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1 Lemmas and proofs

Lemma 1. Let w(Xt − x; x) : Rd → R and g(ε) : R→ R be measurable functions and define

s(x) =
1

nhdn

n∑
t=1

K

(
Xt − x

hn

)(
Xti − xi
hn

)p1
(
Xtj − xj

hn

)p2
(
Xtl − xl
hn

)p3

w(Xt − x; x)g(εt) (1)

where K is a multivariate kernel given by K(x) =
∏d
j=1K(xj), hn > 0 is a bandwidth, for i, j = 1, · · · , d

and p1, p2, p3 = 0, 1. Assume that A1 and A2 are holding and that:

a) E
(
|g(εt)|ζ

)
<∞ for some ζ > 2;

b) w(Xt−x; x) satisfies a Lipschitz condition of order 1, i.e., |w(Xt−x; x)−w(Xt−xk; xk)| ≤ C‖x−xk‖E

for some C > 0 and x 6= xk in Rd and |w(Xt − x; x)| < C for all x ∈ Rd;

c) The joint density of Xi and Xj conditional on εi and εj denoted by fXiXj |εiεj (Xi,Xj) < C.

Then, for an arbitrary compact set G ⊆ Rd, we have

sup
x∈G
|s(x)− E(s(x))| = Op

((
log n

nhdn

)1/2
)

(2)

provided that for ζ,B > 2, θ > 0, we have

n1− 2
ζ−2θhdn →∞ (3)

and

n(B+1.5)( 1
ζ+θ)−B2 +0.75+ d

2 h
−1.75d− d2 (d+B)
n (log n)0.25+0.5(B−d) → 0. (4)

Proof. We first establish the result for the case where p1 = p2 = p3 = 0. The proof follows Martins-Filho

and Yao (2009) and has three steps: (1) we show that sup
x∈G
|s(x)− E(s(x))| ≤ max

1≤k≤ln
|s0(xk)− E(s0(xk))|+

2C
(
log n
nhdn

)1/2

for a suitably defined sequence ln and xk ∈ G; (2) we show that sup
x∈G
|s(x)− sτ (x)−E(s(x)−

sτ (x))| = Oas(B
1−ζ
n ), where

sτ (x) = (nhdn)−1
n∑
t=1

K

(
Xt − x

hn

)
w(Xt)g(εt)χ{|g(εt)|≤Bn}

with B1 ≤ B2 ≤ ... such that
∑∞
t=1B

−ζ
t <∞ for some ζ > 0; (3) we show that for 0 < ∆ <∞, B > 2 and

εn =
(
nhdn
log n

)−1/2

∆, P

(
max

1≤k≤ln

∣∣sτ (xk)− E(sτ (xk))
∣∣ ≥ εn) = O (dn) where

dn = n(B+1.5)( 1
ζ+θ)−B/2+0.75+ d

2 h
−1.75d− d2 (d+B)
n (log n)0.25+0.5(B−d).
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Let B(x0, r) = {x ∈ Rd : ‖x − x0‖E < r} for r ∈ R+. G compact implies that there exists x0 ∈ Rd

such that G ⊆ B(x0, r). Therefore, for all x, z ∈ G, ‖x − z‖E < 2r. Let hn > 0 be such that hn → 0 as

n → ∞ where n ∈ {1, 2, 3 · · · }. For any n, by the Heine-Borel Theorem, every infinite cover for G contains

a finite subcover

{
B

(
xk, C

(
n

hd+2
n log n

)−1/2
)}ln

k=1

with xk ∈ G and ln ≤
(

n

hd+2
n log n

)d/2
. Step (1): For

x ∈ B
(

xk, C
(

n

hd+2
n log n

)−1/2
)

,

|s(x)− s(xk)| =

∣∣∣∣∣ 1

nhdn

n∑
t=1

(
K

(
Xt − x

hn

)
w(Xt − x; x)−K

(
Xt − xk

hn

)
w(Xt − x; x)

+ K

(
Xt − xk

hn

)
w(Xt − x; x)−K

(
Xt − xk

hn

)
w(Xt − xk; xk)

)
g(εt)

∣∣∣∣
≤ 1

nhdn

n∑
t=1

(∣∣∣∣K (Xt − x

hn

)
−K

(
Xt − xk

hn

)∣∣∣∣ |w(Xt − x; x)|

+

∣∣∣∣K (Xt − xk

hn

)∣∣∣∣ |w(Xt − x; x)− w(Xt − xk; xk)|
)
|g(εt)|

≤ C

hd+1
n

∥∥xk − x
∥∥
E

1

n

n∑
t=1

|g(εt)| by A1 1) and 4) and condition b) (5)

≤ C

nhd+1
n

(
n

hd+2
n log n

)−1/2 n∑
t=1

|g(εt)| = C

(
log n

nhdn

)1/2
1

n

n∑
t=1

|g(εt)|

By the measurability of g and assumption A2 1) we have that {|g(εt)|}t=1,2,... is α-mixing of size −2.

By condition a) and McLeish’s LLN (White (2001), p. 49) 1
n

∑n
t=1 (|g(εt)| − E(|g(εt)|) = op(1) and since

E(|g(εt)|) < C we have |s(x) − s(xk)| ≤ C
(
log n
nhdn

)1/2

. Following similar arguments it is easily verified that

E(|s(x) − s(xk)|) ≤ C
(
log n
nhdn

)1/2

. Combining these two bounds, sup
x∈G
|s0(x) − E(s0(x))| ≤ max

1≤k≤ln
|s0(xk) −

E(s0(xk))|+ 2C
(
log n
nhdn

)1/2

. Step (2): sup
x∈G
|s(x)− sτ (x)−E(s(x)− sτ (x))| ≤ T1 +T2, where T1 = sup

x∈G
|s(x)−

sτ (x)| and T2 = sup
x∈G
|E(s(x) − sτ (x))|. We show that T1 = oas(1) and T2 = O(B1−ζ

n ) for ζ > 1. Note that

T1 = sup
x∈G

∣∣∣(nhdn)−1
∑n
t=1K

(
Xt−x
hn

)
g(εt)w(Xt − x; x)χ{|g(εt)|>Bn}

∣∣∣. By the Borel-Cantelli Lemma for any

ε > 0 and for all m satisfying m′ < m < n we have P (|g(εm)| ≤ Bn) > 1−ε, since {Bt}t=1,2,··· is an increasing

sequence. By Chebyshev’s Inequality, for t = 1, · · · ,m′ and ζ > 0, P ((|g(εt)| > Bn) < E(|g(εt)|ζ)

Bζn
< C

Bζn
by

a). Consequently, for all ε > 0 and sufficiently large n, we have P (|g(εt)| < Bn) > 1 − ε. Hence, for

n > max{N,m} we have that for all t ≤ n, P (|g(εt)| < Bn) > 1 − ε and therefore χ{|g(εt)|>Bn} = 0 with
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probability 1, which gives T1 = oas(1). For T2, note that by A2 1) and A2 2)

E(s(x)− sτ (x)) =
1

nhdn

n∑
t=1

∫ ∫
|g(εt)|>Bn

K

(
Xt − x

hn

)
w(Xt − x; x)g(εt)fX(Xt)f(εt)dXtdεt

≤
∫
|vl|≤C
l=1,··· ,d

K(v)w(x + hnv; x)fX(x + hnv)dv

∫
|g(ε)|f(ε)χ{|g(εt)|>Bn}dε (6)

where vl is the lth element of v

≤ C
∫
|g(ε)|f(ε)χ{|g(εt)|>Bn}dε.

The last inequality follows from A1 1), 2) and 4), condition b) and the the fact that w and fX are continuous

functions. By Hölder’s inequality, for ζ > 1,∫
χ|g(εt)|>Bn |g(εt)|f(εt)dεt ≤

(∫
|g(εt)|ζf(εt)dεt

)1/ζ (∫
χ{|g(εt)|>Bn}f(εt)dεt

)1−1/ζ

where the first integral after the inequality is uniformly bounded by a) and by Chebyshev’s Inequality(∫
χ{|g(εt)|>Bn}f(εt)dεt

)1−1/ζ ≤ C(P (|g(εt)| > Bn))1−1/ζ ≤ CB1−ζ
n . Hence, T2 = O(B1−ζ

n ). As in Step (1)

and given the orders for T1 and T2,

sup
x∈G
|s(x)− E(s(x))| ≤ sup

x∈G
|sτ (x)− E(sτ (x))|+ sup

x∈G
|s(x)− sτ (x)− (E(s(x))− E(sτ (x)))|

≤ max
1≤k≤ln

|sτ (x)− E(sτ (x))|+O

((
log n

nhdn

)1/2
)

+O(B1−ζ
n ) for ζ > 1.

