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Abstract

This paper studies a nonparametric hedonic equilibrium model in which certain prod-
uct characteristics are unobserved. Unlike most previously studied hedonic models, both
the observed and unobserved agent heterogeneities enter the structural functions non-
parametrically. Prices are endogenously determined in equilibrium. Using both within-
and cross-market price variation, I show that all the structural functions of the model
are nonparametrically identified up to normalization. In particular, the unobserved
product quality function is identified if the relative prices of the agent characteristics
differ in at least two markets. Following the constructive identification strategy, I pro-
vide easy-to-implement series minimum distance estimators of the structural functions
and derive their uniform rates of convergence. To illustrate the estimation procedure,
I estimate the unobserved efficiency of American full-time workers as a function of age

and unobserved ability.
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1 Introduction

Counterfactual distributions are indispensable components for the evaluation of distributional
effects of large-scale policy interventions or social changes; they can also be used to measure
the values of public good or natural resources. For example, labor economists might be
interested in constructing the counterfactual wage distribution in 1988 had there been no
de-unionization or decline in real minimum wage during the 1979-1988 period to evaluate
the effect of labor market institutions on inequality (see DiNardo, Fortin, and Lemieux, 1996
for details). Another application of interest would be to measure heterogenous willingness to
pay for clean air as exhibited in housing prices (e.g., Sieg, Smith, Banzhaf, and Walsh, 2004,
and Chay and Greenstone, 2005).

Three features should be acknowledged in the counterfactual distributional analysis. First,
large-scale interventions usually affect a substantial proportion of the agents (e.g., DiNardo,
Fortin, and Lemieux, 1996, and Chernozhukov, Fernandez-Val, and Melly, 2013), hence the
importance of accounting for the equilibrium effects is of first order (e.g., Sieg, Smith,
Banzhaf, and Walsh, 2004). Second, some product characteristics might not be observed
by researchers and their importance in price determination is widely recognized (e.g., Berry,
Levinsohn, and Pakes, 1995), workers’ efficiency being an important example. Third, there is
considerable observed and unobserved heterogeneity among the agents. Ignoring any of them
(e.g., ignoring changes in return to college education as more college graduates entered the
labor force and other factors remained constant) is likely to result in biased counterfactual
predictions.

This paper is the first to provide an economic model and an econometric method that
admits all these features in a nonparametric setting. In this paper, I study a hedonic equi-
librium model with unobserved product quality. I show that the quality function, together
with all the other structural functions of the model, can be nonparametrically identified. I
also provide easy-to-implement estimators for the structural functions and an algorithm to
solve the counterfactual equilibrium. In contrast to widely used distributional decomposition
methods, the counterfactuals thus constructed account for equilibrium effects of large-scale
interventions.

I incorporate unobserved product quality captured by a structural quality function e(x, a)
into standard hedonic equilibrium models (e.g., Heckman, Matzkin, and Nesheim, 2010),
which have been used to analyze the market equilibria of differentiated products with het-
erogenous agents. Let 2" denote the effective amount of the product traded between seller-

buyer pair ¢ in market m upon which the payment is determined, and assume that

z" = h"-e(z]',al"), (1.1)



where h]" represents observed quantity, vector x" and scalar a]" represent the seller’s ob-
served and unobserved heterogeneity, respectively. I relax the restriction in standard hedonic
equilibrium models that e(z,a) = 1 by allowing the functional form of the quality function

T a™) and z™) to be unknown to researchers.

(and hence, the values of e(z", a!
I demonstrate how to nonparametrically identify the structural quality function e(z,a),
along with the structural marginal (dis)utility functions of sellers and buyers.! The identi-
fication strategy consists of three steps. First, I show that the reduced form (equilibrium
outcome) payment function I"™(x,a) and quantity function h™(z,a) are nonparametrically
identified within each market m using the method developed in Matzkin (2003). Second,
I exploit within- and cross-market variation in the reduced form functions to identify the
unobserved quality function up to normalization. Specifically, equation (1.1) indicates that
quantity and quality are substitutes in determining the payment. As a result, variation
in quality is manifested inversely in the variation in quantity among sellers who receive
the same payment within the same market. Moreover, since quantity is optimally chosen
by sellers, it suffers from an endogeneity problem. The different distributions of observed
agent characteristics across markets serve as aggregate supply or demand shifters that induce
cross-market variation in the payment functions, which facilitates the full identification of
the quality function. The identification requirement boils down to a rank condition on the
payment functions, which requires that relative prices of the agent characteristics vary across
markets.? Finally, the third step utilizes the agents’ first-order conditions to identify the
marginal utility functions, in the spirit of the second step of Rosen (1974)’s method.?

The constructive identification strategy suggests an easy-to-implement series estimation
procedure. I derive uniform rates of convergence of the estimators and demonstrate the
procedure by estimating the unobserved efficiency of American full-time workers using data
from the 2015 American Time Use Survey (ATUS).4

IThis paper focuses on the supply side, since the identification and estimation of the demand side structural
functions is completely symmetric.

2To focus on the key identification problem that arises because of unobserved quality, I concentrate on
the scalar-valued quality function e(z,a) in the main text. It is, however, easy to extend the argument to a
vector-valued quality function e(x,a) captured by a single-index structure as in Epple and Sieg (1999) and
Sieg, Smith, Banzhaf, and Walsh (2004). I elaborate this extension in Appendix C. Recent work by Cher-
nozhukov, Galichon, and Henry (2014) and Nesheim (2015) discussed identification of hedonic equilibrium
models with vector-valued unobserved agent characteristics, while still assuming that all product characteris-
tics are observed. Extending the model in this paper to account for vector-valued unobserved product quality
that is more general than the single-index structure is an interesting topic for future research.

3Unlike Rosen (1974), the estimation procedure introduced in Section 4.1 does not require explicitly
estimating the price schedule functions.

41 also propose an algorithm to solve for the counterfactual equilibrium of the model in Appendix A. It
is based on the equilibrium condition and Chiappori, McCann, and Nesheim (2010)’s insight that hedonic
equilibrium models are mathematically equivalent to an optimal transportation problem. A simple simulation
experiment indicates that the numerical equilibrium solution is stable with regard to the estimation errors
in the structural functions.



The literature on the identification and estimation of hedonic equilibrium models is vast.
In his seminal work, Rosen (1974) originated a two-step method, of which the first step
obtains the hedonic price function and its derivatives by fitting a parametric regression of
prices on product characteristics, and the second step combines the hedonic price function
and agents’ first-order conditions to recover the preference and production parameters. Eke-
land, Heckman, and Nesheim (2004) considered the identification of a nonparametric hedonic
equilibrium model with additive marginal utility and marginal production functions using
single market data. Heckman, Matzkin, and Nesheim (2010) formalized the argument in
Brown and Rosen (1982), Epple (1987) and Kahn and Lang (1988) that, in general, cross-
market variation in price functions is necessary to nonparametrically identify the structural
functions. They then focused on the sufficient restrictions for the identification using single
market data, and generalized Rosen (1974)’s two-step method to a nonparametric setting.
This paper builds on the work of Heckman, Matzkin, and Nesheim (2010) and advances the
literature in two ways. First, it allows product quality to be unobserved by researchers, which
captures a crucial feature of many applications. It extends Heckman, Matzkin, and Nesheim
(2010)’s method by adding one step at the beginning, which nonparametrically identifies the
unobserved quality function e(x, a). Second, this paper is the first to present a nonparametric
estimation procedure and to provide convergence rates for the structural functions in hedonic
equilibrium models using multiple market data.

The counterfactual analysis enabled by this model is closely related to an extensive liter-
ature on distributional decomposition methods (elegantly reviewed in Fortin, Lemieux, and
Firpo (2011)), which aims to evaluate the distributional effects of policy interventions or
historical changes. Several methods have been proposed, including the imputation method
(Juhn, Murphy, and Pierce, 1993), the reweighting method (DiNardo, Fortin, and Lemieux,
1996), the quantile regression-based method (Machado and Mata, 2005), the re-centered
influence function method (Firpo, Fortin, and Lemieux, 2009), among many others (e.g.,
Fessler, Kasy, and Lindner, 2013, and Fessler and Kasy, 2016). Moreover, Rothe (2010)
and Chernozhukov, Fernandez-Val, and Melly (2013) considered inference in the context of
distributional decomposition. This literature is based on the “selection on observables” as-
sumption, which excludes general equilibrium effects. On the contrary, this paper establishes
an equilibrium model, which allows the prices of agent characteristics (e.g., the returns to
college education) to change in response to changes in the distribution of the characteristics
in the population (e.g., as more college graduates enter the labor force).

Characteristic-based demand models in industrial organization and marketing permit
unobserved product characteristic as well. This immense literature dates back at least to
Berry (1994) and Berry, Levinsohn, and Pakes (1995) and includes Rossi, McCulloch, and
Allenby (1996), Nevo (2001), Petrin (2002), Berry, Levinsohn, and Pakes (2004), Bajari



and Benkard (2005), Berry and Pakes (2007), and many others.® The econometric methods
used to analyze characteristic-based demand models are reviewed by Ackerberg, Benkard,
Berry, and Pakes (2007).° Characteristic-based demand models often assume additively
separable utility functions and parametric distributions for the random error terms, which
facilitates the identification and estimation using market level data. In this paper, however,
the utility functions are nonparametrically identified and estimated, and the estimators are
of least-square type (and hence easy to implement). Moreover, this paper investigates how
individual level data can be used to predict individual level counterfactual outcomes, which
permits richer counterfactual analyses.

The rest of this paper is organized as follows. Section 2.1 sets up the model and describes
some important properties of the equilibrium; Section 2.2 discusses several applications to
which my model and method can be applied for counterfactual policy analysis. Section 3
explains the nonparametric identification of the structural functions of the model. The key
step is the identification of the unobserved quality function; the intuition and formal results
of this step are given in Section 3.2. Section 4.1 describes the series estimators, and Section
4.2 derives their uniform rates of convergence. An illustration of the estimation procedure
using the 2015 ATUS data is given in Section 5. Section 6 points out several directions
for future research and concludes the paper. The algorithm to solve for the counterfactual

equilibrium, a few complementary results and most of the proofs are collected in Appendices.

2 Model

The hedonic equilibrium model with unobserved quality studied in this paper extends the
model of Heckman, Matzkin, and Nesheim (2010) by allowing some product characteristics
to be unobserved by researchers. Section 2.1 introduces the model and discusses its prop-
erties that facilitate identifying the structural functions and solving for the counterfactual
equilibrium of the model.” Section 2.2 describes two markets (labor and housing markets)
in which the model and the econometric method provided in this paper could be applied to

analyze the distributional effects of counterfactual interventions.

5The utility functions in Bajari and Benkard (2005) and Berry and Pakes (2007) are closer to those in
this paper, where only the characteristics of the products bear utility, but not the products per se. The
consumers’ utility functions in models of Berry, Levinsohn and Pakes (1995) type have independently and
identically distributed random error terms, which represent taste for products for reasons besides product
characteristics.

5The estimation of production functions, dynamic models and other issues are also reviewed.

"Parallel discussion for hedonic equilibrium models without unobserved quality can be found in Heckman,
Matzkin, and Nesheim (2010), Ekeland, Heckman, and Nesheim (2004) and Ekeland (2010).



2.1 Model Setup and Properties of Equilibrium

The model analyzed in this paper pertains to competitive markets (indexed by m € M) of a
product (good or service), of which the quantity is observed by researchers but quality is not.
Each seller and buyer only trades once, and chooses the effective amount z, where z € Z.
[ assume that Z C R is compact. Let P™(z) be a twice continuously differentiable price
schedule function defined on Z. Then the value of P™(z) is the payment for an effective
amount z of the product in market m.

The following is the key assumption of this model, and distinguishes it from other hedonic

equilibrium models (e.g., Heckman, Matzkin, and Nesheim, 2010).

Assumption 1. Suppose that the unobserved effective amount z of the product is determined

by the unobserved quality e and observed quantity h in a multiplicative way, i.e., z = h - e.

Assumption 1 implies that quantity h and quality e are substitutes in production. Existing
hedonic equilibrium models (e.g., Heckman, Matzkin, and Nesheim, 2010) assume that e = 1,
hence z is observed. But this paper allows quality e and z to be unknown to researchers.

Sellers and buyers both observe quality. As a result, there is no principal-agent problem
in this model.

Each seller’s quality e is exogenously determined by a quality function e(x,a), where
the d, x 1 vector x is the seller’s observed characteristics, and the scalar a is the seller’s
unobserved characteristic. Sellers have quasilinear utility P™(z)—U (h, x, a), where U(h, z,a)
is the disutility that a seller with characteristics (x,a) endures by producing the product of
quantity h € H (the set H C R is compact).® The population of sellers in market m is
described by the density f;",, which is assumed to be differentiable and strictly positive
on the compact sets X x A C R%*! Sellers may choose not to trade, then they obtain
reservation utility Vj.

Each buyer has a utility function R(z, y, b), where the d,, x 1 vector y is the buyer’s observed
characteristics and the scalar b is the buyer’s unobserved characteristic. The population of
buyers in market m is described by the density [}, which is assumed to be differentiable and
strictly positive on the compact set J x B C R%*!. If a buyer chooses not to participate,
she gets reservation utility Sp.

For the structural functions e(x,a), U(h,z,a) and R(z,y,b), assume the following as-

sumptions hold.

81 concentrate on scalar-valued quantity A in the main text. But it is easy to extend the argument to
a vector-valued h captured by a single-index structure as those in Epple and Sieg (1999) and Sieg, Smith,
Banzhaf, and Walsh (2004). I elaborate the identification of the quality function e(x, a) under this extension
in Appendix C.



Assumption 2. Suppose that buyers’ utility function R(z,y,b), sellers’ disutility function
U(h,z,a) and quality function e(z,a) are all twice continuously differentiable with respect to
all arguments on their respective supports. Also suppose that e(x,a) is bounded below away

from zero.

Assumption 3. Suppose that Uy, > 0, U, < 0, Up, < 0 and Uy, > 0 for all (h,z,a) € H %
X x A, and suppose that R, >0, R, >0, R, >0 and R,, <0 for all (z,y,b) € ZxY x B.

Assumption 4. Suppose e, > 0, that is, the quality function is strictly increasing in the

unobserved characteristic of the seller, for all (x,a) € X x A.

If reservation utilities V) and S, are sufficiently small, then sellers and buyers always
participate.® In addition, similar to the discussion in Heckman, Matzkin, and Nesheim (2010)
and Chiappori, McCann, and Nesheim (2010), Assumptions 2-4 (Spence-Mirrlees type single-
crossing condition) are sufficient for each seller and buyer who participates to have a unique
interior optimum.

A seller with characteristics (z,a) in market m chooses h € H, a quantity supplied, to

maximize

rillqez%(P (h-e(z,a)) —U(h,z,a).

Since quality e(x,a) is fixed for seller (z, a), choosing h € H is equivalent to choosing z € Z.
Under Assumptions 2-4, there exists an effective amount supply function z* = s™(z, a) (hence
a quantity supply function h™(z,a) = s™(x,a)/e(x,a)) that satisfies the seller’s first-order

condition (FOC)
P (s™(z,a)) - e(x,a) — U, (%,x,a) = 0. (2.1)

Applying the Implicit Function Theorem (Hildebrandt and Graves, 1927) to equation (2.1)
gives rise to
0z% 0s™(x,a)  eUp, — PMee, — Upph™e,

= = 2.2
oa Oa Pre? — Uy, ’ (2:2)

where the arguments of the functions on the right-hand side of equation (2.2) are suppressed
for simplicity. By Assumptions 2 and 3 and the FOC in equation (2.1), P > 0. Then
Assumptions 2-4 imply that s™(x,a) is strictly increasing in @.!® Then the inverse effective

amount supply function a = (s™)7!(z, 2) exists and satisfies

d(s™) Nz, 2) _ Pe? — Upy,
0z eUpa — PMee, — Upph™e,

9 Allowing for binding reservation utilities serves as an important topic for future research.
10As discussed later, equations (2.6) and (2.7) imply that P™e? — Uy, < 0.



The payment received by seller (z,a) in market m is then determined by
I"(2,0) = P™(s"™(x,0)) = P"(h™(x,a) - e(x,a). (2.3)

Note that the payment function I™(z,a) is also strictly increasing in a. But since h™(z,
a) = s™(x,a)/e(x,a), the quantity function h™(z,a) is not necessarily monotonic in a.

Similar argument applies to the buyers. Each buyer chooses z € Z to maximize

max R(z,y,b) — P™(z).

2€Z
There exists an effective amount demand function 2¢ = d™(y,b) that satisfies the buyers’
FOC
R.(d™(y,b),y,b) — P™(d™(y,b)) =0, (2.4)

and an inverse effective amount demand function b = (d™)~!(y, z) that satisfies

a<dm)—1(y7 Z) _ sz
924 Pm"—R.

Define the range of equilibrium effective amount supplied

Z, = {z € Z: there exists a market m € M and some
(z,a) € X x A such that in equilibrium z = A" (z,a) - e(z,a)},

and the range of equilibrium effective amount demanded

Z; = {z € Z: there exists a market m € M and some
(y,b) € Y x B such that in equilibrium z = d™(y,b)}.

In a unique interior equilibrium, the density of effective amount supplied z® equals that of
effective amount demanded 2? for all = € Z. Using standard change-of-variables formula,

this requires Z, = Z; and

0z%

/ (7)) AT 25

for Vz € Z,N Zy.
Figure 2.1 illustrates the market equilibrium. Under the price schedule function P™, each

seller (z,a) (drawn from distribution f7",) chooses her optimal effective amount supplied z*



The distribution of z° is represented by the green line in the figure. Similarly, each buyer
(y,b) (drawn from distribution f,}) chooses her optimal effective amount demanded z¢. The
distribution of z¢ is represented by the blue line in the figure. If the green density equals the
blue density for Vz € Z, then the market is in equilibrium.

On the contrary, Figure 2.1 illustrates a case where the market is not in equilibrium.
For example, sellers who are willing to supply the effective amount z; outnumber the buyers
who demand z;, and more buyers than sellers are willing to trade effective amount z;. This
mismatch between supply and demand will drive the price schedule function P™ to adjust
to clear the market.

Following Chiappori, McCann, and Nesheim (2010), the equilibrium of this model is

defined as follows.

