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Abstract

Using postwar US and UK data, I study the implied interest rates and
exchange rates in a simple long run risk (LRR) model with two countries. When
a closed economy is considered, empirical estimates show that, as in standard
consumption based models with power utility preferences, the movements of the
implied risk free rate are entirely determined by the variations of the expected
consumption growth. This leads to a negative relationship between LRR Euler
equation rates and money market rates. Nevertheless, when the low frequency
movements of consumption growth are explicitly included in the LRR estimates,
the long run component of the consumption growth turns out to be a key
element to capture the counter-cyclical variations of the money market rates.
Turning to an open economy setting, I find supporting evidence in favor of the
LRR model. Again, the long run component of the consumption growth plays
a determinant role in accounting for foreign exchange market movements.

JEL: E44, F31, F41, G12

∗Department of International Studies, University of Rome 3, Via G. Chiabrera, 199, I-00145
Rome; +39-06-5733-5331; daddona@uniroma3.it

1



1 Introduction

The consumption Euler equation has become a central paradigm for several macroe-

conomic models both in the asset pricing and the real business cycle literature. In

these class of models, the stochastic discount factor provides a core relation between

the money market rate and the implied riskless rate. It follows that the growth

expectations of marginal utility in the pricing kernel should reflect the stance of

monetary policy so that the implied risk free return should match the observed level

of money market rates. Moreover, in a two-country setting, if markets are com-

plete, the ratio of the stochastic discount factors for domestic and foreign currency

denominated assets should reflect the currency depreciation rate (see Backus et al.,

2001).

This work is concerned with the monetary and exchange market implications

of a simple long run risk (LRR) model (cf. Bansal and Yaron, 2004). As further

discussed below, if agents have a preference for early resolution of uncertainty and

are sufficiently risk adverse, long run risk helps explain the equity premium in con-

sumption based asset pricing models using a persistent component in the process

for the aggregate consumption growth. As in any standard macroeconomic model,

the Euler equation implied by a LRR model provides a direct implication for mon-

etary policies and foreign exchange markets in an open economy setting. By using

postwar US and UK data, this link is used to empirically test the capability of the

model to capture the historical behavior of the interest rates in the two countries

and their exchange rate.

Evidence of the empirical weakness of the consumption-based Euler equation is

not new to the asset pricing literature. The “equity premium puzzle” documents the

mismatch between the sizeable excess return observed in the US market and that

generated by the standard consumption CAPM (See Mehra and Prescott, 1985).

The “risk free rate puzzle” (see Weil, 1989) highlights the difference between the

unconditional mean of the risk free return implied by the consumption-based Euler
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equation and the observed Treasury bill rate.

Changing the preference structure or the economic environment is useful in rec-

onciling model-generated returns with the unconditional moments of financial data:

habit formation has contributed to the resolution of the equity premium puzzle

quite successfully (see Abel, 1990, Campbell and Cochrane, 1999). Further, Tal-

larini (2000) shows that introducing recursive preferences, such as Epstein and Zin

(1989), in a real business cycle model improves the model’s asset market predictions.

Nonetheless several studies warn about the empirical inconsistencies which threaten

these assumptions. Using US data, Canzoneri et al. (2007) find that the riskless re-

turn implied by the Euler equations of the above cited specifications and the observed

pattern of the federal funds rate do not coincide. Also, the unconditional moments

of implied money market rates exceed, in most cases, their empirical counterpart

and this evidence holds true whether the stochastic discount factor is nominal or

real1. As far as foreign exchange markets are concerned, Backus and Smith (1993)

show evidence of poor correlation detected among exchange rates and consumption

differentials and argue that this finding creates a gap between international prices

and quantities, at odds with standard power utility models. Brandt et al. (2006)

find that, due to the low cross-country co-movement of short term consumption

streams, the difference in the stochastic discount factors is too volatile to capture

the smoothness of the US dollar depreciation rate.

Abstracting from the preference structure, the core of these inconsistencies stems

from the interaction between macroeconomic variables and the interest rates implied

by the consumption Euler equation. Atkeson and Kehoe (2009) suggest that the Eu-

ler equation misses the real link between the policy instrument and the economic

forces which drive the monetary policy. In particular, standard asset pricing models

relate the risk free returns to the short term fluctuations of the expected consump-

tion growth. In this context, risk plays no role and the conditional variance of

1Ahmad (2005) confirms that this average spread is not an isolated artifact of the US and that
it concerns the other six G7 countries as well.
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consumption, which enters the log of the Euler equation, is constant.

A historical analysis of the US money market rates reveals instead that the re-

sponse of the Federal Reserve Bank to the expected changes of consumption growth

is smooth, whereas the monetary policy mainly reacts to the business cycle fluctua-

tions in real risk. Thus, to reflect the stance of monetary policy, the Euler equation

should be developed in a framework where the risk free returns react smoothly to

the variations of the expected consumption growth and the volatility of consumption

varies at a business cycle frequency.

The long run risk model of Bansal and Yaron (2004) seems to meet these require-

ments. Differently from the standard asset pricing models, Bansal and Yaron (2004)

specify consumption as containing a small and persistent component that accounts

for the low frequency movements of the economic growth. The conditional volatility

of consumption is allowed to vary over the business cycle, introducing fluctuating

economic uncertainty and time-varying risk. In this framework, the Epstein and Zin

(1989) preferences emphasize the role of long run growth and economic uncertainty

as additional sources of risk, and smooth the response of the risk free asset to the

short term consumption variations.2

My empirical analysis shows indeed that the long run characteristics of the LRR

model contribute to the macroeconomic consistency of the model-generated risk free

rate. In particular, when the low frequency movements of consumption growth are

explicitly included in the Euler equation, the correlation between the real risk free

return and the the money market rates gets positive and the two series behave

similarly. Turning to an open economy setting, evidence is provided that the same

LRR specification accounts for foreign exchange market movements if the focus of

2Colacito and Croce (2011) introduce the LRR model in a two country setup with complete
markets. The authors show that, when long-run consumption is highly persistent and long-run
risks are assumed to be strongly correlated, the model is able to generate co-moving stochastic
discount factors and exchange rate fluctuations close to the unconditional moments observed in the
data. More recently, Bansal and Shaliastovich (2007) show that introducing stochastic volatility in
the two-country setting of Colacito and Croce (2011) helps explain a wide array of asset pricing
puzzles while accounting for exchange rate volatility.
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the analysis is on the last two decades of data.

