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Abstract
A strong empirical regularity is that firm size and top incomes follow a Pareto
distribution. A large literature explains this regularity by appealing to the distribution of primitives, or by using dynamic “random growth” models. In contrast, I
demonstrate that Pareto distributions can arise from production functions in static
assignment models with complementarities, such as Garicano’s (2000) knowledgebased production hierarchies model. Under very limited assumptions on the distribution of agents’ abilities, these models generate Pareto distributions for the
span of control of CEOs and intermediary managers, and Zipf’s law for firm size.
I confirm this prediction using French matched employer-employee administrative
data. This novel justification of Pareto distributions sheds new light on why firm
size and labor income are so heterogeneous despite small observable differences. In
the model, Pareto distributions are the benchmark distributions that arise in the
case of perfect homogeneity, while heterogeneity in primitives should be inferred
from deviations from Pareto distributions.
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Introduction
In the 1890s, Vilfredo Pareto studied income tax data from England, Ireland, several
Italian cities and German states, and Peru. He plotted the number of people earning an
income above a certain threshold against the respective threshold on double logarithmic
paper and revealed a linear relationship. The corresponding income distribution was
much more highly skewed and heavy-tailed than bell-shaped curves1 : Pareto felt that
he had discovered a new type of “universal law” that was the result of underlying economic mechanisms. Since then, Pareto’s discovery has been confirmed and generalized
to the distribution of firm size (Axtell (2001)) and wealth, which also follow Pareto
distributions, at least in the upper tail. According to Gabaix (2016), this is one of the
few quantitative “laws” in economics that hold across time and countries.
In this paper, I propose a new explanation for Pareto distributions in firm size and
labor incomes.2 I show that Pareto distributions can be generated by some production
functions, in static assignment models with complementarities. Assuming these production functions, endogenous Pareto distributions in firm size and income then occur
under very limited assumptions on the distribution of underlying primitives. Unlike in
previous theories, large firms or incomes can appear instantaneously and result from an
arbitrarily small level of ex ante heterogeneity. In contrast, economists’ current understanding of why Pareto distributions emerge falls into two categories. The first theory
simply assumes that some other variable is distributed according to a Pareto distribution; for example, entrepreneurial skills, firm productivities, or firm size.3 The second
theory holds that Pareto distributions result from a dynamic, proportional, “random
growth” process, following Gibrat’s (1931) law. In this theory, many firms or incomes
are large because they have been hit by a long and unlikely continued sequence of good
idiosynchratic shocks.4 To the best of my knowledge, this paper is the first which generates Pareto distributions in firm size and labor incomes that arise from production
functions.5
I show that Garicano’s (2000) problem-solving model is a readily available microfoundation for a Pareto generating production function. According to this model, the
organization of firms can then be decomposed into elementary Pareto distributions for
1

Heavy-tailedness implies that there are many more large incomes than under a normal distribution.
For example, the top 1% gets about 20% of pre-tax income in the United States.
2
According to Pareto, social institutions could not be the underlying reason for these regularities,
as they were observed in very different societies. He also dismissed random chance, as chance does not
produce such thick tails. He concluded that Pareto distributions must arise from “human nature.”
3
For example, Lucas (1978) or Gabaix and Landier (2008). Sornette (2006) classifies these theories as
resulting from “transfer of power laws” in his textbook. They explain Pareto distributions by assuming
another one.
4
For example, Champernowne (1953), Simon and Bonini (1958), or Luttmer (2007).
5
In Geerolf (2015), I also generate a Pareto distribution for leverage ratios and the returns to capital
in a model of frictional asset markets. To the best of my knowledge, Geerolf (2015) is the first example
in the economics literature of Pareto distributions that arise from production functions. I discuss this
further in the literature review.
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span of control. For example, if an economy has two-layer firms with managers and
workers, then the span of managers’ control of workers is a Pareto distribution with a
tail coefficient equal to two in the upper tail. When the number of hierarchical levels
increases, the distribution of firm size converges to Zipf’s law, which is a special case
of a Pareto distribution with a tail index equal to one. This decomposition of firm size
distribution into intermediary hierarchies’ size distribution is supported empirically by
French matched employer-employee data.
A striking result in this paper is that when production functions take the form of a
power law, Pareto distributions in firm size and top incomes arise almost regardless of
the underlying distribution of primitives. In particular, with a power law production
function, it can be that Pareto-distributed firm size or income in fact arise from very
small fundamental heterogeneity. This finding has implications for a growing literature
on trade with heterogenous firms, as well as resource misallocation, which employs
Pareto-distributed primitives as an assumption.
I show that the model also allows us to take a fully microfounded approach to the
labor income distribution of managers derived by Terviö (2008) and applied to the
Pareto distribution of firms by Gabaix and Landier (2008), as skill prices also follow
an endogenous Pareto distribution in the competitive equilibrium. Unlike in those two
papers, Zipf’s law for firm size is not assumed but obtained endogenously. An important advantage, relative to the latter reduced form approach, is that one can then relate
last decades’ increase in firm size to deep parameters of the model, such as the costs of
communication, or the change in the underlying skill distribution, and understand why
span of control has increased by so much.
I deviate minimally from the existing literature, and I develop my argument around
a well-known span of control model based on Garicano (2000), who microfounds the
limits to managerial attention to determine the size of the firm, as in Lucas (1978).
Production consists in solving problems, and managers help workers deal with the
problems they cannot solve by themselves for lack of skill. In this model, limited
managerial attention comes from managers’ time constraints. What has been overlooked
in this model, which I emphasize in this paper, is that the complementarity function
between workers and managers then approximately takes the form of a power function.
This power law results in different Pareto distributions in the hierarchical structure of
the firm, and in particular Zipf’s law in the upper tail of the span of control distribution
when the number of hierarchical levels becomes large. This breakdown of the firm size
distribution into elementary span of control distributions has considerable support in
French matched employer-employee data, and also explains well-known evidence – for
example, on the distribution of establishment sizes in the United States.
At the same time, these developments around Garicano’s (2000) model of a knowl3

edge economy should make clear that the argument is more general, and only relies
on the special form of the production function. This kind of production function has
already been encountered in previous work by Geerolf (2015), with a sorting model of
financial markets with complementarities between borrowers and lenders entertaining
heterogeneous beliefs. The simplicity of the above two models, and the fact that Garicano’s (2000) model was not purposefully developed to generate Pareto distributions,
in fact suggest that there might be something more general about joint production with
complementarities that makes production functions take the form of a power law, and
that the mechanism at play is, for example, more general than production based on
knowledge.
The argument is most easily developed with the help of mathematics.6 Heuristically,
one can view the power law distribution as resulting from a power law production
function. But in economic terms, how can assignment models amplify ex ante differences
so much? The key is to recognize that in a hierarchical organization, managers end
up doing what workers don’t do, either by lack of skill or because of specialization.
In terms of abilities, it does not matter whether a worker will not do 0.01% of the
work or 0.005% of the work. However, the reduction in time cost for a manager is
given by a factor of two. Thus, firms will be twice as large, and it will also lead to a
very large amplification of managers’ ex ante differences. This novel interpretation for
Pareto distributions can shed new light on why measured wages are so often so out of
proportion with underlying primitives, such as skill or education – a pervasive puzzle in
labor economics. More generally, it also offers a new intuition for the so-called Pareto
principle: that in the social sciences, roughly 80% of the effects come from 20% of the
causes.7
The analysis also has striking implications for the literature on firm heterogeneity:
Pareto distributions are in fact the benchmark distributions that arise in the case of
perfect homogeneity, while heterogeneity in primitives should be backed out in the deviations from Pareto distributions. Empirically, the distribution of firm size and income
never quite follows Pareto distributions exactly. First, empirical Pareto distributions
are truncated, and second, Pareto is a good approximation only for the upper tail (what
Mandelbrot (1960) calls the weak law of Pareto). So far, researchers working on firm
heterogeneity have ignored these deviations from the strong law of Pareto because they
were considered to be second order, compared to the importance of heterogeneity implied by a Pareto distribution. If Pareto distributions ultimately come from production
6
Vilfredo Pareto himself used the Pareto distribution to try to convince his contemporaries that
some economic arguments could only be made with the use of mathematics (Pareto (1897), p. 315).
7
This is only true when the tail coefficient is equal to log(5)/ log(4) ≈ 1.16. This is a good approximation for firm size, cities, and ownership of land in nineteenth century Italy, according to Vilfredo
Pareto.
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functions rather than the distribution of primitives, as this paper suggests, then researchers may need to return their attention to deviations from Pareto distributions, as
only they may in fact provide information on heterogeneity. With power law production
functions, Pareto distributions are everywhere, and they may in fact be a signature of
the homogeneous benchmark. In this benchmark, there is no role for misallocation, selection of firms consecutive to openness to trade, or anything related to the growing firm
heterogeneity literature in general. In fact, that very heterogeneous outcomes, such as
a Zipf’s law, must eventually come from at least somewhat heterogeneous primitives is
a qualitative insight that could be seen as a matter of common sense. This paper turns
the argument on its head, and suggests that Pareto may instead be the benchmark to
look for in the case of homogeneity.
Regarding top income inequality, it has been known for a long time that assignment
models of the labor market à la Tinbergen (1956) or Sattinger (1975) could amplify
inequality, as wages are generally a convex function of abilities. I take this insight to its
furthest extent by demonstrating that with a power law production function, sorting
models lead to the amplification of even very small ex ante differences and lead endogenously to Pareto distributions. This fact may explain why residual wage inequality is so
high in the data: at the top of the distribution, observables are very similar, yet small
differences in abilities lead to large differences in pay.
The rest of the paper proceeds as follows. Section 1 reviews the literature. Section 2
uses an off-the-shelf Garicano (2000) model to illustrate the main point of the paper, and
shows that power law production functions can explain Pareto distributions for firm size
and labor income. Section 3 reconciles this theory with the leading theory generating
endogenous Pareto distributions through a dynamic random growth process, and shows
that the proposed theory leads endogenously to stationarity and Gibrat’s law. Section
4 provides empirical support for the disaggregation of Zipf’s law into intermediary span
of control distributions in the data. Section 5 derives the distribution of skill prices
endogenously generated by Zipf’s law. Section 6 concludes.