Definition 1. (Equilibrium) Let 4™ be a joint density on the space of effective amount z,
characteristics (z,a) of sellers and (y,b) of buyers. A pair (¢™, P™) is an equilibrium if:

(i) the marginal of ™ with respect to (v,a) equals f",, and that with respect to (y,b)
m
y;b

(ii) if (2, z, a,y,b) is in the support of ©, then z = s™(x,a) = d"(y,b) (agents optimize).

equals (market clears); and

By the argument provided in Chiappori, McCann, and Nesheim (2010) (also in Ekeland
(2010) and Heckman, Matzkin, and Nesheim (2010)), Assumptions 2-4 are sufficient for the
equilibrium to exist and to be unique and pure. A pure equilibrium means that each seller
matches to a single buyer, and each pair chooses a single effective amount z.

Note that the effective amount supply function s™(z,a) and demand function d™(y,b)
have a superscript m, since they both depend on the market-specific price schedule function
P™. And price schedule function P™ is itself an equilibrium outcome, which in turn depends
on the market primitives (f;,, f,%, U, e, R). To see this more clearly, substitute %ﬁl(“)
and %_dl(y’z)7 rearrange equation (2.5) and suppress the arguments of the functions, one
gets

fW,Lb faT:r,la
Pm . fy Ry_szzzdy + fX —(Upge—Preeqa—Upph™eq) Uhhdﬂ?
zz (Z> - f;ﬂb ezf;na .
fy Ry + Jx ~(Orae—Piee. —Tien) 42

Equation (2.6) implies that the curvature of the price schedule function P™ can be regarded as

(2.6)

a weighted average of the curvatures of the sellers’ disutility and the buyers’ utility functions.

Assumptions 2 and 3 imply that the second-order condition (SOC)!
R, - 62 - U, <0 (27)

holds for all (h,z,a) € H x X x A and all (z,y,b) € Z x Y x B. Together, equation (2.6)

HSOC of a pair-wise surplus maximization problem.



and equation (2.7) imply P"e* — Uy, < 0.

Since the structural functions (U, e, R) remain invariant across markets, equation (2.6)
implies that cross-market variation in the price schedule functions P™ is driven by that in
the distributions f}", and f]}.
(equilibrium outcome) functions, such as s™, d”™, h"™ and I™, also depends on that in

As a result, cross-market variation in other reduced form

m
T,a

and f},. Throughout this paper, I summarize this dependence using the superscript m.

In the same market, all sellers and buyers face the same price schedule function P™, so
sellers with the same characteristics (x, a) always choose the same quantity A" (x, a) to supply.
Without restrictions on sellers’ marginal disutility function Uy, (h, x, a), its identification using

single market data is obstructed by this endogeneity problem. With multiple market data,

m
z,a

however, the distributions and f}", serve as aggregate supply or demand shifters (i.e.,
instruments) that induce variation in P™ (and hence h™(z,a)) while maintaining individual
values of (z,a). In practice, multiple markets could be geographically isolated locations, or
repeated observations of the same market over time.

Chiappori, McCann, and Nesheim (2010) showed that the classic hedonic equilibrium
model is mathematically equivalent to a stable matching problem and to an optimal trans-
portation problem. The same argument applies to the model in this paper as well, since
quality is observable to both sellers and buyers. This insight suggests an algorithm for solv-

ing for the counterfactual equilibria, which is provided in Appendix A.

2.2 Applications

In this section, I discuss two markets to which the model just introduced could be applied
to conduct counterfactual distributional analysis. In these examples, the unobserved quality

of product plays a key role in determining the payment.

2.2.1 Labor Markets

In labor markets, workers are the sellers, and (single-employed) firms are the buyers.'> Both
workers and firms exhibit considerable heterogeneity. Workers differ in observed characteris-
tics z (e.g., age, education and skills) and unobserved characteristic a (e.g., ability). Likewise,
employers differ in observed characteristics y (e.g., capital stock) and unobserved character-
istic b (e.g., productivity). For a worker with characteristics (x,a), her efficiency is given

by the function e(x,a), which is the same across markets and is unknown to researchers.

m
z,a

On the other hand, distributions of agent heterogeneity ( and ;”b) could vary among

markets, which induce market-specific earnings schedule functions P™(z). As a result, work-

121t is also helpful to think of the buyers as job positions.
3Firms know z and e(x,a) by looking at how much work the worker gets done.

10



ers with the same characteristics may choose to work different amount of time A™(z,a) and
make different earnings I (z,a) in different markets. Workers’ working time and efficiency
are substitutes in production, and firms care about how much work is done, but not the
working time in itself.'* Therefore, earnings depend on the effective amount of labor z via
the earnings schedule functions P™(z), but not on working time A" (z, a) or efficiency e(x, a)
per se.

The model in this paper could be used to answer various counterfactual questions that
labor economists are interested in. For example, to understand the distributional effects
of the changes in labor market institutions during 1979-1988, one may want to construct
counterfactual earnings distribution in 1988 had there been no de-unionization since 1979
(e.g., DiNardo, Fortin, and Lemieux, 1996). This corresponds to the equilibrium earnings
of a market in which workers’ union status (one element of x) had remained what it was in
1979 and other agent characteristics (other variables in (z,a,y, b)) had shifted to their 1988

values.

2.2.2 Housing Markets

In housing markets, renters are the buyers, and rental companies (or landlords) are the
sellers.’® Renters’ observed characteristics ¢ include income and family structure, and their
unobserved characteristic b may be preference over amenities. Rental companies diversify in
their characteristics (z,a) as well. For a rental company (z,a), the quality of its apartments
is given by e(x, a), which does not depend on which neighborhood m the rental company is in
and is unknown to researchers. However, varying composition of renters and rental companies
(f; and f,) across neighborhoods result in neighborhood-specific rental price schedule
functions P™(z), which in turn prompt rental companies with the same characteristics to
offer apartments with different sizes h™(z,a) (e.g., square footage) across neighborhoods.
Rental payments I™(x,a) depend on the effective amount of housing z via P™(z), but not
directly on the sizes.

A number of interesting counterfactual questions in housing markets could be analyzed
using the model in this paper. For example, one may be interested in the distributional effects
on housing prices if some public good (e.g., improvement in air quality) were provided.'® The
public good enhances effective amount of housing for all apartments (by all rental companies)

in the neighborhood, and it is manifested in increased value of e(x,a) for any given (x,a).

1]deally, researchers would want to measure the actual time workers spend in working. The required
working time written on the contract deviates from the actual time, since workers could shirk or work over-
time.

15T focus on housing rental markets, but the same logic applies to housing sale markets.

6Harrison and Rubinfeld (1978) and Chay and Greenstone (2005) used housing prices to evaluate
willingness-to-pay for clean air. Another example is predicting the effects of cleaning up a hazardous waste
site on the distribution of housing prices (Stock, 1991).

11



Therefore, the counterfactual analysis could be conducted by solving the new equilibrium
with a higher quality function e(z,a) estimated using data for neighborhoods with more

public good.

3 Identification

This section explains identification of the reduced form (equilibrium outcome) functions
and the structural functions of the model. The analysis in this section assumes that seller
characteristics x, buyer characteristics y, equilibrium payment / and equilibrium quantity h
in all markets are observed. The effective amount z, however, is unknown to researchers.

The identification consists of three steps. First, identify the reduced form payment func-
tions I™(x,a) and the quantity functions h™(z,a) using single market data. This step em-
ploys an existing method (Matzkin, 2003) and facilitates the identification of structural func-
tions. Second, exploit the variation of the payment and quantity functions within and across
markets to identify the quality function e(x,a). This is the key step, and I will provide
both graphical illustration of intuition and general results. The key identification condition
requires that the relative returns to sellers’ characteristics differ across markets. Finally,
combine the functions identified from the first two steps and sellers’ FOC to recover sellers’
marginal disutility function Uy (h, z,a). To overcome the endogeneity problem of h, this final
step requires multiple market data as well. Section 3.1, 3.2 and 3.3 elaborate these steps,
respectively.

This section focuses on the quality function e(z,a) and sellers’ marginal disutility func-
tion Uy (h,x,a). The identification of buyers’ marginal utility function R.(z,y,b) can be
achieved via the same method as that used for Uy(h, z,a), and is briefly discussed in Section
3.4. Although f}", and [} are also primitives of the model and serve as aggregate supply
or demand shifters that generate cross-market variation in equilibria, their identification is
straightforward. The convergence rate results in Section 4.2 account for the fact that they

need to be estimated.

3.1 Identification of Payment Functions /"™ (z,a) and Quantity Func-
tions A" (x,a) Using Single Market Data

In each market m, there is a payment function I™(z,a) and a quantity function A" (x,a) in
equilibrium. This section uses the method developed by Matzkin (2003) to identify these

reduced form functions using data from their own markets.

Assumption 5. Suppose that x I a and y 1L b within each market m € M."

17Like Heckman, Matzkin, and Nesheim (2010), because a enters the quality function and sellers’ marginal
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Assumption 6. Suppose that the sellers’ unobserved characteristic a follows the uniform

distribution U[0, 1] in all markets.

Assumption 6 may seem restrictive at first glance. But an equivalent interpretation is
that a is the quantile of the seller’s unobserved characteristic. Based on this interpretation,
Assumption 6 requires that the sellers’ unobserved characteristic has the same distribution
(probably unknown) across all markets.’® In Appendix B, I relax this requirement to allow
for a finite number of types of markets: markets of the same type have the same distribution
of a, yet markets of different types have different distributions of a. The method discussed in
the main text can be applied to each type without modification, as long as the type of each
market is known and each type has multiple markets.'® Assumption 6 is also a normalization
that facilitates identification of nonseparable functions like I™(x,a) (see Matzkin, 2003 for

details).?’ But this normalization does not affect counterfactuals.

Lemma 1. Under Assumptions 1-6, the payment function I (x,a) is strictly increasing in
the seller’s unobserved characteristic a, and I"™(z,a) is nonparametrically identified within

each market m.

Proof. By the payment equation (2.3), I"™(x,a) is strictly increasing in a if P™ is strictly
increasing in z and s™ is strictly increasing in a. Given the sellers’” FOC in equation (2.1),
Assumptions 2 and 3 guarantee that P* > 0. On the other hand, by the SOC in equa-
tion (2.7) and the equilibrium condition in equation (2.6), we have P - e? — U, < 0. Then
the expression of ds™(x,a)/da in equation (2.2) is positive under Assumptions 3 and 4 and
the setup of the model. This proves the first statement of the lemma.

Given the strict monotonicity of I"™(z,a) and Assumption 6, the identification of I™(z, a)
follows the same argument as in Matzkin (2003) (Specification I). In particular, by mono-

tonicity, Assumptions 5 and 6, we have
Frmjgm—g (I"™(x,a)) = Fym(a) = a.

Then
[m(mja) =F. (a)a

Im|zm=x

disutility function nonparametrically, this independence assumption is much weaker than it would be if a
entered additively.

18T see this clearly, suppose that F, is the distribution function of a, and suppose U (h, z,a) and é(z, a)
are the "real" supply side structural functions. Then, based on the quantile interpretation, the supply side
structural functions identified in this paper are compounds of F, and the "real" structural functions. That
is, U(h,z,a) = U (h,x,Fa_l(a)) and e(z,a) = € (x,Fa_l(a)). Therefore, Assumption 7 implicitly requires
that F, is invariant across markets.

190ne example of such market level heterogeneity might be large cities v.s. small cities.

200ne could normalize the distribution of a to any other distributions.
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where F7,} is the inverse function of the conditional distribution function Fym,m—_, with

Im|zm=g

respect to 1. O

Corollary 1. Under the conditions for Lemma 1, the partial derivatives of the payment
function I;’;(x,a) (G =1,...,d;) and IJ*(x,a) are nonparametrically identified within each

market m.

Once one identifies the payment function I, she can invert it with respect to a to obtain
a= (I")"Y(x,I). Now that a is known, it is easy to identify the quantity function h™(x,a).

Unlike I™(z, a), monotonicity is not necessary for identification of h™(x,a).

Lemma 2. Under the conditions for Lemma 1, the quantity function h™(z,a) is nonpara-
metrically identified within each market m. Moreover, its partial derivatives hZ;_ (x,a) (j =

1,...,d;) and h*(z,a) are nonparametrically identified within each market m as well.

Note that the functional forms of I"(x,a) and h™(x,a) vary from market to market due
to the cross-market variation in f;" and f;", and they are identified within each market.
Their variation within and across markets reveals enough information to identify the quality

function e(z, a).

3.2 Identification of Quality Function e(z,a) Using Multiple Market
Data

This section explains how to use within- and cross-market variation in the reduced form
functions to identify the structural quality function e(z,a). Section 3.2.1 illustrates the
intuition for scalar-valued x. The intuition applies to vector-valued x as well. Section 3.2.2
gives general results.

Since quality e and effective amount z are both unobserved, one can always re-scale the
price schedule function to make two quality functions observationally equivalent. So we need

the following normalization.
Assumption 7. Suppose that for a known fized vector (z,a) € X x A, we have e(T,a) = 1.

The vector (Z,a) corresponds to a normalization seller, and the quality of other sellers

will be expressed as ratio relative to her.

3.2.1 Intuition

This section illustrates the intuition for identifying the unobserved quality function e(z,a)
for scalar-valued x. The interpretation of the key identification condition is that relative

returns to sellers’ characteristics differ across markets.

14



Recall the payment equation (2.3),
I"(z,a) = P™(s™(x,a)) = P"(h™(z,a) - e(x,a)).

Since all sellers in the same market face the same price schedule function P™(z), those sellers
who receive the same payment must have sold the same effective amount z of the product.

In other words, if [;" = I7" for two sellers 7 and j in the same market m, then

W™ (@i, @) - e(]”, af") = W™ (2, af") - e(x]", aff"),

which implies
e(a",a")  W"(2]',a}')
e(x,a) — hm(a, a)’

(3.1)

That is, the quality ratio between sellers who receive the same payment in the same market
equals the inverse ratio of their quantities.

This is illustrated by Figure 3.2.1. The solid green line in Step 1 of Figure 3.2.1 represents
the iso-payment curve in Market 1 that contains the normalization seller (Z,a). By equa-
tion (3.1), the quality of any seller (x1,a;) on the same iso-payment curve can be identified

as
hl(z,a)
hl (l’l, a,1> '

The same argument applies to other iso-payment curves in Market 1, which are represented

e, ar) =

by dashed green lines in Step 1. For example, for sellers (Z,a) and (x9,as) on another

iso-payment curve, we get
6(1’2’ a’2) — hl (j’ EI’) (3 2)

e(T,a) h'(xo,as)

Since iso-payment curves in the same market are disjoint, neither e(zs, as) nor e(z, a) could
be identified relative to the normalization seller (Z,a). The dashed green lines in Step 1
indicate that the quality of the sellers on those iso-payment curves are not identified yet.
This is the most one can get from variation of reduced form functions in one market.

With data from another market, however, it is possible to connect the disjoint iso-payment
curves. Suppose that in Market 2, there is an iso-payment curve that contains both (z,a)
and (z2,as), then
h*(z,a)

—h2(x2, .t (3.3)

e(xa, az) =

Combining equation (3.2) and equation (3.3), we now can identify the quality for seller (Z,a)

as

e(i’ a) _ hl(l’g,a2> ) hQ(J_I,C_L)
’ hl(i‘,&) h2(a:2,a2)'
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Once e(z,a) is identified, so is the quality of other sellers on the same iso-payment curve.

In Step 2 of Figure 3.2.1, the iso-payment curve in Market 2 is represented by the solid
blue line. It connects the Market 1 iso-payment curve that contains (Z,a) with the one that
contains (Z,a), and thus helps determine the quality level of the latter. In Step 3 of Figure
3.2.1, the latter becomes solid green as the quality of those sellers are identified. Step 4 shows
that by applying this idea recursively to the iso-payment curves from the two markets that
cross with each other, one will be able to identify the quality of all sellers with characteristics
in the support of their distribution.

As suggested by Figure 3.2.1, the key identification condition is that for any seller char-
acteristics (x,a), one could find two markets that have iso-payment curves with different
slopes. Otherwise, all the iso-payment curves are disjoint, and it is impossible to connect a
seller (x,a) with the normalization seller (Z, a) if they do not belong to the same iso-payment
curve.

Note that the slope of an iso-payment curve can be expressed in terms of the partial

derivatives of the payment function, then the identification condition is

I(x,a)
I3(x,a)

I} (x,q)
I2(z,a)

4

for V(z,a) € & x A, scalar-valued = and two markets. This condition is also equivalent to
that the matrix

[;(Q?, CL) _Ia%<x7 CL)

Ig([ﬁ, a) _I£<x7 CL)

This key condition is easy to understand. Partial derivatives of the payment functions

has full column rank.

represent the equilibrium market returns to respective seller characteristics. For example,
I (z,a) could represent labor market return to education, and I!"(z, a) to ability. Then the
identification condition requires that the relative equilibrium returns to education and to
ability differ in at least two markets. This in turn requires that cross-market variation in f"

and f;" is sufficiently rich to induce such cross-market variation in equilibria.

3.2.2 General Results

It is not hard to generalize the intuition explained in Section 3.2.1 to vector-valued x. This
section formalizes this intuition and gives general results on the identification of the unob-
served quality function e(z, a).

When z is vector-valued (d, > 1), the key identification condition is still that relative
market returns to seller characteristics differ in at least two markets. Without loss of general-

ity, one could measure returns as relative to that to the unobserved characteristic a. Suppose
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I"™(z,a) # 0 and I (z,a) # 0 for markets m and m’. Then it is required that

(x,a) 13 (w0) " (z,a) I (z,0)
(Ig”(x,a) Iy a) ’1> 7 (Ign/(x,a)7 I (2 a) 1) . (3.4)

These are just the gradient vectors of the payment functions I"™(z,a) and I"™ (z, a).
Cross-market variation in equilibria is crucial for identifying the quality function. The

following assumption requires that neither sellers nor buyers move across markets on a large

scale. Otherwise, the distributions f;" and f;* will tend to equalize across markets, which

diminishes the cross-market variation.
Assumption 8. Suppose that the sellers and buyers do not move across markets.

In order to state the formal identification condition and the theorem, I need some no-
tation. Let V,I™(z,a) denote the d, x 1 vector of the derivatives of I"™(z,a) with respect
to (z1,...,2q,), let V,h™(x,a) denote those of h™(z,a) and let V e(x,a) denote those of

e(z,a). For any integer d, let I; denote a d x d identity matrix.

Assumption 9. Suppose that there exist M markets such that the (Md,) x (d, + 1) matriz
B(z,a) defined as
Iy, @ INx,a) -V Iz, a)
B(z,a) = : :
Iy, @ IM(x,a) —V, IM(z,a)

has full column rank for all (z,a) € X x A.2!