The remainder of the paper is organized as follows: Section 2 will specify the

consumption Euler equation for the standard power utility case, the LRR model of

Bansal and Yaron (2004), and the two-country model of Colacito and Croce (2011);

Section 3 explains in detail the estimation procedure and describes the data; Section

4 presents the results; Section 5 concludes.

2 Riskless interest rates and foreign exchange market

rates

Let us consider an endowment economy with two countries. As the two economies

are characterized as symmetric ones, preferences, endowments, and returns for the

home and the foreign country have the same system of equations indexed by f for

the latter.

A representative household maximizes the following recursive utility function

Vt =

[

(1− β)C
1− 1

ψ

t + βRt(Vt+1)
1− 1

ψ

]
1

1− 1
ψ . (1)

The operator Rt makes a risk adjustment to the date t+1 continuation value. The

risk adjustment is given by

Rt(Vt+1) =
(

Et

[

V 1−γ
t+1

])
1

1−γ
.

The parameter γ is the coefficient of risk aversion (RA), β denotes the household’s

subjective discount factor while the elasticity of intertemporal substitution (EIS) is

given by ψ.

The representative household is assumed to allocate her disposable income be-

tween consumption and two one-period bonds: specifically, one bond that pays out

one consumption unit (the real asset), the other that returns one unit of country’s
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currency (the nominal asset).

2.1 The power utility case

The function (1) reduces to a monotone transformation of the standard power utility

function for ψ = γ−1. According to the standard power utility preference structure,

consumption utility is defined as u(ct) =
C1−γ
t

1−γ , where the marginal utility equals

u′(Ct) = C−γ
t .

Conforming to the first order condition of the household’s maximization problem

in (1), the gross real risk free return R∗

t = 1 + r∗t satisfies

R∗

t = β−1Et

[(

Ct+1

Ct

)]γ

(2)

where the right-hand side of equation (2) is the conditional expectation of the inverse

of the stochastic discount factor Mt+1 =
(

Ct+1

Ct

)

−γ
.

While the nominal rates, defined as 1 + i∗t = (1 + i∗t+1) ∗ (1 + πt+1), where i
∗

t is

the net nominal risk free return, 1+πt+1 = (Pt+1/Pt) is the inflation rate, and Pt+1

is the price level, satisfies

1 + i∗t = β−1Et

[

(

Ct+1

Ct

)γ ( Pt
Pt+1

)

−1
]

. (3)

If consumption and inflation are assumed to be jointly log-normal, the log-

linearized Euler equations in (2) and (3) take the form

r∗t = − lnβ + γEt[∆(ct+1)]−
γ2

2
σ2t [∆(ct+1)] (4)

and

i∗t = − lnβ + γEt[∆(ct+1)] + Et[πt+1]−
γ2

2
σ2t [∆(ct+1)]

−
1

2
σ2t [πt+1]− γcovt[ct+1, πt+1]

(5)
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where [∆(ct+1)] is the (log) consumption growth rate, σ2t [∆(ct+1)] and σ
2
t (πt+1)

denote the conditional variances of the consumption growth and of the inflation

rate, and the term covt[ct+1, πt+1] captures their conditional covariance.

2.2 The long run risk model

Abstracting from the special case ψ = γ−1, the derivation of the real risk free return

proceeds from the log-linearization of the following Euler equation (see Epstein and

Zin, 1989)

R∗

t = Et

[

βθ
(

Ct+1

Ct

)

−
θ
ψ

R
−(1−θ)
a,t+1

]−1

(6)

from which the log of the stochastic discount factor is

mt+1 = θ lnβ −
θ

ψ
∆ct+1 + (θ − 1)(ra,t+1) (7)

where θ = 1−γ
1−1/ψ and ra,t+1 is the log of the unobservable gross return on the

aggregate consumption claim.

Bansal and Yaron (2004) specify consumption growth according to the following

exogenous law of motion

∆[ct+1] = µc + xt + σtηt+1 (8)

xt+1 = ρxxt + ϕeσtet+1 (9)

σ2t+1 = σ2 + v1(σ
2
t − σ2) + σwwt+1 (10)

ηt+1, et+1, wt+1 ∼ i.i.d.N(0, 1)

The conditional expectation of the consumption growth (that is, µc+xt) results

from the combination of the unconditional average, µc, and a slow-moving pre-

dictable component, xt. The state variable xt characterizes the long run properties

of the consumption growth process, with the parameter ρx measuring its persistence.

While the shock ηt+1 represents a standard high frequency innovation in short term
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consumption, the innovation term et+1 captures the long run risk of consumption

prospects, and ϕe determines its predictability. To account for the economic uncer-

tainty affecting consumption growth, its variance σ2t+1 is defined as an AR(1) process

and a persistence parameter v1. The error term wt+1 is a shock to the economic

uncertainty and σw captures its unconditional volatility.

Bansal and Yaron (2004) show that the real risk free return r∗t satisfies:

r∗t = −θ log(β) +
θ

ψ
Et[∆ct+1] + (1− θ)Et[ra,t+1] +

1

2
V art

[

θ

ψ
∆gt+1 + (1− θ)ra,t+1

]

(11)

It is worth noting that, besides the consumption dynamics above, the complete

characterization of the LRR stochastic discount factor relies on i) an estimable

solution for ra,t+1, ii) an estimation of the variance term in equation (11). The

return ra,t+1 is derived by the approximation:

ra,t+1 = k0 + kczt+1 − zt +∆ct+1 (12)

which is a function of the log price-to-consumption ratio zt with approximating

constants, kc = exp(z̃) 1+ exp(z̃) and k0 = log(1+exp(z̃))− kcz̃ (see Campbell and

Shiller, 1988).