1

Literature

I employ a means to generate Pareto (1895) distributions that is already known to
some physicists, although it is somewhat marginal in the field. Sornette (2006) gives an
overview of these “Power Laws Change of Variable Close to the Origin” (section 14.2.1),
and Sornette (2002) and Newman (2005) offer surveys of this approach.
The economics literature has used either random growth models or the distribution
of primitives to explain the emergence of Pareto distributions. In random growth models, the stochastic process is assumed to be scale independent (Gibrat’s (1931) law),
5

and one looks for stationary distributions created by that process. Gibrat’s law also
intuitively leads to scale independence in the stationary distribution created by the
process – thus a power law distribution – and Zipf (1949)’s law when frictions become
small. Champernowne (1953) is perhaps the first of such random growth models for
incomes, and Simon and Bonini’s (1958) for firms. Kesten (1973), Gabaix (1999), and
Luttmer (2007) are other examples of this approach. There is also a literature that links
hierarchies to Power Law distributions, in the case of both firms and cities – for example
Lydall (1959) for firms and Beckmann (1958) for cities. Hsu (2012) is a microfoundation
of Beckmann (1958) using central place theory, and in which a multiplicative process
occurs at the spatial level rather than in a time dimension. Another way the literature
has generated Pareto distributions is by using Pareto as primitives’ distribution, such
as Lucas (1978), Chaney (2008), Terviö (2008) and Gabaix and Landier (2008).
The boundaries of the firm are defined as in the span of control model of Lucas
(1978), who first formalized that the limits to the boundaries of the firm could ultimately
arise from limited managerial attention. Garicano (2000) is more explicit about what
management is, and his model leads to the kind of production functions that I emphasize
in this paper.8 Garicano and Rossi-Hansberg (2006) use the Garicano (2000) model to
investigate the implications on income inequality in particular, but make no mention
of Pareto distributions. Caliendo et al. (2015) develop a measure of hierarchies in the
French matched employer-employee data, which I use in this paper, and which I connect
to Pareto distributions.
Finally, this paper is very closely related to the literature on the “economics of superstars” pioneered by Rosen (1981) and applied to the CEO market by Terviö (2008).
Rosen argues in favor of imperfect substitution among sellers and consumption technologies with scale economies “with great magnification if the earnings-talent gradient
increases sharply near the top of the scale,” which gives rise to a winner-takes-all phenomenon. Gabaix and Landier (2008) observe that since the distribution of firm size
is given by Zipf’s law, CEOs face a Pareto distribution for the size of stakes, and that
under limited assumptions on the distribution of abilities, this leads to a Pareto distribution for their labor income. In this paper, Zipf’s law for firms obtains endogenously
without assuming any functional form on distributions, but instead results from the
production function. In a nutshell, my contribution is to show that some production
functions lead to a Pareto-like distribution of the size of stakes, which Rosen (1981),
Terviö (2008) and Gabaix and Landier (2008) took as given. Section 5 compares the
fully microfounded and the earlier reduced form approach in more depth.
8
Lucas (1978) anticipated this: “The description of management is a shallow one ... it does not say
anything about the nature of the tasks performed by managers, other than that whatever managers
do, some do it better than others.”
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2

A Static Theory of Zipf’s Law for Firms

In Section 2.1, I set up the simplest Garicano (2000) economy to get at the main results
of the paper. In Section 2.2, I first consider two-layer firms to develop the main results
using the simplest possible environment. In Section 2.3, I consider L-layer firms, which
is necessary to obtain the result on Zipf’s law.

2.1

Setup

The economy is static. There is a continuum of agents, each endowed with one unit of
time. Production consists of solving problems, which are drawn randomly from a unit
interval [0, 1]. An agent with skill z is able to solve problems in interval [0, z] ⊂ [0, 1],
and therefore fails to solve a measure 1 − z of problems. The distribution of agents’
skills (or abilities) is F , with density f and support [1 − ∆, 1]. ∆ is thus a measure of
skill heterogeneity.9 A key assumption here, and one that distinguishes this paper from
previous work on hierarchy models, is that skills are assumed to be exogenous and that
some agents can solve all problems by themselves. As I show later, this is where Pareto
distributions ultimately come from.
Agents can choose to become workers or managers. As workers, agents use their
time to draw a unit measure of problems. If they are managers, they listen to problems
which their workers fail to solve in time h per measure of problem, which Garicano
(2000) calls “helping time”. Moreover, it is assumed that h < 1.10 If the manager does
not know how to solve the problem, then she can also ask her own manager how to
solve it. (unless this manager is at the top of the hierarchy)

2.2

An Economy with two-layers firms

For simplicity, it is useful to first constrain firms to have only two layers exogenously.
There are then only managers and workers. The competitive equilibrium is more easily
solved by looking at the planner’s problem.11 Managers have a chance to try to solve
more problems, as it takes h < 1 units of time to listen, and 1 unit of time to draw. It
is thus optimal that agents with higher skill become managers (this is shown formally
in Antràs et al. (2006) or Garicano and Rossi-Hansberg (2006)). The endogenous cutoff
z2 splits [1 − ∆, 1] ≡ [z1 , z3 ] into workers and managers: managers then spend time on
problems whose difficulty is at least z2 .
9

It is not a sufficient statistic though, as the whole shape of the distribution f matters. But it will
prove useful in comparative static exercises to change ∆, while keeping the shape of the distribution
fixed.
10
In the original Garicano (2000) model, agents can also choose to remain self-employed. In Appendix
B.2, I consider the case of self-employment, when agents are allowed to draw and solve problems without
the help of managers. As long as helping time is sufficiently low, the help of a manager is sufficiently
cheap, and in equilibrium there are only managers and workers. To streamline the exposition, I focus
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Figure 1: Two-layers firms: Notations
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From the planner’s problem, there is positive sorting between managers and workers,
as there is complementarity between the skills of managers and that of workers. The
problems that a more skilled worker cannot solve are harder statistically, so that it is
optimal for him to report these problems to a more skilled manager. A more skilled
manager supervises more workers, because more skilled workers need little listening.
I denote by m(x) the matching (or managers) function from workers with skill x to
managers with skill y = m(x). Because of positive sorting, the less skilled workers are
hired by the less skilled managers, so that:
m(1 − ∆) = z2 .

(1)

Moreover, the matching function is such that the time of managers with skills in [y, y +
dy], given by f (y)dy = f (m(x))m0 (x)dx is used to answer the problems of workers with
skills in [x, x + dx], who draw f (x)dx problems, a fraction 1 − x of which they cannot
solve, and who require h(1 − x)f (x)dx of listening time, so that:
f (m(x))m0 (x) = h(1 − x)f (x)

(2)

Given z2 , m(.) is determined on [1 − ∆, z2 ] by equations (1) and (2), constituting an
initial value problem. Finally, because the most skilled workers are hired by the most
skilled managers, z2 is a solution to:
m(z2 ) = 1.

(3)

Managers’ and workers’ behavior, who is matched to whom, and the span of control
of each manager, are uniquely characterized by the matching function m(.) on [z1 , z2 ],
as well as by the endogenous cutoff z2 . Finally, when she hires workers with skill x, a
manager needs to answer a number 1 − x of problems. Since she takes h units of time
1
workers. Thus, the span of control12
to listen to one of them, she can oversee
h(1 − x)
directly on this case here.
11
Supporting skill prices will not be derived before Section 5.
12
In the following, I use vocabulary interpreting this continuous model in a discrete way. I then refer

8

n(y) of a manager with skill y hiring workers with skills x = m−1 (y) is given by:
n(y) =

1
h(1 − m−1 (y))

Uniform distribution. The uniform distribution for skills may appear very special
at first, but it in fact allows to get at the main results of the paper, because it is a local
approximation to any smooth density function. With a uniform distribution for skills
f on [1 − ∆, 1], and for x ∈ [z1 , z2 ], span of control n(y) has a closed form expression
since, with f constant, equations (2) and (3) yield:13
m0 (x) = h(1 − x)
r
⇒ 1 − m−1 (y) =

⇒

(1 − z2 )2
(1 − x)2
−h
2
2
1
1
.
n(y) = √ r
2h
h(1 − z2 )2
(1 − y) +
2

m(z2 ) − m(x) = 1 − m(x) = h

(1 − z2 )2 +

2
(1 − y)
h

⇒

Proposition 1. [Two-layers firms, uniform distribution]
(a) With two-layers firms, and a uniform distribution for skills on [1 − ∆, 1], the distribution of the span of control of managers is a truncated Pareto distribution
with a coefficient equal to 2. That is, the probability that span of control is
higher than n for n ∈ [n, n̄] is given by:
n2
P[N ≥ n] =
1 − (n/n̄)2



1
1
−
n2 n̄2


,

with the minimum and maximum span of control being given respectively by:
n=

(b) When ∆ → 0, n̄ → ∞ and

1
h∆
n̄
n

n̄ = √

and

1
.
1 + h2 ∆ 2 − 1

→ ∞ and the distribution of span of control becomes

a full Pareto distribution with coefficient 2:
P[N ≥ n] ∼∆→0

n2
.
n2

More precisely, let U = N/n be “scaled” span of control, then U converges in
distribution to a Pareto distribution with a coefficient equal to 2 when heterogeneity
as one manager and the measure of workers who work for him as one firm, and use “span of control”
and “size of firm” interchangeably (although the size of the firm is theoretically one plus span of control,
the manager and his workers).
13
I try to keep as close as possible to the earlier literature in terms of notation. However, both
analytically and computationally (when one works with arbitrary density functions), it may prove
more convenient to work directly with the “employee” function, which is the inverse of the “matching”
(or manager) function: e−1 = m. I show this in Appendix B.3.
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∆ goes to 0, as:
∀u ≥ 1,