It only takes some basic algebra to see that if equation (3.4) holds for all (z,a) € X x A,
then Assumption 9 is satisfied. Moreover, if Assumption 9 holds, there could be more than
two markets satisfying equation (3.4).

Define the (Md,) x 1 vector A(z,a) as

[hl(z,a)V I (z,a) — I} (x,a)V, h (z,a)] /W (z,a)
A(z,a) = :
(W (2, a) Vo IM (2, a) — IM (2, a)V,hM (2, a)] /WM (2, a)

And define d, + 1 real-valued functions ¢;(z,a), ..., ga,+1(z,a) as

(g1(z,a),...,94,41(x,a)) = [B(x,a) B(x,a)]” [B(x,a) Az, a)],

2INote that a necessary condition for B(z,a) to have full column rank is that there are d, + 1 linearly
independent rows in B(z,a). Therefore we need at least two markets. But when data from more markets is
available, and multiple combinations of rows satisfy the requirement, we get over-identification.
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where the superscript “—" indicates the generalized inverse of a matrix.

Theorem 1. Suppose that Assumptions 7-9 and the conditions for Lemma 1 are satisfied.

The quality function is then nonparametrically identified on X x A as

d:v xj a
8((E, CI,) = exp (Z/ gj({L'l, vy Xj—1, 55, fj+1, ce ,fi'dz, (i)de + / gdz_H(ZL', t)dt (35)
=7 T a

where T; (j =1,...,d;) and a are coordinates of the normalization vector (z,a).

Proof. Suppose that all the functions involved are continuously differentiable. Then, taking

the partial derivatives of the payment equation (2.3) yields

V. I™(z,a) = P (h"(z,a)-e(z,a))- [V.h"(z,a)e(z,a) + h™(x,a)Ve(z,a)],
I'(z,a) = P"(h"(z,a)-e(z,a))- [h)(x,a)e(z,a) + h™(z,a)e.(x, a)]. (3.6)

z

Provided that I7"(x,a) # 0 and h™(z, a) # 0, one may take the ratios of the first d, equations

to the last equation. One then obtains d, equations of the same form:

Vh™(z,a) Vze(z,a)

Vo I™(x,a) V. h"™(x,a)e(r,a) +h"(z,a)Vee(r,a)  “hm@a) + o
Ip(wa) — hp(z,a)e(a) + hm(z,a)ealw,a) il caled
= I(T(a:,a)—vxe(x’a) - Vx]m(zv,a)ea(x’a)
e(z,a) e(z,a)
= [h'(z,a)VoI™(2,a) — 1" (2, a) VR (2, )] /W™ (2, a), (3.7)

for all m € M and all (z,a) € X x A. Stack equation (3.7) for all markets, one gets a system

of equations
Vee(x,a)  eu(z,a)

e(r,a)  e(x,a)

B(z,a) - < ) = A(z,a), (3.8)

for all (z,a) € X x A. Suppose that Assumption 9 is satisfied. Then, there is a unique
solution of e,(x,a)/e(x,a) and e, (2, a)/e(z,a) (j = 1,...,d,) for all (z,a) € X x A*

Define a system of differential equations in an unknown function €(z, a) as follows

(vxe@:,a)/ EaW)) — [B(e,a) B(z,a)] [B(z,a) A(z,a)], (3.9)

e(z,a) 7 e(z,a)

which depends only on the identified reduced form functions I™(x,a), h™(x,a) and their

221n fact, it also requires that the vector A(z,a) lies in the space spanned by the column vectors of B(z,a)
for all (z,a) € X x A, but it is implied by Assumption 1.
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derivatives. Then the identification of the quality function e(x,a) amounts to a unique

solution to the differential equations in (3.9).

First fix (zq,...,2q4,,a) = (Z2,...,%4,,a), and only consider the first equation in (3.9).
Note that
Bxl(l'l,jfg, o ’ffdz’fz) _ dlog (e(xy1, Tay ..., Tq,,a)) 1 (50, T T ).
e(ry,Za, ..., Tq,,a) dxq
Then,

log (e(x1, Zay ..., Zq,,a)) = / g1(s1, %2, ..., Tq,,a)ds; + log (e(Z,a))

- / g1<817i27"'7§jdz7&)d817 (310)

for all z1 € A, where the second equality holds by Assumption 7. Then, consider the second
equation in (3.9). Similarly, for any given x; € X; and fixed (z3,...,2q4,,a) = (Z3,...,Zq,,a),

we have

€, (T1, T2, T3, ..., Tq,,Q) _ dlog (e(zy,x9,T3,...,Tq,,a))

6([L‘1,[E2,i’3,...,fdx7d) dIL‘Q

= g?(xla T2, i‘37 s 7jdx7 C_L)7
which implies

log (6(‘7:17 T, j?ﬂ s 7Ed17 d))

T2
= / g2(x1, S2, T3, ..., Tq,,a)dss + log (e(z1, Ta, . .., ZTa,,a))

T2

x2 xr1
= / 92($1782,ff37~-afdx,@)d&+/ 91(81, T2, ..., Ta,,a)ds1,

€2 1

for all (zq1,29) € &} x X,. Continue to integrate over (zs,...,Z4,,a) once at a time in this
manner, one will eventually obtain the solution to the initial value problem in equation (3.9)

and e(Z,a) =1 as

dl‘ Cﬂj a
e(x,a) = exp <Z/ gj<l’1,...,ZEj_l,Sj,ij_H,...,i’dx,a>d8j +/ gdx_;_l(l’,t)dt) .
j=1" T a

Moreover, this solution is unique by the first fundamental theorem of calculus. This completes
the proof of the theorem. O

Define the range of equilibrium effective amount supplied in market m as

Z" = {z € Z: there exists some (z,a) € X x A in market

s
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m € M such that in equilibrium z = A" (x,a) - e(z,a)}.
Corollary 2. Under the conditions for Theorem 1, the unobserved effective amount z =

h™(x,a) - e(x,a) is identified.

Corollary 3. Under the conditions for Theorem 1, the price schedule function P™(z) for

market m € M 1is nonparametrically identified on ZI".

Proof. Assumption 1, earnings equation (2.3), Lemmas 1 and 2, and Theorem 1 together

imply the result. [

3.3 Identification of Sellers’ Marginal Disutility Function Uj(h,z,a)
Using Multiple Market Data

The next important result is the identification of the marginal disutility function Uj,. Before
stating the theorem, define the equilibrium support for sellers’ marginal disutility function

as:

HXA = {(h,z,a) € H x X x A: there exists a market m € M and
some (z,a) € X x A such that in equilibrium h = h™(x,a)}.

If IM| = 1, then HX A is degenerate since h is endogenous. As discussed in Section
2.1, different distributions f;* and f;* serve as aggregate supply or demand shifters (i.e.,
instruments) that induce variation in P™ (and hence h™(z,a)) while maintaining individual
values of (z,a). The richer the variation in fJ* and f;", the larger the set HX A will be.

Theorem 2. Under the conditions for Theorem 1, the sellers’ marginal disutility function

Un(h,x,a) is nonparametrically identified on HX A.

Proof. The result follows from Theorem 1, Corollary 3, and the sellers’ FOC
sz(hm(l'a &) ’ €($7 CZ)) ) e(iL’, Cl) = Uh(hm(xa a),x, CL)

in each market m € M. O

3.4 Identification of Buyers’ Marginal Utility Function R.(z,y,b) Us-
ing Multiple Market Data

Identifying buyers’ marginal utility function R,(z,y, b) and the effective amount demand func-
tion d™(y, b) makes little difference from Heckman, Matzkin, and Nesheim (2010)’s method.
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The only tweak stems from the fact that z is not directly observed. Once one recovers z from
the supply side, Heckman, Matzkin, and Nesheim (2010)’s method can be applied without
modification. The relevant definition, assumption and results are given below.

Define the equilibrium support for buyers’ marginal utility function R,(z,y,b) as:

ZYB = {(z,y,b) € Z x Y x B: there exists a market m € M
and some (z,a) € X x A such that z = d"(y, b)

and z = h™(z,a) - e(x, a) in equilibrium}.

Assumption 10. Suppose that the buyers’ unobserved characteristic b follows the uniform

distribution U[0, 1] in all markets.

Lemma 3. (Heckman, Matzkin, and Nesheim 2010 Theorem 4.1) Under Assump-
tion 10 and the conditions for Theorem 1, the buyers’ marginal utility function R.(z,y,b) is

nonparametrically identified on ZYB.%

4 Estimation

This section provides an estimation procedure for the structural functions. Section 4.1 de-
scribes the estimation procedure step by step, and in Section 4.2 I derive the uniform rates

of convergence for the estimators.

4.1 Series Estimation of Structural Functions

The estimators introduced in this section are premised on the following data structure. Sup-
pose that linked seller-buyer data for M independent markets are available. Within each
market m, suppose that there are N™ seller-buyer pairs, and each pair is indexed by i. Re-

searchers observe which seller is matched with which buyer. For each pairi (i =1,..., N™

m
2

and m = 1,..., M), researchers observe (I™,z™ h7 y™).?* For the rest of the paper, I

maintain the following sampling assumptions.

Assumption 11. Suppose {(I"™, z", k", y")}X] are ii.d. form=1,..., M.

7

Assumption 12. For notational simplicity, suppose that the sample sizes from all the mar-
kets are equal, i.e., N' = N>’ =...=NM = N,

ZIn labor markets, if the firms’ revenue is observed by researchers, then the function R(z,y,b) is also
nonparametrically identified under the conditions of Lemma 3.
24Tn labor markets, it is possible that the employers’ revenue R!™ is also observed in the data.
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In the rest of this paper, I maintain Assumptions 1-12. Assumption 12 is not essential
for deriving the convergence rates, but relaxing it will complicate the notation and will not
provide any new insights. In principle, even though the sample sizes from all the markets
are the same, one still could use market-specific numbers of series basis functions kg v, k7'y
and kp'y to estimate a™, I"™(r,a) and h™(z, a) respectively within each market. To keep the
notation simple, however, I assume that one uses the same tuning parameters for all markets
for the rest of the paper, i.e., k) v = ko n, kI'y = k1 n and kj'y = kp . All the convergence
rate results in Section 4.2 hold if one relaxes this assumption.?®

For any vector v, let ||v|| = (v'v)'/? denote its Euclidean norm; for any matrix A, let
|All = [trace(A’A)]"/? denote its Euclidean norm.

The estimation of the structural functions (U, e, R,) follows the steps suggested by the
identification strategy. I start with the within market estimation of two reduced form func-
tions, namely, the payment function I"(x,a) and the quantity function A" (x,a), as well as
their partial derivative functions for each market. Then in light of the proof of Theorem
1, the quality function e(x,a) can be estimated by first solving an estimated version of the
equations (3.8) and then integrating over z and a. Finally, sellers’ marginal disutility function
Un(h,z,a) can be estimated by a series minimum distance (MD) estimator using the sellers’
FOCs.

Following the identification steps in Section 3, this section describes the steps for esti-
mating e(z,a) and Uy (h,z,a) in details. The steps for the buyers’ marginal utility function

R.(z,y,b) are similar and will be briefly summarized at the end.

4.1.1 Estimation of Payment Functions /™(z,a) and Quantity Functions h™(z,a)
Using Single Market Data

Let me first clarify some notation used in this section: 1" (x,a) and h™(z,a) indicate the
reduced form functions; I™ (or A, 2™, or a™) is a random variable, denoting the payment

received by (or the quantity supplied by, the observed characteristics of, or the unobserved

characteristic of) a randomly chosen seller from market m; and I/™ (or A", zI", or al")
represents the observed payment (or the observed quantity, the observed characteristics, or
the unobserved characteristic) value of a specific seller ¢ in market m.

In Section 2.1, I showed that the payment function I™(z,a) is strictly increasing in a
under Assumptions 1-4. Recall that @™ is the conditional quantile of the payment I™ given

observed characteristics 2™ of the seller in market m. That is

FI7n‘m7n:x(Im(x, a)) - Fam (a) = da.

25With minor changes in notation to accommodate market-specific tuning parameters.
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Use a series of basis functions Ay, () = (Mi(7), ..., Ak, (7)) to approximate the indicator
function I(I™ < I") , where kg n is the number of basis functions. Then one can estimate
a!", the conditional quantile of I"™ given x™ by

a" = Fropm_gn(I")

= AkQ N (Z AkQ N AkQ N > (Z AkQ N ]m < Im)) (41)

Note that the tuning parameter kg y might depend on the sample size N. Here, a;" serves
as a generated regressor when we estimate functions I"(x,a) and h™(x,a).

Use a series of basis functions @y,  (7,a) = (¢1(x,a), ..., ¢, (2,a)) to approximate the
unknown payment function I"™(z,a), where kj y is the number of basis functions. Then,
the estimated series coefficients for the payment function I™(x,a) are the solution to the

following least square problem

A 2
51 kN T = arg ¢ IE%?N (Izm - (I)kI,N ('r?L» a;n)/f) .
€ =1

Therefore, the estimated payment function is

A

I"™(2,a) = Oy, (,0) Y, - (4.2)

Note that there is an explicit solution for é}”kj N

N - N
é“}Tfkl,z\r - (Z (I)kI,N (x;na dzm)q)kI,N (x;n7 &gn)/> (Z (I)kI,N ('Tlna &:n)jzm> : (4'3)

i=1 i=1

Because @y, (7, a) is a series of known functions, their first-order derivatives are also known.

Therefore, the series estimator of the partial derivatives of I"™(z,a) can be obtained imme-

diately
. 0 .
1;7; (QT’ (Z) (8¢1 (x7 a) gbk[,N (x’ a) ) 6?}]4?],N’ (44)

61’]- B al'j
for j=1,...,d,, and

a

N (9 (9 I.N ) o
i™(e,a) = (gblégz’a),..., O ’@(Ex a))gyfkw. (4.5)

Similarly, use the series of basis functions ®y,  (z,a) = (¢1(z,a), ..., ¢, y(7,a))" to approx-

imate the unknown quantity function A" (z,a).
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Then the estimated series coefficients for the quantity function h™(x,a) is

i=1

N - N
i = (z @khw@r,am@khwwr,am') (z ékhm,amhr) R
=1

Therefore, the estimated quantity function and its first-order derivatives are

~

" (x,a) = Oy, (2, a)/é}Tkh,N7 (4.7)

R 0 0o, (z, N
) = (2000 Basn g (15)

e 9¢1(z,a) O, (T, a)
>m _ 1\x, a kN \T5 G m
hy (2, a) = < o, o, ) - (4.9)

forj=1,...,d,.

4.1.2 Estimation of Quality Function e(z,a) Using Multiple Market Data

Just like the identification strategy, estimating the quality function e(x, a) starts with the sys-
tem of equations (3.8). Replace I™(z,a), h(x,a) and their derivatives in equation (3.8) (i.e.,
in the expressions of B(z,a) and A(x,a)) with their counterparts estimated in Section 4.1.1.
Use the series of basis functions @, (x,a) = (¢1(x,a), ..., ¢k, (T, a)) to approximate
7’ 2
ee;(7,a)/e(z,a) and @y, (2, a) = (¢1(x,a),. .., P, \n(T,a))" to approximate eq(z,a)/e(x,
a). Let the series coefficients be ﬂ%kxj’MN (j =1,...,d;) and By, . respectively. And
let Byn = (/B;Iakzl,]\/fl\]7 . ;dkazdeN, éhk'a,]\/IN)/' Then, for each seller i and each market m,
one obtains an estimated version of the equations (3.8) as follows:

m am\/ A = Am(x?l7azn)7
(I)kwdx’MN(ZL’i 7CL- )/Bxdz7kwdxv]\/IN

KA
(I)ka,MN (x;n7 &?in)//Bayk’a,IMN

where the d, x (d, + 1) matrix B™(z™, ") is

AR at't

i Y AR et

Bz am) = <]1dx ® Iz, a) |, — VI am)> ,
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and the d, x 1 vector A™(z™, a) is

A, an) = By a) VLI @ ar) — 1, ) Vo )| S a).

