volatility model considered in Andersen et al. (1999).

As in Andersen et al. (1999), we consider the following log-normal stochastic autore-

gressive volatility model for the return series y witht=1,...,T":
Yo = O1&¢ (5)
Ino} = a+pBlnol, +o,u, (6)

where 0 = (a, 8,0,) is the parameters of interest and {e;,u;} follows i.i.d. standard
normal. It is assumed that —1 < g < 1 and o, > 0. {Ut}tT:o is the unobserved
conditional volatility process. For expositional purposes, we further assume that o is
known. In general, we can treat og as an unknown parameter to be estimated.

Observe that this model is a hidden Markov model with z; = Ino?, ;. Thus, Ly (6) can
constructed as described in Section 2, the only difference being that it is not necessary

here to approximate p(y;|zi—1,x¢—1) since one can find its analytical form,

P(yelzi—1,Ti—1) = p(Yt|2¢—1) = P (?) /ot
t

10



where ® is the density of the standard normal distribution. Finally, we maximize Ly(0)
over the relevant parameter space. The mean and root mean squared error of the para-
meter estimates from 512 Monte Carlo exercises are shown in Table 1, where T" = 1000.
EMM refers to Gallant and Tauchen’s efficient method of moments with an auxiliary

model of GARCH(1,1) (4 moments). For NPSMLE, N = 1000, » = 0.01 and h, = 0.006.

True value EMM NPSMLE
« -0.736 -0.9050 (0.5998) -0.8705 (0.5332)
I} 0.90 0.8808 (0.0792)  0.8817 (0.0602)

Ou 0.363 0.3786 (0.1782)  0.3732 (0.0895)

Table 1: Estimated parameters of stochastic volatility model

5 Conclusion

We have incorporated an importance sampler into the nonparametric simulated maxi-
mum likelihood estimation as proposed by Kristensen and Shin (2006) to explicitly deal
with latent variables. Theoretical conditions in terms of the number of simulations and
the bandwidth are given ensuring that the NPSMLE inherits the asymptotic properties
of the actual MLE. A simulation study demonstrates that the method works well in

practice.

A  Proof

Proof of Theorem 1 We consider

T T

. 1 ~ 1

Lr(0) = 7ZTat10gpt(yt‘xt 1;0), LT(H)Zazlogﬁt(ydxt—l;@,
t=1

t=1

h
~
=

I

1
T Z log pt (yt|ze-1;0)
T =1

where Lt is given in (C.3), and p; (y¢|z—1;0) is given in Lemma 2. We show that (i)
suppeo | L1 (0) — L7 (0 )] = op (1), and (ii) supyeg |L7 (8) — L7 (8)| = op (1). To show

(i), we split up Ly () — Ly () into the following four terms,
. - 1 &
Ly (0) — Lt ir Z Ta (Pt (Yt|wt-1;0)) — Ta,i] log Pr (ye|mi—1;0)

t=1

11



M=

+

+
ST
B

Tat [10g Dt (Ye|ze—150) — log pr (ye|ze—1;0)]
1

o~
Il

[Ta,tlog pe (ye|ze—1;0) — log s (ye|wi—1;0)]

o~
Il
s

B

+ [log Pt (ye|zi—150) — log pi (yi|ze—150)]

t=1
= B1(0) + B2 () + B3 (0) + B4 (9) .

Using the same arguments as in the proof of Theorem 2 in Kristensen and Shin (2006),

llog (a)|
B1(0)] < =N {llaeall > N7

Ly
< [og (@) Tx{llzr|l > N7}
< .
5
_ Xl flog (a)| T
= Ir N+
T
|B2 (0)] < ZXAt(l/zL) [log P (ye|we—150) — log pr (ye|ze—1;0)]
t=1
T R _
< w=—sup sup  sup P (yewe—1;0) — Pr (Yelre—150)[;
TG 0€O y, €R? ||z4—1 || <N
and
T
1
|Bs (0)] < ir ZX{P (yelwi—150) < 4a} [logp (ye|we—1;0)]
t=1
L
+7- 2 X {p(e1lwi-2;60) < da}[logp (yelwi—1;0)]
T =1
1 T
T > x{llze-al > N7} [log p (ye|w1-1; 0)]
T =1
= Bg’l (9) + B372 (9) + Bg,g (9) s
where
5 T
log (4a 0 145 )
|Bs,i (0)] < ‘(LT)‘Z llogp (ye|ze—1;0)|' 0, i=1,2,
t=1
and