Step (3): For εn =
(
nhdn
log n

)−1/2

∆ with 0 < ∆ < ∞, note that P

(
max

1≤k≤ln

∣∣sτ (xk)− E(sτ (xk))
∣∣ ≥ εn) ≤∑ln

k=1 P
(∣∣sτ (xk)− E(sτ (xk))

∣∣ ≥ εn). Let sτ (xk)− E(sτ (xk)) = 1
n

∑n
t=1 Zt with

Zt =
1

hdn
K

(
Xt − xk

hn

)
w(Xt − xk; xk)g(εt)χ{|g(εt)|≤Bn} − E

(
1

hdn
K

(
Xt − xk

hn

)
w(Xt − xk; xk)g(εt)χ{|g(εt)|≤Bn}

)
.

By A1 1), b) and |g(εt)|χ{|g(εt)|≤Bn)} ≤ Bn we have that

|Zt| ≤ Ch−dn Bn. (7)

Let ||Zt||∞ = inf{a : P (Zt > a) = 0}, then sup
1≤t≤n

||Zt||∞ ≤ C Bn
hdn

. Then, from Theorem 1.3 in Bosq (1996)

we have that for each q = 1, 2, ..., [n/2]

P

(
1

n

∣∣∣∣∣
n∑
t=1

Zt

∣∣∣∣∣ > εn

)
≤ 4exp

(
−ε2

nq

8v2(q)

)
+ 22

(
1 +

4CBn
εnhdn

)1/2

qα

([
n

2q

])

3



where p = n/2q, v2(q) = 2
p2σ

2(q) + CBnεn
2hdn

and σ2(q) = max
0≤j≤2q−1

E
((

([jp] + 1− jp)Z[jp]+1 + Z[jp]+2+

· · ·+ Z[(j+1)p] + ((j + 1)p− [(j + 1)p])Z[(j+1)p+1]

)2)
. We first show that

hdn
p σ

2(q) = O(1). To see this, note

that

σ2(q) ≤ max
0≤j≤2q−1

 ∑
[jp]<i≤[(j+1)p+1]

E(Z2
i ) + 2

∑
[jp]+1≤l≤[(j+1)p]

∑
[jp]+1<i≤[(j+1)p+1]

i>l

|E(ZlZi)|

 .

Given a), b), c) and A2 we have
∑

[jp]<i≤[(j+1)p+1]E(Z2
i ) ≤ O(ph−dn ). Since E(|Zt|δ) = O(h

d(1−δ)
n ) for

δ > 2, by Theorem 3 (1) in Doukhan (1994) |E(ZiZl)| ≤ Ch
2d( 1

δ−1)
n α(i − l)1− 2

δ . Now, for any l such that

[jp]+1 ≤ l ≤ [(j+1)p] we have that
∑

[jp]+1<i≤[(j+1)p+1] |E(ZlZi)| ≤
∑p∗−1
i=1 |E(ZlZl+i)|+

∑p∗−1
i=1 |E(ZlZl−i)|

where p∗ = [(j + 1)p+ 1]− [jp]. Letting dn = h
− d
a1

(1− 2
δ )

n be a sequence of integers, we have that dnh
d
n → 0

whenever a1 > 1− 2
δ . Hence, we can write

p∗−1∑
i=1

|E(ZlZl+i)| =
dn−1∑
i=1

|E(ZlZl+i)|+
p∗−1∑
i=dn

|E(ZlZl+i)| = J1 + J2

and easily show that J1 = o(h−dn ) and J2 = O(h−dn ). Similarly we obtain
∑p∗−1
i=1 |E(ZlZl−i)| = O(h−dn ).

Combining the results on the variance and covariances we have that
hdn
p σ

2(q) ≤ C for n sufficiently large.

Hence, we have that phdnv
2(q) ≤ C + CpBnεn and choosing p = (Bnεn)−1 (with Bnεn → 0) we have that

for n sufficiently large phdnv
2(q) ≤ C. Then, 4exp

(
−ε2nq
8v2(q)

)
≤ 4exp

(
−ε2nnh

d
n

16C

)
≤ 4n−

∆2

16C . Now, given A2, for

B > 2 and n sufficiently large

22

(
1 +

4CBn
εnhdn

)1/2

qα

([
n

2q

])
≤ C

(
Bn
εn

)1/2

h−d/2n

n

2p
[p]−B

≤ Cnh−d/2n BB+1.5
n εB+0.5

n .

Thus, P

(
max

1≤k≤ln

∣∣sτ (xk)− E(sτ (xk))
∣∣ ≥ εn) <

(
n

hd+2
n log n

)d/2 (
4n−

∆2

16C + Cnh
−d/2
n BB+1.5

n εB+0.5
n

)
and if ∆

is chosen such that ∆2

16C > 1 the first term in the sum to the right of the inequality is negligible and we have

that

P

(
max

1≤k≤ln

∣∣sτ (xk)− E(sτ (xk))
∣∣ ≥ εn) < CBB+1.5

n (log n)0.25+0.5(B−d)n0.75+0.5(d−B)h−1.75d−0.5d(d+B)
n . (8)

Choosing Bn ∝ n1/ζ+θ for ζ > 2, θ > 0 we have B1−ζ
n < n−0.5−θ and B1−ζ

n = o(n−1/2). Furthermore, the

4



restriction Bnεn → 0 requires that n1− 2
ζ−2θhdn →∞. Lastly, for our choice of Bn

P

(
max

1≤k≤ln

∣∣sτ (xk)− E(sτ (xk))
∣∣ ≥ εn) < Cn(B+1.5)( 1

ζ+θ)−0.5(B−d)+0.75(log n)0.25+0.5(B−d)h−1.75d−0.5d(d+B)
n .

Since the expression on the right-hand side of the inequality converges to zero by assumption, then

P

(
max

1≤k≤ln

∣∣sτ (xk)− E(sτ (xk))
∣∣ ≥ εn) = op(1).

which completes the proof for the case where p1 = p2 = p3 = 0. We now turn to the cases where

p1, p2, p3 may differ from zero. Consider first the case where only one of the exponents, say p1 = 1

and p2 = p3 = 0. Provided that the bounds (5), (6), (7) continue to hold in the case where s(x) =

1
nhdn

n∑
t=1

K
(

Xt−x
hn

)(
Xti−xi
hn

)
w(Xt − x; x)g(εt) the proof follows in an analogous manner. Verification of the

bounds, however, follows directly from the fact that K has compact support and is uniformly bounded. As

such, whenever
∣∣∣Xti−xihn

∣∣∣ > C, K
(
Xti−xi
hn

)
= 0. All other cases, that is when p1 = p2 = p3 = 1 and i = j = l,

i 6= j 6= l, i 6= j = l, i = j 6= l or i = l 6= j are treated similarly.

Lemma 2. Assume that the kernel K1 used to define m̂ satisfies assumption A1 and assumptions A2 and

A3 are holding. Assume also that the bandwidth h1n used to define m̂ satisfies equations (3) and (4). Then,

if E(|εt|ζ) <∞, E(h1/2(Xt)
ζ) <∞ for some ζ > 2 and condition c) in Lemma 1 is holding

sup
x∈G
|m̂(x)−m(x)| = Op (L1n) , (9)

where L1n =
(
log n
nhd1n

)1/2

+ hs1n.

Proof. Note that m̂(x)−m(x) = eTS−1
n (x)cn(x) where eT =

(
1 0 · · · 0

)
is a 1× (d+ 1) vector,

Sn(x) =


s0(x) s1(x) s2(x) · · · sd(x)
s1(x) s(1,1)(x) s(1,2)(x) · · · s(1,d)(x)
s2(x) s(2,1)(x) s(2,2)(x) · · · s(2,d)(x)

...
...

...
. . .

...
sd(x) s(d,1)(x) s(d,2)(x) · · · s(d,d)(x)

 =

(
s0(x) ST1 (x)
S1(x) S2(x)

)
and cn(x) =


c0(x)
c1(x)

...
cd(x)


(10)

with s0(x) = 1
nhdn

n∑
t=1

K
(

Xt−x
h1n

)
, sj(x) = 1

nhdn

n∑
t=1

K
(

Xt−x
h1n

)
(Xtj − xj), c0(x) = 1

nhd1n

n∑
t=1

K
(

Xt−x
h1n

)
Y ∗t , cj(x) =

1
nhd1n

n∑
t=1

K
(

Xt−x
h1n

)
(Xtj − xj)Y ∗t and s(i,j)(x) = 1

nhdn

n∑
t=1

K
(

Xt−x
h1n

)
(Xti − xi) (Xtj − xj) for i, j = 1, · · · , d

5



and Y ∗t = Yt −m(x)−m(1)(x)(Xt − x). Let Gn =


1 0 · · · 0
0 h−s1n · · · 0
...