’l »

Therefore, the estimated series coefficients are the solutions to the following least square

problem
Buy = argmmZZLS x" al; B),

m=1 i=1

where

2
q)kwl,MN( i@ )ﬁwl
LS(x, & B) = || B™ (2", ") - . — A (a7, A
i Wi i oW (I)kxd MN(%'T,(I;R)/ﬁde i 0%

(Pka MN( ;n»&:n)lﬁa

There is an explicit expression for Byn as follows:

BMN = S;¢S¢Aa
where

M N

See = (MN)'D " Se(a]" ") Sela]", @), (4.10)
m=1 i=1
M N

Sea = (MN)T' D> Se(af" o) A™ (", a]"). (4.11)
m=1 1=1

where
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S('I’Q(xzm»d;n) = _fom( T? a; >®(I)ka MN( Z; &Zn)/

Then the estimated ratios of the quality function are

(o) _ .
e%x,a) = gl('x7 Cl) = (I)kxl MN (Q? Cl) 5961, w1, MN)
— ) (4.12)

j%\a) = gdx(‘r7 (l) = q)kIdIJWN (ZE a)//ga?dz, f”d JMN)

\ 6(1‘,@) = gdz‘i’l(m) CL) = Qka MN( ) /Ba ka MN*

By replacing the relevant ratios of the quality function in equation (3.5) with their estimators

given in equation (4.12), one obtains the estimator of the quality function

dg x; a
é(x,a) = exp E / Gi(T1, .o i1, 85, Tjgrs ey Tay, G)dSj + /gdﬁl(x,t)dt
j=1"7 % a
do o,
_ § : - - VA
= exp / [CIDij,MN(xl,... ,Ij_1,5j7$j+1,...,xdm,a) /ij)ka:j,]WN] de
j=1"7 %

+/ |:(I)ka,1VIN (SC?t)/Ba:ka,I\/IN] dt) . (4'13)

a

4.1.3 Estimation of Sellers’ Marginal Disutility Function Uh(h,x,a) Using Mul-
tiple Market Data

Estimation of the sellers” marginal disutility function starts from the partial derivatives of
the payment equation (3.6). Combined with the sellers’ FOC in equation (2.1), they imply
that for V(z,a) € X x A,

V. I"™(z,a) [V R (x,a) + " (z, a)vg(e(m} Un(h™(x,a),z,a),

(4.14)
(ea) = B+ i (0288 U (), 2,a).
Now, use a series of basis functions Wy, (h,2,a) = (Y1(h,z,a), ..., Y,y (hT,a)) to

approximate the unknown marginal disutility function. Then, one wants to choose the series
coefficients 4, ,, to minimize the sum of the squared distances between the left-hand sides
and the right-hand sides of the equations (4.14). Specifically, define

GzyMN(h;ﬂ? x;n’ CALT: ’Y)
V:,;e(/x\a;”) " m(gm g
m m) qIIfU,MN (hz ? z 7 ) 7 V [ ( z ’ z )7

1) Z

= | Vb apar) + e ar)

e(z!
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and

Ga,MN(h’zmv xzmv d:na ’Y)

—

ea(xzma di”)

e(z™, am)

(2 )

= | g ) + R ag)

\Iij,MN(hm r" a ) v Im( Am)'

l’l’l 172

And the minimum distance (MD) estimator of the series coefficients are defined as

m ,.m Am.
CCMN hz , Ly, ay av)

m ,.m Am.
aMN h@ y gy Qy 7’7)

The estimator 44, ,,, has a closed-form expression given by

’ka wy = Aarg  min Z Z

ku,MN
7€R —1 i=1

FA}/kU,]\/IN = S\E\I!S‘I’f
where

A~ M N A

Sew = (MN) YN " Sy(hp,a, a7y Su(hy", 2} "), (4.15)
m=1 =1
M N

Sur = (MN)TIOS T Sy (r, 2, a) Sp(hy, 2, a). (4.16)
m=1 =1

In equations (4.15) and (4.16), the (d, + 1) X ky pn matrix S’q,(hm moar) is

Z’Z”L

[vx}}m(ggm’ ai") + Bm($m a; )%} @ Wiy (B3 2", 47"

’L’Z’Z —

m
e(zl™,al

{fl?(x;n, @) + hm (@, & >L;ﬂ Wyoppr (R, 2, )

and the (d, 4+ 1) x 1 vector S;(h7, ™, a™) = (Vo I™ (2™, &), I™ (27, ™). As a result, the

l”l”b

estimated sellers” marginal disutility function is
Uh(hv Z, a) = \Iij,MN (h> Z, a’>/f3/kU,MN'

The steps described in Sections 4.1.1-4.1.3 complete the estimation of the supply side

structural functions (e, Uy,).
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4.1.4 Estimation of Buyers’ Marginal Utility Function Rz(z, y,b) Using Multiple
Market Data

The buyers’ marginal utility function R, can be estimated by similar steps. First, within
each market m, estimate the conditional quantile b]" of the payment [/" using a formula
similar to equation (4.1). The unobserved effective amounts can also be estimated as 2" =
R - é(a, al"), since researchers observe which seller is matched with which buyer. Second,
estimate the reduced form payment function I (y, b) and effective amount demand function
d™(y, b) using the generated regressor l;lT” and generated dependent variable 2" from the single

market m. Third, taking the partial derivatives of the payment equation for the buyers yields

VyI"(y,b) = P(d"(y,b))- Vyd™(y,b),
I;n(yvb> = sz<dm(yvb)) ’ dzn(%b)

Combine these equations with the buyers’ FOC in equation (2.4), and use a series of basis
functions Oy, (z,y,b) = (61(z,9,0),...,0ky(2,9,b)) to approximate the unknown buyers’
marginal utility function R,(z,y,b). Then, the function can be estimated by an MD estimator
similar to that in Section 4.1.3. Moreover, if the buyers’ utility values R are observed,? then
the second and third steps are not necessary. The series estimation of R and its derivative
functions boils down to a linear regression of R]" on O, (", y™, l;Z”) using multiple market
data.

4.2 Uniform Rates of Convergence of Structural Function Estima-

tors

In this section and Appendix D, C denotes a sufficiently large, generic positive constant, and
¢ denotes a sufficiently small, generic positive constant, both of which may take different

values in different uses.

4.2.1 Unobserved Heterogeneity Estimators a;"

This subsection derives the convergence rates of the within market kernel estimators of the

conditional quantile a}* given in equation (4.1).

Assumption 13. Suppose that Fimpgm(I|x) = Fimgm—y(I) is continuously differentiable of

order dy > d, on the support with derivatives uniformly bounded in I and x.

26For example, firm revenue in labor markets.
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Define

kq.n o\
VoN = (%—1—]{:&51/ z) )

And I will assume that kg y/N — 0 and kg v

Theorem 3. Suppose that Assumption 13 is satisfied. Then,

la* — azm|2/N =0 (1/37]\,) )

i

WE

i=1

4.2.2 Payment Function Estimators I "(x,a) and Quantity Function Estimators
i (z, a)

This subsection derives the convergence rates of the within market series estimators of the
reduced form payment functions I (x, a) and quantity functions h™(z, a) and their first-order

derivatives.
Assumption 14. Suppose that X and Y are Cartesian products of closed intervals.

Assumption 15. Suppose that ®p(z,a) = P14, (21) ® -+ ® Py, 1, (d,) ® Par,(a). This
implies that k =k, - H?; k;.

In Assumption 15, if k£ denotes the number of series basis functions used to approximate
an unknown function of (z,a) (or of (h,z,a)), then let ky, k; and k, denote the numbers of
series basis functions used to approximate the i component, x; component and a component

in the Cartesian space, respectively.
Let (o(k) = k, Co(k) = k2k, and (k) = k2k.

J

Assumption 16. Suppose that for all m € M, I™(x,a) and h™(z,a) are continuously

differentiable of order d > 2 on the support.?”

For a function [(7,a) : X X A — R, define the norm |l[5 as |l|s = max|,j<s SUp(, 4)exx 4
|041(x, a) /O - - aly™ Dare|, with piy + - + pa, + fta = o (J11, - - -, fla, » Ha aT€ integers).

One implication of Assumptions 5, 6 and 16 is that there exist some positive constants
By and By, such that for all m € M, |[I"™|y < By, and |h"|y < Bpa,.

Suppose that the following assumption about the approximation error by the basis func-
tions holds.

27TWithout loss of generality, here I assume that d is the same across all markets m € M.
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Assumption 17. Suppose that for a positive integer é; > 1, there exist a constant ay > 0
and pseudo-true series coefficients £, € R* such that [I'™ — &} &, 15, < Ck ™! for all
positive integers ky. Suppose as well that for a positive integer 0, > 1, there exist a constant
ay, > 0 and pseudo-true series coefficients &Y, . € R such that |W™ — & & |5, < Ck, "

for all positive integers ky.%®

Let I"™(x, a) denote either the payment function I"™(z, a) or the quantity function A" (x, a).

Let I™(, a) denote the series estimator of I™(, a) defined in equation (4.2) or equation (4.7),

and let ZA;’; (z,a) (j = 1,...,d,) and [™(x,a) denote the series estimators of the first-order
derivatives of ["(z,a) defined in equation (4.4), equation (4.5), equation (4.8) or equa-
tion (4.9).

Define

VN = CO(k:l,N) (Va,N + k;ﬁl) )
Vi, N = Cj(kl,N) (Va,N + klj](\lfl) )
voN = GClkiw) (I/a,N + kl_z?/l) .

And I will assume that v;x — 0, v; y — 0 and v, v — 0 as N — oo for the rest of the

paper. Moreover, note that vy = O(v,, ), and vy = O(v, n).

Theorem 4. Suppose that Assumptions 14-17 and the conditions of Theorem 3 are satisfied.
Suppose as well that the numbers of series basis functions used to approximate each component
in ki all increase to infinity with N, and /ki nvanCa(kin) — 0 as N — co. Then

sup |lAm(I,(l> —lm(x,a)| = Op (VZ,N)-
(z,a)eXxA

Theorem 5. Suppose that the conditions for Theorem 4 are satisfied . Then

sup ZZ (z,a) = 7 (z,a)| = Oy (v,n)
(z,0)EX XA
and
sup  |lg'(z,a) = lg'(z,a)| = Op (Vi) -
(z,a)eXxA

Since a7 is used as a generated regressor,?’ the convergence rates of the reduced form
functions and their derivatives depend on the estimation errors of a;" as well as on the series

approximation errors of the functions themselves.

28Without loss of generality, here I assume that a; and a;, are the same across all markets m € M.
29Recall equations (4.3) and (4.6).

30



4.2.3 Quality Function Estimator é(z,a)

This subsection derives the convergence rates of the cross-market series estimators of the
quality function e(x,a) and its first-order derivative ratios.

Assumption 18. Suppose that for a positive integer o, > 0, there exist a constant o, > 0
and pseudo-true series coefficients B07xj7kzj e RF= (for j =1,...,d,) and Boar, € R* such
that |emj/e—<I>§%j Boswy s, 5. < Chy ™ and |eq/e =P Boak,ls. < Cky for all positive integers
key (7 =1,...,d;) and kq.

Define
M N
See = (MN)™'D N " Se(al,af) So (2", all"),
m=1 i=1
where

S<1>71 (C(}m (lm) =

i

and

S‘P,?(x;nv a’?) = _vxjm(x;n’ a?) ® (I)ka,MN (x;nv a’;‘n)/'
Assumption 19. Suppose that there exist some positive constants Be, and B, such that the
quality function e(x,a) satisfies |ela < Bey, and |e|o > By.

Assumption 20. Suppose:
(i) Amin (E(Sos)) > ¢ > 0;
(11) There exists some positive constant By, such that for all m € M, |h™|o > By.

For j =1,...,d,, define

dy dz dy
_ —Q —Q
Ve, M\N = CO(kmj,MN) E Vh;,N + Vpo,N T E :Z/ijN + v, N+ ka,]\fN + E :kxj,&N )
Jj=1 Jj=1 Jj=1

and

da dg dx
— — Qe —Qle
Veo,M,N = Co(k?a,MN) [ E Vh; N + Vp, N + E v, N T Vi, N+ ka7MN + E kacj,MN] .

j=1 7=1 7=1
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And T will assume that v, yny — 0 (j =1,...,d,) and v, ;v — 0 as N — oo for the rest
of the paper.

Lemma 4. Suppose that Assumptions 18-20 and the conditions of Theorems 3-5 are sat-
isfied.  Suppose as well that the numbers of series basis functions ky; yn — 00, vi(oy)
(Cg(kxj,MN) + Cﬁ(ka,MN)) — 0, Va,N(Ca<kxj,MN) + Ca(k?a,MN))(Co(kxj,MN) + Co(ka,mn)) — 0,
V1,80 (Kay e ) +Co(Ranen )V n) (Co (B pan) +Co(kapan)) — 0 for j =1, dy, kaun — 00,

-----

0o. Then

dy

dy dy
A —« -«
HBMN_ﬁO,MNH = 0, g Vh;,N T Vp N + E v N Vi, N+ iy T E kxjjﬂv .
j=1 j=1

Jj=1

Theorem 6. Suppose that the conditions for Lemma 4 are satisfied. Then, for j =1,...,d,

sup eggj(x, a)/e(x,a) — € (z,a)/e(x, a)‘ = 0, (1/6].7M7N) ,
(z,a)EX XA
and
sup ea(:z:,?)/\e(ac, a) —eq(z,a)/e(xr,a)] = Op(Ve,mN)-
(z,a)eXxA

Theorem 7. Suppose that the conditions for Theorem 6 are satisfied. Then

(z,0)eXx A

dy
sup |é(z,a) —e(x,a)] = O, (Z Ve, M,N + Vea,M,N> .

J=1

The convergence rates of the quality function and its derivative ratios depend on the
estimation errors of the reduced form functions and the series approximation errors of the
quality function itself. Note that the estimation errors in a]* affect the estimation errors of

€x;(7,a)/e(x,a), e.(x,a)/e(zr,a) and e(x, a) only through I™, h™ and their partial derivatives.

4.2.4 Sellers’ Marginal Disutility Function Estimator Uh(h,x, a)

This subsection derives the convergence rate of the cross-market series estimator of the sellers’
marginal disutility function Uy (h, z,a).

For a function l(h,z,a): H x X x A — R, define the norm |l|5 as |l|s = max,<s
SUD(.1.0) M x X x A |0#1(x, a)/OhF Ozt - - - 8x55°‘”8a““|, with pp + 1 + -+ pa, + tta = 1 (i,

[y« -y fhd,, fla are integers).
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Assumption 21. Suppose that for a positive integer oy > 0, there exist a constant ay > 0
and pseudo-true series coefficients Yo, € R¥ such that |Uy — Wy Yory s, < Cky® for all

positive integers ki .
Assumption 22. Suppose that there exists some positive constant By such that |Uy|y < By.

Assumption 23. Suppose that Vy(h,v,a) = Vg, (h) @ Vig(21) ® -+ @ Yy, 1, (4,) ®
U, (a). This implies that k = ky, - kq - [17, ;.

Assumption 24. Suppose that H is a compact set and the cross-market variation in f)" and

fy" 18 rich enough that the equilibrium cross-market joint density of (h,z,a) is bounded away

from zero.
Define
M N
Sww = (MN)™ Y 0> " Sy (b, 2, ") Su(hy, ", a}),
m=1 i=1
where

m(pem qgm m( ,.m Vee(z",a] m ,m
|:v$h ( z ) z )_I—h ( z ) z )ﬁ} ®\IijMN(hz 7$z 7ai )l
)

Sy(h", 2 al") =
[hgl( ;n? Zn)_{—hm( ;717 Zn)e:((xz'”,am)] \IIkU,MN(hm T? ;n)/

(A A A

Assumption 25. Suppose that Apin (E(Syy)) > ¢ > 0.

Lemma 5. Suppose that Assumptions 21-25 and the conditions for Theorem 6 are satisfied.

Suppose as well that kU,MN — 00, \/kU,MNVa,NCa(kU,MN) — O, kU,MNVej,N — 0 and kU,MN
Ve, N — 0 as N — 0co. Then

ds
P il = 0 (s 43 55 )
j=1
In addition, define
da
vo, MmN = Colkumn) [l/ea,MN + Z Ve, M,N + k:UMN] ,
7j=1
And I will assume that vy, prnv — 0 as N — oo for the rest of the paper.

Theorem 8. Suppose that the conditions of Lemma 5 are satisfied. Then

sup Uh(h,x,a) - Uh(hwxva) = Op (VUh7M7N) :
(h,z,a)EHXX XA
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The convergence rate of the sellers’ marginal disutility function depends on the estimation
errors of the quality function and on the series approximation error of the sellers’ marginal
disutility function itself. Note that the estimation errors of a}" and the reduced form functions
and their derivatives directly affect the convergence rate of the sellers’ marginal disutility
function, but they are dominated by the estimation errors of the quality function and its

derivatives.

5 Empirical Illustration in Labor Markets

In this section, I apply the estimation procedure provided in Sections 4.1 to estimate the
efficiency (quality) function e in labor markets. Section 5.1 introduces the data set, and

Section 5.2 estimates the workers’ unobserved efficiency function.

5.1 Data: the 2015 American Time Use Survey

The data set I use is the American Time Use Survey (ATUS, see Hofferth, Flood, and Sobek,
2013 for details). The ATUS randomly chooses one individual from a subsample of the
households that are completing their participation in the Current Population Survey (CPS)
and asks them to recall their time spent, minute by minute, on various activities within a
randomly picked 24-hour period in the past. The ATUS classifies activities into 17 major
categories and many more sub-categories, and provides a quite precise measure of the time
that workers actually spent in working.3°

I consider the 2015 ATUS respondents,®* and focus on full-time workers in the three largest
cities: New York, Los Angeles and Chicago®?. After dropping observations on Saturdays and
Sundays and making some other minor adjustments, I end up with a sample of 92 workers
in New York, 74 workers in Los Angeles, and 55 workers in Chicago.

I use the time spent in the “working” sub-category of the ATUS as the measure of working
time A", the weekly earnings in the CPS as the measure of earnings I7", and the age reported

)

in the CPS as the observed characteristic 21" of the workers.?

30Major categories include working and work-related activities, household activities, education, traveling
and others. For working and work-related activities, it further breaks down to working, looking for a job,
eating and drinking on the job (e.g., lunch breaks), security procedures, and so on. I use the time spent in
the working sub-category as the measure of working time.

31The data were obtained via ATUS-X Extract Builder: Sandra L. Hofferth, Sarah M. Flood, and Matthew
Sobek. 2013. American Time Use Survey Data Extract System: Version 2.4 [Machine-readable database].
Maryland Population Research Center, University of Maryland, College Park, Maryland, and Minnesota
Population Center, University of Minnesota, Minneapolis, Minnesota.

32To be precise, the three largest metro areas: New York-Newark-Bridgeport (NY-NH-CT-PA), Los
Angeles-Long Beach-Riverside (CA), and Chicago-Naperville-Michigan City (IL-IN-WT).

33Individuals in the ATUS can be linked to their observations in the CPS to obtain rich demographic
information. In this illustration, I use age as the only observed characteristic for simplicity. The application
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Figure 5.1 shows the scatter plots of working time per day and weekly earnings of each
worker in the three cities. Within- and cross-market variation appears prominent: (i) both
working time and earnings vary substantially within all the markets; (ii) for the same working
time, earnings in New York tend to be higher than those in Los Angeles, which in turn, tend
to be higher than those in Chicago. In fact, the median of the earnings-to-working-time
ratio is 2.47 for the workers in New York, 2.03 in Los Angeles, and 1.62 in Chicago. Such
within- and cross-market variation is crucial for the identification of the unobserved efficiency

function.

5.2 [Estimation of Unobserved Efficiency Function

With the observed data (I™, ", zI*) from the three cities, one is able to estimate the efficiency
function e(x, a).

As discussed in Sections 2.1 and 3, distributions f* of workers’ observed characteristic
m

x€T:

" (age) serve as aggregate instruments that induce cross-market variation in the earnings

functions. Figure 5.2 plots the kernel estimated densities of the workers” age distributions in
the three cities. It shows that in the 2015 ATUS sample, full-time workers in Chicago are
slight younger than in the other two cities. The age distributions in Los Angeles and Chicago
are slightly more dispersed than that in New York.

Such variation in the distributions f]* appears to be sufficient to generate adequate vari-
ation in the earnings functions. Figure 5.2 draws representative iso-earnings curves for the
three cities on the support X x A = [25,65] x [0.05,0.95]. Recall that Assumption 9 for
identifying the efficiency function requires that the iso-earnings curves from at least two
cities have different slopes. For each value of (x,a) on the support, this is the case, except
in the very small region with a > 0.9 and = € [35,55]. This suggests that Assumption 9
is satisfied. Moreover, using estimated derivatives of the earnings functions f?(m,a) and
f;”(x,a), m = 1,...,M, I compute B(:p,a), the estimate of the coefficient matrix B(x,a)
defined in Assumption 9 for a grid of (z,a) values on the support X x A. The determinants
of B(z,a) B(x,a) for all these (z,a) values are bounded well away from zero. This indicates
that the matrix B(z,a) has full column rank. As a result, I am convinced that the key
identification condition for the efficiency function e(z, a) is satisfied.

