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Abstract
This paper develops a theory of endogenously (non-)Ricardian beliefs. That is,
whether Ricardian Equivalence holds in an equilibrium depends on endogenous private
sector beliefs. The novelty here is a restricted perceptions viewpoint: in complex forecasting environments, agents forecast aggregate variables with (potentially) misspecified models that are optimal within the restricted class, i.e., a restricted perceptions
equilibrium (RPE). A misspecification equilibrium is a refinement of an RPE where the
choice of restricted models is endogenous. Our formalization considers two predictors:
in one rule Ricardian beliefs emerge as a self-confirming equilibrium, while the other
features an equilibrium with non-Ricardian beliefs. We show that (1.) there can exist
misspecification equilibria where beliefs are endogenously (non-)Ricardian, (2.) multiple equilibria exist where the economy can coordinate on Ricardian or non-Ricardian
equilibria. The theory suggests a novel interpretation of post-war U.S. inflation data
as being generated by endogenous belief-driven regime change and a nuanced trade-off
for monetary policy rules.
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Introduction

This paper proposes a theory of expectation formation where Ricardian equivalence, or its
failure, arises endogenously as an equilibrium outcome. The theory builds on the imperfect
knowledge environment in the seminal Eusepi and Preston (2018a) where individuals and
firms have imperfect knowledge about the future path of government debt and how taxes will
be adjusted accordingly. Agents hold subjective beliefs over the paths of government debt,
taxes, and the other endogenous state variables. The departure point in this paper is to
endow agents with a choice between two forecasting models: the first nests Ricardian beliefs
– that is, where the private-sector holds beliefs that the path of future taxes will be sufficient
to satisfy the government’s intertemporal budget constraint – within a self-confirming equilibrium, while the other does not. The fact that Ricardian equivalence holds on, but not off,
the self-confirming equilibrium path is the key observation in constructing equilibria where
Ricardian equivalence fails. The equilibrium concept is a misspecification equilibrium where
the choice of models is endogenous and agents only select the best-performing statistically
optimal model. When certain necessary and sufficient conditions are satisfied, beliefs are
Ricardian and (self-confirming) Ricardian equivalence is sustained within a misspecification
equilibrium. Critically, we demonstrate the possibility of multiple equilibria, where there
exists simultaneously (non-)Ricardian beliefs. This latter possibility suggests an alternative
interpretation of U.S. inflation data as arising from belief-driven regime-shifts, rather than
policy-driven regime change.
The design of monetary and fiscal policy often hinges on a question that has been of
interest to economists for centuries, when does Ricardian equivalence hold or fail? The
“fiscal theory of the price-level” literature identifies a set of conditions on policy rules under
which Ricardian equivalence fails. For example, Leeper (1991) showed that, in a policy regime
where fiscal policy does not guarantee fiscal solvency and monetary policy is not committed
to price stability, there exists a unique rational expectations equilibrium where government
debt becomes an important state variable. Davig and Leeper (2006) provide evidence in
favor of a model of inflation driven by regime-switching policy regimes. Recently, Bianchi
and Ilut (2017) incorporate uncertainty about the policy regimes to show that private sector
(rational) beliefs play an important role in generating high inflation rates during the 1970’s.1
Breakthrough papers by Evans et al. (2009) and Eusepi and Preston (2018a) open a
new avenue for research into the implications for inflation in an environment where the
private sector has imperfect knowledge about long-run fiscal and monetary policies and/or
the structural characteristics of the economy.2 In these models, individuals have imperfect
knowledge about whether the paths for primary surpluses will adjust to satisfy the govern1
2