...
. . .

...
0 0 · · · h−s1n

 and

Σ(x) =


fX(x) 0 · · · 0

µK,s
(s−1)!D

(s−1)
1 fX(x)

µK,s
(s−2)!D

(s−2)
1 fX(x) · · · 0

...
...

. . .
...

µK,s
(s−1)!D

(s−1)
d fX(x) 0 · · · µK,s

(s−2)!D
(s−2)
d fX(x)


where D

(s)
j fX(x) = Di1,··· ,isfX(x) where i1 = · · · = is = j. By partitioned inversion we obtain

Σ−1(x) =


f−1
X (x) 0 · · · 0

− 1
(s−1)fX(x)

D
(s−1)
1 fX(x)

D
(s−2)
1 fX(x)

(s−2)!
µK,s

1

D
(s−2)
1 fX(x)

· · · 0

...
...

. . .
...

− 1
(s−1)fX(x)

D
(s−1)
d fX(x)

D
(s−2)
d fX(x)

0 · · · (s−2)!
µK,s

1

D
(s−2)
d fX(x)

 .

Then, m̂(x)−m(x) = eT
(
(GnSn(x))−1 − Σ−1(x)

)
Gncn(x) + eTΣ−1(x)Gncn(x) = I1n(x) + I2n(x) By the

Cauchy-Schwartz and Triangle inequalities we have

|I1n(x)| ≤
(
eT
(

(GnSn(x))
−1 − Σ−1(x)

)2

e

)1/2
|c0(x)|+

∣∣∣∣∣∣ 1

hs1n

d∑
j=1

cj(x)

∣∣∣∣∣∣
 , (11)

where we note that (GnSn(x))
−1

=

(
A11 A12

A21 A22

)
with

A11 =

(
s0(x)− ST1 (x)

(
1

hs1n
S2(x)

)−1
1

hs1n
S1(x)

)−1

and

A12 = − 1

s0(x)
ST1 (x)

(
1

hs1n
S2(x)− 1

hs1ns0(x)
S1(x)S1(x)T

)−1

. (12)

By Lemma 1 we have sup
x∈G
|s0(x)−E(s0(x))| = Op

((
log n
nhd1n

)1/2
)

, 1
h1n

sup
x∈G
|sj(x)−E(sj(x))| = Op

((
log n
nhd1n

)1/2
)

and 1
h2

1n
sup
x∈G
|s(i,j)(x)−E(s(i,j)(x))| = Op

((
log n
nhd1n

)1/2
)

. Now, given A2 3) and A1 sup
x∈G
|E(s0(x))− fX(x)| =

O(hs1n), sup
x∈G

∣∣∣E(sj(x))
hs1n

− µK,s
(s−1)!D

(s−1)
j fX(x)

∣∣∣ = o(1), sup
x∈G

∣∣∣E(s(i,i)(x))

hs1n
− µK,s

(s−2)!D
(s−2)
j fX(x)

∣∣∣ = o(1) and lastly

sup
x∈G

∣∣∣E(s(i,j)(x))

hs1n

∣∣∣ = o(1) for i 6= j. Consequently, given that h1n ∝ n−
1

2s+d we have

sup
x∈G
|s0(x)− fX(x)| = Op (L1n) (13)

6



sup
x∈G

∣∣∣∣sj(x)

hs1n
− µK,s

(s− 1)!
D

(s−1)
j fX(x)

∣∣∣∣ = op(1) which implies sup
x∈G
|sj(x)| = Op(h

s
1n) (14)

sup
x∈G

∣∣∣∣s(i,i)(x)

hs1n
− µK,s

(s− 2)!
D

(s−2)
j fX(x)

∣∣∣∣ = op(1) and sup
x∈G

∣∣∣∣s(i,j)(x)

hs1n

∣∣∣∣ = op(1) which implies

sup
x∈G
|S2(x)| = Op(h

s
1n), (15)

where the absolute value and order in the last equation are taken element-wise. Now, in inequality (11) we

have that

eT
(

(GnSn(x))
−1 − Σ−1(x))

)2

e =

(
A11(x)− 1

fX(x)

)2

+

d∑
j=1

A2
12j(x)

where A12j(x) is the jth element of A12(x). Given (12), (13), (14) and (15) we have A11(x) − 1
fX(x) =

Op(L1n), A12j(x) = Op(h
s
1n) which gives eT

(
(GnSn(x))

−1 − Σ−1(x))
)2

e = Op(L
2
1n) and

I1n(x) ≤ Op(L1n)

|c0(x)|+

∣∣∣∣∣∣ 1

hs1n

d∑
j=1

cj(x)

∣∣∣∣∣∣
 .

Now,

Y ∗t = m(Xt)−m(x)−m(1)(x)(Xt − x) + h1/2(Xt)εt

=
1

2

d∑
i1=1

d∑
i2=1

Di1i2m(x + λ(Xt − x))(Xti1 − xi1)(Xti2 − xi2) + h1/2(Xt)εt

= Pt(x) + h1/2(Xt)εt

and c0(x) = 1
nhd1n

n∑
t=1

K1

(
Xt−x
h1n

)
Pt(x) + 1

nhd1n

n∑
t=1

K1

(
Xt−x
h1n

)
h1/2(Xt)εt = c0,1(x) + c0,2(x). By Lemma 1 we

have 1
h2

1n
sup
x∈G
|c0,1(x)− E(c0,1(x))| = Op

((
log n
nhd1n

)1/2
)

. Now, we observe that

E(c0,1(x)) =
1

h1n
E

(
K1

(
Xt − x

h1n

)(
1

2!

d∑
i1=1

d∑
i2=1

Di1i2m(x)(Xti1 − xi1)(Xti2 − xi2)

+ · · ·+ 1

s!

d∑
i1=1

· · ·
d∑

is=1

Di1···ism(x + λ(Xt − x))(Xti1 − xi1) · · · (Xtis − xis)

))

and by A2 3) and A1 sup
x∈G
|E(c0,1(x))| = O(hs1n). Hence, sup

x∈G
|c0,1(x)| = Op(h

s
1n) given that h1n ∝ n−

1
2s+d .

Similarly, by Lemma 1 and given that E(c0,2(x)) = 0, sup
x∈G
|c0,2(x)| = Op

((
log n
nhd1n

)1/2
)

. Thus, sup
x∈G
|c0(x)| =

Op (L1n). Similar arguments give

sup
x∈G
|cj(x)| = Op

(
hs1n + h1n

(
log n

nhd1n

)1/2
)
.
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Consequently, sup
x∈G
I1n(x) = Op(L1n). Lastly, I2n(x) = 1

fX(x)c0(x) and from the fact that fX(x) is uniformly

bounded away from 0 and the order of c0(x) we have sup
x∈G
I2n(x) = Op(L1n). Therefore, sup

x∈G
|m̂(x)−m(x)| =

Op(L1n).

Lemma 3. Assume that the kernel K2 used to define ĥ satisfies assumption A1 and assumptions A2 and

A3 are holding. Assume also that the bandwidth h2n used to define ĥ satisfies equations (3) and (4). Then,

under the assumptions in Lemma 2, if E(|ε2
t − 1|ζ) <∞ and E(h(Xt)

ζ) <∞ for some ζ > 2,

sup
x∈G
|ĥ(x)− h(x)| = Op (L1n + L2n) , (16)

where L1n =
(
log n
nhd1n

)1/2

+ hs1n and L2n =
(
log n
nhd2n

)1/2

+ hs2n.