P[U ≥ u] →∆→0

1
.
u2

Proof. See Appendix A.1.
Proposition 1 contains the main result of this paper, which is generalized later. Part
(a) of the proposition says that the production function in the Garicano (2000) model
produces truncated Pareto distributions for span of control (firm sizes) with location
parameters n (scale) and n̄ (truncation) from a uniform distribution of skills.
By definition, an untruncated Pareto distribution for firm sizes is such that when the
measure of firms with a number of employees higher than a certain number is plotted
against that number on a log-log scale, the relationship is linear. In fact, this is how
Vilfredo Pareto originally discovered the regularity that now bears his name.14 Analytically, if F̄N (n) = 1 − FN (n) = P(N ≥ n) is the tail distribution, or complementary
cumulative distribution function (c.c.d.f.), then a Pareto distribution with a coefficient
(or tail index) α and a minimum size n has c.c.d.f.:

log F̄N (n) = α log(n) − α log(n),
and thus log (P(N ≥ n)) is a linear function of log(n). This corresponds to the
following c.c.d.f. and p.d.f.:
1 − FN (n) = nα

1
nα

fN (n) =

αnα
.
nα+1

The expression in Proposition (1a) corresponds to a truncated Pareto distribution
with tail index 2 and location parameters n and n̄, with the same density as the Pareto
distribution, except above the maximum size n̄, where the density is identically equal
to zero, and the density is appropriately renormalized (see appendix B.1).
The expressions for the scale parameter n and the truncation parameter n̄ are also
interesting. First, the helping time h and heterogeneity parameter ∆ enter symmetrically. When the helping time h decreases, complementarities increase, and both the
scale parameter and the truncation parameter (n and n̄) increase: the whole Pareto
distribution of firm sizes shifts out, and one moves closer to a full Pareto distribution,
as n̄/n increases. What is perhaps more surprising is that the same happens when
heterogeneity ∆ decreases: the less heterogeneity in skills, the more heterogeneity in
14

In the second volume of his Cours d’économie Politique (p 305), Pareto plots the number of people
earning more than a certain income against that income on a log-log scale, for Great Britain and Ireland
in 1893-94. For a historical account, see Persky (1992): “Mitchell et al. (1921) in discussing Pareto’s
law, suggested that double logarithmic paper was commonly used by engineers. Pareto trained as an
engineer and for several years practiced that profession. Perhaps this background influenced his choice
of graph paper.”
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firm sizes.
Part (b) of Proposition 1 is a straightforward implication of Part (a). The first
statement is expressed in terms of the span of control distribution, but it is heuristic in
that the support of this distribution is moving as heterogeneity goes to zero (both the
lowest and the highest sizes go to +∞). The next statement is more rigorous, in that
if one defines new random variable, given by the relative size of a firm compared to the
smallest firm U =

N
n,

then from proposition (1a):
1
P[U ≥ u] =
1 − (1/ū)2



1
1
−
u2 ū2


.

The relative span of control follows a truncated Pareto distribution with a coefficient
equal to two, and shape parameters given by u and ū such that:
u = 1 and ū = √

h∆
.
1 + h2 ∆2 − 1

Then when ∆ → 0, we have that ū → ∞. For all u, we also have that:
P[U ≥ u] →∆→0

1
.
u2

Therefore, the scaled distribution of firm sizes converges in distribution to a Pareto
distribution with a coefficient equal to 2. The result is quite counterintuitive when
stated as follows:
Claim 1. [Truncated Pareto distributions] With a power law production function, the
concavity of the distribution of span of control in the upper tail is positively related
to skill heterogeneity. In the limit, untruncated Pareto distributions correspond to no
heterogeneity in underlying primitives.
Claim1 is only an implication of Proposition 1. With non-zero heterogeneity, Pareto
distributions are truncated, which results in a concave part on a log-log scale. This
truncation of the Pareto distribution is pervasive in the empirical literature. Among
many examples, the concave part is visible in Axtell (2001)’s famous evidence about
Zipf’s law for firm sizes.
The results below will only confirm this insight to the case of very general density
functions, and multiple layers. Again, this result is potentially important because a
substantial body of work in trade and firm heterogeneity more generally has used Pareto
distributed primitives as in input, arguing that these were necessary to understand
Pareto distributed firm sizes. If Pareto distributions instead come from power law
production functions, for example of the Garicano (2000) type, then only how important
is the truncation for the upper tail, may actually provide information at all.
[INSERT FIGURE 5 ABOUT HERE]
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[INSERT FIGURE 6 ABOUT HERE]
Similarity to Physics. To use Sornette (2006)’s taxonomy, this generation of
endogenous Pareto distributions works through “Power Laws Change of Variable Close
to the Origin”. According to Newman (2005), “One might argue that this mechanism
merely generates a power law by assuming another one: the power-law relationship
between x and y generates a power-law distribution for x. This is true, but the point is
that the mechanism takes some physical power-law relationship between x and y - not
a stochastic probability distribution - and from that generates a power-law probability
distribution. This is a non-trivial result.” In this model, span of control is a change
of variable close to the origin of the number of problems that a worker with skill x is
unable to solve, as:
n(y) =

1
.
h(1 − x)

To paraphrase Newman (2005), one can argue that this mechanism takes some economic
power-law relationship between span of control and skill, and from that generates a
power-law probability distribution. Of course, this is not exactly the mechanism that
occurs in Physics, because here the denominator never quite reaches zero, which leads
to a truncated Pareto distribution at maximum size n̄. Moreover, it is important to
recognize that the generation of truncated Pareto distributions ultimately results from
agents’ optimizing choices (for example, that they sort through prices), and not solely
on a mechanical production function. To the best of my knowledge, this model is the
first in the economics literature, after Geerolf (2015), to generate Pareto distributions
out of production functions.
Another proof using size-biased distributions.15 There is a way to understand why two-layers firms follow Pareto distributions even more directly, by using the
concept of size-biased distributions. This distribution expresses the distribution of firm
sizes from the point of view of workers: if a firm has 50 workers, then the size biased
distribution will count 50 firms of size 50. Workers of type x are in a firm with the
following span of control:
n(m(x)) =

1
.
h(1 − x)

With a uniform
distribution for skill, and in the limit where ∆ becomes very small,
√
1 + ∆ 2 h2 − 1
1
1 − z2 =
≈ ∆2 h  1 − z1 = ∆, so that to a first approximation
h
2
one can see x as a uniform in [z1 , 1]. Thus the size-biased distribution of span of control if a Pareto distribution with a coefficient equal to 1. Since a size-biased Pareto
15

I am grateful to Erzo Luttmer for this suggestion.
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distribution of coefficient α corresponds to a Pareto distribution of coefficient α + 1,
this shows that the distribution of span of control is a Pareto distribution of coefficient 2.
Bounded away from 0 near 1 density functions. At this point, one could argue
that the uniform distribution is very special. After all, if the Pareto result ultimately
relies on the distribution of skills being exactly uniform, then one would be left to explain
where the uniform distribution ultimately comes from. But it is not the case. In fact,
it turns out that under mild assumption on the distribution of skills, the distribution
always is a Pareto distribution with a coefficient equal to two, in the upper tail. Using
Mandelbrot (1960)’s terminology, the distribution of span of control then follows the
weak law of Pareto.
Proposition 2. [Two-layers Firms, density bounded away from 0 near 1]
(a) With two-layers firms, and if the density function is bounded away from 0 near
1 (for example, the density is continuous and f (1) 6= 0), then the distribution of
the span of control of managers is a truncated Pareto distribution with a
coefficient equal to 2 in the upper tail. That is, the probability that span of
control is higher than n for n ∈ [n, n̄] is such that:
P[N ≥ n]

 →n→n̄ 1.
n̄ f (z2 )(1 − z2 ) 1
1
−
2 1 − F (z2 )
n2 n̄2
(b) When ∆ → 0, n̄ → ∞ and the distribution of span of control becomes a full
Pareto distribution with coefficient 2 in the upper tail (weak form of
the law of Pareto). That is, for small enough ∆, and large enough n:
n2
f (1)
.
P[N ≥ n] ∼∆→0 Z 1
n2
2 (1 − y)f (1 − ∆ + ∆y) dy
0

More precisely, let U = N/n be “scaled” span of control, then U converges in
distribution to a Pareto distribution with a coefficient equal to 2 in the upper tail
when heterogeneity ∆ goes to 0. That is, for small enough ∆, and for large enough
u:
f (1)
1
P[U ≥ u] ∼∆→0 Z 1
.
u2
2 (1 − y)f (1 − ∆ + ∆y) dy
0

Proof. See Appendix A.2.
The intuition for this result is quite straightforward. Locally, one can always approx13

imate any density function by a uniform distribution. Thus, locally, the distribution of
span of control cannot be too far from the distribution obtained with a uniform density. The key is then to recognize that when heterogeneity in skills goes to zero, as in
Proposition (1b), the production function transforms a bounded distribution of skills,
into an unbounded distribution for span of control. Thus, locally near 1 in the space
of skills x, corresponds to locally in the neighborhood of +∞ in the space of span of
control n(y). Therefore, a Pareto distribution in the upper tail arises regardless of the
underlying distribution of skills. Of course, how far in the upper tail Pareto turns out
to be a good approximation is a quantitative question. Figures 7 and 8, for the case of
an increasing distribution, given by:
F (z) =