T 146 5/(1+6) T 1/6
_ T 1
Bys (0)] < {Zf—l-”yf” e } {LT 3" flogp (uiloi-: e)!l”} |

Lr t—1

12



All the above bounds are op (1) under (C.1)-(C.3) and (B.L.1) together with Lemma
2. This shows (i)
Next, to show (ii), first observe that

D (Yes ze|wi—150) — 0 (ye, 2013 0)

p y Zp—1|Tp—2;0 ,2t—1|Te_2;0
= /P(yt72t|yt 15 2t— 179){ (yt LA 1| i=230) =P (Y1, 2 1| t=2 )}dzt1
P (ye—1]|re—2:0)

_ yt,2t|yt 1,26-1;0) P (Ye—1, 21|22 60)
_ _9; dzi_
H{P (Yi—1]xi—2:0) — p (yi—1|T1—2; }/ D (Ve 112:0) p (g1 |702:0) t—1,

...... [INCOMPLETE]. The consistency result now follows from Theorem 10 of Kris-
tensen and Shin (2006).

The asymptotic distribution result follows by Theorem 12 of Kristensen and Shin
(2006) under (N.1)—(N.4) and (B.L.2) since, under these conditions, the above bounds
are op (L7'). <l.5em |}

B Properties of the Simulated Density

Lemma 2 Assume that (A.1)-(A.5) and (K.1) hold. Then for any t > 1, p (yt, z¢e|xi—1)

given in (?7) satisfies

sup sup  sup [P (yt, 2t|z1-150) — D (yt, 2e|21-150) | = ZCL—ZRt*i?
(yt,zt)ERkH H‘thlllooSN’Y 0cO .

for any v > 0 and any a > 0, where
D (Ye, ze|wi-150) = /p(yt,2t|yt717Zt71§9)]5(2t71|$t71;9) dz_1,

P (Y1, 2t—1|T1—250) Ta {P (Ye—1, 2e—1|T1—2;0)}
(W1, 2|we—2;0) To {D (Y41, 2|@t—2;0) } dz

P (zt-1lwe-1;0)
and
Ry =Co1 (1+a V) E[AZ],K)Op (\/WN—I/%—”H) +Coa (K, DLp) b7, (7)
and Cy i, © = 1,2, are given in Lemma 7 of Kristensen and Shin (2006).

Proof We show this recursively. Conditional on all draws prior to time ¢, we claim that

sup sup sup
(yt,2¢) ERFH ||lzp—1 || [, <N7 0O

P (e, zt|xe—1:0) —/P(ytaztyt—l,Zt—l;e)ﬁ(zt—ﬂxt—l;@) dzi—1| = Ry,

13



where R; is given in the lemma. We show this by verifying the conditions in
Lemma 7 of Kristensen and Shin (2006) with Y;(a) = (Yﬁ’l’e,Zﬁ”ﬁ), a =
(ry_1,0) and A = R x ©. First, observe that the target demsity (v, z;)
[0 (e, zt|ye—1, 2-1;0) D (z4—1]|z4-1;0) dz—1, where p is given in (4), is r times con-

tinuously differentiable since p (y, z¢|yt—1, 2t—1; 6) is so. Second, (A.1) combined with

~1,0 t—1,0 1,0
<}/tf; ' 7ZIZ5L;; ' ) ~ p(ytazt|yt—17zfi11 ,0)7 (8)

zi = FL L (el i),

2t—1|$t—1

where

th_l\mt_l (z|xt—1;0 / / Zt 1|'rt 170) dZt—l?