Proof. As in Lemma 2, we write ĥ(x)−h(x) = eT
(
(GnSn(x))−1 − Σ−1(x)

)
Gnqn(x) + eTΣ−1(x)Gnqn(x) =

Ih1n(x) + Ih2n(x) where qn(x)T =
(
q0(x) q1(x) · · · qd(x)

)
, q0(x) = 1

nhd2n

n∑
t=1

K2

(
Xt−x
h2n

)
U∗2t , qj(x) =

1
nhd2n

n∑
t=1

K2

(
Xt−x
h2n

)
(Xtj − xj)U∗2t , U∗2t = Û2

t − h(x) − h(1)(x)(Xt − x) and Ût = Yt − m̂(Xt). Hence, we

write

U∗2t = h(Xt)(ε
2
t − 1) + Pht (x)− 2(m̂(Xt)−m(Xt))h

1/2(Xt)εt + (m̂(Xt)−m(Xt))
2

where Pht (x) = 1
2

∑d
i1=1

∑d
i2=1Di1i2m(x + λ(Xt − x))(Xti1 − xi1)(Xti2 − xi2). From Lemma 2 we have

|Ih1n(x)| ≤ Op(L2n)
(
|q0(x)|+

∣∣∣ 1
hs2n

∑d
j=1 qj(x)

∣∣∣). Now,

q0(x) =
1

nhd2n

n∑
t=1

K2

(
Xt − x

h2n

)
h(Xt)(ε

2
t − 1) +

1

nhd2n

n∑
t=1

K2

(
Xt − x

h2n

)
Pht (x)

+
1

nhd2n

n∑
t=1

K2

(
Xt − x

h2n

)
(m̂(Xt)−m(Xt))

2 − 2

nhd2n

n∑
t=1

K2

(
Xt − x

h1n

)
(m̂(Xt)−m(Xt))h

1/2(Xt)εt

= B1n(x) +B2n(x) +B3n(x)−B4n(x).

Given the conditions on this lemma and by the same arguments used to obtain the order of c0,2(x) in Lemma

2 we have that sup
x∈G
|B1n(x)| = Op

((
log n
nhd2n

)1/2
)

. Also, by the same arguments used to obtain the order of

c0,1(x) in Lemma 2 and provided h2n ∝ n−
1

2s+d we have that sup
x∈G
|B2n(x)| = Op (hs2n).

B4n(x) ≤ 2 sup
x∈G
|m̂(x)−m(x)| 1

nhd2n

n∑
t=1

∣∣∣K2

(
Xt−x
h2n

)∣∣∣h1/2(Xt)|εt| = 2 sup
x∈G
|m̂(x)−m(x)|Mn(x). By Lemma

8



1 we have sup
x∈G
|Mn(x)− E(Mn(x))| = Op

((
log n
nhd2n

)1/2
)

. Furthermore,

E(Mn(x)) = E(|εt|)
∫ d∏

j=1

|K(uj)|h1/2(x+h2nu)fX(x+h2nu)du→ E(|εt|)h1/2(x)fX(x)

∫ d∏
j=1

|K(uj)|du < C

given A1, A2 1), A3 2) and the fact that E(ε2
t ) = 1. Hence, sup

x∈G
|Mn(x)| = Op(1) and from Lemma 2 we

conclude that sup
x∈G
|B4n(x)| = Op(L1n). Through similar arguments we show that sup

x∈G
|B3n(x)| = Op(L

2
1n)

since sup
x∈G

1
hd2n

n∑
t=1

∣∣∣K2

(
Xt−x
h2n

)∣∣∣ = Op(1). Hence, sup
x∈G
|q0(x)| = Op(L2n + L1n). Lastly, for the terms qj(x), we

have in an analogous manner that

sup
x∈G
|qj(x)| = Op

(
hs2n + h2n

(
log n

nhd2n

)1/2
)

+ h2nOp(L1n) + h2nOp(L
2
1n).

Consequently, sup
x∈G
|Ih1n(x)| = Op (L2n). Lastly, Ih2n(x) = 1

fX(x)q0(x) and from the fact that fX(x) is uni-

formly bounded away from 0 and the order of q0(x) we have sup
x∈G
Ih2n(x) = Op(L1n + L2n). Therefore,

sup
x∈G

∣∣∣ĥ(x)− h(x)
∣∣∣ = Op(L1n + L2n).

Corollary 1. Under the assumptions of Lemma 3,

sup
x∈G
|ĥ1/2(x)− h1/2(x)| = Op (L1n + L2n) and sup

x∈G
|χ{ĥ(x)>0} − 1| = Op (L1n + L2n) ,

where L1n =
(
log n
nhd1n

)1/2

+ h2
1n and L2n =

(
log n
nhd2n

)1/2

+ h2
2n.

Lemma 4. Under assumptions A1-A6 and conditions FR1 and FR2, if α ≥ 1 we have

N1/2

(
q̃ (an)− qn (an)

q (an)

)
= Op(1), where an = 1− N

n .

Proof. We write

√
N

(
q̃ (an)− qn (an)

q (an)

)
=
√
N

(
q̃ (an)− q (an)

q (an)

)
−
√
N

(
qn (an)− q (an)

q (an)

)
= T1n − T2n.

We first show that T2n converges in distribution, which implies T2n = Op(1). Note that

P (T2n ≤ z) = P

(
nk0√
N

(F (yn)− an) ≤ − nk0√
N

(Fn(yn)− F (yn))

)
with yn = q(an)

(
1 + z√

N

)
. By the mean value theorem, F (yn) = an + f(q∗(an)) q(an)√

N
z where q∗(an) =

q(an)
(

1 + λ z√
N

)
for some λ ∈ (0, 1). Thus,

nk0√
N

(F (yn)− an) =
nk0

N
f(q∗(an))q(an)z = k0

n(1− F (q∗(an)))

N

q(an)f(q∗(an))

1− F (q∗(an))
z.

9



Since q∗(an) = q(an)(1 + o(1)) we have that lim
n→∞

n(1−F (q∗(an)))
N = 1. In addition, given FR1 and by

Proposition 1.15 in Resnick (1987) we have lim
n→∞

q(an)f(q∗(an))
1−F (q∗(an)) = − 1

k0
, hence lim

n→∞
nk0√
N

(F (yn) − an) = −z.

We now show that n√
N

(Fn(yn) − F (yn))
d→ N(0, 1). First, we observe that n√

N
−

√
n√

1−F (yn)
= o(1), hence

we show that
√
n√

1− F (yn)
(Fn(yn)− F (yn)) =

n∑
t=1

Ztn
d→ N(0, 1) (17)

where Ztn = 1√
n(1−F (yn))

(
χ{εt≤yn} − E

(
χ{εt≤yn}

))
. It is readily verified that E(Ztn) = 0 and V (Ztn) =

n−1F (yn). Hence, given that
n∑
t=1

E(|Ztn|3) ≤ 2(n(1− F (yn)))−1/2 = o(1) we have by Liapounov’s CLT that

n√
N

(Fn(yn) − F (yn))
d→ N(0, 1). Hence, T2n

d→ N(0, k2
0). We now show that T1n = Op(1) by establishing

that T1n converges in distribution. As above,

P (T1n ≤ z) = P

(
nk0√
N

(F (yn)− an) ≤ − nk0√
N

(F̃ (yn)− F (yn))

)
(18)

and we establish that n√
N

(F̃ (yn)− F (yn))
d→ N(0, 1). We start by noting that for some λt ∈ (0, 1)

F̃ (yn) =

∫ yn

−∞

1

nh3n

n∑
t=1

K3

(
y − εt
h3n

)
dy −

∫ yn

−∞

1

nh2
3n

n∑
t=1

K
(1)
3

(
y − εt
h3n

)
dy (ε̂t − εt)

+
1

2

∫ yn

−∞

1

nh3
3n

n∑
t=1

K
(2)
3

(
y − ε∗t
h3n

)
dy (ε̂t − εt)2 = Q1n −Q2n +Q3n.

where ε∗t = λtεt + (1 − λt)ε̂t. Therefore, n√
N

(F̃ (yn) − F (yn)) = n√
N

((Q1n − F (yn))−Q2n +Q3n). From

equation (17) in the proof of Theorem 1 we have

Q3n ≤
1

2nh2
3n

n∑
t=1

∣∣∣∣K(1)
3

(
yn − ε∗t
h3n

)∣∣∣∣ (Op(L1n) +Op(L1n + L2n)|εt|)2

≤ 1

2nh2
3n

n∑
t=1

∣∣∣∣K(1)
3

(
yn − ε∗t
h3n

)∣∣∣∣ (Op(L2
1n) +Op(L

2
1n + L2

2n)ε2
t

)
= Op

(
L2

1n

h3n

)
1

nh3n

n∑
t=1

∣∣∣∣K(1)
3

(
yn − ε∗t
h3n

)∣∣∣∣+Op

(
L2

1n + L2
2n

h3n

)
1

nh3n

n∑
t=1

∣∣∣∣K(1)
3

(
yn − ε∗t
h3n

)∣∣∣∣ ε2
t

= Op

(
L2

1n

h3n

)
Q31n +Op

(
L2

1n + L2
2n

h3n

)
Q32n (19)