See Leeper and Leith (2016) for a recent overview of this extensive literature.
See also Evans et al. (2012), Eusepi and Preston (2012), and Woodford (2013).
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ment’s intertemporal budget constraint. Eusepi and Preston (2018a) develop their insights
within a New Keynesian model where individuals and firms have imperfect knowledge but
form expectations from a well-specified forecasting model that nests the rational expectations equilibrium. These agents behave like econometricians by estimating the coefficients
of their model in real-time. When these estimated coefficients depart from their rational
expectations equilibrium values, Ricardian equivalence fails even though the policy regime
is Ricardian. Eusepi and Preston (2018a) provide strong empirical evidence in favor of imperfect knowledge as an explanation for observed U.S. inflation and a central role played
by non-Ricardian beliefs in high-debt economies. Relatedly, Woodford (2013) imparts to
the private-sector a parsimonious, but misspecified, forecasting model for the economy that
leads to a restricted perceptions equilibrium where Ricardian equivalence fails.
In the present study, we construct an economic environment where the (non-)Ricardian
property of beliefs is determined endogenously. The basic economic environment is New Keynesian where households and firms’ optimal decisions depend on their subjective beliefs about
the paths of payoff-relevant aggregate variables. Policy is given by feedback rules for nominal
interest rates and lump-sum taxes. The fiscal policy rule is Ricardian and guarantees that
taxes are adjusted to satisfy the government’s long-run budget constraint. Monetary policy
is described by a Taylor-rule that reflects a commitment to price stability. In a temporary
equilibrium, without a priori imposing private-sector Ricardian beliefs, the aggregate state
variables depend, in part, on the existing stock of debt and the contemporaneous primary
surplus. A forecasting model linear in these variables, as well as the other state variables,
nests the rational expectations equilibrium.
In this environment, we formalize our ideas by taking a step away from rational expectations, instead adopting a restricted perceptions viewpoint (see, Branch and McGough,
2018; Woodford, 2013): individuals formulate expectations from one of two parsimonious
forecasting models restricted to include a single fiscal variable as a predictor. In a restricted
perceptions equilibrium agents’ beliefs are optimal within the restricted class implying that,
within the context of their model, the agents cannot detect their misspecification. We refine the set of restricted perceptions equilibria by endogenizing the predictor choice within
a misspecification equilibrium where private sector beliefs come only from those misspecified models that forecast best in a statistical sense. The first model, which includes the
existing stock of debt, naturally formalizes endogenous Ricardian beliefs as a self-confirming
equilibrium, while the second model, which has the primary surplus as a predictor, does not.
Our main results show that (non-)Ricardian beliefs arise endogenously as an equilibrium outcome and the data predict that beliefs are heterogeneous, time-varying and nonRicardian. We begin by showing that the debt-based forecasting model leads to a restricted
perceptions equilibrium where Ricardian equivalence is a self-confirming equilibrium: although, out of equilibrium, the debt forecasting model is misspecified, in equilibrium be-
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liefs about the possible paths for future debt is correct and real variables display a (weak)
Ricardian equivalence. Conversely, the surplus-based model leads to a restricted perceptions equilibrium where Ricardian equivalence fails. Contrasting the equilibrium paths, the
non-Ricardian path for output and consumption reacts less strongly on impact from a tax
innovation but the effect is more persistent.
We then turn to our main interest: providing necessary and sufficient conditions for the
existence of endogenously (non-)Ricardian beliefs. We accomplish this by focusing on the
properties of a misspecification equilibrium (Branch and Evans, 2006a) where, because of
the self-referential features of the model, this predictor choice depends endogenously on the
distribution of agents across models. Depending on the coefficients in the policy rule and
other structural parameters, it is possible for (non-)Ricardian beliefs to arise as the unique
misspecification equilibrium. Most interestingly, under certain conditions – consistent with
standard parameter estimates – multiple equilibria exist. That is, an economy can coordinate
on a Ricardian self-confirming equilibrium or a non-Ricardian equilibrium. The existence
of multiple equilibria implies the possibility for real-time learning dynamics that recurrently
switch between the basins of attraction for each of the equilibria.
The latter result suggests an alternative interpretation of post-war U.S. inflation data.
In particular, along a learning path – where agents update their model coefficients and
choose their models in real-time – the extent of non-Ricardian beliefs can evolve over time
endogenously and display regime-switching beliefs. The model-predicted paths for the endogenous state variables, estimated using the Extended Kalman Filter on U.S. data for the
period 1960-2007:3, indicate that the data are consistent with a model that switches between
mostly Ricardian and non-Ricardian agents. The estimates of the latent states, and evidence
from the Survey of Professional Forecasters, suggest that the late 1980’s-1990’s was a period
of non-Ricardian equilibria.3
This finding indicates that post-war U.S. inflation data, in addition to policy regime
changes, may also be determined by endogenously (non-)Ricardian beliefs, which is of particular relevance for policy design. Ricardian policy has non-Ricardian wealth and income
effects on aggregate demand due to endogenously (non-)Ricardian beliefs in addition to the
disposable income and intertemporal substitution channel captured by existing standard
frameworks for policy design. Therefore, our model can provide guidance for monetary and
fiscal policy design. We explore this potential by turning to several counterfactual policy
exercises, similar to Bianchi (2013). One set of counterfactuals looks at the consequences
3
There is an extensive literature that models, for instance, the Great Inflation as arising from a policy
regime change to a non-Ricardian set of policy rules and a fiscal theory of the price-level. In this paper, we
focus on the model’s one-step ahead predictions over the post-war period. A more complete examination
would allow for endogenously (non-)Ricardian beliefs and regime-switching policy rules. The relative importance of these two channels, and how they might interact, is an open empirical question beyond the scope
of the present study.
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for the economy if the monetary policy rule was chosen to take a more, or less, hawkish
stance. There is a nuanced trade-off faced by policymakers that arises directly because of
the theory of expectation formation proposed here. On the one hand, a more hawkish policy
rule, all else equal, would have led to more frequent regime-switching in beliefs, which would
have produced greater economic volatility, offsetting the usual stabilizing effect of a more
hawkish policy.4 On the other hand, a more dovish monetary policy rule would have coordinated the economy on the Ricardian self-confirming equilibrium more often, but with the less
aggressive policy response economic volatility also would have been higher. A fiscal policy
that responds more strongly towards debt innovations would have produced counterfactually
large output gaps, primary surpluses, and lower inflation throughout the 1980’s and 1990’s.
The paper proceeds as follows. The subsequent Section 2 presents the model and introduces the concept of endogenously non-Ricardian beliefs. Section 3 focuses on the primary
theoretical results, while Section 4 presents the quantitative analysis. We discuss the connection of our paper to the existing literature in Section 5, while section 6 concludes.