Bansal and Yaron (2004) show that the variance term V art

[

θ
ψ∆gt+1 + (1− θ)ra,t+1

]

is equal to the conditional variance of the stochastic discount factor which links the

riskless return to the economic structure and the market compensation for consump-

tion risks. That is

V art[mt+1] = (λ2m,η + λ2m,e)σ
2
t + λ2m,wσ

2
w (13)

where λm,η,λm,e, and λm,w are respectively the unit prices for the short-run

risk, the long-run risk, and the volatility risk. Expressions for the market prices

of risk are derived in terms of the parameters of the consumption dynamics and
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the preference structure. Namely λm,η = γ, λm,e =
(

γ −
1
ψ

) [

kcϕe
1−kcρ

]

, and λm,w =
(

γ −
1
ψ

)

(1− γ)

[

kc

(

1 + kcϕe
1−kcρ

)2
2(1− kcv1)

]

.

2.3 The foreign exchange market

It is well known (see Backus et al., 2001) that if markets are complete, the exchange

rate growth would equal the ratio of the stochastic discount factors for foreign

currency and domestic currency denominated assets. Correspondingly, the growth

of the log-exchange rate, ∆et+1, would satisfy

∆et+1 = mf
t+1 −mh

t+1, (14)

where the superscripts h and f indicate the home and the foreign country respec-

tively. In the special case of power utility functions, the dynamics of the stochastic

discount factor are solely determined by short term consumption prospects. In ac-

cordance with this condition, the currency valuation results from the cross-country

difference of current consumption growth rates

∆et+1 ∝ ∆(cft )−∆(cft )

As in Colacito and Croce (2011), I add to this baseline specification a long run

risk component. In each of the two countries considered, domestic consumption

dynamics are defined according to the following two-country environment:

∆[cit+1] = µic + xit + εic,t+1 (15)

xit+1 = ρixx
i
t + εix,t+1 (16)

ξ ∼ i.i.d.N(0,Σ)

where the vector ξ = [εhc,t+1 εhx,t+1 εfc,t+1 εfx,t+1] collects the short and long risks

9



affecting the home and foreign country.

Σ is the variance-covariance matrix of the shocks to the economy which are

allowed to be cross-country correlated. Specifically volatilities are indicated by σic

and σix respectively, while ρhfc captures the cross-country correlation between the

short-term innovations in consumption growth (εc,t+1 and εfc,t+1), and ρ
hf
x denotes

the cross-country correlation of long-run risks (εx,t+1 and εfx,t+1).

From the first-order linear approximation of the model (see Colacito and Croce,

2011), the log of the country-specific stochastic discount factor is derived as:

mt+1 = logδ −
1

ψ
xt + kc

1− γψ

ψ(1− ρxkc)
εx,t+1 − γεc,t+1 (17)

where kc is the approximation constant introduced in equation (12), and the

superscript i is suppressed for the sake of readability. Accordingly, the exchange

rate growth is expressed in terms of the relative valuation of both current and long-

term consumption streams.

3 Estimation and data

As a first step in the empirical examination, I estimate the riskless returns implied by

the Consumption CAPM with standard power utility preferences and relate them

to the observed money market rates. This preliminary check allows us to show

further evidence of the mismatch between the two interest rates series documented

by the previous research on US data3. In particular, we expect the proportional link

inferred by the model between risk free returns and short-term consumption growth

to be insufficient for capturing the cyclical stance of monetary policy.

Later, we turn to the long run risk model (LRR) of Bansal and Yaron (2004)

and its subsequent modifications (Bansal et al., 2007). The purpose is to investigate

whether i) relaxing the restriction γ = ψ−1; ii) introducing an explicit formulation

3See Canzoneri et al. (2007), Ahmad (2005) and Reynard and Schabert (2010) for some quan-
titative estimates.
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for long-term consumption growth into the pricing kernel; and iii) accounting for

economic uncertainty, reconciles the model implied risk free rate with the data.

Finally, to complete the empirical investigation, we analyze the international

implications of both models applied to foreign exchange markets.

3.1 Estimation procedure: the power utility case

Following the methodology of Ahmad (2005), the first and second moments in equa-

tions (4) and (5) are derived from the vector autoregressive (VAR) model

Zt = A0 +AZt−1 + εt εt ∼ N(0,Ω) (18)

that is assumed to describe the exogenous dynamics of consumption and inflation.

Specifically, Ω denotes the variance-covariance matrix, and Zt includes the real log

consumption ct, the inflation rate πt, the money market rate, the log of real dispos-

able income per capita, a monetary aggregate, and the lags of all these variables.

The conditional expectation terms are obtained from the OLS one-step-ahead

linear predictions of the first two equations in the VAR (18). The conditional sec-

ond moments are retrieved from the variance-covariance matrix according to the

following array

σ2t ct+1 = e′1Ωe
′

1 (19)

σ2t πt+1 = e′2Ωe
′

2 (20)

Covt[ct+1, πt+1] = e′1Ωe
′

2 (21)

where the indicator vectors e′1 and e′2 pick up only the first and second elements of

its diagonal4.

4It is worth noting that this estimation set-up implies that the conditional variance of the
stochastic discount factor is constant.
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The risk free returns resulting from the standard CCAPM in (4) and (5) are

finally compared to national money market rates data. In particular, the net nominal

risk free rate i∗t is compared to the nominal annualized money market rate it, while

the net real risk free return r∗t is compared to the ex ante real money market

rate. The latter is constructed using the conditional expected inflation predicted by

equation (18).

Finally, in line with previous studies (see Canzoneri et al., 2007), the coefficient

of relative risk aversion γ is set equal to 2 and the subjective discount factor β equals

0.993.