Using Taylor’s Theorem we can write for some λ ∈ (0, 1) and ε∗∗t = λtεt + (1− λt)ε∗t that

Q32n ≤
1

nh3n

n∑
t=1

∣∣∣∣K(1)
3

(
yn − εt
h3n

)∣∣∣∣ ε2
t +

1

nh2
3n

n∑
t=1

∣∣∣∣K(2)
3

(
yn − ε∗∗t
h3n

)∣∣∣∣ |ε∗t − εt|ε2
t

= Q321n +Q322n.
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Note that

E(Q321n) = yn(1− F (yn))

∫
|K(1)

3 (ψ)| (yn − h3nψ)f(yn − h3nψ)

1− F (yn − h3nψ)

1− F (yn − h3nψ)

1− F (yn)

(yn − h3nψ)

yn
dψ

and since by part a) of Proposition 1.15 in Resnick (1987)

(yn − h3nψ)f(yn − h3nψ)

1− F (yn − h3nψ)
→ −1/k0,

1− F (yn − h3nψ)

1− F (yn)
→ 1

and (yn−h3nψ)
yn

→ 1 we have that E(Q311n) = yn(1− F (yn))
∫
|K(1)

3 (ψ)|dψ(1 + o(1)). By part c) of the same

Proposition 1.15, 1− F (x) = C exp (−g(x)) where g(x) =
∫ x
z0
t−1α(t)dt and α(t)→ α as t→∞ for some z0

and all x > z0. Hence, g(x) ≈ αlog xz0 and 1− F (x) ≈ Cexp
(
−αlog xz0

)
. Consequently, lim

x→∞
x(1− F (x)) =

C lim
x→∞

x
exp(g(x)) = C lim

x→∞
x

(x/z0)ααz2
0

= C for α ≥ 1. Thus, we conclude that yn(1 − F (yn)) = O(1) and

Q321n = Op(1). For Q322n, note that |ε∗t − εt| ≤ λt (Op(L1n) +Op(L1n + L2n)|εt|) and since λt ∈ (0, 1) we

have

Q322n ≤
Op(L1n)

h2
3n

1

n

n∑
t=1

∣∣∣∣K(2)
3

(
yn − ε∗∗t
h3n

)∣∣∣∣ ε2
t +

Op(L1n + L2n)

h2
3n

1

n

n∑
t=1

∣∣∣∣K(2)
3

(
yn − ε∗∗t
h3n

)∣∣∣∣ |εt|3.
Given that |K(2)

3 (x)| < C, E(|εt|3) < ∞ and the fact that Op((L1n + L2n)h−2
3n ) = op(1) given the orders of

h1n, h2n and h3n we conclude that Q32n = Op(1). Following similar arguments we have that Q31n = Op(1)

and consequently Q3n = Op

(
L2

1n

h3n

)
+Op

(
(L1n+L2n)2

h3n

)
. Thus,

n1/2

(1− F (yn))1/2
Q3n =

n√
Nh3n

C

(
log n

nhdin
+ h2s

in

)
= op(1) (20)

for i = 1, 2 given the orders of h1n, h2n, h3n and N . We now turn to the study of Q2n. Using equation (16)

in the proof of Theorem 1 we write

Q2n =
1

nh2
3n

n∑
t=1

∫ yn

−∞
K

(1)
3

(
y − εt
h3n

)
dy
(

(m(Xt)− m̂(Xt))(ĥ
−1/2(Xt)− h−1/2(Xt))χ{ĥ(Xt)>0}

+ h−1/2(Xt)(m(Xt)− m̂(Xt))
(
χ{ĥ(Xt)>0} − 1

)
+ h−1/2(Xt)(m(Xt)− m̂(Xt))

+

(
h1/2(Xt)

ĥ1/2(Xt)
− 1

)
χ{ĥ(Xt)>0}εt +

(
χ{ĥ(Xt)>0} − 1

)
εt

)

=

5∑
j=1

Q2jn. (21)
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We investigate the order of each Q2jn separately. First, we note that from Lemmas 3, 4 and Corollary 1

Q21n ≤
1

h3n
Op(L1n)Op(L1n + L2n)

1

nh3n

n∑
t=1

∣∣∣∣∫ yn

−∞
K

(1)
3

(
y − εt
h3n

)
dy

∣∣∣∣ (22)

with 1
h3n

Op(L1n)Op(L1n + L2n) ≤ 1
h3n

Op(L
2
1n + L2

2n) = op

(
(1−F (yn))1/2

n1/2

)
. Furthermore,

E

(
1

nh3n

n∑
t=1

∣∣∣∣∫ yn

−∞
K

(1)
3

(
y − εt
h3n

)
dy

∣∣∣∣
)

=
1

h3n
E

(∣∣∣∣K(1)
3

(
y − εt
h3n

)∣∣∣∣) =

∫
|K3(ψ)|f(yn − h3nψ)dψ

= o(1)

since f(yn + h3nψ)→ 0 as n→∞ and |K3(ψ)| < C. Hence, 1
nh3n

n∑
t=1

∣∣∣∫ yn−∞K
(1)
3

(
y−εt
h3n

)
dy
∣∣∣ = op(1) and

n1/2

(1− F (yn))1/2
Q21n = op(1). (23)

Since,

Q22n ≤
1

nh2
3n

n∑
t=1

∣∣∣∣∫ yn

−∞
K

(1)
3

(
y − εt
h3n

)
dy

∣∣∣∣ sup
x∈G

h−1/2(x)sup
x∈G
|m(x)− m̂(x)|sup

x∈G

∣∣∣χ{ĥ(x)>0} − 1
∣∣∣ ,

we immediately conclude by Lemmas 3, 4, Corollary 1, the fact that h(x) is bounded away from zero and

1
nh3n

n∑
t=1

∣∣∣∫ yn−∞K
(1)
3

(
y−εt
h3n

)
dy
∣∣∣ = op(1) that

n1/2

(1− F (yn))1/2
Q22n = op(1). (24)

From Theorem 2 in Martins-Filho and Yao (2009) we write

m̂(Xt)−m(Xt) =
1

nhd1nfX(Xt)

n∑
i=1

K1

(
Xi −Xt

h1n

)
Y ∗i (1 + op(1)) (25)

uniformly on G, where Y ∗i is as defined in Lemma 2. Therefore,

Q23n = − 1

nh3n

n∑
t=1

1

h3n

∫ yn

−∞
K

(1)
3

(
y − εt
h3n

)
dy h−1/2(Xt)

1

nhd1nfX(Xt)

n∑
i=1

K1

(
Xi −Xt

h1n

)
Y ∗i (1 + op(1))

= −(1 + op(1))
1

n2

n∑
t=1

n∑
i=1

1

hd1nh3nfX(Xt)
K3

(
yn − εt
h3n

)
K1

(
Xi −Xt

h1n

)(
h1/2(Xi)

h1/2(Xt)
εi

+
1

2
h−1/2(Xt)(Xi −Xt)

Tm(2)(Zti)(Xi −Xt)

)
where Zti = λXi + (1− λ)Xt. Now, let

ψn(wt,wi) =
1

hd1nh3nfX(Xt)
K3

(
yn − εt
h3n

)
K1

(
Xi −Xt

h1n

)
×
(
h1/2(Xi)

h1/2(Xt)
εi +

1

2
h−1/2(Xt)(Xi −Xt)

Tm(2)(Zti)(Xi −Xt)

)
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for wt = (Xt εt) and define φn(wt,wi) = ψn(wt,wi) + ψn(wi,wt). Then, we write Q23n = −(1 +

op(1)) 1
2

1
n2

n∑
t=1

n∑
i=1

φn(wt,wi) and

1

2n2

n∑
t=1

n∑
i=1

φn(wt,wi) =
1

2n2

n∑
t=1

φn(wt,wt) +
1

2n2

n∑
t=1

n∑
i=1

i 6=t

φn(wt,wi)

=
1

2n2

n∑
t=1

φn(wt,wt) +
1

n2

n∑
t=1

n∑
i=1

t<i

φn(wt,wi).