(z − (1 − ∆))2
1 [1 − ∆, 1] (z) + 1 [1, +∞] (z).
∆2

shows that quantitatively, Pareto is a very good approximation for the bulk of the
distribution (at least when the density is rather slowly varying).
[INSERT FIGURE 7 ABOUT HERE]
[INSERT FIGURE 8 ABOUT HERE]
Proposition 2 allows to state a second result.
Claim 2. [Deviations from Pareto distributions in the lower tail] With a power law
production function, the upper tail of the span of control distribution is a truncated
Pareto distribution. The upper tail of the span of control distribution corresponds to
a very small part of the underlying skill distribution, which can be approximated by a
uniform density to a first order. Deviations from Pareto distributions in the lower tail
correspond to deviations from a uniform density of skills.
Claim 3 is an implication of Proposition 2. If Pareto distributions come from a
power law production function, then Pareto distributions are not really informative on
the distribution of skills as they correspond to infinitesimally small part of the underlying distribution. Again, this may explain the ubiquity of the Pareto distribution.
Together, result 1 and result 3 show that the only informative parts in the span of
control distribution are those that do not follow Pareto distributions: the lower tail, as
well as the very upper tail. In Section 2.3, this result will be confirmed with more layers.
Polynomial density. What happens when the assumption that the density is
bounded away from zero is violated? I show that firms are then smaller, and thus do
not appear in the upper tail. A natural starting point is to look at the sister of the
uniform density in that case, which is a polynomial density for skills f on [1 − ∆, 1],

14

f (x) =

ρ+1
(1 − x)ρ and which also leads to closed form solutions.
∆ρ+1
f (m(x))m0 (x) = h(1 − x)f (x)
ρ+1
ρ+1
⇒
(1 − m(x))ρ m0 (x) = h ρ+1 (1 − x)ρ+1
ρ+1
∆
∆

z
z

(1 − m(u))ρ+1 2
(1 − u)ρ+2 2
⇒
=h −
ρ+1
ρ+2
x
x


ρ
+
1
(1 − x)ρ+2 − (1 − z2 )ρ+2
⇒ (1 − m(x))ρ+1 = h
ρ+2

 1
ρ+2
1ρ+2
ρ+1
−1
ρ+2
⇒ 1 − m (y) =
(1 − y)
+ (1 − z2 )
.
hρ+1

The span of control distribution for two-layers firms is therefore given by:

− 1
ρ+2
1 1ρ+2
ρ+1
ρ+2
.
(1 − y)
+ (1 − z2 )
n(y) =
h hρ+1
I show in Appendix A.4 that in this case, the distribution of span of control of managers
is a truncated Pareto distribution with a coefficient equal to ρ + 2. (uniform is a special
case with ρ = 0) However, the maximum span of control of managers in this case is
then much lower than in the case where the density is bounded away from zero, so that
one should not expect to encounter firms resulting from such a density in the upper tail
of the firm size distribution, at least when heterogeneity in small. This is also shown in
Appendix A.4, where it is shown that the maximum size is such that:
1

n̄ ∼∆→0

ρ+2

.

h∆ ρ+1
Thus for small heterogeneity, the maximum size for ρ > 0 is always negligible compared
to the maximum size for ρ = 0:
ρ
n̄(ρ > 0)
= ∆ ρ+1 →∆→0 0.
n̄(ρ = 0)

This fact is reinforced by the fact that larger firms are much less frequent in a Pareto
with a higher tail coefficient equal to ρ + 2, which is higher than ρ (the tail is thinner).
It is also intuitive that all this reasoning results only from a local approximation, and
that any density which has a Taylor expansion near 1, will lead to a Pareto for the
distribution of span of control, but which much lower firm sizes. A counterexample
to Pareto
distributions
for span of control is the density function given by f (x) =


1
exp −
, which goes so fast to zero near 1 that it does not have a Taylor
(1 − x)2
expansion, and would not lead to Pareto distributions for span of control. However,
there is no reason to expect the distribution of skills to be this badly behaved. Moreover,
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given the very small mass near the top of the distribution, the firm sizes corresponding
to such a distribution would be infinitesimally small.
[INSERT FIGURE 9 ABOUT HERE]

2.3

An Economy with L layer firms: a static theory of Zipf ’s law

In the previous section, I have exogenously imposed that firms had only two layers, with
managers and workers. Garicano (2000)’s model however suggests that there should
be an incentive for managers supervising workers to themselves report the hardest
problems they face to a higher level manager. In fact, this is another improvement of
the Garicano (2000) model over the Lucas (1978) model. This technology has a clear
role for a pyramidal managerial structure. The main purpose of this section is to show
that when allowing for multiple layers in the organization of firms, one gets a new static
theory of Zipf’s law in the upper tail of the size distribution of firms, when the number
of layers of hierarchical organization becomes large.
Figure 2: L-layers firms: Notations

z1

x1

z2

x2

z3

.

.

.

zL-1 x
zL
L-1

xL

zL+1
1

1-Δ

Workers

skill

xL-1 = e(xL)

x2 = m(x1)
Managers
of type 2

Managers
of type L-1

Managers
of type L

For the same reason as in the two-layers case, there is positive sorting at all layers
of the firm. The problems that a manager with a higher skill is not able to solve are
harder statistically, regardless of his hierarchical position in the firm. In terms of span
of control, there is however a small twist to the two-layers case. For example, a manager
of type 2 with skill x2 receives problems of difficulty at least equal to m−1 (x2 ). Of these
1 − x2
.
problems, the conditional probability that he is unable to solve them is given by
1 − x1
Thus the managers function is such that the time of managers of type 3 with skills in
[x3 , x3 + dx3 ] is used to answer the problems that managers of type 2 are unable to
solve, according to the following time constraint:
f (x3 )dx3 = h

1 − x2
f (x2 )dx2
1 − x1

⇒

f (m(x2 )) m0 (x2 ) = h

1 − x2
f (x2 ).
1 − m−1 (x2 )

The cutoffs are similarly determined by the conditions that the less skilled of each
occupation type are matched with all other less skilled, and that the most skilled of each
occupation type are matched with the other less skilled. The first layer in special in
that the problems drawn by workers have not yet been sorted by anyone, or equivalently
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that they were sorted by someone who has chosen to pass on all problems (in other
words m−1 ([z1 , z2 ]) = 0. Thus these first-order differential equations for the managers
function all collapse into:
∀x ∈]z1 , zL [ \ {z2 , ..., zL−1 },
with

f (m(x)) m0 (x) = h

m−1 ([z1 , z2 ]) = 0,

1−x
f (x)
1 − m−1 (x)

m continuous

As in the two layers case, the span of control of the top manager with ability xL is
given by the multiplication of intermediary span of control distributions:
n(xL ) =

1 − xL−2
1 − xL−3
1 − x1
1
1
∗
∗ ... ∗
∗
= L−1
.
h(1 − xL−1 ) h(1 − xL−2 )
h(1 − x2 ) h(1 − x1 )
h
(1 − m−1 (xL ))

Proposition 3. [L-layers Firms, density bounded away from 0 near 1]
(a) With L-layers firms, and if the density function is bounded away from 0 near 1 (for
example, the density is continuous and f (1) 6= 0), then the distribution of the span
of control of managers is a truncated Pareto distribution with a coefficient
1
in the upper tail. Denoting by n̄ the maximum span of
equal to 1 +
L−1
control of managers, the measure of firms with a size higher than n is such that,
for some constant AL :
∀ > 0,

∃A,

∀n ≥ A,

AL
P[N ≥ n] − L f
h




1
1
1
1−
−
< .
1
1
n̄h
n1+ L−1
n̄1+ L−1

(b) When ∆ → 0, n̄ → ∞ and the distribution of span of control becomes a full
1
in the upper tail:
Pareto distribution with coefficient 1 +
L−1
∀ > 0,

∃A,

∃η,

∀n ≥ A,

∀∆ < η,

P[N ≥ n] −

f (1)AL
1
< .
1
hL n1+ L−1

Proof. See Appendix A.3.
A qualitative intuition for this result is as follows. The overall span of control of
managers of type L − 1 (or CEOs) is given by the multiplication of intermediary span of
control distributions. Intuitively, the distribution of span of control for multiple layers
is fatter than that for only one layer. Proposition 3 states that the distribution of the
span of control of managers is given by a Pareto distribution with a coefficient equal to
1
1+
(which is more fat tailed than a Pareto distribution with a coefficient equal
L−1
to 2, for any L > 2). Proposition 2 is a special case with L = 2, in which case the
Pareto has a coefficient equal to 2. As the number of layers increases, the coefficient
above approaches 1, which corresponds to Zipf’s law for firm sizes. This allows to state
the following result:
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Claim 3. [Zipf’s Law from the multiplication of intermediary Pareto distributions] With
a power law production function, the distribution of firms sizes follows a truncated
1
in the upper tail. When the
Pareto distribution with a coefficient equal to 1 +
L−1
number of layers becomes large, the coefficient of the Pareto distribution goes to 1, and
therefore the distribution of firm sizes approaches Zipf’s law.
[INSERT FIGURE 10 ABOUT HERE]
[INSERT FIGURE 11 ABOUT HERE]
Endogenous L. Of course, the number of layers is itself an endogenous object.
There are many ways to endogenize the number of layers. One would be to assume a
fixed cost of adding a new layer. Another is to determine this endogenous object by
looking at a discrete counterpart of the continuous types model, with a given population
of agents N . One then needs to assume that a manager needs to work full time at the
top of his organization, which pins down the size of firms in the economy as well as
their number of layers. L is then determined as a solution to the following:


1
L = max L s.t. 1 − zL ≥
L
N


.

One can look at the endogenous cutoffs in the case where the density of skills is
uniform on Table 1. If there is one million workers, then the number of layers according
to the above formula is given by L = 6.
[INSERT TABLE 1 ABOUT HERE]

3

Endogenous scale independent growth and stationarity

Section 2 has offered an alternative theory of endogenous Pareto distributions, one
which does not rely on a dynamic random growth process. This section shows that
the two theories can actually be reconciled, as the static theory in Section 2 leads to
endogenous scale independence in growth rates as well as to endogenous stationarity.