3.2 Estimation procedure: the long run risk model

To fully assess the effects of long run consumption prospects and the economic

uncertainty on the behavior of the money market rates, we estimate three concurrent

specifications of the LRR model.

1. Baseline calibration

According to the original specification introduced by Bansal and Yaron (2004),

we firstly proceed with the baseline calibration of the equations (8)-(9)-(10),

the choice of the preference parameters, and the estimation of the time-varying

consumption variance, σ2t .

Table 1 reports the parameters which describe the dynamics of consumption

and the investor’s preferences. The model is calibrated on a monthly basis

in order to fit the monthly decision interval of the representative investor

and avoid model mis-specification5. The parameters are set to simultaneously

match the salient features of consumption and asset pricing dynamics in US

and in UK data6.
5Bansal et al. (2007) warn that the misalignment between the sampling frequency of consumption

data and the agent’s decision interval may lead to substantial biases on the economic plausibility
of the model and the interpretation of the results.

6For a detailed description of the calibration procedure we applied, see Bansal and Yaron (2004).
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[Table 1 about here.]

The choice of the preference parameters plays a key role in the long-term

configuration of the model. In fact, a well know feature of the Epstein and Zin

(1989) preferences is that the magnitude of the RA relative to the EIS governs

the representative agent’s timing of the uncertainty resolution.

Bansal and Yaron (2004) assume that the representative household prefers an

early resolution of the uncertainty (γ > 1
ψ ) with ψ > 1. Under this condi-

tion, the representative agent gives higher weight to those consumption risks

perceived as more long-lasting. Conforming to this configuration, we closely

follow the original calibration of the Bansal and Yaron (2004) model and set

the coefficient of risk aversion to 10 and let the EIS parameter be 1.5. The

subjective discount factor is set to 0.998.

To complete the estimation of the model, the time series of the state variables

σ2t and xt are needed. The variance σ2t is predicted using a GARCH(1,1)

for the autoregressive process of the consumption growth. Finally, the full

characterization of the long run consumption growth relies entirely on the

calibration of the parameters ρx and φe, which result from its autoregressive

process.

2. Recovering long-run consumption growth

More recently, Bansal et al. (2007) have shown that the low frequency compo-

nent xt can be directly extracted from consumption and financial data. Hence,

to provide a more concrete measure of long run consumption, we decided to

add to the baseline calibration of the model and recover xt from the data.

Following Bansal et al. (2007), I regress consumption growth on the ex-ante
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real risk free rate and the price-dividend ratio7. That is I perform

∆ct+1 = ζYt + σtηt+1 (22)

and take the expectation of model predictions

xt = ζYt (23)

where Yt =
[

1 zpd,t rft

]

′

, zpd,t is the price-dividend ratio, and rft is the ob-

served real risk free rate. It follows that the conditional expected consumption

growth can be explicitly computed as the sum of xt and µc.

Again the parameters ρx and ϕe are set according to the first order auto-

regression of xt. At a monthly frequency, ρx is equal to 0.799 and ϕe is 0.083,

suggesting that the low frequency component of the consumption growth is

less persistent than the baseline LRR calibration and slightly more predictable

(cf. table 1).

3. Abstracting from the economic uncertainty

Finally, to assess the interaction of the economic uncertainty with the em-

pirical performance of the LRR model, we estimate the risk free rate in (11)

abstracting from the time variations of the consumption volatility. This step

requires a brief reconfiguration of the equations above. Specifically, the condi-

tional variance σ2t is substituted by its unconditional mean σ2. The purpose is

to check whether the results are somehow affected by the heteroschedasticity

of consumption growth.

7To obtain the ex-ante real risk free rate r
f
t , I followed Bansal et al. (2012) and regressed the

ex-post real short term rate on its nominal counterpart and the past annual inflation. The ex-post
real short term rate is given by the difference between the nominal rate and the inflation rate.
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3.3 Estimation procedure: Exchange rates

As discussed in section 2.3, the real effective exchange rate implied by the LRR

model results from the first order approximation of the stochastic discount factor

reported by equation (17).

The model is empirically tested by estimating the relevant parameters in the sys-

tem of equations (15)-(16)-(17) with a Kalman filter procedure with the observation

equation and state equation specified as follows:

Ct = A+ΦXt +Rǫc,t, (24)

Xt+1 = FXt +Qǫx,t,

Where Ct =
[

∆[cht ], ∆[cft ]
]

′

is the vector of observed variables at time t,

Xt =
[

xht , xft

]

′

is the vector of unobservable state variables, A is a column

vector containing µhc and µfc , Φ is a 2 × 2 identity matrix, F is a 2 × 2 diagonal

matrix containing the autoregressive parameters for the two unobservable processes,

R and Q are the two variance-covariance matrices, and ǫc,t and ǫx,t are white noise

bivariate independent vectors. Table 1, Panel B, reports the shared set of preference

and consumption parameters. Specifically, consumption dynamics are calibrated

letting the two economies be asymmetric while preference parameters are assumed

to be the same in both countries. As a term of comparison we also estimated a

“restricted” version of the model where the cross-country correlation in short-term

and long-term risks are fixed as in Colacito and Croce (2011).

3.4 Data

Estimations are based on United States and United Kingdom postwar data. Specif-

ically, the US is denoted as the home country and UK as the foreign one. When

money market rates are concerned, we treat them as closed economies. When ex-

change rates are estimated, I define the United States and the United Kingdom as
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open and symmetric economies. In order to maintain continuity with the existing

literature, US estimates will cover the overall quarterly period 1964q1-2011q48. Due

to data availability, I restricted the observation set of the United Kingdom to the

time span 1981q1-2011q4, instead.