2

Model

Woodford (2013) shows that, following Eusepi and Preston (2018a), restricted perceptions
about the government’s intertemporal budget constraint can lead to a failure of Ricardian
equivalence even in instances where policy would be Ricardian under rational expectations,
i.e., active monetary/passive fiscal in the Leeper (1991) sense. We generalize the Woodford
(2013) framework to see how, and whether, (non-)Ricardian beliefs arise in equilibrium.

2.1

Woodford’s (2013) model

The setting is a New Keynesian model with subjective expectations, in particular, a simplified version of Preston (2005), based on Woodford (2003, ch.4).5 Households and firms
have subjective beliefs about payoff-relevant aggregate variables. Given these beliefs, households choose consumption, leisure, and one-period government debt, the only asset available
to households, to solve their intertemporal optimization problem.6 In Woodford’s (2013)
4

See Orphanides and Williams (2005) and Eusepi and Preston (2018b) for details on how monetary policy
is able to anchor expectations in imperfect knowledge environments.
5
In Eusepi and Preston (2018a) there are two assets, one period government bonds in zero net-supply and
longer maturity bonds. Eusepi and Preston (2018a) demonstrate the important role that maturity structure,
combined with imperfect knowledge and learning, can play in generating non-Ricardian wealth effects.
6
It is typical in boundedly rational learning models to assume that agents optimize intertemporally with
the anticipated utility approach (see, e.g., Kreps, 1998). This approach assumes that agents take their
beliefs as given when solving their optimization problem and, so, if their beliefs evolve along a learning
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framework, households turn over wage-setting and labor supply decisions to a union and are
obligated to supply labor to a firm on the union’s terms.7 Households also receive a lumpsum transfer of their share in firm profits.8 This is a stylized assumption that renders the
household’s consumption rule analogous to the one in a model where the household receives
a stochastic endowment. However, because firms are monopolistically competitive, and face
a Calvo (1983) nominal pricing friction, there is endogenous variation in hours and output.
Households. Woodford (2013) derives an individual’s consumption function, written
recursively as


i
,
cit = (1 − β) bit + (Yt − τt ) − sb πt − β[σ − (1 − β)sb ]it + βc̄t + βEti vt+1
(1)
where vti is a subjective composite variable that comprises all payoff-relevant aggregate variables over which a household formulates subjective beliefs:
i
vti = (1 − β)(Yt − τt ) − [σ − (1 − β)sb ](βit − πt ) − (1 − β)c̄t + βEti vt+1
.