Now,

1

n2

n∑
t=1

n∑
i=1

t<i

φn(wt,wi) =
1

n2

n∑
t=1

n∑
i=1

t<i

Φn(wt,wi) +
1

n2

n∑
t=1

n∑
i=1

t<i

(θni + θnt − θn)

= Q231n +Q232n (26)

where θni =
∫
φn(wt,wi)dP (wt), θn =

∫
φn(wt,wi)dP (wt)dP (wi), Φn(wt,wi) = φn(wt,wi)−θni−θnt+θn

and P (wt) be the probability measure associated with the vector wt. Then, Φn(wt,wi) is a symmetric

function, and for fixed wi, E(Φn(wt,wi)) = 0. By part (ii) of Lemma A.2 in Gao (2007), for δ > 0,

E

 1
n2

n∑
t=1

n∑
i=1

t<i

Φn(wt,wi)


2

≤ C
n2M

1/(1+δ) where

M = max
1<i≤n

max

{
E
(
|Φn(w1,wi)|2(1+δ)

)
,

∫ ∫
|Φn(w1,wi)|2(1+δ)dP (w1)dP (wi)

}
.

By the cr and Cauchy-Schwartz inequalities we have that

E
(
|Φn(w1,wi)|2(1+δ)

)
≤ C

(
E
(
|φn(w1,wi)|2(1+δ)

)
+

∫ ∫
|φn(w1,wi)|2(1+δ)dP (w1)dP (wi)

)

and

∫ ∫
|Φn(w1,wi)|2(1+δ)dP (w1)dP (wi) ≤ C

(∫ ∫
|φn(w1,wi)|2(1+δ)dP (w1)dP (wi)

+ E|φn(w1,wi)|2(1+δ)
)
.

13



Hence, we investigate the order of E|φn(wi,wi)|2(1+δ) for t > i. Note that,

E|φn(wi,wt)|2(1+δ) ≤ CE|ψn(wi,wt)|2(1+δ)

≤ Ch−(1+2δ)
3n h

−d(1+δ)
1n

1

h3nhd1n
E

(
1

fX(Xi)2(1+δ)
K

2(1+δ)
3

(
yn − εi
h3n

)
× K

2(1+δ)
1

(
Xt −Xi

h1n

)(
h1/2(Xt)

h1/2(Xi)
εt

)2(1+δ)

+

(
1

2
h−1/2(Xi)(Xt −Xi)

Tm(2)(Zit)(Xt −Xi)

)2(1+δ)
)

= C h
−(1+2δ)
3n h

−d(1+δ)
1n (Q2311 +Q2312).

Since t > i and εt is independent of Xt we have

yn
1− F (yn)

Q2311 < CE(ε
2(1+δ)
t )

yn
1− F (yn)

∫ ∫ ∫
K

2(1+δ)
3 (ψ1)f(yn − h3nψ1)

(
h1/2(Xt)

h1/2(Xt − h1nψ2)

)2(1+δ)

×K2(1+δ)
1 (ψ2)fXiXt|εi=yn−h3nψ1

(Xt − h1nψ2,Xt)dψ1dψ2dXt

< CE(ε
2(1+δ)
t )

∫ ∫ ∫
K

2(1+δ)
3 (ψ1)f(yn − h3nψ1)

yn − h3nψ1

1− F (yn − h3nψ1)

× 1− F (yn − h3nψ1)

1− F (yn)
K

2(1+δ)
1 (ψ2)

(
h1/2(Xt)

h1/2(Xt − h1nψ2)

)2(1+δ)
yn

yn − h3nψ1

× sup
ε
fXiXt|εi=ε(Xt − h1nψ2,Xt)dψ1dψ2dXt.

Consequently, Q2311 = O
(

1−F (yn)
yn

)
by A5 1) and 3). Now,

yn
1− F (yn)

Q2312 < C
yn

1− F (yn)

∫
K

2(1+δ)
3 (ψ1)f(yn − h3nψ1)h

4(1+δ)
1n

×
∫ ∫

sup
ε
K

2(1+δ)
1 (ψ2)(ψT2 ψ2)2(1+δ)fXiXt|εi=ε(Xt − h1nψ2,Xt)dψ1dψ2dXt

= O(h
4(1+δ)
1n )

since h1/2(x), fX(x) > 0, and every element ofm(2) is uniformly bounded. Hence, Q2312 = O
(

1−F (yn)
yn

h
4(1+δ)
1n

)
and E(|φn(wi,wt)|2(1+δ)) = O

(
h
−(1+2δ)
3n h

−d(1+2δ)
1n

1−F (yn)
yn

)
. Now, for t > i

∫ ∫
|φn(wi,wt)|2(1+δ)dP (wi)dP (wt) ≤

∫ ∫
|ψn(wi,wt)|2(1+δ)dP (wi)dP (wt)

14



≤ C h−(1+2δ)
3n h

−d(1+δ)
1n

(
1

h3nhd1n

∫ ∫
1

fX(Xi)2(1+δ)

×K2(1+δ)
3

(
yn − εi
h3n

)
K

2(1+δ)
1

(
Xt −Xi

h1n

)((
h1/2(Xt)

h1/2(Xi)
εt

)2(1+δ)

+

(
1

2
h−1/2(Xi)(Xt −Xi)

Tm(2)(Zit)(Xt −Xi)

)2(1+δ)
)

× dP (wi)dP (wt)) = C h
−(1+2δ)
3n h

−d(1+2δ)
1n (Q2313 +Q2314)

Since Xt and εt are independent dP (wt) = fX(Xt)f(εt)dXtdεt and

Q2313 =
1

h3n

∫
K

2(1+δ)
3

(
yn − εi
h3n

)
f(εi)dεiE(ε

2(1+δ)
t )

1

hd1n

∫ ∫ (
h1/2(Xt)

h1/2(Xi)

)2(1+δ)

× 1

fX(Xi)2(1+δ)
K

2(1+δ)
1

(
Xt −Xi

h1n

)
fX(Xi)fX(Xt)dXtdXi.

Note that E(ε
2(1+δ)
t ) < C and

∫
K

2(1+δ)
3

(
yn−εi
h3n

)
f(εi)dεi = O

(
1−F (yn)

yn

)
. The remaining integral can be

written as

∫ ∫ (
h1/2(Xt)

h1/2(Xt − h1nψ)

)2(1+δ)
1

fX(Xt − h1nψ)2(1+δ)
K

2(1+δ)
1 (ψ) fX(Xt − h1nψ)fX(Xt)dψdXt

→
∫
K

2(1+δ)
1 (ψ)dψ

∫
f−2δ
X (Xt)dXt < C

since sup
x∈G

fX(x) and h(x) > C > 0. Consequently, Q2313 = O
(

1−F (yn)
yn

)
. Given that all elements of

m(2)(x) are uniformly bounded above, similar arguments give Q2314 = O
(

1−F (yn)
yn

h
4(1+δ)
1n

)
. Combining

the orders of Q2313, Q2314 we have
∫ ∫
|φn(wi,wt)|2+δdP (wi)dP (wt) = O

(
1−F (yn)

yn
h
−(1+2δ)
3n h

−d(1+2δ)
1n

)
.

Hence, we can write E(Q2
231n) = O

(
n−2

(
1−F (yn)

yn

)1/(1+δ)

h
−(1+2δ)/(1+δ)
3n h

−d(1+2δ)/(1+δ)
1n

)
and consequently

Q231n = Op

(
n−1

(
1−F (yn)

yn

)1/2(1+δ)

h
−(1+2δ)/2(1+δ)
3n h

−d(1+2δ)/2(1+δ)
1n

)
. Thus,

n1/2

(1− F (yn))1/2
Q231n = Op

((
nh1+2δ

3n h
d(1+2δ)
1n (n(1− F (yn)))δyn

)−1/2(1+δ)
)
.

Since yn →∞ and n(1−F (yn))→∞ we have that n1/2

(1−F (yn))1/2Q231n = op(1) provided nh1+2δ
3n h

d(1+2δ)
1n →∞,

which is verified given that h1n ∝ n−
1

2s+d and h3n ∝ n−
s

2(2s+d)
+δ. We now consider Q232n = 1

n2

n∑
t=1

n∑
i=1

t<i

(θni +
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θnt − θn). Note that

Q232n =
1

2n2

n∑
t=1

n∑
i=1

t6=i

(θni + θnt − θn) =
n− 1

n2

n∑
t=1

θnt −
1

2n2

n2 − n
2

θn

=
n− 1

n2

n∑
t=1

∫
φn(wt,wi)dP (wi) +O(1)θn.