Consumption and disposable income. All data for the US consumption on non-

durable goods and services and the real disposable income is acquired from the

NIPA (National Income and Product Accounts) Tables of the Bureau of Economic

Analysis (BEA). Per capita figures are worked out using population data from the

U.S. Census Bureau. I obtained the nominal and real consumption series and the

data for the UK real disposable income from the UK’s Office for National Statistic

(ONS) Quarterly National Accounts. UK population figures are taken from Eurostat.

Consumption-based inflation. Inflation is computed using a consumption-based

price index. This index results from the ratio between the nominal and real consumer

spending components above. The inflation rate is obtained as the change in the price

level over the previous quarter.

Interest rates and the money stock. US data for the money market rate (i.e, the

federal funds rate), the 3-month Treasury bill rate and the monetary aggregate M2

are extracted from the Federal Reserve Economic Data (FRED) of the St. Louis

Fed. As a measure for the UK money market rate we use the LIBOR (London

Interbank Offered Rate), acquired from Eurostat. The UK 3-month Treasury bill

rate is provided by the Bank of England Database, the money stock M4 by the

ONS’s Financial Statistics.

Stock prices, dividends, and the exchange rate. Us data for the S&P500 Com-

posite index and dividends is available on the Robert Shiller’s U.S. Stock Price

Database. UK stock prices (specifically, the FTSE 100 index) are provided by the

Financial Times while dividends are obtained from the ONS. The real dollar-pound

8Ahmad (2005) considers the quarterly time period 1964Q1-2000Q4; Canzoneri et al. (2007)
extend it to 2002Q4. To get comparable results, the full sample starts in 1964Q1 as well and drops
in 2011Q4, including more recent observations.
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exchange rate is obtained by multiplying the nominal dollar-per-sterling rate by a

price deflator. The price deflator is constructed as the ratio of the UK and the

United States consumer price index9. The nominal exchange rate is provided by the

FRED database.

4 Results

4.1 Riskless returns and monetary policy stance: the power utility

case

Turning to the results, we firstly examine the riskless returns produced by the con-

sumption CAPM when agents have power utility preferences.

[Table 2 about here.]

As expected, as far as the US economy is concerned, the model does not succeed

in fitting the data. The summary statistics in the upper panel of Table 2 signal

that the ex-ante real federal funds rate, rt, and the risk free rate implied by the

model, r∗t , diverge: although the model matches the overall volatility of the data,

the unconditional mean of the risk free return exceeds the observed average of the

real federal funds rate by 3%. The last row of the US panel in Table 2 reports

the correlation coefficient between the model implied rate and the federal funds

rate, confirming their different behavior: The two interest rate series are nearly

uncorrelated with a correlation equal to −0.02 that is statistically non different

from zero10.

By graphical inspection (cf. Figure 1) the time series comparison on the last

decade reveals that this average gap rises between 2001 and 2011, when the real risk

9The UK consumer price index is available on the OECD’s Main Economic Indicators; as a
measure for the US price level, we use the All Urban Consumers price index, published by the
Bureau of Labor Statistics

10These results are robust if the model is checked as the 3-month Treasury bill rate is assumed
to be the appropriate counterpart for the risk free rate.
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free rate implied by the model averages 4.5% while the ex-ante real federal funds

rate turns out to be negative.

During the two most recent recessions11, the sharp fall registered in the federal

funds rate systematically corresponds to opposite increases in the model implied

rates. This regularity implies that some causal linkage may exist between the mag-

nitude of this difference and the stance of the monetary policy.

[Figure 1 about here.]

Analyzing the time variations of the spread between the data and the model-

generated returns supports this intuition. Table 3 provides the output obtained

from regressing the real spread (r∗t − rt) on its four lags and the real federal funds

rate. The coefficient of fed funds turns out to be negative (βrt = −1.45) and

strongly significant. This suggests that, when a monetary policy easing is managed

to support the recovery of the economic system, the risk free return obtained from

the Euler equation (4) directs toward an opposite path.

[Table 3 about here.]

Estimates based on nominal rates are reported on the last two columns of Table

2 (upper panel). Again, the mean of the observed nominal realizations of the fed

funds rate and the mean of the model implied nominal rate i∗t diverge with the latter

being, on average, 4% greater.

[Figure 2 about here.]

Interestingly, the nominal series are positively correlated (ρ = 0.44). According

to Reynard and Schabert (2010), this positive co-movement may be due to the

latent influence of inflation trends leading the two nominal interest rates in the

same direction. If this were the case, the positive correlation between i∗t and i∗t

11Recession dates are from the National Bureau of economic research (NBER)
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would just be a misleading signal of the effective connection between the data and

model-generated returns. A natural way to assess this issue is by inspecting the

trend and cycle properties of the series. Thus the trend and cyclical components of

the three variables (inflation rate, implied nominal rate, and nominal market rate)

were extracted with a Hodrick and Prescott (1997) filter12. A comparison of the

inflation trend with the trends of the money market rate and of the implied nominal

risk free rate supports the above intuition. The resulting correlation coefficients

(ρ = 0.74 and ρ = 0.70 respectively) confirm that the underlying dynamics of the

two nominal interest rates are equally affected by the trend in price movements.

Moreover, the cyclical components of i∗t and i∗t follow a different behavior: the

correlation coefficient turns negative (ρ = −0.22) and statistically different from

zero. Finally, regressing the nominal spread (i∗t −it) on its four lags and the nominal

federal funds rate produces similar results to those obtained for the analysis of real

returns. Once again the coefficient on the nominal federal funds rate, βit , is negative

and significant (βit = −1.52).

Results on the UK economy are reported in the lower panel of Table 2. The

unconditional mean of the implied real rate exceeds the mean of the real LIBOR by

2%. Further, it is more volatile than the observed money market rate. Comparing

the nominal risk free return and the nominal LIBOR yields similar results. The

correlation between the two real series turns out to be positive (ρ = 0.33). However,

this is not robust to the sample considered. In fact, when the sample is restricted

to the last decade of data (2001-2011) the correlation coefficient drops to ρ = 0.17

and is not significantly distinguishable from zero.