The variables, written as log-deviations from steady-state, bit , Yt , πt , it , τt , c̄t are, respectively,
the individual’s holdings of real government debt, aggregate output, the inflation rate, the
nominal interest rate, lump-sum taxes, and a preference shock. The government uses lumpsum taxes and debt to finance its consumption of an exogenous sequence Gt . The parameter
0 < β < 1 is the discount rate, σ is the elasticity of intertemporal substitution, and sb ≡ b̄/Ȳ
is the steady-state debt-to-GDP ratio. The fiscal policy instrument is the real primary
surplus st ≡ τt − Gt , where Gt measures (exogenous) government purchases.
Following Eusepi and Preston (2018a), Woodford (2013) derives equation (1) without
assuming that individuals have structural knowledge about the government’s intertemporal
budget constraint. Even though fiscal policy is set passively, individuals do not necessarily
know this or the other structural features of the economy, and so they may have imperfect
knowledge about the structural form of the government’s endogenously determined budget
constraint. Instead, they form subjective beliefs over the evolution of aggregate variables.
If they get those beliefs right then they will properly account for the evolution of debt, and
beliefs will be Ricardian. Otherwise, beliefs may be non-Ricardian.
path the agent, when optimizing, is always dogmatic that the learning process has come to an end. In our
main theoretical analysis, this assumption is unnecessary because we assume stationary beliefs within the
restricted perceptions equilibrium. In the quantitative analysis, when we allow for real-time learning, then
we implement anticipated utility.
7
The union’s negotiator seeks to maximize average expected lifetime utility.
8
The shares in firms are illiquid, which makes government debt the only storable good. Eusepi and
Preston (2018a) show that this assumption is consequential for non-Ricardian beliefs. Though, we abstract
from these issues, it is worth bearing in mind that the issue is relevant within our non-Ricardian equilibrium.
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Ricardian beliefs arise when the following condition on beliefs is satisfied
(∞
)
X
i
T −t
Et
β
[sT − sb (βiT − πT )] = bt .

(2)

T =t

Imposing Ricardian beliefs onto the consumption rule (1) implies that the potentially nonRicardian effects, represented by current bond holdings (“wealth effect”) and the perceived
present-value of the future real returns on bonds (“income effect”), do not impact consumption because (2) directly imposes that the household properly forecasts the path for future
surpluses. Ricardian beliefs, therefore, lead to a consumption rule that depends only on
the household’s subjective beliefs about future paths for disposable income and real interest
rates. Conversely, by not a priori imposing Ricardian beliefs, households may perceive their
current bond holdings as real wealth and a change in the expected path for future surpluses
can have a real effect on consumption. See Appendix D or Woodford (2013) for details.9
Firms. Firms are monopolistically competitive and face a nominal pricing friction based
on Calvo (1983). An individual firm j produces a differentiated good. With probability
0 < α < 1 it will adjust its previous price by the long-run target rate of inflation, assumed to
be zero and with probability 1 − α a firm receives an idiosyncratic signal to (optimally) reset
the price. A firm j that can optimally reset price p∗t (j), relative to the previous aggregate
price level pt−1 , will do so to satisfy the first-order condition, written recursively,

p∗t (j) =(1 − αβ) Etj popt
−
p
+ (αβ)Etj p∗t+1 (j) + (αβ)πt
t−1
t
where Etj popt
T is the perceived optimal price in T . The aggregate inflation dynamics are
Z
∗
∗
πt = (1 − α)pt ,
where
pt ≡ p∗t (j)dj.
(3)
Policy. Monetary policy is described by a Taylor (1993) rule,
it = φπ πt + φy yt + wt ,

(4)

where the monetary policy shock is wt ∼ iid(0, σw2 ).10
Fiscal policy is characterized by a Leeper (1991) rule for the real primary surplus:
st = φb bt + zt ,
9

(5)

In all of the analysis below, the fiscal rule is ex post Ricardian, i.e., real primary surpluses will satisfy
the government’s intertemporal constraint. However, out of equilibrium, non-Ricardian beliefs could be
consistent with explosive debt. The consequences of this, and its implications for strategic behavior, is an
old issue in the fiscal theory of the price level literature (cf., Bassetto, 2002).
10
In the quantitative analysis we assume all exogenous shocks are stationary AR(1)’s.
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where the surplus shock is zt ∼ iid(0, σz2 ). The government also faces a flow budget constraint
bt+1 = β −1 [bt − sb πt − st ] + sb it .

(6)

The steady-state debt-to-GDP ratio sb plays an important role in the results presented below.
When sb = 0 the bond and primary surplus paths are exogenous while sb > 0 implies that
they are endogenous and affected, in part, by monetary policy.11
Throughout, the analysis focuses on the active monetary and passive fiscal policy regime:
1−β
φy
κ
(1 − β) < φb < 1.
1 < φπ +

(7)

Under the benchmark rational expectations hypothesis, there is local determinacy (see, Leeper,
1991) implying that this locally unique rational expectations equilibrium displays Ricardian
equivalence and is stable under least-squares learning (see, Evans and Honkapohja, 2007).
By abstracting from non-Ricardian policy or policy regime changes, provides us with a stark
example of the potentially important role of endogenously time-varying Ricardian beliefs.