3.1

Endogenous Gibrat’s law

In random growth theory, an exogenous “random growth” process is assumed, where
the growth of firms is assumed to be independent of size. (following the empirical
observation, attributed to Gibrat (1931)) Zipf’s law arises then as the stationary solution to such a process. Intuitively, the stationary distribution resulting from a scale
independent process itself has to be scale independent.16 Symmetrically, it is easy to
16

For example, Gabaix (1999) gives an intuition for Zipf’s law for cities along these lines (p744).
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understand why if a static mechanism produces Zipf’s law, then the growth of firms
generated by such a static mechanism will over time produce scale-independent growth,
or Gibrat (1931)’s law.
One example is to look at comparative statics where agents would improve their
skills over time to that of the most skilled agents, so that the support [1 − ∆, 1] would
shift over time. Then it is easy to see that all firms, whether they are small or large,
would grow at the same rate. This can for example be seen on Figure 5. Another
example is to look at the comparative statics on the firm size distribution when the
helping time h changes. Again, this would lead small firms to grow at the same rate as
large firms.
Even though these results are rather straightforward from those in Section 2, one
must not forget how challenging it is to many theories of the firm that large firms would
on average grow at the same rate as small firms. Indeed, in many theories of the firm,
the average cost curve determines how large a firm is. Once a firm has reached its
optimal size, there is no reason why it should grow further (or as fast). In contrast,
a theory of the firm size distribution based on a power law production function does
deliver scale independent growth. The intuition is that as workers improve, they take
less and less time to manage, and that this can help even large firms to grow in an
unbounded fashion.
Some scholars have complained that random growth theory is not microfounded,
and does not provide much an economic model. For example, Penrose (1955) writes,
random growth models “leave no room for human motivation and conscious human
decision and I think should be rejected on that ground.” In contrast, the above model
is microfounded, and helps explain why even large firms appear to be able to grow in
an unbounded fashion.

3.2

Endogenous stationarity

Another key assumption in random growth theory is that one needs to look for a
stationary distribution. However, most scale independent random growth processes
in fact lead to non stationary distributions, and in the end this is a restriction that
is imposed on the process itself. It is very important to note that stationarity is an
assumption in those models, and that they do not explain why despite overwhelming
transformations of the economy the firm size distribution has remained the same over
centuries. In contrast, the present model does: because the model is static, the fact
that the exact same distribution (Zipf’s law) is always obtained is a conclusion, not
an assumption. Of course, this assumes that the power law production function is
sufficiently fundamental that it did not change over centuries either.
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4

Empirics

The model presented in this paper gives very precise and testable predictions about how
Zipf’s law arises in the data. In particular, one distinctive implication of the model is
that not only does firm size distribution follow a Pareto distribution of coefficient one,
but that intermediary span of control distributions also follow Pareto distributions, with
higher tail coefficients. In particular, it is shown that in theory, two-layer firms should
follow Pareto distributions with a coefficient equal to 2 in the upper tail. In Section 4.1,
I show how the theory can help explain some of the puzzles in the empirical literature on
firm growth and sizes. In Section 4.2, I present new evidence from the French matched
employer-employee data, which provides a lot of support for the mechanism that is put
forward in this paper.

4.1

Existing Literature

The explanation given for power laws in this paper allows to connect different dots
in the existing empirical literature concerning firm growth and firm and establishment
sizes.
Firm Birth. Cabral and Mata (2003) show on Portuguese micro level data that
the distribution of firm sizes is already very skewed to the right at the time of birth.
More importantly, the fact that small firms conditional on survival grow at a faster rate
than large firms has been argued to be consistent with Gibrat’s law if there is a lot
of firm exit (for example, because firms gradually learn how productive they are, as in
Jovanovic (1982)). However, Cabral and Mata (2003) show that selection only accounts
for a very small fraction of the evolution of firm sizes. The model presented above can
make sense of these facts, as Pareto distributions arise out of a static model.
Distribution of Establishments’ Sizes. It has long been known that the distribution of establishments is less fat tailed than that of firms. For example, Luttmer
(2010) writes in his review of the random growth literature: “In the United States, the
right tail of the size distribution of establishments is noticeably thinner than that of
firms.” Similarly, Rossi-Hansberg and Wright (2007) write: “It is worth noting that the
size distribution of enterprises is much closer to the Pareto, especially if we focus attention on enterprises with between 50 and 10,000 employees. The differences between the
size distributions for establishments and enterprises may shed light on the forces that
determine the boundaries of the firm. Our theory focuses, however, on the technology
of a single production unit and does not address questions of ownership or control.”
The model presented in this paper is perfectly suited to address this particular issue,
as it is precisely the way in which Zipf’s law is generated, through the multiplication
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of Pareto distributions with a higher tail coefficient. Figure 17 illustrates the fact that
establishment sizes is also Pareto distributed in the upper tail in the United States,
albeit with a higher tail coefficient, through publicly available US Census data. To
the best of my knowledge, no random growth mechanism to date is able to explain
simultaneously the distribution of establishment sizes and firm sizes. This provides a
key empirical validation the model.
[INSERT FIGURE 17 ABOUT HERE]

4.2

French matched employer-employee Data

On top of existing empirical evidence, the French matched employer-employee administrative data also gives a lot of support to this proposition. I follow Caliendo et al.
(2015) closely in defining hierarchies in this dataset.
Data. I use a sample of French Déclarations Annuelles de Données Sociales (DADS).
I report only the data from a sample in year 2007, however other time periods show very
similar pictures. The sample originally contains 55, 979, 881 observations of employeeemployer matched pairs.
I follow Caliendo et al. (2015) and use the first digit of the PCS variable (PCS stands
for “Profession, Catégorie Socioprofessionnelle”, or social class based on occupation) as
a proxy for the hierarchical position of workers in a firm. That allows me to divide
workers into subgroups of high ranking managers, middle managers, workers, manual
workers. More precisely, the first digit of the PCS variable is one of six alternatives.
The first category contains the farmers. The second group corresponds self-employed
and owners (for example, plumbers, firm directors, Chief Executive Officers). The
third groups senior staff or top management positions (for example, chief financial
officers, heads of human resources, or purchasing managers). The fourth corresponds
to employees at the supervisor level (for example, quality control technicians, sales
supervisors). The fifth puts together clerical or white collar employees (for example,
secretaries, human resource or accounting, and sales employees). Finally, the sixth
and last group correspond to blue collars workers, for example assemblers, machine
operators or maintenance workers.
Unfortunately, the PCS variable is not available for all workers, and farmers and
manual workers are in separate categories (first digit equals to 1 and 2), so I drop them.
This leaves me with employer-employee matches corresponding to the PCS variable
having a first digit equal to 3, 4, 5, or 6.
Results. In Section 2, it has been argued that with a power law production function,
the distribution of span of control down one level of hierarchical organization should be
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close to a Pareto distribution with coefficient 2, whatever the underlying distribution
of skills. (provided it is bounded away from zero for high skills) Figure 18 plots the
corresponding distribution of span of control that is obtained empirically, with the
dataset described above. The total number of employees in a given layer, as defined by
the first digit of the PCS variable, is divided by the total number of employees occupying
the layer above them (again, this is seen through the PCS variable). This measure is
calculated at the establishment level. These ratios are referred to on the x-axis as “team
sizes”. The distribution of them is shown on a log-log plot, with the rank on the y axis
(plotting the survivor function would give a similar picture). As can be seen on Figure
18, the data does seem to point to a Pareto distribution for large spans of control in
the upper tail, and a coefficient close to that predicted by the theory, 1.96.
[INSERT FIGURE 18 ABOUT HERE]
Figure 19 and Figure 20 add further support to the theory developed in this paper.
They are constructed with a similar methodology as Figure 18. Figure 19 shows that the
distribution of firm sizes is indeed more fat tailed than that of teams, establishments,
or the number of plants per firms. Figure 20 illustrates the fact that this pattern is
not specific to a particular sector. Indeed, the sector “wholesale trade, accommodation,
food” shows very similar patterns as the overall economy, and so do other two digit
NAICS industries in unreported graphs. Finally, Figure 21 shows that the distribution
of the number of establishments per firms is strikingly close to what should be expected
from the theory. As shown in Section 2, the distribution is expected to be closer to a
Pareto distribution as one approaches the highest levels of hierarchical organization, as
the uniform approximation for the distribution of skills becomes a very good approximation for the top (given that the corresponding cutoffs zl are very close to 1). This
is exactly what can be seen on Figure 21, compared for example to Figure 18, where
Pareto is a good approximation for most of the distribution, not just for the upper tail.
Moreover, note also how the Pareto is shifted for very high levels of span of control
(that is, concave, and bounded), just as the theory predicts for non zero heterogeneity
in skills. The coefficient estimated for this distribution (1.33) further seems to suggest
that there are two levels of hierarchical organization between the CEO of the firm and
each one of the establishment managers.
[INSERT FIGURE 19 ABOUT HERE]
[INSERT FIGURE 20 ABOUT HERE]
[INSERT FIGURE 21 ABOUT HERE]
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5

Labor income distribution

Section 2 has solved for the equilibrium span of control distribution (Zipf’s law) without
any reference to supporting skill prices. However, just as in Terviö (2008) and Gabaix
and Landier (2008), the very large heterogeneity in span of control can lead to very large
heterogeneity in pay. Generating Zipf’s law endogenously, without any distributional
assumption on primitives, allows to give a new intuition for why CEOs can benefit from
a “superstar effect” (Rosen (1981)). The best CEOs are able to hire the best workers,
who almost don’t need their help and thus can allow them to concentrate on matters
for which they really have a special expertise.
Section 5.1 derives the labor income distribution, with a special emphasis on top
managers, as in Terviö (2008) and Gabaix and Landier (2008). I show that the labor
income distribution results from the integration of a truncated Pareto distribution,
which displays Pareto-like behavior under some conditions. Section discusses 5.2 some
advantages of endogenizing Zipf’s law for firms, as opposed to taking that distribution
as given.