[Figure 3 about here.]

The nominal estimates confirm the results obtained on the US economy. The

correlation between the nominal implied rate and the nominal LIBOR appears pos-

12Given the quarterly frequency of the observations, the smoothing parameter is set equal to
1600.
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itive (around ρ = 0.50). Nonetheless, Figure 4 suggests that the two interest series

cyclically diverge. As a robustness check, I applied a Hodrick and Prescott (1997)

filter to i∗t and it and compared their cyclical components. The resulting correlation

coefficient turns negative (ρ = −0.38) and statistically different from zero at a 1%

significance level. Also when the trend components are compared with the trend

extracted from the inflation rate, the resulting correlation coefficients are high and

positive (ρ = 0.49 and ρ = 0.73 respectively).

Instead, the analysis of the relation between the model-data spread and the

stance of monetary policy leads to different conclusions for the UK data. As shown

by the rightmost panel of Table 3, a regression between the real time-varying spread

(r∗t − rt) on its four lags and the ex-ante real LIBOR suggests that there is no

regularity between the difference of the two interest rates and the stance of monetary

policy: the regression coefficient βrt is negative but not significant (βrt = −0.26).

This is confirmed by the output of the nominal spread regression. Results (see

Table 3) indicate that the gap between the model rate and the data is not affected

by the money market rate level (the coefficient βrt = 0.01 and is not statistically

significant).

[Figure 4 about here.]

4.2 Riskless returns and money market rates: the long run risk

model

Table 4 (column 2) shows the summary statistics resulting from the baseline cali-

bration of the long run risk model. Compared to the power utility case, the LRR

estimates reduce the average difference between the model returns and the money

market rates. However, the model still does not succeed in fitting the data as the

interest rate series still diverge. On the one hand, the US risk free return is on

average twice the federal funds rate (3,31% compared to 1,88%) and less volatile;

on the other, the unconditional mean of the UK implied rate sharply falls to 2.76.
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Figures 5 and 6 plot the two interest rates.

Focusing on the US, the short term movements of the risk free rate bear no

resemblance to the pattern of the federal funds rate. The correlation coefficient,

ρ = −0.0261 confirms that the two time series are almost uncorrelated. Similarly,

the correlation between the UK implied rate and the real LIBOR approaches zero

(ρ = 0.01).

[Table 4 about here.]

[Figure 5 about here.]

[Figure 6 about here.]

Equation (11) implies that the movements of the risk free rate are governed by

the long run fluctuations of the expected consumption growth. This is a prominent

difference compared to the power utility case where just the high frequency shocks to

consumption are considered. Yet, the results show that the short term variations of

consumption still play a dominant role for the determination of the risk free return

and suggest that the baseline calibration of the LRR model does not capture the

long run consumption dynamics.

Interestingly, the third column of Table 4 shows that when the long run com-

ponent xt is explicitly included in the model estimation the results sharply change.

The US and the UK correlation coefficients turns positive (0.43 and 0.20). Figures

7 and 8 show that the model implied risk free rates closely follow the path of their

empirical counterparts. These results suggest that the long run characteristics of

the expected consumption growth are crucial for the macroeconomic consistence of

the risk free estimates.

Nevertheless, as far as the US economy is concerned, the unconditional moments

of the two interest rates still diverge. The mean of r∗t rises up to 4.20, so that the

difference between the average levels is higher than previous estimates. Meanwhile,

the standard deviation of r∗t lowers to 1.27.
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In contrast, the UK implied rate matches the data almost exactly, with its un-

conditional mean approaching 4.76%(compared to 4.08%) and its standard deviation

reducing to 2.434 (compared to 2.362 in the data).

[Figure 7 about here.]

[Figure 8 about here.]

While the above results suggest that the state variable xt contributes to the

macroeconomic consistence of the implied risk free rate, the outcome may as well be

influenced by the heteroschedasticity modeled in the volatility of the consumption

growth (σ2t ). This may be at odds with the previous literature: according to Beeler

and Campbell (2009), the effects of the economic uncertainty on the consumption-

saving decisions of the representative agent should be not significant.

To explore the interaction between the long run growth and the economic uncer-

tainty in the determination of the risk free rate, I estimate the LRR model abstract-

ing from the time variations of the consumption volatility. Column 4 of Table 4

reports the estimates. Results on US economy are not affected by this modification.

The mean of the risk free rate lowers to 3.87 with a standard deviation is 1.28. The

correlation is slightly higher (ρ = 0,44). Also UK estimates are unchanged.

Summarizing, as for the power utility case, the movements of the risk free rate

implied by LRR models are entirely determined by the variations of the expected

consumption growth. This result seems to be at odds with the conclusions of Atkeson

and Kehoe (2009) who state that time-varying risk is a central indicator for the

monetary policy of the Federal Reserve. Nevertheless, differently from the standard

power utility specification, the long run component of consumption growth is a key

element to capture the counter-cyclical variations of the money market rates.

[Table 5 about here.]
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4.3 Exchange rates

Table 6 reports the estimates of the real exchange rate growth implied by the equa-

tion (14) for the power utility case and for two specifications of the LRR model. In

the vein of Colacito and Croce (2011) the restricted model implies complete sym-

metry between the two economies and fixes ρx and ρc to 1 and 0.3 respectively. The

full model instead does not impose any restriction on the estimated parameters.

When the whole sample is considered, the three models display a low correlation

with the observed time series of the real USD/GBP exchange rate. These results

overwhelmingly lead to the conclusion that all models fail to mimic the exchange

rate market. When data before the first quarter of 1990 are cut off from the sample,

the correlation between the full LRR model and the data is positive and statistically

distinguishable from zero. This is consistent with the sharp increase in international

flows, both on financial markets and commodities, documented in the literature (e.g.

Baier and Bergstrand, 2007 and Razin and Sadka, 2007).

[Table 6 about here.]

[Figure 9 about here.]

[Figure 10 about here.]

[Figure 11 about here.]