Let θn = I1n + I2n where

I1n =
2

h3nhd1n

∫ ∫
1

fX(Xi)
K3

(
yn − εi
h3n

)
K1

(
Xt −Xi

h1n

)
h1/2(Xt)

h1/2(Xi)
εtdP (wi)dP (wt)

I2n =
1

h3nhd1n

∫ ∫
1

h1/2(Xi)fX(Xi)
K3

(
yn − εi
h3n

)
K1

(
Xt −Xi

h1n

)
(Xt −Xi)

Tm(2)(Zit)(Xt −Xi)

× dP (wi)dP (wt).

We note that E(I1n) = 0 since E(εt) = 0 and

E(I2n) =
2

h3n
E

(
K3

(
yn − εi
h3n

))
1

hd1n

∫ ∫
K1

(
Xt −Xi

h1n

)
1

h1/2(Xi)
(Xt −Xi)

Tm(2)(Zit)(Xt −Xi)

× fX(Xt)dXtdXi = I21nI22n.

Using Proposition 1.15 in Resnick (1987) we have yn
1−F (yn)I21n → −2k0. Furthermore, given that h(x) >

C > 0 and m and fX have s bounded partial derivatives I22n = O(hs1n). Hence, θn = O
(
hs1n

1−F (yn)
yn

)
. Now,

n− 1

n

n∑
t=1

∫
φn(wt,wi)dP (wi) = (1 +O(n−1))

1

n

n∑
t=1

(∫
ψn(wt,wi)dP (wi)

+

∫
ψn(wt,wi)dP (wi)

)
= (1 +O(n−1))

1

n

n∑
t=1

(I11t + I12t + I13t)

where,

I11t =
1

h3n
E

(
K3

(
yn − εi
h3n

))
1

hd1n

∫
K1

(
Xt −Xi

h1n

)
1

h1/2(Xi)
dXih

1/2(Xt)εt

I12t =
1

h3n
E

(
K3

(
yn − εi
h3n

))
1

hd1n

∫
K1

(
Xt −Xi

h1n

)
1

2h1/2(Xi)

× (Xt −Xi)
Tm(2)(Zit)(Xt −Xi)dXi

I13t =
1

h3n
E

(
K3

(
yn − εt
h3n

))
1

fX(Xt)

1

hd1n

∫
K1

(
Xi −Xt

h1n

)
1

2h1/2(Xt)

× (Xi −Xt)
Tm(2)(Zti)(Xi −Xt)fX(Xi)dXi.
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From the order of I21n and the fact that
(

XT
t εt

)
is strictly stationary, Xt independent of εt, we have

for t 6= i that 1
n

n∑
t=1
I11t = Op

(
n−1/2 1−F (yn)

yn

)
. Now,

yn
1− F (yn)

1

n

n∑
t=1

I12t =
yn

1− F (yn)
E

(
K3

(
yn − εi
h3n

))

× 1

n

n∑
t=1

∫
h2

1n

2h1/2(Xt − h1nφt)
K1(φt)φ

T
t m

(2)(Xt + λh1nφt)φtdφt

= O(1)
1

n

n∑
t=1

γnt

and E

((
1
n

n∑
t=1

γnt

)2
)

= 1
n2

n∑
t=1

E(γ2
nt) + 1

n2

n∑
t=1

n∑
i=1

t6=i

E(γntγni). From previous arguments we immediately con-

clude that E(γ2
nt) = O(h2s

1n). For the second term, note that

∣∣∣∣∣∣∣ 1
n2

n∑
t=1

n∑
i=1

t6=i

E(γntγni)

∣∣∣∣∣∣∣ ≤ 1
n

n∑
t=1

sup
t

1
n

n∑
i=1
t6=i

|E(γntγni))|.

Letting Jn =
n∑
i=1

|E(γntγn,t+i)|, we observe that for δ1 > 2, by Theorem 3(1) in Doukhan (1994) we have

|E(γntγn,t+i)| ≤ 8(E(|γnt|δ1)2/δ1)α(i)1−2/δ1 (27)

where E(|γnt|δ1) = O(hsδ11n ). Hence, by assumption A2 1) Jn ≤ O(h2s
1n)

n∑
i=1

α(i)1−2/δ1 = O(h2s
1n). Similarly,

n∑
i=1

|E(γntγn,t−i)| = O(h2s
1n) and consequently

∣∣∣∣∣∣∣ 1
n2

n∑
t=1

n∑
i=1

t 6=i

E(γntγni)

∣∣∣∣∣∣∣ ≤ O(n−1h2s
1n). As a result, we write

E

((
1
n

n∑
t=1

γnt

)2
)

= O(n−1h2s
1n) and yn

1−F (yn)
1
n

n∑
t=1
I12t = Op

(
n−1/2hs1n

)
. Now, we let 1

n

n∑
t=1
I13t = O(1) 1

n

n∑
t=1

ηnt

where ηnt = 1
fX(Xt)

1
2h1/2(Xt)

1
hd1n

∫
K1

(
Xi−Xt

h1n

)
(Xi −Xt)

Tm(2)(Zit)(Xi −Xt)fX(Xi)dXi. It is immediate

from arguments used for I12t that 1
n2

n∑
t=1

E(η2
nt) = O

(
n−1h3nh

2s
1n

1−F (yn)
yn

)
. Furthermore, for δ1 > 2 we have

n∑
i=1

E(|ηntηn,t+1|) ≤ 8

n∑
i=1

(E(|ηnt|δ1))2/δ1α(i)1−2/δ1 = O

(
h

2(1−δ1)/δ1
3n h2s

1n

(
1− F (yn)

yn

)2/δ1
)

= o
(
h−2

3n h
2s
1n (1− F (yn))

2/δ1
)

as δ1 > 2 and yn →∞. Thus, provided that
h2s

1n

h2
3n(1−F (yn)

→ 0, which is verified when h1n ∝ n−1/(2s+d), h3n ∝

n−s/2(2s+d)+δ, we have
n∑
i=1

E(|ηntηn,t+i|) = o(1−F (yn)). Thus, E

((
1
n

n∑
t=1

ηnt

))2

= O
(
n−1h−1

3n h
−2s
1n

1−F (yn)
yn

)
+
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o(n−1(1− F (yn))). Hence, 1
n

n∑
t=1
I13t = op

(
(1−F (yn))1/2

n1/2

)
and

n− 1

n2

n∑
t=1

∫
φn(wi,wt)dP (wt) = Op

(
n−1/2 1− F (yn)

yn

)
+Op

(
n−1/2hs1n

1− F (yn)

yn

)
+ op

(
n−1/2(1− F (yn))1/2

)
= op

(
n−1/2(1− F (yn))1/2

)
.

Consequently, Q232n = O
(
hs1n

1−F (yn)
yn

)
+ op

(
n−1/2(1− F (yn))1/2

)
and

Q23n = Op

(
hs1n

1− F (yn)

yn

)
+ op

(
n−1/2(1− F (yn))

)
.

Now, whenever i = t we haveQ23n = − 1
nhd1n

K1(0) 1
n

n∑
t=1

νnt where νnt = 1
n

n∑
t=1

K3

(
yn−εt
h3n

)
εt

fX(Xt)
. E(ν2

nt) =

O(yn(1−F (yn))h−1
3n ) = O(h−1

3n ) since yn(1−F (yn)) = O(1) if α > 1. Also, for δ1 > 2 we have
n∑
i=1

|E(νntνn,t+i)| ≤

8(E(|νnt|δ1))2/δ1α(i)1−2/δ1 where E(|νnt|δ1) = O(h−δ13n ) if E(|ε|δ1) < ∞. Hence,
n∑
i=1

|E(νntνn,t+i)| = O(h−2
3n )

and consequently E

((
1
n

n∑
t=1

νnt

)2
)

= O((nh2
3n)−1). Thus, we have that Q23n = Op

(
n−3/2h−d1n h

−1
3n

)
and

Q23n = op
(
n−1/2(1− F (yn))1/2

)
since n(1 − F (yn)) → ∞ and n−1/2h−d1n h

−1
3n = o(1). Overall, we have

Q23n = op
(
n−1/2(1− F (yn))1/2

)
+Op (hs1n(1− F (yn))) and consequently

n1/2

(1− F (yn))1/2
Q23n = op(1). (28)

We now consider Q24n which can be written as

Q24n =
1

nh3n

n∑
t=1

K3

(
yn − εt
h3n

)(
h1/2(Xt)

ĥ1/2(Xt)
− 1

)(
χ{ĥ(Xt)>0} − 1

)
εt

+
1

nh3n

n∑
t=1

K3

(
yn − εt
h3n

)(
h1/2(Xt)

ĥ1/2(Xt)
− 1

)
εt = Q241n +Q242n.