5.1

Top labor income distribution

The optimal allocations derived in Section 2 result from managers’ optimal choices. For
example, with two layers firms as in Section 2.2, and the notations on Figure 1, the
wage of managers with skill w(y) is given by the solution to managers’ optimal choice
of workers’ ability x:
w(y) = max
x

y − w(x)
,
h(1 − x)

where the wage of a worker with ability x is w(x). These skill prices allow to sustain
the matching between the best managers and the best workers, which was derived in
Section 2. The envelope condition writes:
w0 (y) =

1
= n(y).
h(1 − m−1 (y))

More generally, with L layers, as in Section 2.3, and the notations on Figure 2, the
envelope condition for a manager with skill xL writes as follows:
w0 (xL ) =

hL−1 (1

1
= n(xL ).
− m−1 (xL ))

Proposition 4 simply integrates this classic assignment equation. (Sattinger (1975))
Proposition 4. [Top labor income distribution] The incomes at the top are given by
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the integral of the span of control n(y):
Z

xL

w(xL ) = w(zL ) +

n(y)dy,
zL

where the distribution of span of control of CEOs n(.) is given by a truncated Pareto
distribution in the upper tail, as shown in Proposition 3. As in Gabaix and Landier
(2008), the top income distribution thus displays Pareto-like behavior.
Matching CEOs to preexisting firms: comparing assignment equations.
The expression in Proposition 4 corresponds exactly to the formula obtained in earlier
work by Terviö (2008) and Gabaix and Landier (2008). These two papers consider a
one-to-one assignment problem where there are firms with different sizes on one side of
the market (given by Zipf’s law), and managers with different skills on the other side
of the market. Assuming some multiplicative complementarity between skill and size
(potentially to some power), and denoting the rank of firms and CEOs by n, the size
of firms by S(n) and the talent of CEOs by T (n), they obtain the following assignment
equation (equation (5) p57):
w0 (n) = CS(n)γ T 0 (n),
with C a constant. In the Garicano (2000) model above, one can similarly relabel
agents’ talents by y(n), with n the rank of the manager in terms of ability, and rewriting
the equation above, allows to recognize the usual assignment equation:
dw(y)
= n(y)
dy

⇒

dw(y(n))
dy(n)
= n(y(n))
.
| {z } | dn
dn
{z }
≡S(n)

T 0 (n)

Note however that Garicano (2000)’s model provides a microfoundation for why
γ = 1, and why the talent of CEOs and the size of their firm enter multiplicatively.
Relation to the economics of superstars. The key difference with the earlier
literature matching CEOs to preexisting firms is that the model also explains why the
size of stakes is so spread out across managers. Endogenizing Zipf’s law thus also allows to understand how “economics of superstars” (Rosen (1981)) are led to arise. Even
without any increasing returns in production or in consumption, market forces lead the
most skilled to have a very high span of control, simply because they hire people who
can almost do all the work independently. This, in turn, allow them to specialize in
doing the things they really have a special expertise for. The distribution of the size of
these stakes is given by Zipf’s law when the number of layers of management becomes
large for the reason explained in detail in Section 2.
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Example: uniform-polynomial density. Consider the following density function:
(
f (x) =

A1
A2 (ρ + 1)(1 −

x)ρ

if

x ∈ [1 − ∆1 − ∆2 , 1 − ∆2 ]

if

x ∈ [1 − ∆2 , 1]

I assume two-layer firms. One shows easily that the inverse of the matching function
is then such atht:
−1

1−m

r
(1 − z2 )2 +

(y) =

2 A2
(1 − y)ρ+1 .
h A1

Thus, this gives span of control n(y) in closed form, which is given by a truncated
Pareto distribution with coefficient 2. The distribution of wages w(y) is the integral of
this span of control distribution:
Z

y

w(y) = w(z2 ) +
z2

du
r
.
2 A2
2
ρ+1
h (1 − z2 ) +
(1 − u)
h A1

In fact, the wage function can also be expressed in closed form, using hypergeometric
functions. Figures 12 and 13 illustrate that the integration of this truncated Pareto
distribution leads to a distribution for CEO’s income that is quite close to a Pareto
distribution in the upper tail, when ρ > 0.
[INSERT FIGURE 12 ABOUT HERE]
[INSERT FIGURE 13 ABOUT HERE]
In contrast, when ρ = 0, one gets a very compressed distribution for wages, as managers compete too much for the best workers. Section 5.2 shows that these comparative
statics with respect to ρ lead to a potential disconnect between the largest firms and
the largest incomes, and helps explain the noise in the size-pay relationship in the data.

5.2

Endogenous Zipf ’s law versus reduced-form approach

Section 5.1 has shown that the Garicano (2000) model leads to the same assignment
equation as the reduced form approach by Terviö (2008) and Gabaix and Landier (2008)
. What are the differences between the full structural approach and a more reduced
form approach for the study of the top labor incomes?
Integrating truncated Pareto distributions. One slight difference with Gabaix
and Landier (2008) is that they do not consider truncated Zipf’s laws, but full Zipf’s

25

laws instead, and thus the wage of CEOs results from integrating a truncated Pareto
distribution, instead of an exact one.
This in fact, turns out to lead to quite different comparative statics, as the change
in average firm size (for example, through a change in h), leads to both a change in
the scale of the top labor income distribution as well as to a change in the tail index of
that distribution. This is potentially interesting because empirically, the tail index of
the top labor income distribution has also evolved in the direction of more inequality
(lowering of the tail index).
Largest firms and largest incomes. Terviö (2008) obtains a strong result. The
rank of CEO’s wage and CEO’s span of control should be perfectly correlated: the
largest firm should pay its CEO the most, etc. However the data speaks more ambiguously to the relationship between size and pay. This relationship is positive, but also
quite noisy, as seen in the Execucomp data on Figure 16. Some firms are very large and
their CEOs’ incomes are not correspondingly large, while some CEOs have very large
incomes but their firms are actually not so large.
[INSERT FIGURE 16 ABOUT HERE]
Endogenizing Zipf’s law for firm sizes allows to give a potential explanation for this.
Imagine that there are multiple sectors in the economy, and that workers cannot move
across sectors. (that is, the CEO of a manufacturing company cannot become a CEO
for a tech company) Assume that different sectors have different parameters, h and ∆.
Then, as shown on Figures 14 and 15, this would lead to an ambiguous relationship
between size and pay.
[INSERT FIGURE 14 ABOUT HERE]
[INSERT FIGURE 15 ABOUT HERE]
Wages in other layers of the firm. Another advantage of endogenizing the size
and organization of firms is that one can look at the wages of workers in all layers of
the firm. In fact, with L layers, one can show that the wage function is a solution of the
following system of ordinary differential equations (together with pasting conditions
at the cutoffs, expressing the fact that the wage function needs to be continuous by
arbitrage):
w0 (x) = h

∀x ∈]z1 , zL [ \ {z2 , ..., zL−1 },
with

w ([zL , zL+1 ]) =
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w (m(x))
1 − m−1 (x)

1
,
hL+1

w continuous.

Managers compete for workers (especially the best, those who allow to increase span
of control the most), so that increased wages for CEOs usually come about together
with increased wages for all workers. One advantage of a general equilibrium model
with endogenous firm sizes is that it allows to study these “trickle-down” effects.

6

Conclusion

This paper has shown using a knowledge based hierarchies model a la Garicano (2000)
that Pareto distributions can arise from production functions, rather than from a random growth proportional process or from assumed Pareto heterogeneity in primitives.
This model can give a new microfounded justification for the existence of Zipf’s law for
firm sizes. It provides a new intuition for why many economic variables tend to follow
Pareto distributions. In this model, Pareto distributions are Pareto optimal.
However stylized the model may be, I believe that it captures a very powerful amplification mechanism, that goes beyond production based on knowledge. Managers hire
people to do most of the work that an organization needs to deal with, and only focus
on the most difficult tasks, on which they have a special expertise. This endogenously
leads to Zipf’s law for firm sizes when the number of layers of hierarchical organization
becomes large.
In terms of the labor income distribution, the model really is about CEOs being
able to delegate more tasks to the senior management when these are relatively more
competent. This, in turn, allows them to concentrate on the matters for which they
really have a special expertise. For Robinson Crusoe, being able to solve 99.9% of
99.99% of problems would not make much of a difference. For a manager, hiring the
latter rather than the former would allow him to grow his firm by a factor of 10, and to
lever up his particular knowledge accordingly. This intuition that Pareto distributions
may simply result from a “Power law change of variable close to the origin”, is (to the
best of my knowledge at least) new to economics, simple, and may be at the heart of
many Pareto distributions that are observed empirically.
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A

Main Proofs

A.1

Proof of Proposition 1

Proof. Proposition (1a) results from the expression for span of control n(y):


1
1
n(y) =
⇒ P[N ≥ n] = P
≥n .
h (1 − m−1 (y))
h (1 − m−1 (y))
The maximum span of control is:
n̄ = n(1) =

1
.
h(1 − z2 )

The minimum span of control is:
n = n(z2 ) =

1
1
=
.
h(1 − z1 )
h∆

As shown in the main text, the matching function is such that:
1 − m(x) = h

(1 − x)2
(1 − z2 )2
−h
.
2
2

Evaluated at z1 , with m(z1 ) = z2 , this gives:
h2 (1 − z2 )2 + 2h(1 − z2 ) − h2 ∆2 = 0

1
2
1
+ − 2 =0
n̄2
n̄ n

⇒

⇒

n̄
n2
=
.
2
1 − (n/n̄)2

This also shows that:
√
1 − z2 =

1 + h2 ∆2 − 1
.
h

The highest span of control n̄ is:
n̄ =

1
1
=√
h(1 − z2 )
1 + h 2 ∆2 − 1

Since y is distributed uniform over [1 − ∆, 1]:




1
y ≥ z2
P[N ≥ n] = P y ≥ m 1 −
nh



1
1
=
1−m 1−
1 − z2
nh


h 1
1
h
2
(1
−
z
)
=
−
2
1 − z2 2 n2 h2
2


n̄ 1
1
=
− 2
2 n2
n̄


n2
1
1
P[N ≥ n] =
−
.
1 − (n/n̄)2 n2
n̄2
This proves Proposition (1a). Proposition (1b) looks at the no-heterogeneity limit ∆ → 0.
When ∆ approaches 0, we have that:
n̄ ∼

2
h2 ∆2

.