The normalization worker I choose is (Z,a) = (25,0). I used the tensor product of
quadratic polynomials of x and a to approximate e,(z,a)/e(z,a) and e,(z, a)/e(x, a).?* With

the two estimated ratio functions, one could obtain the estimates of the efficiency function

to more observed variables poses no theoretical problem, but it may take more computing time.

34That is, I approximate the two ratio functions using By + iz + fox? + Baa + Bszx + Beax? + Bra® +
Bga’x + Boa’x?. There is no obvious rule for how one should determine the order of the polynomials for the
efficiency function or for the other structural functions in this model. This may serve as a topic for further
research.
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defined as in equation (4.13). Figure 5.2 plots the estimated efficiency function é(z, a) on the
support X x A.

Figure 5.2 presents a prominent and interesting pattern of the efficiency function. For
workers with the same level of unobserved characteristic a (“ability”), efficiency first increases
with age, and then decreases. For workers of the same age, efficiency increases with a. At age
25, workers with the highest ability do not exhibit much higher efficiency than their lower
ability peers. As they mature, however, their efficiency could be much higher than their peers
with the lowest ability.3

6 Conclusion and Extensions

In this paper, I study the identification and estimation of a nonparametric hedonic equilib-
rium model with unobserved quality. I explain how to use within- and cross-market variation
in equilibrium prices and quantities to identify and estimate the structural functions of the
model. Using the estimated structural functions and the equilibrium-solving algorithm sug-
gested in this paper, researchers could solve the counterfactual equilibrium to analyze the
distributional effects of policy interventions. In contrast to other widely used methods, the
counterfactuals thus constructed account for unobserved quality and equilibrium effects of
policy interventions in a nonparametric setting. Yet several directions of extension are worth
more research.

First, asymptotic distribution results are necessary for conducting inference on the struc-
tural functions and the counterfactuals. In addition, providing an easy-to-implement, data-
driven method to determine the tuning parameters for each step of the estimation procedure
is relevant to empirical work.

Second, in this paper I assume that agents’ unobserved heterogeneity is scalar-valued,
which might restrict its applicability (e.g., Roy model is excluded). Chernozhukov, Galichon,
and Henry (2014) considered the identification of hedonic equilibrium models with multidi-
mensional unobserved heterogeneity among agents. It might be an interesting research topic
to see whether one can extend their method to models with unobserved product characteris-
tic. Another related possible extension is to allow for multidimensional unobserved product
characteristics that is more general than the single-index model discussed in Appendix C.
Multidimensional quality could be important for a variety of empirical questions.3¢

Third, the results in this paper are based on the assumption that agents’ observed and

35Gince I only control for age and neglect the dynamic perspective of the workers, one should be cautious
when interpreting this estimate. But this issue will be investigated in future research, and an in-depth
empirical analysis is beyond the scope of this section.

36For example, Halket, Nesheim and Oswald (2015) found that the English Housing Survey data rejects
unidimensional unobserved housing quality assumption.
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unobserved heterogeneities are independent of each other in each market. While this could
be a very restrictive assumption for scenarios in which agents select their own observed
characteristics, it might be possible to relax it by controlling on some additional variables.

Fourth, it is necessary to re-examine the identification results under alternative data
structures. For example, what can be identified if a positive proportion of workers choose
not to work at all?3” Another example is that quantity only has discrete support in the data
(e.g., full-time v.s. part-time work, number of bedrooms in a house). Moreover, assuming
that one seller is matched with one buyer might not capture certain decisions they make
(e.g., firm size) or over-simplify the production process (e.g., no complementarity among
workers).3®

Finally, the current static model might give biased estimates and counterfactuals if in fact
agents optimize over a longer horizon.?® Investigating identification of a dynamic model will

be an important topic for future research.

37Chiappori, McCann, and Nesheim (2010) showed the existence of equilibrium if agents had potentially
binding outside options.

38Proper frameworks to analyze (non-)identification of these complications remain a question.

39For example, efficiency might be under-estimated for young workers and over-estimated for experienced
workers, if young workers choose to work extra time to enhance human capital.
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A Solving for Counterfactual Equilibrium

This section suggests an algorithm to numerically solve for counterfactual equilibrium, as
there is in general no closed-form solution to hedonic equilibrium models. This algorithm
can be applied to analyze the distributional effects of a wide range of interventions. Take
labor markets as example, an expansion of higher education may change education level from
x" to x" for a large number of workers; new investment projects may increase firms’ capital
stock from y" to y"; or advances in total factor productivity may give rise to a new revenue
function R instead of R. Establishing counterfactual distributions of worker earnings INZm
(or labor supply B;”) constitutes a vital part of welfare analysis of interventions like these
and helps understanding sources of earnings inequality (or other questions concerning labor
supply A").

To fix idea, suppose we are under the first intervention, namely, ="

(foralli=1,...,N™ m=1,...,M). And suppose that the estimates of the other market

primitives, i.e. the structural functions (U, é, R), the unobserved worker characteristic a",

is replaced by z!"

and the firm characteristics (y;”,l;;”), have been obtained using the estimation procedure
provided in Section 4.1 and will remain constant under the intervention.** The equilibrium

is solved for each market m separately.

A.1 Algorithm to Solve for Counterfactual Equilibrium

The algorithm consists of two steps:

1. Obtain the general solution to the ODE in equation (2.6) that characterizes the equi-

librium.

2. Determine the initial value condition of the ODE in equation (2.6) by solving the
optimal transportation problem, which is mathematically equivalent to the hedonic

equilibrium model.

To implement the first step, let us take a closer look at the equilibrium condition in equa-
tion (2.6). It is a first-order ODE in the first-order derivative of the earnings schedule function
P™. Given any P!" function and any value z € Z, the right-hand side of equation (2.6) can
be approximated numerically. In particular, the first term of the numerator can be approxi-

mated as

40Under multiple concurrent interventions, researchers may also replace y™ and/or one or more estimated
structural functions with their "tilde" counterparts. The algorithm described in this section still applies.
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where R., and R, are the second-order derivatives associated with the estimated revenue
function R, and b*(z,y) is the inverse effective labor demand function that satisfies firms’
FOC under the given P]" function. That is,

~

P'(2) = R, (2,y,b"(2,y)) -

Similarly, the first term of the denominator can be approximated as

On the other hand, define the inverse effective labor supply function a*(z, x) that satisfies

workers” FOC under the given P]" function

P(z) = U, (;,x,a*(z,x)) /6 (z,a*(2,7)) .

é(x,a*(z,x))

Thus, the second term of the numerator can be numerically approximated as

nN™ _Uhh <é(x7a*—z(z7x)),$,a*(2,l‘)>
Tl(zax) _T2<Z>x) —T;;(Z,.%’)’

=1

and the second term of the denominator can be approximated as

il — [ (z,a*(z,2)))°
121: Ti(z,x) — To(2, @) — Ts(2, )’

where
Ti(z,x) = Ui (W, x, a*(z,x)> é(x,a*(z,x)),
To(z,z) = P(z)é(x,a"(z,x))é, (z,a"(z,x)),
Ts3(z,x) = U (W,x,a*(&x)) méa (x,a*(z,x)),

and é,, Uhh and Uha are the partial derivatives associated with the estimated efficiency
function é and marginal disutility function Un, respectively.

Therefore, replacing the four components of the right-hand side of the equilibrium condi-
tion in equation (2.6) with their numerical approximation above, one could numerically solve

the ODE for its general solution. That is, for each value P € R, we get a different function
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PI" such that P;* satisfies equation (2.6) and P"(z) = P for a fixed value 2o € Z.*!

The next step, therefore, is to determine the value Pj. Without loss of generality,
one could let zp = 0. Chiappori, McCann, and Nesheim (2010) showed that the hedonic
equilibrium model is mathematically equivalent to an optimal transportation problem. Note
that this equivalence holds even when quality is unobserved (by researchers) as long as z is
observed by both sellers and buyers. Therefore, the algorithm they proposed to solve the
optimal transportation problem can be employed to solve for the equilibrium of my model.
With the general solution of the ODE obtained in the first step, one only needs to optimize
over a one-dimensional parameter P to solve the optimal transportation problem.*? Other

equilibrium outcomes, such as I'" and h!", can be constructed as a result.*?

A.2 Stability of Numerical Equilibrium Solutions

Cautious researchers might be interested in the stability of numerical equilibrium solutions
of the model. Two sources of errors might contribute to the difference between the numerical
solution and the true counterfactual equilibrium: estimation errors in the estimation of the
market primitives and numerical errors in the implementation of the algorithm described in
Section A.1. If the mapping from the market primitives to the equilibrium outcomes is not
continuous, then the numerical equilibrium solution will be unstable with respect to these
errors.

To examine the stability of the numerical equilibrium solutions, I conduct a small-scale
simulation experiment. I implement the algorithm in Section A.1 to solve for the equilibrium
in a market with 1000 worker-firm pairs.** The first panel of Figure A.2 shows the (kernel
estimated) equilibrium densities of effective labor supply z* and demand z¢ when I use the true
structural functions. The second panel shows the (kernel estimated) equilibrium densities of
2% and 2% when I perturb the structural functions by them with multiplying normal random

variables with mean 1 and standard deviation 0.01.%> The third and fourth panels show the

41 Matlab provides toolboxes that quickly deliver numerical solutions to first-order ODEs.

42In fact, instead of solving the optimal transportation problem directly, they suggested solving the dual
problem, a constrained linear programing problem (equation (42) in their paper). They did not have the
first step and used a series expansion to approximate the unknown equilibrium price schedule function.
Therefore, they needed to optimize over multidimensional series coefficients. Please refer to their paper for
details. Depending on the sample size, the shape of the equilibrium price schedule function, and the ranges
of the series coefficients, among other factors, my algorithm might be faster or slower than theirs. Further
research is needed to investigate the situations to which each algorithm is suited.

43With the first-order derivative function P™, one may let P™(0) = 0 to determine the level of the price
schedule function P™.

4T assume that = and y follow beta distributions, that is, z; ~ 8(9,1) and y; ~ 8(1,9). I also assume that
U(h,z,a) = [h*z' + (1 — a)'] 17 e(x,a) = 2°7a%5 and R(z,y,b) = 2'/2y'/2p1/2,

45In the interim steps of the algorithm, every time I need to evaluate a structural function, I compute the
true value and multiply it by a new normal random variable.
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cases when the standard deviations of the perturbations are 0.05 and 0.1, respectively.
Figure A.2 has two important implications. First, even though I approximate the integrals
in the equilibrium condition in equation (2.6) with sample averages and approximate the in-
tegrals in the constraints of the optimal transportation problem with quadratures (details in
Chiappori, McCann, and Nesheim, 2010), the algorithm in Section A.1 is still able to deliver
a very precise numerical equilibrium solution. This is illustrated by the estimated densities
of z* and 2%, which trace each other very closely in the first panel. Second, the mapping from
the structural functions to the equilibrium is likely to be continuous; otherwise, small pertur-
bations in the structural functions would result in large changes in the equilibrium quantities
or even render the equilibrium non-solvable. However, the last three panels of Figure A.2
show the contrary. With moderately sized perturbations to the structural functions, I still
obtain equilibrium solutions that closely resemble the one obtained using the true structural

functions.

B Market Level Heterogeneity

In the main text of this paper, I assume that efficiency function e(x, a) takes the same value
for all workers with the characteristics (z, a) across markets. This implies that a worker with
ath quantile of unobserved characteristic in one market will have the same efficiency as a
worker with ath quantile of unobserved characteristic in another market (given that their z’s
are the same). If the markets (cities, counties, etc. depending on specific applications under
investigation) are comparable with each other in terms of the distributions of workers’ un-
observed characteristics, then this is a plausible assumption. In many applications, however,
this may not be true. The distribution of workers’ unobserved characteristics in Manhattan,
New York may well be different from that in Manhattan, Kansas. My model and all the
results still apply if there are finite types of markets. As long as the type of each market is
observed (or can be estimated based on some market level observables), then all the results
in this paper apply within each market type. One important practical implication is that
we may allow large cities to have a different efficiency function from small cities. So long
as we have multiple cities of the same type in our sample, then the efficiency functions can
be identified and estimated separately. Accommodating this generality formally provides no

extra insight, but induces notational complexity.

C Multidimensional Quality with Single Index Structure

In this section, I relax the assumption that A™ and e are single-dimensional. Let the constant
L > 1 denote the dimensional of h™ and e. Let h"(z,a) = (h*(z,a),...,h['(z,a)) and e(z,
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a) = (e1(x,a),...,er(x,a))’. Assume that the coordinates of h and e enter the price schedule
function collectively in a single index. Recall Assumption 1 and the payment equation (2.3)

in market m, then we have
I'"(z,a) = P™ (h*(z,a) - er(z,a) + - + h]'(z,a)er(x,a)), (C.1)

for all m € M and all (z,a) € X x A. Taking the partial derivatives with suppressed

arguments gives us:

Vo I™(z,a) =P [Vihi"er + h{*'Vey + - + Vi he, + h'V,er],

arm — pm. moer o . 4 Ohp m der,
“da ((L‘ CL) PZ [aa 61+h1 da + Oa €L+hL da

Provided that 0I™(x,a)/0a # 0, we may take the ratio of the first equation to the last

equation:

orm ony" m Je1 . Ohep mder,
Or1 __ Oz + hl oz /61 + + 8:1:1 el + hL oz /61
orm™ T QR™ Oe e 88
which implies
6 661 6 861 8 m8€L 8 86[,

a a6 T ga Ml gg /et g g e - alLa/

oI™ ohy B oI™ oy —+ n oI™ oy B oI™ ohy er
da Ox; ox, Oa 1 da 0Oz Oox, Oa ) e
oI ony  oI™ oh?

= — ) C.2
O0x, Oa da 0Oz, (C2)
Taking the ratio of the second equation to the last equation:
I i R Y e
O B b hpae 4o Gtk 4 pplen e,
which implies
oI™  Oey (961 oI™ _ Oer, Oer,
- hm e
Ja " Gy 1 a/1+ * Ba La/l L@a/l
6Im 8h§” Olm thn oIrm ony  oIm Gh’L”
da Oxs Ory Oa da Oxs Oxry Oa
oI ohyr  oI™ OhY
= 1 L (C.3)

Ory Oa  Oa Ory
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By the same token, we could get another (d, — 2) equations like (C.2) and (C.3). After some

rearrangement, we get

Vei(x,a) Ver(z,a) ey(z,a) eL(x,a))’
)

er(x,a) 7 e(z,a) ez a) T e, a

Bm(a:,a)< = A™(z,a). (C4)

In the above equation, for [ = 1,..., L, the (d, + 1) x 1 vector Ve;(z,a) is defined as

Vel(z,a) = (Vﬁﬂﬂ&,d)',%) :

the d, x 1 vector A™(x,a) is defined as

Oh{*(z,a)
Oda

_ 9I"(z,a)

A™ =
(:E? a) aa

Vol (2, 0) Vehi'(z,a);
and the d, x (d,L + 2L — 1) matrix B™(x,a) is defined as
Bm(xv (Z) = (Bin($a CI,), tr BF(ZB7 Cl), BZL—H(:U? (I)) )

in which for [ =1,..., L, the d, x (d,L + L) matrix B]"(x,a) is

o) = (PG ol . )V (0,))

and the d, x (L — 1) matrix B}, ,(z,a) is

B?+1($7 CL) = (BF+1,27 R BZZ—}-I,L) )
where for I’ =2,...,L
. _ 0I™(x,a) . ohjM(xz,a) _
BL+1,Z’ = Tvzhl/ (x, a) — Tvxf (SL’, a)

If we stack the equations like (C.4) for all markets, we get a system of Md, equations with
d,L + 2L — 1 unknowns for all (z,a) € X x A,

B(z,a) (Vel(x, a),...,Ver(z,a), (x,a), (C.5)

D
[\o}
—~
Q
~—
aQ
h
—~
8
Q
SN~— | ~—
N———
I
N

where
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and /
A(z,a) = < AY(x,a), ..., AM(z, a) ) :

Therefore, there exists a unique solution of (Vey(z,a),...,Ver(z,a), ngzg, o Z((;CZ)))’ if
the matrix B(z,a) has full column rank. A necessary condition for this is that M > L +
(2L —1)/d,. The full-column-rank condition here has a similar gradient interpretation as in
Section 3.2.2, but I will not fully elaborate it.

By normalize e;(Z,a) = 1, and solving the ordinary differential equations for each ¢;(x, a)
(Il =1,...,L) with the steps described in the proof of Theorem 1, one can recover all the
quality functions ¢;(z,a) (I =1,...,L).

Finally, note that with large M, one might get over-identification as well.

D Proofs of the Theorems in Section 4.2

D.1 Proof of the Theorem in Section 4.2.1

This section provides the proof of Theorem 3. But some notation is needed first. Let A" =
A n (), wig = LI < 1) — Fpajpn (I27) (i,j = 1,...,N) and W™ = S | APPAT/N.

Lemma 6. For ™

Zfzz‘:l bi(z™) Wb (x

(@f",...,2%) and kg x 1 vectors of functions by(z™) (i=1,...,N),
m)/ = O,(rn), then

Z bl(‘l’m)/ZA;an/\/N /N = Op<7’N).

i=1 j=1

Proof. This lemma is the same as Lemma S.1 in Imbens and Newey (2009), only with the
notation adapted to that in this paper. ]

Lemma 7. Suppose that Assumption 13 is satisfied, then there exists C' such that for each I
there is p(I) with sup,ey |Frmjem (I|z) — Ap(z) p(1)] < Ok—d/ds

Proof. This lemma is the same as Lemma S.2 in Imbens and Newey (2009),¢ only with the
notation adapted to that in this paper. ]
Proof of Theorem 3

This theorem is the same as Lemma 11 in Imbens and Newey (2009), only with the notation

adapted to that in this paper.

46Tt is a reiteration of Theorem 8 (p. 90) in Lorentz (1986).
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D.2 Proofs of the Theorems in Section 4.2.2

In the rest of this subsection, I will suppress the superscript m for functions and variables
for notational simplicity. The results in Section 4.1.1 and the proofs in this subsection hold
regardless of the market index m.

Recall that {™(z,a) denotes either the payment function I"™(z,a) or the quantity func-
tion h™(x,a) in a market m. Let [ = (I"™(zy,a1),..., 1" (xNn,an)), | = (™(x1,01),. ..,
(2N, an)), ®i = P, (74, a:), P, = Dy (24,0:), @ = (Py,...,Pn), o = (&)1,...,&)]\[)’,
Q =E(®;9)),Q = d'®/N, and Q= i)’é/]\f. Without loss of generality, we can set @ =Ty, ,
the k; v x k; y identity matrix, as in Newey (1997). Note that the estimated series coefficients
in equation (4.3) and equation (4.6) can be written with this notation as él,kl,N = Q d'I/N.
Finally, let &, , = Q~®'I/N.