yields
) 5|
< s =l |z - 2 -0
< (1+a YA {||yt_1 S/ e Py (e 9/||B1} )

since, by (8),

’ ’ 8}3‘71 Ti_ é
‘ ZZL’iEl,G . Z:iiho < H ztlztaleii”l't 1 ) thil B x271||
oo 1|Te (e3¢|T4—1;0)
+ Zi—1|Te 180 ’ He o' H

2
< 2~ + 001}

where the last inequality is a consequence of the following calculations:

_ ~ -1 - zi_1,0 .
OF 2 1|It 1(53t|xt71§0) _ 8th,1\zt,1 (zt,1|3:t,1;9)‘ , aFZt—l'l‘t—l (Zt ' |$t*179)
o6 D21 zoa=2Z, Y a0
_ / /41 ap Zt 1|$t 1; )d 1| 0
- Zt— Ir 1.9
ﬁ( wt b |$t 17
and
0p (zp—1]x1-1:0) _ 1
00 D (-1, 2|22, 0) Ta {P (Y11, 2|T1—2;0) } dz
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op —1, Zt—1[Tt— ’0 D
x{ Pl 501| = )Ta D (Wi—1,2e-1l|Te-2;0)}

D 87-”' 4 —1,Rt—1|Tt— 79
+ D (Yt—1, 2t—1|Tt_2;0) {p (ys 18015 1]Te—2 )}}
+p 1
P (2-1|Ti-1;0)

D (We—1, 2we—2;0) Ta {D (Y1, 2|x1-1;0) } d2
op (yi— 1,Z|$t 23 )

Ta{P (Ye—1, 2|7i-1;0)} dz

/ yt 172‘% 2;0) 0T {p(yt_l’ZMt_l;g)}dZ}-

00
Thus, with 2,1 = Z;*~ 1’0,

OF " .. (estlzi1;0)
00

8 z xT 0 ~
{H P yt 17 t— 1| t—2; )H+|p(yt1,zt1xt2;9)|}

z x 7 op ,ZCC ! D

|p b 1| t—1; /H i yt 1 | t—25 )H_’_|p(yt17zlxt2,0)|dz
8 —1,% Tt— 79

{‘ p(yt ! 501| — )H-Hp(yt1,Zt1$t2;9)|+0P(1)}

Zt 1|xt 15 /Hap Yi— 172|zt 23 )H+p(yf_1’z|xf_270)dz+op(1)

IN

<

=21Q

uniformly in (yi—1, zt—1,Tt—2,0) € R x © x {||zt—2|] < N7}, since p (yi—1, zt—1|x1—2;0)

_ _9:0
and 9p (Y1, zt—1|Tt—2;6) /00 converge uniformly on this set. By the same arguments
one can show that F !

Zt—1|1't—1/axt_1 is uniformly bounded by C/a.
Next,

/p(ytvzt‘ytflyztfﬁe) {P(z—1l|ze—150) — D (2e—1]24—1;0)} dze—1

D ;0 p _1|zi_2;0
_ /p(ynzt\yt—l,zt 179){17(% 1, 21— 1|$t 2» ) =D (Yr—1, 21|71 2; )}dzt L

D (Ye— 1|!Bt 2;0)
. yt,Zt Yi—1,2e-150) D (Ye—1, 2e—1|T4—2;0)
+{D (yr—1|zt_2;0 Ti_9; / - dzi_
{ (e 1| =23 6) = P (ye-alees; } P (Yt—1]1—2;0) D (y4—1(|T1-2;0) -
C

IN

sup
a 4 1eRN

1D (Yi—1, ze—1]21—2:0) — D (Y1, 2e—1]21—2;0)|

C . _
to P (ye—1]7t—2;0) — P (ye—1]w1—2;0)].
We conclude

sup sup  sup |p (ys, zelwe—150) — P (Ye, ze|ze—150)|
(ye,20)ER [[2o—1[|<N7 6€O
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Ri+a! sup sup  sup [P (Ye—1, 2e—1|@e—2;0) — D (Ye—1, 2e—1|21—2; 0)]
(Yt—1,2¢—1)ER? ||zt 2| <NV 0€O

t—1
§ —1

a Rt—i- I
=0
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