This shows simultaneously that when ∆ goes to 0, n̄ goes to infinity, and that n̄/n goes to
infinity, and gives the result on the untruncated Pareto with a tail index equal to two.
Finally, a more rigorous statement of proposition (1b) follows from writing everything in
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terms of the scaled size distribution U , with U = N/n, so that Proposition (1a) writes:


1
1
1
−
,
P[U ≥ u] =
1 − (1/ū)2 u2
ū2
which proves convergence in distribution:
∀u ≥ 1,

P[U ≥ u] →∆→0

1
.
u2

Note that one can even prove a stronger result: there is convergence in law according to
norm L1 (for example) to a full Pareto distribution, as, denoting by F∆ (.) the c.d.f. of U when
heterogeneity is ∆ and F the c.d.f. of the Pareto distribution with scale 1 and tail index 2:
Z
|F∆ (u) − F (u)|du →∆→0 0.
Indeed we have that:
Z
Z
|F∆ (u) − F (u)|du =

ū

Z

+∞

(F∆ (u) − F (u)) du +

1

(1 − F (u)) du
ū

with:
Z

ū

Z

ū

(F∆ (u) − F (u)) du =
1

[(1 − F (u)) − (1 − F∆ (u))] du
1

Z

1
ū2

ū

=
1

Z
1

ū

1−

1
ū2



1
1− 2
u


du

1
1
2
+ 3− 2
ū .
(F∆ (u) − F (u)) du = ū ū
1
1− 2
ū

and:
Z

+∞

(1 − F (u)) du =
ū

1
.
ū

After some algebra:
Z
|F∆ (u) − F (u)|du =

A.2

2
→∆→0 0.
1 + ū

Proof of Proposition 2

Proof. The first part of proposition (2a) is a local result. It also results from:


1
1
n(y) =
⇒
P[N
≥
n]
=
P
≥
n
y
≥
z
.
2
h (1 − m−1 (y))
h (1 − m−1 (y))
The maximum span of control is given by:
n̄ = n(1) =

1
h(1 − z2 )

⇒

z2 = 1 −

1
.
n̄h

The probability that span of control is higher than n for n ∈ [n, n̄] is given by:




1
P[N ≥ n] = P y ≥ m 1 −
y ≥ z2
nh
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1
1
=
P 1 − F (y) ≤ 1 − F m 1 −
P [1 − F (y) ≤ 1 − F (z2 )]
nh


1
1 − F m 1 − nh
=
1 − F (z2 )
1
Z 1− n̄h
1
P[N ≥ n] =
h(1 − u)f (u)du
1
1 − F (z2 ) 1− nh
As a first step, let us prove that:
P[N ≥ n]
 →n→n̄ 1.

1
n̄ f (z2 )(1 − z2 ) 1
−
2 1 − F (z2 )
n2
n̄2
Indeed:
Z

1
1− n̄h

h 1
h 1
−
2
2
2n h
2 n̄2 h2


1
1
1
=
− 2
2h n2
n̄


1
n̄
1
h(1 − u)du = (1 − z2 )
−
2
n2
n̄2
h(1 − u)du =

1
1− nh

Z

1
1− n̄h

1
1− nh

Thus:
P[N ≥ n] −



n̄ f (z2 )(1 − z2 )
2 1 − F (z2 )

1
1
− 2
n2
n̄


≤

1
1 − F (z2 )

1
1− n̄h

Z

h(1 − u) |f (u) − f (z2 )| du
1
1− nh

For n close enough to n̄, |f (u) − f (z2 )| is arbitrarily small and thus for any epsilon, there exists
a neighborhood of n̄ such that for n in this neighborhood:
1
1 − F (z2 )

Z

1
1− n̄h

h(1 − u) |f (u) − f (z2 )| du ≤ 
1
1− nh

n̄ f (z2 )(1 − z2 )
2 1 − F (z2 )



1
1
− 2
n2
n̄


.

Proposition (2b) results from the first. Integrating equation (2) between z1 and z2 :
Z

z2

1 − F (z2 ) = h

Z

1

(1 − x)f (x)dx ∼∆→0 h
1−∆

(1 − x)f (x)dx.
1−∆

For ∆ → 0, we have:
1 − F (z2 ) ∼∆→0 f (1)(1 − z2 ).
Thus:
1
1
n̄
=
∼∆→0
Z
2
2h(1 − z2 )
2h2

f (1)
1

(1 − x)f (x)dx

1−∆

Using that:
n2 =

1
,
h2 ∆2

and

f (z2 )(1 − z2 )
→∆→0 1.
1 − F (z2 )
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.

we have:
P[N ≥ n] ∼∆→0 Z

f (1)∆2
1

2(1 − x)f (x)dx

n2
.
n2

1−∆

The distribution of scaled span of control is given by:
P[U ≥ u] ∼∆→0 Z

f (1)∆2
1

2(1 − x)f (x)dx

1
.
u2

1−∆

Finally, using the change of variable x = 1 − ∆ + ∆y, one gets:
f (1)

P[U ≥ u] ∼∆→0 Z

1

2(1 − y)f (1 − ∆ + ∆y) dy

1
u2

0

Note that Proposition (1b) is a special case with f (x) = 1/∆ for x ∈ [1 − ∆, 1], since then:
f (1)
Z

= 1.

1

2(1 − y)f (1 − ∆ + ∆y) dy
0

A.3

Proof of Proposition 3

Proof. The span of control distribution with L layers results from:


1
1
⇒
P[N
≥
n]
=
P
≥
n
.
n(y) = L−1
h
(1 − m−1 (y))
hL−1 (1 − m−1 (y))


P[N ≥ n] = P y ≥ m 1 −

1
nhL−1





∼ f (1) 1 − m 1 −

1
nhL−1


.

One thus needs to find a first-order approximation to 1 − m(.) for y ∈ [zL , zL+1 ]. Given the
recursive nature of the ordinary differential equations, one needs to integrate from the bottom
to the top of the hierarchy. Managers of type 1 of type x2 are matched with workers of type
x1 according to:
f (x2 )dx2 = h(1 − x1 )f (x1 )dx1

⇒

1 − x2 ∼

h
(1 − x1 )2 .
2
+∞

Let us prove more generally by recursion that, for some sequence {Al }l=2 :
L

1 − xL ∼ AL (1 − xL−1 ) L−1
h
The previous calculations show that this proposition is true for L = 2 with A2 = . At a
2
second iteration, one can write:
1 − x2
h3/2 √
f (x2 )dx2 ⇒ f (x3 )dx3 = √
1 − x2 f (x2 )dx2
1 − x1
2
√
2 3/2
⇒ 1 − x3 ∼
h (1 − x2 )3/2
3

f (x3 )dx3 = h
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√

2 3/2
h . By iteration, we want to show
Thus the proposition is true for L = 3 and with A3 =
3
more generally that:
L

1 − xL ∼ AL (1 − xL−1 ) L−1

where AL+1 = h

L−1
L
AL L
L+1

Assume that this is true for L, let us show that for L + 1 it is the case that:
1 − xL+1 ∼ AL+1 (1 − xL )

L+1
L

,

with the above defined AL+1 .
We have:
f (xL+1 )dxL+1 = h

1 − xL
f (xL )dxL .
1 − xL−1

The hypothesis is:
L

1 − xL ∼ AL (1 − xL−1 ) L−1

− L−1
L

⇒

1 − xL−1 ∼ AL

(1 − xL )

L−1
L

.

From the previous differential equation:
f (xL+1 )dxL+1 = h

1 − xL
− L−1
AL L (1

− xL )

L−1
L

f (xL )dxL

Thus:
L−1

1 − xL+1 ∼ hALL

L+1
L
(1 − xL ) L .
L+1

which proves the hypothesis for L + 1 layers.
This allows to conclude, as the span of control distribution is given by:


1 AL 1
AL 1
P[N ≥ n] =
− L
L
L
∆ hL n L−1
h n̄ L−1


1
1
AL
−
P[N ≥ n] =
,
L
L
L
∆h
n L−1
n̄ L−1
which shows that the distribution of span of control is a truncated Pareto distribution of
1
.
coefficient 1 + L−1

A.4

Polynomial Functions: 2-layers

The proof goes as that of Proposition 1. Since y is distributed according to the polynomial
(1 − y)ρ+1
function with 1 − F (y) =
:
∆ρ+1



1
P[N ≥ n] = P y ≥ m 1 −
nh


ρ+1
1
1
= ρ+1 1 − m 1 −
∆
nh
!
 ρ+2
h(ρ + 1)
1
ρ+2
=
− (1 − z2 )
(ρ + 2)∆ρ+1
nh


ρ+1
1
1
ρ+2
ρ+2
P[N ≥ n] =
− h (1 − z2 )
.
ρ + 2 (h∆)ρ+1 nρ+2
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From y = 1, the highest span of control n̄ is such that:
n̄ =

1
h(1 − z2 )

⇒

hρ+2 (1 − z2 )ρ+2 =

1
.
n̄ρ+2

Thus, in the end:
P[N ≥ n] =

ρ+1
1
ρ + 2 (h∆)ρ+1



1
nρ+2

−

1



n̄ρ+2

.