5 Concluding remarks

I studied the macroeconomic implications of a class of consumption based asset

pricing models where a persistent component in the process for the aggregate con-

sumption growth is accounted for. Using postwar US and UK data I estimated the

implied interest rates in the long run risk model introduced by Bansal and Yaron

(2004) and its subsequent modifications (Bansal et al., 2007). Then I extended the

estimates to the exchange rate market, in a two countries setting.
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When the closed economy money market is considered, I show that, as in the

standard consumption based CAPM, the movements of the risk free rate implied

by a baseline LRR model are entirely determined by the variations of the expected

consumption growth. Nevertheless, differently from the standard CCAPM, the long

run characteristics of the LRR model contribute to the macroeconomic consistence

of the model-generated risk free return. In particular, when the low frequency

movements of consumption growth are explicitly included in the Euler equation, the

correlation between the implied real risk free rate and the federal funds rate gets

positive and the two interest rate series move in the same direction. Turning to

an open economy setting, I find evidence that the LRR model accounts for foreign

exchange market movements when the last two decades of data are considered.
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Figure 1: Implied real risk free return vs ex-ante real federal funds rate - Power
utility case

This figure plots the risk free return (r∗t ), resulting from the estimation of the eq.(4) with US data,
against the ex-ante real federal funds rate (rt), which has been computed as the difference between
the nominal fed funds rate and the expected inflation from the VAR (18).
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Figure 2: Implied nominal risk free return vs federal funds rate - Power utility case

This figure plots the nominal risk free return, estimated from equation (5) using US data, against
the nominal federal funds rate.
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Figure 3: Implied real risk free return vs ex-ante real LIBOR - Power utility case

This figure plots the risk free return (r∗t ), resulting from the estimation of the eq.(4) with UK
data, against the ex-ante real LIBOR (rt), which has been computed as the difference between the
LIBOR and the expected inflation from the VAR (18).
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Figure 4: Implied nominal risk free return vs LIBOR - Power utility case

This figure plots the nominal risk free return i∗t , estimated from equation (5) using UK data,
against the LIBOR.
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Figure 5: Implied real risk free return vs the ex-ante real federal funds rate - LRR
model (Baseline)

This figure plots the real risk free return (r∗t ) implied by the baseline calibration of the LRR model
(see Bansal and Yaron, 2004) for US data and compares it to the nominal federal funds rates.
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Figure 6: Implied real risk free return vs the ex-ante real LIBOR - LRR model
(Baseline)

This figure plots the real risk free return (r∗t ) implied by the baseline calibration of the LRR model
(see Bansal and Yaron, 2004) for UK data, and compares it to the ex-ante LIBOR.
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Figure 7: Implied real risk free return vs the ex-ante real federal funds rate - LRR
model (Conditional volatility)

This figure plots the real risk free return (r∗t ) implied by the LRR model following the estimation
procedure suggested by Bansal et al. (2007) and compares it to the ex-ante real federal funds rates.
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Figure 8: Implied real risk free return vs the ex-ante real LIBOR - LRR model
(Conditional volatility)

This figure plots the real risk free return (r∗t ) implied by the LRR model following the estimation
procedure suggested by Bansal et al. (2007) and compares it to the ex-ante real LIBOR.
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Figure 9: Exchange rate growth: model vs data - Power utility case

This figure plots the growth of the log-exchange rate resulting from (14), given the consumption
dynamics implied by the standard power utility function. The model result is compared to the
real dollar/sterling exchange rate growth obtained from the Federal Reserve Bank of New York

(Website: http://www.newyorkfed.org/)
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Figure 10: Exchange rate growth: model vs data - Restricted LRR model

This figure plots the growth of the log-exchange rate resulting from (14), given the consumption
dynamics implied by the state space model in equation (24) and with the country-specific stochastic
discount factors being estimated according to equation (17). The estimates are restricted to have
complete symmetry between the two economies and fixing ρx and ρc to 1 and 0.3 respectively. The
model result is compared to the real dollar/sterling exchange rate growth obtained from the Federal
Reserve Bank of New York (Website: http://www.newyorkfed.org/)
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Figure 11: Exchange rate growth: model vs data - LRR model

This figure plots the growth of the log-exchange rate resulting from (14), given the consumption
dynamics implied by the state space model in equation (24) and with the country-specific stochastic
discount factors being estimated according to equation (17). The model result is compared to the
real dollar/sterling exchange rate growth obtained from the Federal Reserve Bank of New York

(Website: http://www.newyorkfed.org/)
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Table 1: Baseline calibration

The table shows the parameters used for the empirical analysis. The upper panel reports the
parameters for the estimation of the risk free rate in equation (11). The model in (8)-(9)-(10) is
calibrated at a monthly frequency. The lower panel collects the parameters for the estimation of
the equation (17). The estimation of the model in (24) is based on quarterly data.

Panel A: Closed Economy estimates

United States United Kingdom

Consumption dynamics

ρx 0.919 0.848

σ 0.0023 0.0048

ϕe 0.205 0.126

µ 0.0016 0.0021

k1 0.931 0.683

σw 6.52× 10−7 8.69× 10−7

v1 0.988 0.898

Preferences

β 0.998 0.998

γ 10 10

ψ 1.5 1.5

Panel B: Open Economy estimates

United States United Kingdom Restricted model

Consumption dynamics

ρx 0.952 0.995 0.986

σc 0.0061 0.0142 1.68e-04

σx 0.0017 2.65e-04 4.77e-04

µ 0.013 0.0026 0.0086

kc 0.965 0.319 0.642

Common parameters

ρhfc 0.143 0.3

ρhfx 1 1

Preferences

β 0.994 0.994 0.994

γ 4.25 4.25 4.25

ψ 2 2 2
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Table 2: Summary statistics: model implied rates and money market rates - Power
utility case

This table reports the means and the correlation coefficients between money market rates and the
risk free returns implied by the model, estimated from equations (4) and (5).