Recall that the estimated series coefficients élykl, v take least square forms. So the proof
in this subsection proceeds in three steps: (i) to show that the “denominator” of the esti-
mated series coefficients converges in probability to a constant matrix; (ii) to find out the
rate at which the “numerator” converges to its probability limit, hence the estimated series
coefficients converge to the pseudo-true series coefficients at the same rate; (iii) to obtain
the convergence rates for [ (x,a) and its derivatives using the results in step (ii), the compact
support assumption, and the assumptions on the approximation errors by the series basis
functions. In what follows, Lemma 9 presents step (i), Lemma 10 presents step (ii), and step
(iii) is given by Theorems 4 and 5.

Lemma 8. Suppose that Assumptions 14 and 15 are satisfied. Then, sup, yexxa [|Pr(T, a)|| <
CGo(k), sup(yayexxallOPr(@,a)/0x;|| < CC(k) and sup(, gy xxa [0Pk(x, a)/dal| < CCa(k).

Proof. Under the maintained Assumptions 5 and 6, the joint density of (x,a) is bounded
away from zero. Combine this with Assumption 15, then the results follow from equations
(3.13)-(3.16) in Andrews (1991). O

Lemma 9. Suppose that the conditions of Theorem 3 and Lemma 8 are satisfied. Suppose as

well that the numbers of series basis functions used to approximate each component in ki y

all increase to infinity with N, and \/WVQ,NCG(MN) — 0. Then, the following results hold:
(i) |® = @[*/N = O, (v2 yZ (ki) ;
(i) |Q — Q| = O, (Co(kz,N)\/ k?l,N/N> :
(iii) ||Q —~Q|| = O, (V2 NG (kin) + Vi nvvanCa(kin)) ;
(1) Auin(Q) = ¢ > 0, Apin(Q) > ¢ > 0 with probability approaching 1, where Ay, denotes
the minimum eigenvalues of a symmetric matrix.
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Proof. For (i), consider a mean value expansion for i € {1,... N},

where a; lies between a;, and a;.

Since a; and a; are in [0,1], so is ;. By Lemma 8,

|0y, (i, ai)/0al| < Clu(kin). Then by Cauchy-Schwarz inequality, |®; — 4| < Clu(krn)
|a; — a;|. Together with Theorem 3, this implies

N
1& —@P/N = Y (18 — il*/N = O, (v n (ki) -
i=1

So (i) holds.
For (ii), let I;; denote
¢i(x,a)) =L, then

E Q- Q]

the (j,1)-element of an identity matrix. Note that E(¢;(z,a)

IN

2

N~ ﬁ: ;0 — Q
=1

[k kN n 2
35" (xS s arntia) 1)
| 5=1 1=1 i=1
ki N ki N

K Zl o3 (3, a;) zZ o} (1, a;)
j= =1

N71Cg<kl,N>tr(Hkl,N)
¢ (kyn) kv /N.

So (ii) follows by the Markov’s inequality.

For (iii), by the triangular inequality and the Cauchy-Schwarz inequality,

N
1Q=Ql < Y [P - ®:2}||/N
i=1

N N 12, N 1/2
< Z]|<I>i—d>i||2/N—|—2(ZHCI%—CI)AP/N) (ZH‘I)ZHz/N) :
i=1 i=1 i=1

Moreover, by the Markov’s inequality

Z 12:]/N = O, (E (I|2:%)) = O, (tx(Q)) = Oy (tr(In, ) = Op (ki) . (D.1)
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So the result follows from (i).

For (iv), by the definition of (y(k; n) and (,(k; n), and the fact that v, y converges to zero
slower than N2, we have that \/kj yva,nCa(kin) — 0 implies Co(kl,N)\/m — 0 and
V2 nC2 (ki) — 0. Therefore by (i) and (iii), we have that [|Q — Q)| 25 0and |Q-Q| £ 0.
By the same argument following equation (A.1) in Newey (1997), [Amin(Q) — Amin(Q)| and
Amin (@) — Amin(Q)] are bounded by ||Q — Q| and ||Q — Q||, respectively. Since Q = Ty s
Amin (Q) 241 and )\min(Q) 24 1. So the result follows. O

Lemma 10. Suppose that Assumptions 16 and 17, and the conditions of Theorem 3 and
Lemma 9 are satisfied. Then, the following results hold:

(Z) ||gl:k?lN - gl,k’l,N H = Op (VaJV) )
(éi) Hfl,kl,N - Sl,O,kl,N” = Op (kljj(\lfl) :

Proof. For (i), consider a mean value expansion for i € {1,... N},

ol
Uz, a;) = U(xi,a;) + %(l’udi) (G — a;),

where a; lies between a; and a; and might take a different value from that in the proof of
Lemma 9. Since a; and a; are in [0, 1], so is @;. Together with Assumptions 14 and 16, this
implies that |0l(z;,d;)/0a| < C. Moreover, by Lemma 9, we have that Ayin(Q) > ¢ with
probability 1, so

|02 — )| = 0 -Dy8Q &~ D/N?
< Cli-up/N

N
CZ |€Lz — (li|2/N,
=1

IN

Then (i) holds by Theorem 3 and Lemma 9 (iv).
Similarly, for (ii), by the definition of &,klﬂ N

~ ~ 2 A c A F B 2
HQl/Q(fz,kl,N - é:l,o,kz,N)H - HQ1/2(§z,kz,N - Q_(I),(I)&vo’kw/]vw
= (= Brop, ) DQ (= Do, )/ N?
< Ol = ®&ox,4]I2/N

< C( sup |l(:c,a)—q)kl,N(fcva)lfl,o,kz,NP)

(z,0)eXx A

= O, (k3"
where the last equality holds by Assumption 17. Therefore the result holds by Lemma 9
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(iv). O

Proof of Theorem 4

Proof. By the definition of {y(k; ) and (4 (ki ), the condition kfﬁ k‘ih ~Van — 0 implies that

VkiNCa(kiN)Va,n — 0.
By the triangular inequality,

sup |Z(fL’, CL) —Z(ZL‘,G>|

(z,a)eXxA
< sup |(I)kz,N (SL‘, a)/<él,kl,1v - £Z,O,kl,1\r>| + sSup |q)kl,N (33, a)I£l70,kl,N - Z(SC, a’)’
(z,a)eXxA (z,0)eXx A

= 0, (CO(kZ,N) (Va,N + kzjﬁ;l)) + Oy (k;ﬁl)
= O, (Colkin) (van +Ki4"))

The first equality holds by the Cauchy-Schwarz inequality, Assumption 17, and Lemmas 8
and 10. The second equality holds since (y(k;n) — o0 as N — oo. This completes the
proof. O]
Proof of Theorem 5

Proof. For j =1,...,d,, by the triangular inequality,

sup  |I™(z,a) — Ly (x,a)

(ma)exx Al
0 ~
< sup P cI)k‘z N(I a) (fl,kz,N - gl,o,kl,N)
(z,a)eXxA | OT;
m 9 :

+ sup lm]- (CL’, a’) - _q)kl,N (1‘7 a) flyovkl,N

(z,0)EX XA Ox;

= Oy (Glkun) (van +EN)) +Op (kin")
= (CJ klN (Va7N—|—leﬁl)).

The first equality holds by the Cauchy-Schwarz inequality, Assumption 17, and Lemmas 8 and
10. The second equality holds by that (;(k;n) — oo as N — oco. This completes the proof

of the first statement. The proof of the second statement follows the same argument. O]

D.3 Proofs of the Theorems in Section 4.2.3

This subsection proceeds with the same steps as in Appendix D.2. In the rest of the proof,

I will spell out the superscripts of the market index m.
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Define

In this equation,

where

‘g‘b,l (I:n7 dlﬂ)

Il
®
=~

,3
¢

and
S¢’2( T;,a; >__V Im( Zn7 a; )®(I)kaMN( i &m)/

’L »

Lemma 11. Suppose that Assumption 16, and the conditions of Theorems 8 and 5 and
Lemma 8 are satisfied. Suppose as well that the numbers of series basis functions used to
approrimate each component in kg, pyn (G=1,...,d;) and ko pn all increase to infinity with

N, Van(Calkz; mn) + Ca(Kaprn)) = 0, ko nrn + Z;lil ke; v — 0, (vi,n Z?il ky; N + Ko N
Z;lil VIj,N) — 0. Then
(i)
|Saa — S@@H

= ( aNZ (Kaj N )+ C( aMN))

+Va,N

d, d 1/2
Z (Ca(k:vj,MN) + Ca(ka,MN))] (ka,MN + Z kxj,MN> ;

j=1 j=1
(ii)
1500 — Saall

0 0 1/2 " 1/2
= 0, <V?G,N Z ke N + kapn Z Viy) (ka,MN + Z kxj,MN) ;

Jj=1 Jj=1 J=1

(111) )\min(gq@) > ¢, Amin(Soe) > ¢ and Auin(See) > ¢ with probability approaching 1,
where Apin denotes the minimum eigenvalue of a symmetric matriz.

Proof. To prove (i), some preliminary results are needed. For j = 1,...,d,, consider the
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mean value expansion

Im( m7 Am)q)k y

a Z ’L z: MN a 7y YWy
= 13(17?7 dz )q)kzj,MN (‘Tz 7a7z'ﬂ>,(d;n - a;rn)
o D )
+Im( Znﬂ Zn)%q)kwj,MN (xz 7azn)/(azn o a’zm)u

where @ is between a!" and a!", so it must be in [0,1]. By Lemma 8, Assumption 16, the

1 7

triangular inequality, and the Cauchy-Schwarz inequality, we get

Hjm( T, a; )q)k A[N( ) ]m( Ty, @ )(I)k ( i CL?%),||2
< C (¢ :cj,MN)+C ( a:j,MN)) |a" — a"?
< CC(kayuw)la] — al . (D.2)

By the same token, we have that for j =1,...,d,,

||I£;( T? a; )(Dk’aMN< ;n’ ;n) Im( T? a; )(Dk’aMN< i a;’n)lnz
< O (G (Rapan) + CGkanin)) 05" — a|?
< OC(kayn)lay — a'?. (D.3)

Equation (D.2) implies that
Q m aAm m m 2
|So1 (2], a") — So1 (], )|

)

dy
- ZHIZL( i, a; )(sz MN( Zn :n) Im( va i )(I)kz MN( v a;n)/HQ
=1

dg
<O a = a"? Y ke, ).

=1

And equation (D.3) implies that
[Sa a2, ") = Sea(af, )|
dy
- angj( Ti,a; )(DkaJ\IN( va :n) Im( ;n7 a; )q)kaMN( i a:.”)’HQ
j=1
< Odglaf = aiPC (kamn).
As a result,
Q m am m 2
HS(I)<:UZ 7, ) S‘I)( z ) z )H

20



= || Son(a™ @) = Sea(a,a)||” + || e, @) — Sea(z), )|

dy
= Clay = a"* > (G ko, an) + G (kann)) - (D.4)
j=1
On the other hand, by Lemma 8, Assumption 16 and the Cauchy-Schwarz inequality, we
have
de )
a™ 2 m/,.m ,m m
||S<I>1( Ty Ay )H = Z [a (xz )y )q)kz MN(xi ) 5 )/
j=1
do )
m(,m ,m\|2 m
< I AP || @y e (a0
j=1
dy
= 0, (kaj,MN>
j=1

In this expression, the inequality holds by the Cauchy-Schwarz inequality. The second equal-
ity holds because I set the basis functions to be orthonormal without loss of generality, and
hence for j =1,...,d,,

(Hq)kz MN( T? a; H) - tr(]Ikzj,IWN):kzijN'

Then by the Markov’s inequality,

2
Hq)kacj,MN(xl ,a:.n) = Op (k:):j,MN) . (D5)
By similar argument, we also have
m m 2
Hq)kaMN 7, JCL’L' )H = Op (ka,MN)7 (D6)

which implies that
IS0 2(x}", ") |I* = Oy (kain) -

As a result,
1Se(z}, ai)I* = |1Se1 (=}, ai")[* + [|Se2(z}", af")[|*
= 0, (ka,MN+Zk:xj,MN). (D.7)
j=1
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Now consider (i),

[Sea — Sea||
M N B B
= (MN)' DN ISl 4"y Se (2", a") — So(z]", al) Se (a7, a}") |
m=1 i=1

IA
=
=
L
=
-
=
(S}
N
~3
Q>
=
|
n
(S}
G)
B
o

1/2
where the inequality holds by the triangular inequality and the Cauchy-Schwarz inequality.
Combine this result with Theorem theorem 3, equation (D.4) and equation (D.7), we get

|Soe — Sos|

= (aNZ K, N ) + ¢ (kanin))
d, i 1/2
Z (Calko,man) + Ca(k’a,MN))] (ka,MN + Z kzj,MN>

J=1

+Va,N

J=1

So (i) holds.
To prove (ii), some preliminary results are necessary. Note that the Cauchy-Schwarz

inequality, Theorem 5, equation (D.5) and equation (D.6) imply that

| (Tt ar) = rgar ) @, (@ ar)
~ 2
m(aal) = L )| ([P (a0

Z”L 7,72

= Op (V]j7Nka,MN) )

| (T ) = g a)) @,y (@, 67
2
) = I )| @ @ )|

= Oy (vi,(on, ki )k, nin) -

02



They further imply that

2

S‘P,l(x;n’ d;n) - S<1>,1 (3:?17 d:n)

dg . 9
= ([ (= e ) e Gy
j=1
da
= Op (V?G(UN, kI,N) kaj,MN> )
j=1
and
~ . _ . 2
Soa(@,a") = Sea(al,a")|
de 9
= 3| (@ ary - @) @ e @Y
j=1
dz
SACTS N
j=1
As a result,

On the other hand, by the fact that a!* € [0,1], Lemma 8, Assumption 16, the Cauchy-
Schwarz inequality, and that the basis functions are orthonormal, we have

de
||§q>71($’2r'n’a’;n)H2 = Op (Z kzj,MN> )
j=1

HS‘I’,Q(xl‘na a:n)HQ = Op (ka,MN) .

As a result
ISa(@,a)|[* = [|Sea(al, a)||* + || Sl e
dy
= 0, (k;a,MN +) kxj,MN> . (D.9)
j=1

23



Now consider (ii),

1900 — Sael|
M N . . ~ ~
= (MN) YD ||Saler ) Solar, a) — Sa(el,al) So(at, o)
m=1 i=1

IA
B
=
M=
WE

where the inequality holds by the triangular inequality and the Cauchy-Schwarz inequality.
Combine this result with equation (D.8) and equation (D.9), we get

|Sse — Sea|

da dy
= OP ((V?Q,N Z kxj,MN + ka,MN Z V?].’N)

Jj=1 j=1

+ <V?a7N Z Ka; N + Ko Z Vi-,N) (ka,MN + Z kxj,MN)
Jj=1 j=1 j=1

do d 1/2 da 1/2
= OP (V%Q,N Z kmj,MN + ka,MN Z V]2].’N> (ka,MN + Z kmj,MN>

J=1 j=1

=1
So (ii) holds.
To prove (iii), note that

E [[[See — E(Saa)|?]

dy
> E [(MN) (I, ) | @y o (7, )i o (27, 7Y

J=1

IN

dg 9
+2ZE[<MN> (I a)? (L @) || @n s (27", @) P (0, )

=1

de ) 2
+E (Z (£, Z”>)> @, (@], @) O, o (a2

J=1

IN

dy
B! 2 E {(MN)

o4



dy 9
128! E [(MN) T Ay (& ) }
j=1
+diB;1E |:||(I)kaN L Q4 )q)ka MN H i| (DlO)

where the first inequality holds by the definition of Sge, Assumption 11, and that the second
moment of a random variable is no less than its variance; the second inequality holds by
Assumption 16. Recall that I assume the series basis functions are orthonormal (i.e. @ = 1),
then by Lemma 8, we have that for j =1,...,d,,

Dy

z-,MN( i ) &2 MN(xm a;

E [(MN)‘l
]\4N S MN

= (MN>71E Z (bi ) :n) Z ¢l za a;

< (MN)_lgg( $j7MN)tr(sz]~,IMN)
= (3 (kay,mn ko, in /(MN). (D.11)

By the same token,

m am)CI)k

aIVIN( 27 (3

E -(MN)

< (3 (kay man)kan/(MN),  (D.12)

E (MN H(I)k MN(’IZ ) @y )(I)k ]\4N($ am)/

10

S Cg(k:mMN)kocj,MN/(MN)a (D13)
and
E [(MN) ™ [ @0 (2" @)@, o (7, Y |*] < GBlkarinVhanan/(MN). (D14)
Plug the bounds in equations (D.11)-(D.14) into equation (D.10), we get

E [[|Ses — E(Ses)|’]
< {g&( max k, MN> +g§(ka,MN)] ( max k, MN+kaMN) / (MN).

J: 7777 _]— .....

Then by the Markov’s inequality,

1Sea — E(Ssa) ||

95



Since v, v converges to zero at a slower rate than N~1/2 Va,N (Ca(kaymn) + Ca(Kamn)) — 0
and kg pn + Zjil ko, n — 0 imply that [¢§ (manzl,...,dz kxj,MN) + G (ko) (maxj—1__ 4,
Ko; N + kapn)/(MN) — 0. As a result, || See — E(Ssa)|| = 0p(1).

Note that e n(Ca(ke; mn) 4 Ca(kann)) — 0 implies v 5 (G2 (key ) + GG (Fanan)) — 0.
Then by result (i), we have ||Spe — Soa|| = 0,(1). Moreover, by result (ii), and the conditions
that the numbers of series basis functions used to approximate each component in k,, yn
(7 =1,...,d;) and k, N all increase to infinity with N, (v, Z;.lil Ko; N + Kain 2?21
vi,n) = 0for j=1,... dy, korn + Z;»lil ko, mn — 0, we have |1Sp0 — Soa| = 0p(1). Then
(iii) follows by the same argument for the proof of Lemma 9(iv). This completes the proof

of the lemma. n

Define

m=1 i=1
M N

Sowa = (MN)™ Y N " Se(al",al) Ay (), af"),
m=1 i=1
M N

Sowa = (MN)™Y N " Se(al™,a") Ay (", af"),
m=1 i=1

A (", ai") = [hy' (27", ")V I™ (2], 6]") = L (27", 0" ) Vo ™ (2, a)] [ h™ (23, a3),

’L’Z 27’L

I (2, )Py o (2, 65 Boan o, ar
Agl(xi ,ai") = :
I (2 G ) Py (2 0 Bog, sy i
=V I (2", 07") @ [P,y (277, 07) ﬁoakaw},
(@, ) P, o (T 6 Bosas ey, e
Az o) = :

[;n( i a4 )cbkxd MN(x?Z7&;n)/ﬁ0$dzyk:cd ,MN
-V Im( T? A;n) ® [q)k:a MN( ;n7 ;n) ﬂO(lka MNj| .