The endogenous cutoff z2 is solution to m(1 − ∆) = z2 so that:
(1 − z2 )ρ+2 +

1ρ+2
ρ+1
(1 − z2 )
− ∆ρ+2 = 0
hρ+1
ρ+2

When ∆ → 0, 1 − z2 → 0. Therefore (1 − z2 )ρ+2  (1 − z2 )ρ+1 , thus 1 − z2 ≈ ∆ ρ+1 .
Therefore:
n̄ =

1
1
≈
ρ+2 .
h(1 − z2 )
h∆ ρ+1

The maximum span of control thus is greater when ρ is minimum, which corresponds to
ρ = 0 and a density bounded away from zero near 1.
The reasoning with 2-layers can also again be obtained through:
(1 − x2 )ρ+1
(1 − x1 )ρ+2
∼h
ρ+1
ρ+2
1

− ρ+1
ρ+2
ρ+1
ρ+2
ρ+1
(1 − x1 )
⇒ 1 − x1 ∼ h
(1 − x2 ) ρ+2 .
ρ+1

f (x2 )dx2 = h(1 − x1 )f (x1 )dx1
⇒

B
B.1


 1
ρ + 2 ρ+1
1 − x2 ∼ h
ρ+1

⇒

Other Mathematical Derivations
Truncated Pareto Distributions

A truncated Pareto distribution with tail index α and location parameters n and n̄„ has a
density function equal to that of the Pareto distribution for n ≤ n̄, and identically equal to
zero for n > n̄, appropriately renormalized:

αnα
1

if n ∈ [n, n̄]
α
α+1
1 − (n/n̄) n
fN (n) =

0
if n ∈
/ [n, n̄].
The survivor function of the truncated Pareto distribution is given as follows:


Z n̄
nα
1
1
P(N ≥ n) = 1 − FN (n) =
fN (N )dN =
−
1 − (n/n̄)α nα
n̄α
n
Thus the distribution in Proposition (1a) is a truncated Pareto distribution with a tail index
equal to 2.
A Pareto plot is a representation of log (1 − FN (n)) on the y axis as a function of log(n)
on the x axis. The slope of this Pareto plot is given by:
α
1
d log (1 − FN (n))
n
1
1
=−
dn = −α
.
α = −α
α+1
1
1
1
n
d log n
dn
n
α log n
−
e
1
−
1
−
nα
n̄α
n̄α
n̄α

B.2

Self-Employment

Claim 4. [No self-employment] If h or ∆ are low enough, then there is no self-employment in
equilibrium.
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This result is actually quite intuitive. When h is low enough, complementarities are sufficiently strong. Managers’ time is really very productive, as they can communicate the answer
to many problems. Self-employment thus is not an optimum of the planner’s problem.
When ∆ is low enough, then workers can solve all of the problems almost by themselves,
so that workers needs a shrinking fraction of managers to solve their problems. This fraction
of managers goes to 0 as O(∆2 ). In contrast, their problems get solved with an increased
probability which is a O(∆). Thus, for low enough ∆, the gains of working in firms outweigh
the costs.
In the case of a uniform density function, the self-employment and no self-employment
regions can actually be calculated in closed form, and are represented on Figure 3.

Figure 3: Self-Employment in the Uniform Case
100%
90%

With Self-Employment

Percentile (Ranked by Skill)

80%
70%
60%

Without Self-Employment

50%
40%
30%
20%
10%
0%
0%

10%

20%

30%

40%

50%

60%

70%

80%

90% 100%

Heterogeneity Δ

Note: The parameter space for which there is no self-employment is the upper-right panel of this Figure.
Note that for any value of helping time h, even one very close to production time (h = 100%), there is no
self-employment in equilibrium if heterogeneity ∆ is sufficiently low.

In the case where h or ∆ are high enough, some agents remain self-employed. Self-employed
agents have intermediary skills in equilibrium, because the gains from having a worker of skill
x and a manager of skill y work together are given by what the two produce together minus
what they would have produced by themselves, that is:


y
x
1
1−y
−y−
=
1−
− y.
h(1 − x)
h (1 − x)
h
1−x
This is clearly decreasing when the skills of workers increase, so that it is better to match the
managers with the relatively less productive workers.
The notations for cutoffs are introduced on Figure 4. Now the matching function m(.) is
defined on [1 − ∆, z2∗∗ ]. An important difference also is that in that case, allocations are not
solved independently from agents’ choices.
In the decentralized problem, the two differential equations for m(.) and w(.) do not change
compared to the case of no-self employment. However I now have four equations, not three,
determining two initial conditions as well as two cutoffs. They are given by matching of the
less and more skilled of workers and team managers, as previously:
m(1 − ∆) = z2∗
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m(z2∗∗ ) = 1.

Figure 4: With Self-Employment in Equilibrium, One Layer.
z1

z2*

z2**

x

y

1-Δ

z3
1

Workers

Self-employed

skill

Managers

In addition, I now have two indifference equations between being a worker and self-employed
with skills z2∗∗ , and being self-employed and a team manager with skills z2∗ :
w(z2∗∗ ) = z2∗∗

z2∗ = R(z2∗ ).

In the case of a uniform distribution of skills, the market clearing equation for skills valid
on (1 − ∆, z2∗∗ ), together with the terminal equation m(z2∗∗ ) = 1, then gives:
m0 (x)f (m(x)) = h (1 − x) f (x) ⇒ m0 (x) = h(1 − x)

1
2
−hx2 + 2hx + h (z2∗∗ ) − 2hz2∗∗ + 2 .
⇒ m(x) =
2
Inverting this expression, the inverse assignment function is therefore given by:
p
h − 2h + h2 − 2hy − 2h2 z2∗∗ + h2 (z2∗∗ )2
−1
.
m (y) =
h
In the case where self-employment arises in equilibrium, one must solve for the equilibrium
wage function even to determine the spans of control of each team manager. One also uses
w0 (z2∗∗ ) = z2∗∗ to integrate:
(1 − x) w0 (x) + xw(x) = xm(x)

1
2
⇒ w(x) =
2x + hx2 − 2hxz2∗∗ + h (z2∗∗ )
2
Then using the two remaining m(1 − ∆) = z2∗ and z2∗ = R(z2∗ ), and simple but lengthy
algebra, one can express the cutoffs for occupational choice as a function of the heterogeneity
parameter ∆ and the helping time h:
p
−2h + h2 ∆ + h2 (3 + h2 ∆2 − 2h(1 + ∆))
∗
z2 = −
h2
p
2
2
−h + h + h (3 + h2 ∆2 − 2h(1 + ∆))
z2∗∗ =
.
h2
Replacing the cutoffs, one gets the assignment function as a function as these parameters
as well:
p

4h − 2h2 ∆ + h3 −1 + ∆2 − 2 h2 (3 + h2 ∆2 − 2h(1 + ∆)) + 2h3 x − h3 x2
m(x) =
.
2h2
The condition for there to be self-employment in equilibrium is that:
p
−h + h2 + h2 (3 + h2 ∆2 − 2h(1 + ∆))
∗∗
∗
z2 < z2 ⇔
h2
p
−2h + h2 ∆ + h2 (3 + h2 ∆2 − 2h(1 + ∆))
<−
h2
p
2
2
⇔ 3 − h∆ − h > 2 3 + h ∆ − 2h(1 + ∆)
⇔

(1 + 2∆ − 3∆2 )h2 + 2(1 + ∆)h − 3 > 0
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⇔

√
1 + ∆ − 2 1 + 2∆ − 2∆2
h>
−1 − 2∆ + 3∆2

since h > 0.

When the primitives of the model are such that this is verified, we are in the case where a
non trivial measure of agents are self-employed. When it is not the case, then all agents either
become managers or workers.

B.3

Employee Function

In keeping with the existing literature on Garicano (2000) type models, I have expressed all
endogenous variables in terms of the matching or managers function in the main text. However,
both analytically and computationally, it is actually easier to work with the employee function,
which matches managers to workers, and is related to the managers function through m−1 = e.
In the case of two-layer firms as in Section 2.2, and a uniform distribution for skills, the employee
function such that e(y) = x is given by:
h(1 − x)f (x)dx = f (y)dy ⇒ h (1 − e(y)) e0 (y) = 1
#
"
2
2
2 1
(1 − e(y))
(1 − z2 )
(1 − e(y))
=1−y ⇒ h
−
=1−x
⇒ h −
2
2
2
y

The span of control N (x2 ) of managers with skills x2 is given by:
N (y) =

1
1
1
=
= r
.
h (1 − x)
h (1 − e(y))
2
2
h (1 − z2 ) + (1 − y)
h
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Figures

Figure 5: Span of Control Distribution, Pareto Plot, f = Uniform,
h = 70%
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Figure 6: Matching Function, f = Uniform, h = 70%
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Figure 7: Span of Control Distribution, Pareto Plot, f = Increasing,
h = 70%
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Figure 8: Matching Function, f = Increasing, h = 70%
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Figure 9: Span of Control Distribution, Pareto Plot, f = Beta(1, 1),
h = 70%
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Figure 10: Span of Control Distribution, Pareto Plot, h = 70%
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Figure 11: Span of Control Distribution, Pareto Plot, h = 70%
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Table 1: Uniform Skill Distributions: Cutoffs for Different values of L,
with ∆ = 100% and h = 70%

L=2
L=3
L=4
L=5
L=6
L=7

z2

z3

z4

z5

z6

z7

0.684778
0.637648
0.631346
0.630850
0.630828
0.630828

0.941694
0.933779
0.933155
0.933128
0.933127

0.993365
0.993344
0.993344
0.993344

0.999630
0.999614
0.999614

0.999987
0.999986

1.000000
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Figure 12: Labor Income Distribution, Pareto Plot, Two Part Distribution, h = 3%
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Figure 13: Labor Income Distribution, Pareto Plot, Two Part Distribution, ∆ = 90%
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Figure 14: Roberts’ Law, Pareto Plot, Two Part Distribution, h = 3%
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Figure 15: Roberts’ Law, Pareto Plot, Two Part Distribution, ∆ = 90%
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D.1

Evidence
Evidence from the literature

Figure 16: Roberts’ Law in the Data
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Figure 17: US Firm and Establishment Sizes
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Note: Source: Census Bureau, Statistics of US Businesses, 1990.
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4

Figure 18: Span of Control down one level of Hierarchical Organization

Note: Source: French matched employer-employee Data, year 2007.

Figure 19: All sectors (Administrative Data)
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Figure 20: Wholesale Trade, Accommodation, Food (Administrative Data)

Note: Source: French matched employer-employee data, year 2007.

Figure 21: Plants Per Firms Distribution (Administrative Data)

Note: Source: French matched employer-employee data, year 2007.
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