Real interest rates Nominal interest rates

rt r∗f,t it i∗f,t
(Data) (PU) (Data) (PU)

United States

Mean 1.88 4.70 5.89 9.070

Std. deviation (2.476) (2.455) (3.498) (3.215)

Min. -3.184 -2.574 0.073 -3.135

Max. 10.590 12.591 17.78 16.957

Correlation - 0.0219 0.4352***

United Kingdom

Mean 4.08 2.37 7.47 9.73

Std. deviation (2.365) (4.720) (3.881) (4.896)

Min. -3.016 -6.117 0.6 -2.858

Max. 9.840 16.155 15.79 20.110

Correlation 0.3342** 0.5667***

t-stat:* p < 0.05, ** p < 0.01, *** p < 0.001
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Table 3: Interest rates spread and monetary policy - Power utility case

The table reports the main results from the following regressions:

(r∗t − rt) = α+ βrtrt +
4∑

k=1

γk(r
∗

t−k − rt−k) + ut

where the real spread between the real implied CCAPM rate r∗t and the ex ante real federal funds
rate rt is regressed on its four lags and the federal funds rate rt; and

(i∗t − it) = δ + βit it +

4∑

k=1

ζk(i
∗

t−k − it−k) + et

where the spread between the nominal implied CCAPM rate i∗t and the nominal federal funds rate
it is considered instead. The relevant coefficients βrt and βit for the federal funds rates (column 2)
and for the LIBOR (column 3) are reported. To account for the autocorrelation in the error terms
ut and et, a Prais and Winsten (1954) procedure is used.

United States United Kingdom

Sample 1964q1-2011q4 1981q1-2011q4

Real interest rates

Coeff. (βrt) -1.452*** -0.264

Std. error 0.113 0.136

Adj. R2 0.55 0.58

Obs 185 116

Nominal interest rates

Coeff. (βit) -1.522*** 0.006

Std. error 0.158 0.113

Adj. R2 0.46 0.59

Obs 185 116

t-stat: * p < 0.05, ** p < 0.01, *** p < 0.001
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Table 4: Summary statistics: the LRR model

This table compares the federal funds rate (rt) and the risk free rate (r∗t ) implied by the LRR model
of Bansal and Yaron (2004) and its subsequent modifications.
Baseline (second column) collects the results obtained when the equation (11) is estimated according
to the baseline calibration in table 1 where the long run component xt is calibrated.
Conditional (third column) and No conditional (fourth column) result from the estimation pro-
cedure introduced by Bansal et al. (2007) described in Section 3.2. In these cases, xt is directly
recovered from the data. The results in No conditional abstract from the conditional volatility of
consumption.

rt r∗f,t
(Data) (Baseline) (Conditional) (No conditional)

United States

Mean 1.88 3.31 4.20 3.87

Std. deviation (2.476) (1.766) (1.267) (1.276)

Min. -3.184 -3.69 0.917 0.629

Max. 10.590 9.60 8.542 8.207

Correlation -0.0261 0,4295*** 0,4406***

United Kingdom

Mean 4.08 2.71 4.76 4.76

Std. deviation (2.362) (2.778) (2.434) (2.435)

Min. -3.016 -4.366 -1.103 -1.094

Max. 9.840 10.007 10.403 10.422

Correlation 0.0102 0.2010** 0.1988**

t-stat: p < 0.05, ** p < 0.01, *** p < 0.001
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Table 5: Interest rate spread and monetary policy - LRR model

The table reports the main results from the following regressions:

(r∗t − rt) = α+ βrtrt +

4∑

k=1

γk(r
∗

t−k − rt−k) + ut

where the real spread between the real implied CCAPM rate r∗t and the ex ante real federal funds
rate rt is regressed on its four lags and the federal funds rate rt; and

(i∗t − it) = δ + βit it +
4∑

k=1

ζk(i
∗

t−k − it−k) + et

where the spread between the nominal implied CCAPM rate i∗t and the nominal federal funds rate
it is considered instead. The relevant coefficients βrt and βit for the federal funds rates (column 2)
and for the LIBOR (column 3) are reported. To account for the autocorrelation in the error terms
ut and et, a Prais and Winsten (1954) procedure is used.

(Baseline) (Conditional) (No conditional)
United States

Coeff. (β∆rt+1
) -0.849*** -0.661*** -0.657***

Std. error 0.072 0.067 0.067

Adj. R2 0.83 0.69 0.69

Obs 185 185 185

United Kingdom

Coeff. (β∆rt+1
) -0.934*** -0.752*** -0.753***

Std. error 0.084 0.128 0.128

Adj. R2 0.67 0.34 0.35

Obs 118 118 118

t-stat:* p < 0.05, ** p < 0.01, *** p < 0.001
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Table 6: Summary statistics: Exchange rate growth

Panel A compares the observed growth of the real dollar/sterling exchange rate with the exchange
rate growth implied by equation (14) for the power utility case (column 2) and for the LRR models
(columns 3 and 4). Panel B compares the observed growth of the real dollar/sterling exchange rate
with the exchange rate growth implied by equation (14) for the power utility case (column 2) and
for the LRR models (columns 3 and 4) on the subsample 1990q1 to 2011q3.

Data Power Utility LRR Model Restricted LRR Model

Panel A 1971-2011

Mean 0.003 0.005 0.035 0.000

Std. deviation (0.051) (0.015) (0.066) (0.087)

Min. -0.161 -0.055 -0.113 -0.364

Max. 0.169 0.063 0.323 0.273

Correlation - -0.0615 0.0564 0.0884

Panel B 1990-2011

Mean 0.002 0.005 0.018 -0.015

Std. deviation (0.049) (0.012) ( 0.042) (0.066)

Min. -0.161 -0.055 -0.070 -0.364

Max. 0.164 0.063 0.149 0.121

Correlation - 0.0892 0.131 0.2271∗

t-stat: ∗ p < 0.05
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