By Lemmas 3, 4 and Corollary 1 we have sup
x∈G

∣∣∣χ{ĥ(Xt)>0} − 1
∣∣∣ = Op(L1n + L2n) and sup

x∈G

∣∣∣h1/2(Xt)

ĥ1/2(Xt)
− 1
∣∣∣ =

Op(L1n+L2n). Thus, Q41n ≤ Op(L2
1n+L2

2n) 1
nh3n

n∑
t=1

∣∣∣K3

(
yn−εt
h3n

)∣∣∣ |εt|. Since 1−F (yn) = o(1), by Proposition

1.15 in Resnick (1987) we have 1
nh3n

n∑
t=1

∣∣∣K3

(
yn−εt
h3n

)∣∣∣ |εt| = op(1). Hence, Q241n = op(L
2
1n + L2

2n) and

n1/2

(1−F (yn))1/2Q241n = op(1). Now, we can write Q242n as

Q242n = − 1

2nh3n

n∑
t=1

K3

(
yn − εt
h3n

)
1

h(Xt)
(ĥ(Xt)− h(Xt)) + op

(
(1− F (yn))1/2

n1/2

)
,

hence it suffices to study the order of the first term. Given that ĥ(Xt) is a local linear estimator, and under
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assumptions A1-A3 we can write

ĥ(Xt)− h(Xt) = (1 + op(1))
1

nhd2nfX(Xt)

n∑
i=1

K2

(
Xi −Xt

h2n

)(
h(Xi)(ε

2
i − 1)

+
1

2
(Xi −Xt)

Th(2)(Zit)(Xi −Xt)−
2

nhd1nfX(Xi)
h1/2(Xi)εi

n∑
j=1

K1

(
Xj −Xi

h1n

)

× (h1/2(Xj)εj +
1

2
(Xj −Xi)

Tm(2)(Zji)(Xj −Xi))(1 + op(1)) +Op(L
2
2n)

)
. (29)

Following arguments that are similar to those used in the study of Q23n, we show that

n1/2

(1− F (yn))1/2
Q24n = op (1) . (30)

Due to the similarity of the arguments, we omit the details. However, it is worth pointing out that in the

case of Q24n, three dimensional U-Statistics appear due to the structure of (29). As such, we must use part

(i) of Lemma A.2 in Gao (2007). This in turn requires assumptions A5 2) and 4).

Now, let At =
{
ω :
∣∣∣χĥ(Xt)>0) − 1

∣∣∣ = 0
}

and Bt = {ω : h(Xt) − ĥ(Xt) < δ} for some δ > 0. Clearly,

Act ⊆ Bct so that χAct ≤ χBct ≤
h(Xt)−ĥ(Xt)

δ . Thus,

Q25n =
1

nh3n

n∑
t=1

K3

(
yn − εt
h3n

)(
χĥ(Xt)>0) − 1

)
εtχAct

≤ 1

nh3n

n∑
t=1

∣∣∣∣K3

(
yn − εt
h3n

)∣∣∣∣ ∣∣∣χĥ(Xt)>0) − 1
∣∣∣ |εt|h(Xt)− ĥ(Xt)

δ

≤ Op(L2
1n + L2

2n)
1

nh3n

n∑
t=1

∣∣∣∣K3

(
yn − εt
h3n

)∣∣∣∣ |εt|
where the last inequality follows from Lemma 3 and Corollary 1. Given that 1

nh3n

n∑
t=1

∣∣∣K3

(
yn−εt
h3n

)∣∣∣ |εt| =

Op

(
1−F (yn)

yn

)
we have

n1/2

(1− F (yn))1/2
Q25n = op(1). (31)

Combining the orders obtained in equations (23), (24), (28), (30) and (31) we have

n1/2

(1− F (yn))1/2
Q2n = op(1). (32)

Lastly, we show that n√
N

(Q1n − F (yn))
d→ N(0, 1). First, we put q1n = 1

h3n

∫ yn
−∞K3

(
y−εt
h3n

)
dy and write

n√
N

(Q1n − F (yn)) =

n∑
t=1

1√
n(1− F (yn))

(q1n − E(q1n)) +

n∑
t=1

1√
n(1− F (yn))

(E(q1n)− F (yn))

= I1n + I2n.
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Clearly, E

(
1√

n(1−F (yn))
(q1n − E(q1n))

)
= 0 and V

(
1√

n(1−F (yn))
(q1n − E(q1n))

)
=

s2n
n(1−F (yn)) where

s2
n =

∫
1

h3n
b

(
yn − u
h3n

)
F (u)du−

(∫
1

h3n
K2

(
yn − u
h3n

)
F (u)du

)2

and b(x) = 2K3(x)
∫ x
−∞K3(y)dy. Define s2 = F (yn)(1 − F (yn)) and write

s2n
(1−F (yn)) =

s2n−s
2

1−F (yn) + F (yn).

Since,
s2n−s

2

1−F (yn) = o(h3n) and F (yn)→ 1 as n→∞ we have
s2n

1−F (yn) → 1. By Liapounov’s CLT, I1n
d→ N(0, 1)

provided that nE(|Zin|3)→ 0 as n→∞, where

Zin =
1√

n(1− F (yn))

(
1

h3n

∫ yn

−∞
K3

(
y − εt
h3n

)
dy − E

(
1

h3n

∫ yn

−∞
K3

(
y − εt
h3n

)
dy

))
.

The condition is verified by noting that∣∣∣∣( 1

h3n

∫ yn

−∞
K3

(
y − εt
h2n

)
dy − E

(
1

h3n

∫ yn

−∞
K3

(
y − εt
h3n

)
dy

))∣∣∣∣ ≤ 2

since 1
h3n

∫ yn
−∞K3

(
y−εt
h2n

)
dy ≤ 1. Consequently, |Zin| ≤ 2√

n(1−F (yn))
and

nE(|Zin|3) ≤ 2n√
n(1− F (yn))

s2
n

n(1− F (yn))
→ 0 as n→∞.

Integrating by parts we have

|E (q1n)− F (yn)| =

∣∣∣∣∣∣
∫

(−h3n)ψK3(ψ)f(yn) +

m1−1∑
j=1

(−h3nψ)j+1

(j + 1)!

d

dyjn
f(yn)

+
(−h3nψ)m1+1

(m1 + 1)!

d

dym1
n

f(y∗n)dψ

∣∣∣∣ ,
where y∗n = λ(yn−h3nψ)+(1−λ)yn for some λ ∈ (0, 1). Since K3 is an mth

1 -order kernel and
∣∣ d
dum1

f(u)
∣∣ < C,

we have that |E (q1n)− F (yn)| ≤ C h
m1+1
3n

(m1+1)!

∫
|ψm1+1K3(ψ)|dψ = O(hm1+1

3n ). Hence, I2n = O
(

n√
N
hm1+1

3n

)
=

o(1), given the orders of h3n and N , and

n√
N

(Q1n − F (yn))
d→ N(0, 1). (33)

Equations (20), (32) and (33) show that n√
N

(F̃ (yn) − F (yn))
d→ N(0, 1), and by consequence T1n = Op(1)

which completes the proof.

Lemma 5. Let an = 1 − N
n and for i = 1, · · · , N define Zi = εi − qn(an) whenever εi > qn(an) and for

i = 1, · · · , N1 define Z ′i = εi − q(an) whenever εi > q(an). If ∆σ = 1
N

∑N
i=1

∂
∂σ log g(Zi;σN , k0)σN −

20



1
N

∑N1

i=1
∂
∂σ log g(Z ′i;σN , k0)σN and ∆k = 1

N

∑N
i=1

∂
∂k log g(Zi;σN , k0) − 1

N

∑N1

i=1
∂
∂k log g(Z ′i;σN , k0), then

N1/2∆σ = b1
√
N qn(an)−q(an)

q(an) + op(1) and N1/2∆k = b2
√
N qn(an)−q(an)

q(an) + op(1), where b1 = −α(1+α)
2+α ,

b2 =
(
−α

2(1+α)
2+α + α3

1+α

)
.

Proof. The proof is identical to that of Lemma 3 in Martins-Filho et al. (2014) by substituting their U(n−N)

with ε(n−N).

Lemma 6. E

(
log
(

1− k0Z
′
i

σN

)(
1− k0Z

′
i

σN

)−1 (
k0Z

′
i

σN

))
= − 1

α + α
(1+α)2 +O(φ(ε(n−N)))

Proof. The proof is identical to that of Lemma 4 in Martins-Filho et al. (2014) by substituting their U(n−N)

with ε(n−N).
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