Now we need some intermediate coefficients which help analyze the estimated series coeffi-

cients for the quality function. Define

B — B/ ol ol ! R S
MN = 1Ky MNO T P Bag ke N Paka N ) T T @D QA

o6



/
n _ ! ol 4 _ &o— O
ﬂO»MN = </8071'17kzl,1VIN’ T 7501$dz:kmdz,MN’ 60,tl7ka,1\4N> = S‘Pq) 0,2A4-

And with some standard algebra, we get

! A A
I / / / — —
Poun = <5o,$1,kzl,MN> e ﬁo,xdx,kzdz,mv Bo,a,ka,MN> = P9920,04-
Moreover,
A Al Al al !
Bun = (Bxlyk'zl,IWN’ CrPray ke MNY ﬁa,k’a,MN) :

Note that if we let S denote the stack of Se(z,a/) for all i € {1,...,N} and all m €
{1,. M} then Spp = S S@/(MN) Let Sa, Spa and SOA denote the similar stacks of
Am( o am), An(z™, am) and Am( x, ™), respectively. Then Spy = S/ 5Sa/(MN), Soga =

StSoa/(MN) and Sy ea = S4S50.4/(MN). Then we have the following lemma.

Lemma 12. Suppose that Assumptions 18-20, and the conditions of Theorem / and Lemma
11 are satisfied. Then

(i) HBMN — BMNH =0, (Z?il Uh; N T Vh,,N + Z;lil v Nt V]a,N> ;
(1) HBMN - BO,MNH =0, (k;?\jN + ij 1 Ky az%v) ;
(m) HBO,MN - 50,MN|| = Op <V1a,N + ijl l/Ij,N) .

Proof. For (i), by Theorems 4 and 5, and the conditions that v,y — 0, v, y — 0 and
v,nv = 0 (I =1I™orl = hm), we have that [I™ — I"™|; =5 0 and |h™ — A™|; 25 0 for
m=1,..., M.

Some notation is necessary before I proceed with the proof. Let Z™ (m = 1,..., M) denote
a set of functions I: R%*! — R such that each function in Z™ is continuously differentiable
of order one. Similarly, let H™ (m = 1,..., M) denote a set of functions h: R4+t — R such
that each function in H™ is continuously differentiable of order one.

For any functions (I,h) € Z™ x H™, define d, functionals F%(I ,h) indexed by (z,a) €
X x Aand j€{l,...,d,} as follows:

. he(z,a) ha; (2, a)
V(1 n = I, KA S AR
D0 = L) g
Note that ,
Am(l’Z 7dz ) _ < F(lm (]m’iLm) F(d) (Im hm) )
and



In what follows, I will omit the explicit dependence of ') on (x,a), and the results in this
proof hold uniformly for all (z,a) € X x A. In particular, since a* € [0, 1], it must be the
case that (™, am) € X x A. Let AI™ = [™ — I"™ and AR™ = h™ — k™. Then we have

R

2

HAm(xm ) — A, 6

)

de

-

J=1

N A N . 2
r@)(fm jmy — 1O, hm)’

dz
= Y _|prOm nm; AT AR™) + RTO (1™ B AT AR™)

J=1

‘ 2

dy
< C (Z | DTO/(™ s AT, AR™)|

=1

de
+> " |RTO (1™ A Alm,Ahm)}g) : (D.15)

=1

where the inequality holds by the triangular inequality. In equation (D.15), the first terms

of the summands are linear functionals with

| DLW (1™, h™; AI™, AR™)]

|y T
= e T pm = e T ym2
YN N AL N
e T pm e T (2
< C(AI™ + AR, (D.16)

where the inequality holds by Assumptions 16 and 20(ii), and the triangular inequality. And

in equation (D.15), the second terms of the summands are nonlinear functionals with

|RTD(I™ B™; AT™, AR™)|
1
= R™? (AITAR™ — AT AR™ I™R™ — I™h™)(AR™)?
G iy [ (ATEAR = ALK ) + (b — A (AR
—h" (I AR+ WAL — LT AR — by A];”)Ahm] ’

< (AR + AR (D.17)

where the inequality holds by Assumptions 16 and 20(ii), the triangular inequality, and the
Cauchy-Schwarz inequality.
By the consistency of 1™, h™ and their derivatives, equation (D.16) and equation (D.17)
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imply that |[RTO (1™ m™; AI™, AR™)| = o (|DTW(I™, h™; AI™, AR™)|). Then combine
equation (D.15), equation (D.16) and Assumptions 16 and 20(ii), we get

2

[ at'?

|Am @, a) = Am (@)

dy
= 0, (Y |proam, wm; AIm,Ahm)|2>
=1
dy dy
= 0 Z V%,N + VN F VN Z VZ,N + Vi,N)
=1 =1
dy dy
= O Z V%,N + VI?LQ,N + Z V?j,N + Vi,N) :
=1 =1

Recall that this result holds for alli € {1,..., N} and allm € {1,..., M}. By Lemma 11(iii),
we have that )\min(3¢¢) > ¢ with probability approaching 1, then we have
8172 (A 5 2
|55 (Bun — Bur) |
~ -_— / A A A A —
— (84— 54) 805505 (84— Sa) /(MNY?
. NN _
< C (SA - SA) (SA - SA> J(MN)
ds dy
= 0, (Z Vij,N + V]?LG,N + Z V?j,N + Vi,N) :
=1 =1

So (i) holds by Lemma 11(iii).

For (ii), consider

| A @ ayy — Ag (e, ar)||
dy A
o (2 al) . N
= Z I;?(SUZ”;GI”) h;zn(xzmv&:n) - I;n(a:zma Zn)q)kwj,MN(xlTn7a’;n)//ﬁovmjvkwj,J\/IN
j=1 777
m (@, ap) 2
N X g (2 7 A~ ~
]:Ln<x;'n7 ;n) h"i(l’m &m) + I:;r;(m;nvaz'n)q)ka,zwv (xm7a?1)//80aa7ka,NIN
707
dy: m Am
oy | €ay (2, 07" .
= Z Igl(x;'nvafrin) |: :J(:L,Wz ’dnf‘) - q)kzj,MN<xzm7a;n)/ﬁ(le,kzj,MN:|
j=1 i

2
- (I)ka,MN (xzn7 d;n)lﬁoyavka,]vIN:|

29



da
= 0, (Z k2w + ko ?&‘E) .

J=1

where the second equality holds by equation (3.7); the third equality holds by Assumptions 16
and 18, the triangular inequality and the Cauchy-Schwarz inequality. By the same argument
as in the proof of (i), we have

dy

2
e (w+2w) |

J=1

|53 (B = o)

So (ii) holds by Lemma 11(iii).
For (iii), note that

— (T, @) = B2 ")) u o (@0 oo

(Im( ;n7 Azn) - [Agn(x:nv dfn)) |:(I)kmj,MN (1;777’7 dzm)/ﬁo,zj,kzj,MN -

6wj (xzna &:n):|

e(z™ am)

i
. . . er (" alm)
e a) — G a) ) e

S

e

Tj

m/_m Am m 2" qm m_am €a<x;n,d;n)
_<[x3(xl ' & )—Ix]( i )> |:(DkaMN( Ly Ay )60ak’aMN_e,—.:|

(@, &) — I () &m)

_ 2 —2a 2 —2« 2 2
= Op| v N § kponin T Von + o v E Vi, N T § VI N
j=1 j=1 j=1
dz
_ 2 2
= Op |V, Nt E VLN |
j=1

where the third equality holds by Theorem 5, Assumptions 18 and 19, the triangular inequal-
ity and the Cauchy-Schwarz inequality; the fourth equality holds by that k, ;v — oo and
ke, mn — 00. By the same argument as in the proof of (i), we have

HS;’/; (Bo.un — Boun) H = 0, (V?a,N + Z V?j,N :
=1
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So (iii) holds by Lemma 11(iii). This completes the proof of the lemma.

Proof of Lemma 4

Proof. By the triangular inequality, we have

H (BMN - 50,MN) H

< [ (B = )|+ 1B = Boaum)l 1 o = )|

So the result follows by Lemma 12.

Proof of Theorem 6

Proof. By the triangular inequality, for j = 1,...,d,,

—_—
ee,; (7, 0) B e, (v, a)

sup

(r,a)eXxA €<£L', CL) 6($7 CL)
< ( S)ug 4 )(I)kzj,MN (L a)/ <Bk’1]~,MN - /Bovxjkaj,MN>‘
z,a)EX X
€, (2, a)
+ su Oy v (ma) Bos, -
(x,a)egxfl kszIN( ’ ) BOJJ,kIj’MN G(ZE, (I)

Then the result follows by Lemma 4, 8, Assumption 18, the triangular inequality and the

Cauchy-Schwarz inequality.

The uniform convergence rate of e,(z,)/e(x, a) holds by the same argument.

Proof of Theorem 7

]

Proof. By Assumption 14, Theorem 6 and the conditions that for j =1,...,ds, ve, yn — 0

and v, yv — 0, then we have

—_—

z; 7 7 i z; 7 - e
/Jemj(l’l,...,$j_178j,$j+17...,xdz,CL)d /Jerj(l‘l,...,$j_1,8j,$j+1,...7Idz,(l>d8
- ——ds; — - ——ds;
7, e(T1, ..., Tj1,85,Tjt1s- -+ Tdy, Q) 3, e(T1, ..., Tj1,85, Tjt1s- - Tdy, Q)
—_—
_ 0 o, (T1, . Tj1, 85, Tjg1, o5 Tdy, @) €, (T1, .o, 51, 85, Tjg1, oo, Ta,, @)
= 0, - e a Sk
e(T1, .oy Tj1, 84, Tjg1ys - - Ty, Q) e(T1, . Xj1, 84, Tjg1s -5 Td,, Q)

em) Ca (x,a)
e(x,a) e(z,a)

)

= 0, sup
(z,0)EX XA

= Op(1>7
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and

@

ea(r,t)  eal,t) )

eq(r,a) ey, a)

e(x,a)  e(x,a)

e(x,t)  e(x,t)

= O sup
(z,a)eX XA

= o,(1). (D.19)

Let J denote a set of functions J: R%=*1 — R. Define a family of functionals =, ,(J) indexed
by (z,a) € X x A as follows
Era(J) = exp(J(z,a)).

Let
de oz, — o i
j(l’ CL) _ Z/Jexj('l?l?""xj_l’sj’xj"l‘l""7'Idz7a’)d8‘+/ 6a(x>t)dt
’ = z; 6(271,...,l'j_1,3j,li'j+1,...,fd d) J ae(x,t) 7

dz T a
J(x,a) = Z/ Gi(T1, . Tjo1, 85, Tty - - s Tay, Q)dS; + / Gd,+1(z, t)dt.
j=1 T a

Then it is easy to see that é(x,a) = =, , (j> and e(z,a) = =, ,(J). In what follows, I will
omit the explicit dependence of = on (x,a), and the results in this proof hold uniformly for
all (x,a) € X x A. Let AJ = .J —.J, then we have

f—e = Z(J+AN)-Z(J

The first term in this decomposition is a linear functional with

sup |D=E(J; AJ)| = sup |exp(J)AJ| < C|AJ|o,

(z,0)EX XA (z,0)EX XA

where the inequality holds since X x A is compact by Assumption 14. And the second term

in the decomposition is a nonlinear functional with

sup  [RE(J; AJ)| =0 (|AJ]o).
(z,a)EX XA
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Then by the triangular inequality,

sup |é(z,a) —e(z,a)| < C|AJ|o+ o (|AJT]p)

(z,0)EX XA
= O0,|C sup / €al®,?) dt—/ ol t)dt
(z,a)eXxA a 6(1’, t) (.Z' t)
o o | (ZED)ar- [etena)
(z,a)eXxA z €<87 a) z 6(57 CL)
And the result follows by equation (D.18), equation (D.19) and Theorem 6. O

D.4 Proofs of the Theorems in Section 4.2.4

This subsection proceeds with the same steps as in Appendix D.2.

Lemma 13. Suppose that Assumption 23 and the conditions for Theorem & are satisfied.
Then, SUP (h,z,a)eHx X x A Wk (R, z,a)|| < CC(k), SUP (h,z,a)eHx X x A 0% (h, 2, a)/Oh| < CCu(k),
SUD (1, 2,0)Hx xxA |OWk (D, 2, 0) [ 05| < CC(k) and sup, ;. gyemxxa lOVk(h, 2, a)/dal| < CCu(k).

Proof. This lemma holds by the same argument as Lemma 8. O
Define
M N
Sww = (MN)™ Y > Sy (b al ) Su (b« af"),
m=1 i=1
where
Vohm (@, @) + R (e, ) ZE | @ Wy, (R o Y
Su (2} ") = | i

[hﬁ 2 Q) B a) e ;‘mf] Wy, (B, 20, G2

Lemma 14. Suppose that Assumptions 22, 23 and 25, and the conditions for Theorem 6 are
satisfied. Suppose as well that the numbers of series basis functions used to approximate each

component in kyyn all increase to infinity with N, /kuunve(on)Ca(kumn) — 0, kumn
Ve, un — 0 for g =1,...,dy, and kyynVe, mny — 0. Then

(i) |Svw — Swel| = Op (V2N (kvun) + /kuanva(on)Ca(kuun)) ;

(i1) HS\NJ — Syl =0, (kU,MN [Z?il Ve; M,N T Vea,M,N]> ;

(111) )\min(g\pq;) > ¢, Amin(Sww) > ¢ and A\uin(Swy) > ¢ with probability approaching 1,
where Apin denotes the minimum eigenvalue of a symmetric matrix.

Proof. To prove (i), some preliminary results are needed. For j = 1,...,d,, consider the

63



mean value expansion

[hw;” ™) (e )

e (', al™)
_ hm m hm m. . m J ? ? \If hm m_m\/
{m]‘( )+ (zvz)e(mzm’agn)} k'UMN(’L’Z7Z)
e (", al) ex (X, al™)
= |A7" (" a h(x", a) A h™ (2™ al") ——— " Lt
e+ aran S e, an e
m(,.m ~m ef](:lj-;m,d;fn)ea(x;ﬂ,a?%) m m m/ A~ m
—h ( Ty Gy ) [6(%?,&?)]2 '\Iij,MN(hz y Ly s Gy )(az — aQy )
e (a0
7 (x, al h™ (2", a et AL AL RN B hi xl, my (gm — ),
# ) v ierar) - SEEE Sy ar - )

where @} is between a!" and a}", so it must be in [0, 1]. Note that a}* might take a different
value from the previous uses. By Lemma 13, Assumptions 16, 19 and 20(ii), the triangular

inequality, and the Cauchy-Schwarz inequality, we get

m /., m ~m m(pm o gm 637](3:;”1’&?1) mo.m Am/
H |:ha:g(xz a; )+h ( i, a; )W} \IlkU,MN(hz y Ly s @y )
hm( m m)+hm( m m)emj(xlm’a;n) /] (hm m m)l ?
z; Ty a; T; s a; e(a:zm,a;") kuvn I T @y
< Clai" — ai? (65 (k) + Gkumn)
< Claf" — o PG (k). (D.20)
By the same token,
hm( m Am)_'_hm( m Am)ea(‘r;n?a’:n) \Ijk (hm xm dm)/
a Z Y l Z Y 7/ e<x;n’&;n) U,MN 1 1 K2
m m m m m m ga($zm7a;n) m m m\/ ?
- ha(zv z)+h (27 z) (ZET,CL{”) \Ijkuzmv(hzvxiaaz)
< Clai* = a"* (¢ (kvun) + CG(kuun))
< Cla = "¢ (kumn). (D.21)
Equation (D.20) and equation (D.21) imply that
m m m m 2
HS‘I’ z?zﬂz) S‘I’(z7zvz)H
< Cla = ai' ¢ (kumn). (D.22)
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Without loss of generality, I can set the basis functions to be orthonormal. So
(B (I (B 2 a)[P)) = 0 (i) = Fae
Then by the Markov’s inequality, we have
[ W (B 2 )P = Oy (hrarw) (D.23)

This implies, together with Lemma 13, Assumptions 16, 19 and 20(ii), and the Cauchy-
Schwarz inequality, that

[Sw ko aon @ a)[* = Op Ghraan) (D-24)
Now consider (i),
) M N
[Svy — Swu| = (MN)_IZZHS\D 7alait) Sy (b @, aft)
m=1 =1

)'Su(hi", ", a")|

’L’Z7Z

ay"
M N ~ )
= (MN)T'Y S || Su(h 2 a) — Sy (b 2 o) ||

m=1 i=1
M N 1/2
+2(MN)‘1ZZ<HSW(7IT, o, al) — Su(hpal o))
m=1 i=1
1/2
(”S‘If kUMN ) H >

where the inequality holds by the triangular inequality and the Cauchy-Schwarz inequality.
Combine this result with Theorem theorem 3, equation (D.22) and equation (D.24), we get

1Sew — S| = O, (Vf,NCs(kU,MN) + kU,MNVa(UN)Ca(kU,MN)> :

So (i) holds.

To prove (ii), some preliminary results are necessary. Recall that H™ (m = 1,..., M)
denotes a set of functions h: R%=*' — R such that each function in H™ is continuously
differentiable of order one; and that J denotes a set of functions J: R&+1 — R.

For any functions (h, J) € H™ x J, define a family of functionals Ty Zl(h, J) indexed by
(r,a) € X x Aand j € {1,...,d,} as follows:

Cq, (z,a)

T = hy. .
M(h, J) = he(7,a) + h(z,a) e(@.a)

(D.25)
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And define another family of functionals T;?Q(h, J) indexed by (z,a) € X x A as follows:

eq(z,a)
e(x,a)

T;“L)l(h, J) = ho(z,a) + h(z,a) (D.26)

Note that

o~ — o~ !
~ ~ ew a ~ a

Sy (k2™ &) = (TS& m (hm,—“) I, o (hm—> T (hm,—e ))
1 77 6 1 77 6 1 77 e

In what follows, I will omit the explicit dependence of T¥) and T on (z,a), and the results
in this proof hold uniformly for all (z,a) € X x A. In particular, since a* € [0, 1], it must

be the case that (277,a") € X x A. Let AR™ = h™ — h™, let A(%) = % — % for

~

j=1,...,d,, and let A (&) = ¢

5]

— ?“ Then we have

® I

2

Su(h" a7 ") — Se(R a7, ai")

dg —

Z v [ G5 ) <hm 6&)

s " e " e
— 2

L@ (jm fa) v (hm €_a>
e "e

where the inequality holds by the Cauchy-Schwarz inequality. By the same argument as for

2

’ ||\Iij,IWN(hm i Am){ ?

27171

. (D.27)

equation (D.23), we have

H\Ika’MN(hm i CALm>H2 = Op (kU,MN)- (D28)

(A A 4

Moreover,

—~ 2
TG (o S5} y6) (hm ei)
" e e

= D0 (0 = A A (Z2)) + RO (07, 2 AR A <e_>>‘2

e

< ofpr® (i = s a ()]
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+O‘RTU (hm % AR A(@))‘Z, (D.29)

e

where the inequality holds by the triangular inequality. In equation (D.29), the first term is

a linear functional with

D70 (22 anm A (2))] = fann - ma (22) - anmt

€ €

0) , (D.30)

< c(|jamm), + ‘A%

where the inequality holds by Assumptions 16, 19 and 20(ii), and the triangular inequality.

And the second term in equation (D.29) is a nonlinear functional with

o i a5 (2)] = s (2)

€ €

< o fs(2)]) o

where the inequality holds by Assumptions 16, 19 and 20(ii), the triangular inequality, and
the Cauchy-Schwarz inequality.

—

By the consistency of h™, izg”; and eiej, equation (D.30) and equation (D.31) imply that
|[RYO (W™, Z25 AR™, Aley, /e))| = o(|DYW (W™, =25 Ah™, A(e,, /e))|). Then combine equa-
tion (D.29), equation (D.30), Assumptions 16 and 20, we get

—_~ 2
ey . €.
‘T(]) (hm, j) — TV (hm, j)‘ = 0, (Vij,N + l/e2j,M7N> =0, <V3j7M N) (D.32)
for j =1,...,d,. By the same token, we have

v (jm €\ _ y@ (hm e_a>
e e

Together, equation (D.27), equation (D.28), equation (D.32) and equation (D.33) imply that

) (D.34)

On the other hand, by equation (D.28), Assumptions 22 and 25, and the Cauchy-Schwarz

inequality, we have

2

= O, (V2 un)- (D.33)

d
2 xr
m m ~m . 2 2
HS\I’ i Ly ) S‘I’( i s Li 50y )H - OP (kU:MN [E :Vej,M,N+V6a,M,N

Jj=1

ng,kzv,x(x?"”,a?‘)HQ = Oy (kyun)- (D.35)
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Now consider (ii),

|Spw — Spu| = W, ap) Sy (R, o), al)

177,71, 177,71,

B

=

|
NE
?

3
I

|
&

Sw(hi", a7, ") Sy (b, 2}, af") |

’L’Z’Z

8
=3

I
E
=
M

Z7Z7Z ’L7Z7Z

=2 1

éf

2
B a) = Sy (o )|

i
—
-
Il
—

+2(MN)—1iZN:<HS@ Pt als af) = Sw (B @i, 4 H)

where the inequality holds by the triangular inequality and the Cauchy-Schwarz inequality.
Combine this result with equation (D.34) and equation (D.35), we get

de
HS\M} —Swl = O, (kU,MN [Z Vej,M,N T Vea,M,N]> .
j=1
So (ii) holds.
To prove (iii), note that
E (IS -~ EGul’) < DB | (kG a) + H )
=1

'H\Iij,MN<hm v m)\IIkUNIN(hm i m)/”

l’l”L ’L”L’Z

+E | (MN)™? (hm(xm, o) + b m)_ea(x,m,a;n))?

ot DO e ar)

'H\IJKU,MN(h;n’ :nv zm)\I]kUMN(th’ Zn7 zm),||2]
)

< CE |:||\Iij,MN hm i m)\DkU]MN<hm an?aT/H2:|7 (D36)

7,77,7

where the first inequality holds by the definition of Sgy, Assumption 11, and that the second
moment of a random variable is no less than its variance; the second inequality holds by As-
sumptions 16, 19 and 20(ii). Recall that I assume the series basis functions are orthonormal,

then by Lemma 13, we have

E[H\Iij,MN(h;n’ CANCUL TV (AN H]
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ku MmN ku MmN

= (MN)ilE Z wk zn’ T? :n) Z 1/}12 :nv :na ;n)
k=1 =1

< (MN)_lcz(kUMN)tr(]IkUMN)
= C(kumn)kun/(MN). (D.37)

Plug the bounds in equation (D.37) into equation (D.36), then we get
E [[[Sww = E(Sww) "] < CC(kupn)kuan/(MN).

Then by the Markov’s inequality,
[Sew —E(Sww)]| = O, (Co(kU,MN) k?U,MN/(MN)) -

Again, since v, (o) converges to zero at a slower rate than N=1/2, | /kumnva(on)Ca(kumn) —
0 implies Cg(kU,MN>kU,MN/(MN) — 0. As a result, ||Sq;q; — E(Sq;q;)” = 0p<1).
Note that \/kyynva(on)Ca(kuan) — 0 implies v} yCF (kyan) — 0. Then by result (i),

we have || Syy — Syw|| = 0p(1). Moreover, by result (ii), the conditions that the numbers of
series basis functions used to approximate each component in ky pn all increase to infinity
with N, kU,MNVe]-,M,N —0 fOl"j = 1, ... ,dm, and kU,MNVea,M,N — 0, we have HS\II\I/ — S\p\pH =
0p(1). Then (iii) follows by the same argument for the proof of Lemma 9(iv). This completes
the proof of the lemma. O
Define
M N
Sur = (MN)T'Y > " Sy(hr, 2" a) Sy (b, 2} @),
m=1 i=1
M N
SO,\III = (MN)_IZZS\P(h;nu Zn) a; )SOIUZznu znad;n)a

M N
S10,\1/[ = (MN)_IZZS"I’(tha :nv i )SOI(h;nv :n:dfin%

S"l’(hzm’ zmv a; )SOI(hzmv 77&7)7

So,w1

Il
R
=
M=
WE

where

Si(h ) = (vxfm( i a), I (@, ai) >
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e@l.a

e )+ R (o ) ) =

’L "

; VAT (a6 + R ) S
SOI(hl’ Zm’a;n) = <

e(zl™,al

® [\IlkU,MN<hm(x;n’ &Zn)v mzm7 ;n) Y0,k MNj| )

(Vi i S

So.r(R, 2 & ca(em am
ol ) b (el a) + @ r,am>—;<i;a,z;%>)

® [\I/kyyMN<hz ﬂxz y @ ),YOk?UMN:| )

; Vb @ ar) + b ar) T
Sor(hP,zp,a) = (& ) + B, 67) oy

hZ’L( m Am)_i_hm( m Am) (Zz ’Aa;-i))

171 171 e(g;,,
k2

® [\Iij,MN(th)mZn7 AZ )fyo kUMN:| :

Now we need some intermediate coefficients which help analyze the estimated series coeffi-

cients for the sellers’ marginal disutility function. Define

f?k’U,]MN = S\E\I!S‘I’h
’707kU,MN = S\I_J\IJ 0,\1117
Yokvun = SeuS0wr-

And with some standard algebra, we get

Yo.ku N = S\;\DSO,\I/I-

Note that if we let Sy denote the stack of Sg(h™, ™ a7) for all i € {1,..., N} and all
m € {1,...,M}, then Syy = S&,S}U /(MN) Let S;, Soz, Sos and So; denote the similar
stacks ofgl(h;”, ™, a), So. (R, i, i), So (b, a, a™) and Sg g (h*, 27", 43", respectively.

Then gq;[ = S(I,S[/(MN), 507\1;[ = S‘&,SQ,[/(MN), S()yq/[ = S\I,SOJ/(MN) and 507\1;[ = g(pg(),]/
(MN). Then we have the following lemma.

Lemma 15. Suppose that Assumption 21 and the conditions of Lemma 14 are satisfied.
Then

. ~ _ dy
(i) H’V’w,wuv - fka,MNH =0, (Zj:l Vi, N+ Vla,N) )
(“) ||,7]€U,MN - ’70,kU,MN|| - O (k[;?\lfN) )
(ZZZ) ||707k’U,JVIN - ;)(/O,kU,MN || = (kU MN + VG(UN))

(w) H;yo,kU,JWN - fyo,kU,MNH = p (Vea,M,N + Zj=1 eijvN) :

Proof. For (i), consider

é//\I% (’kaMN 77/€U,MN) H2 = (Sf - g1>/gws’q7w$’:¥ (gf - SI) /(MN)2
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< (8- 5*1>' (50— &) /()
= 0, (i vi v+ u§a7N> : (D.38)
j=1

where the second equality holds by Theorem 5. So (i) holds by Lemma 14(iii).
For (ii), note that equation (4.14) implies for j =1,...,d,,

m(,m Am m(,m sm m(m am exj('r;n’dzn) m(m am m o am
];j<xi y Ay ) = [hmj(xi z) +_h/ ( i, a; )_;Zaﬁﬁ_zﬁzj_l [hl(h’ ( L ay )7xi 7ai)'
Then
m am\||2
HS& i z ) z) 5b[<hz’ z 7az)”
< Z (e ) 4 (e, amy o 8
a Jj=1 Y e ot e(x;n’d;n)

|G ar) + hm e a)

z 9 z z Y z

m m ’\m m A~m m m Am m 2
‘Uh h ) Z;,a; )_\IIkU,]\/[N(h’ (SL’ a; ) x; )’YOkUMN

Z Y l ) [ A A 7 7" bl ) z
—2ay
< CkU,MN?

where the first inequality holds by the Cauchy-Schwarz inequality; the second inequality
holds by Assumptions 16, 19, 20(ii) and 21. As a result,

2

(S1 = So.r)" SuSgySy (Si — So.r) /(MN)?
C (St —Sos) (Sr— Sos) /(MN)
= O (kUﬁUN)

ASI/2(W%UA4N ﬁokUJJN)

IN

So (ii) holds by Lemma 14(iii).

For (iii), consider the mean value expansion

Un(R™ (2", a3"), 2", af") — Un(hi", 2", a3")
= Uh(hm(x;n? &:n)a xzma d;n) - Uh(hm(x;n7 azm)v x;'n? d;n)
= U (R, 2 a7 b (2", a") (@ — all). (D.39)

Then we have

N 2
|\Iij,MN(h’m(xzm?a;n)7x:na a; )70 kumMN ‘Iij,MN(hz ,Z‘Z ) Ay )70 ku,mN
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~m ~ N 2
|Uh(hm i ) Ay ) fzn aln) qijNIN(hm( T?azm)’x:nv a; )rYOkUIVIN

m
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+‘Uh :nv 76’ ) \I]kUMN<h:n7 va :n) 70kUMN|
+ |Un (W™ (2" 67", 7, @) — Un(hi", 2, 6|

’L’Z?’L
< C (k% +lay —al?) .

where the first inequality holds by the triangular inequality and the Cauchy-Schwarz inequal-
ity; the second inequality holds by Assumptions 16, 20(ii), 21, 22, and equation (D.39). This
implies that

2
| Sot i, a) = o uir )

2

IN

‘\Ilk?U MN(hm<x;‘n7 dT)? 'IT? ;n) Y0,ku, MmN \IlkU,MN(h’;n’ xzmv a; ) Y0,ku, MmN

< O, (ki +1a — a'?) .

Together with Theorem theorem 3, this implies that

GL/2 v (Fokoaen — %’kU,MN>H2 _ (5*0’] — 5*07[)/5’\1; S (SOI — So,z) J(MN)?
< C<501—§01) ( 1—501> (MN)
= Op (kuarv +van)-

So (iii) holds by Lemma 14(iii).
For (iii), recall the definitions of the functionals in equation (D.25) and equation (D.26).
Together with the Cauchy-Schwarz inequality, they imply that

2

Sor(h™, 2™ &) — So (R, 2, aim)

7,7171 ’L7Z7l

dy — 2
< m T ) ( m eﬂ)
< Z TU (h e) TO (R, =
7j=1
< Cn e |?
4 ‘T(co (hm, _a> _ @ <hm_> ]
e e
m m AMm 2
'H\I]kU,MN(hz’ y sy Ay )IIVOJW,MNH : <D4O>

In equation (D.40),

~ 2 ~ N 2
H\II]CU,]VIN (hzma $zm7 a;n)/’YO,kU,MN H < ” Uh(hzm’ "E:n azm) \I/k'U,MN (hzna x;nv a;n),/yOJﬁ'U,MN H
+ U (B 2, @)
< Chkyi% + Bu, (D.41)
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where the first inequality holds by the triangular inequality and the Cauchy-Schwarz in-
equality; the second inequality holds by Assumptions 21 and 22. Together, equation (D.32),
equation (D.33), equation (D.40), equation (D.41) and Lemma 14(iii) imply

2

S ('70 kuMnN VO,kU,MN) = (go,l - go,]) S’\I/S'\i\pg\/p <'§0,I - SO,I) /(MN)2

< C <§0,I — 5*07[)/ (30,1 — gw) /(MN)

dg
_ 2 2
= O | ve,mun T+ E :I/ej,M,N :

j=1

So (iv) holds. O

Proof of Lemma 5

Proof. By the triangular inequality, we have

H’%‘CU,MN — Y0,ku, N H

|{f$/kU,MN - f?kU,MN H + H’_ka,MN - ’_)/O,kU,MN H + H;?Oka,MN — V0,ku,mN H :

So the result follows by Lemma 15. O

Proof of Theorem 8

Proof. By the triangular inequality,

sup |Un(h,x,a) — Uy(h, z, a)(
(hyz,a)
é SU.p ‘\IlkU,]\lN(h” x) a/)/ (ﬁ/kU’]\/jN - Fyoka,MN) }
(hyz,a)
+ (Sup) }\I]kU,MN <h7 xz, a)/ﬁ)/o,kUyMN - Uh(h7 x, Cl)‘
h,x,a
_ & -
= 0 (Co(kU,MN) Vea,M,N —l—ZVe MN+kUMN ) +0, ( UMN)
L Jj=1 i
_ & -
— Op (CO(kU,MN) Ve, M,N + Zl/eJ M,N + kUMN ) ,
L Jj=1 i

where the inequality holds by the triangular inequality; the equality holds by Lemmas 5 and
13, Assumption 21, and the Cauchy-Schwarz inequality. So the result holds. O]
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The green line illustrates the distribution of the optimal effective labor supply z° under the price schedule
function P™ in market m, as a function of sellers’ observed characteristics  and unobserved characteristic a,
which follow the distribution f;",. Similarly, the blue line illustrates the distribution of the optimal effective

labor demand z¢ under the same price schedule function P™ in market m, as a function of buyers’ observed
characteristics y and unobserved characteristic b, which follow the distribution f;?b. As is shown in this figure,

when the distributions of z° and 2 are the same, the market clears.

Figure 2.1: Equilibrium

7



The green line illustrates the distribution of the optimal effective labor supply z° under the price schedule
function P™ in market m, as a function of sellers’ observed characteristics  and unobserved characteristic a,
which follow the distribution f;”,. Similarly, the blue line illustrates the distribution of the optimal effective
labor demand z¢ under the same price schedule function P™ in market m, as a function of buyers’ observed
characteristics y and unobserved characteristic b, which follow the distribution f}",. As is shown in this
figure, when the distributions of 2* and z? are different (for example, density of the effective labor supply is
larger than that of the demand at 27, and is the opposite at zo), the market is off equilibrium and the price

schedule function P™ will adjust.

Figure 2.2: Off Equilibrium
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Green lines (solid and dashed) illustrate the disjoint iso-payment curves in Market 1 and blue lines (solid and
dashed) illustrate the disjoint iso-payment curves in Market 2. The quality e(Z,a) is normalized to be one.
In each market, the relative qualities for sellers on the same iso-payment curves can be identified, but not
for those on different iso-payment curves. For example, e(z1,a1)/e(Z,a) and e(z2,a2)/e(Z, a) are identified
from Market 1 (illustrated in Step 1), but not e(x2,a2)/e(Z,a). From Market 2, however, e(x2,a2)/e(Z,a)
can be identified (illustrated in Step 2). As a result, e(z2,az)/e(Z,a) can be identified using the data from
both markets (illustrated in Step 3). This idea could be applied repeatedly to identify the quality function
e(z,a) (illustrated in the last panel). The identification requires a rank condition on the derivatives of the
payment functions I"™(x,a) across markets. As is shown in the figure, this condition can be understood as
requiring that the slopes of the iso-payment curves across markets are different.

Figure 3.1: Identification of e(x,a) in Two Markets
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Figure 5.1: Scatter Plots of Weekly Earnings and Working Time in the Three Cities
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For ease of illustration, age is used as the single observed characteristic () of the workers. This figure shows
that there is decent cross-market variation in the distributions of x, which drives (partially) the cross-market
variation in the equilibrium payment functions.

Figure 5.2: Distributions of Age in the Three Cities
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Iso-earnings Curves in New York (solid), Los Angeles (dashed) and Chicago (dotted)
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This figure shows representative iso-earnings curves for the three cities, on the support of age (z) and “ability”
(a). For majority of the support, the iso-earnings curves from at least two markets cross. This suggests that
the identification condition for the efficiency function e(zx,a) is satisfied.

Figure 5.3: Iso-Earnings Curves in the Three Cities
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Estimated Efficiency Function with Normalization (z.a) = (25, 0)
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Estimated worker efficiency function increases with “ability” (a), and is hump-shaped with age (z).

Figure 5.4: Estimated Efficiency Function e(z, a)
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Equilibrium Using N{1,0.01 2:l Perturbed Structural Functions and x ~ g(9,1), y ~ /(1,9)
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Equilibrium Using N-:m.nsf] Perturbed Structural Functions and x ~ 8(9,1), y ~ f(1,9)
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The first panel shows the equilibrium densities of effective labor supply z* and demand z? when solving the
equilibrium using the true structural functions. The following three panels show the equilibrium when the
structural function values are perturbed by multiplying random variables drawn from A(1,0.01'), A/(1,0.05%)
and N(1,0.1%), respectively. The perturbed equilibria are very close to the true one. This suggests that the
equilibrium is a continuous mapping from the structural functions, and that the algorithm approximates the
equilibrium well.

Figure A.1: Numerically Solved Equilibrium Using True and Perturbed Structural Functions
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