2.2

Temporary equilibrium with heterogeneous heliefs

The income-expenditure identity is given by
Z
Yt = cit di + Gt .
Combining (1) and (8) with the bond-market clearing condition bt ≡
express aggregate demand as

(8)
R

bit di, allows us to

Yt = gt + (1 − β)bt + vt − σπt ,

(9)

where a composite exogenous disturbance gt ≡ c̄t + Gt , such that gt ∼ iid(0, σg2 ).
To express the
R iaggregate demand equation in explicit dependence of expectations, we
aggregate, vt = vt di, and use (6) and (9) (see Appendix D for details), which yields
vti = (1 − β)vt + (1 − β)β(bt+1 − bt ) − βσ(it − πt ) + βEti vt+1 .

(10)

Averaging over expectations in (10) and plugging into (9) yields the “IS equation” without
a priori imposing Ricardian beliefs:
Yt = gt − σit + (1 − β)bt+1 + Êt vt+1 .
11

(11)

This formulation arises in a cashless environment that allows us to abstract from the effect of monetary
aggregates appearing in the consolidated budget constraint.
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The aggregate expectations operator Ê is defined as Êt (x) =

R

Eti (x) di, for any variable x.

Given that heterogeneous beliefs lead to a non-degenerate cross-sectional wealth and
consumption distribution, some readers may be surprised that individual household bond
holdings do not appear in the aggregate demand equation. However, this is a result of
several simplifying assumptions in Woodford (2013). First, assumptions about the labor
market and the distribution of firm profits imply that future non-financial income are a
proportion of aggregate output, which is beyond the agent’s control. This implies that
household consumption decisions, in a temporary equilibrium, depend on expectations about
variables that are also beyond their control. Second, a temporary equilibrium path, in
this setting, consists of local perturbations around a non-stochastic steady-state in which
all agents hold identical beliefs. It is in this sense that households’ beliefs are not too
heterogeneous. Finally, in the approximated economy, household debt holdings enter linearly
and, as a result, individual bond holdings do not matter for the aggregate output path.12
On the firm side, after applying the law of iterated expectations, a firm j sets
p∗t (j) = (1 − α)p∗t + (1 − αβ) [ξyt + µt ] + αβEtj p∗t+1
and, an aggregate New Keynesian Phillips Curve results after averaging across all firms:
πt = (1 − α) β Êt p∗t+1 + κyt + ut ,
where we define the output gap as yt ≡ Yt − Ytn , parameter κ ≡ [(1 − α)(1 − αβ)ξ]/α, and
the cost-push shock as ut ≡ {[(1 − α)(1 − αβ)]/α}µt .
We can now define a temporary equilibrium for this economy.

Definition 1 Given a distribution of beliefs Eti vt+1 , Eti p∗t+1 i a temporary equilibrium is
a triple (bt+1 , πt , yt ) and a policy (st , it ) so that the bond and goods markets clear and the
government budget constraint is satisfied. In particular, the following equations are satisfied
bt+1 = β −1 [bt − sb πt − st ] + sb it
πt = (1 − α)β Êt p∗t+1 + κyt + ut
yt = gt − σit + (1 − β)bt+1 + Êt vt+1 ,
where
vt = (1 − β) (bt+1 − bt ) − σ (it − πt ) + Êt vt+1 .
12

An extension to a setting where heterogeneous expectations give rise to a non-trivial aggregate role to
the cross-sectional wealth distribution is interesting and potentially important. For instance, Giusto (2014)
incorporates learning into a Krusell-Smith economy derives unique empirical implications. This is beyond
the scope of the present study.
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2.3

Model misspecification

A key insight from Eusepi and Preston (2018a) is that in environments where people have imperfect knowledge of the data generating process it is not reasonable to impose a priori that
beliefs by individual i about future spending and taxes satisfies equation (2). Theoretically,
we construct equilibria in which equilibrium beliefs may, or may not, satisfy this Ricardian
belief condition. This section details the proposed theory of expectation formation.
2.3.1

A restricted perceptions approach

Under full-information rational expectations the equilibrium law of motion takes the form




πt
b
t
 vt  = A
+ ηt ,
st
yt
where ηt is a vector of composite disturbances and A is conformable. It follows that in
order to formulate rational expectations, the agents adopt linear forecast rules that depend
on both the stock of beginning-of-period debt, bt , and the primary surplus, st . Our theory
contemplates environments where it is prohibitively costly, in computational/cognitive costs,
to formulate forecasting models that incorporate both fiscal state variables, bt , st .
Our proposed theory begins by assuming that the agents formulate expectations by optimizing their statistical forecasts given their information and abilities. Our perspective is
informed by the econometric learning literature and the “cognitive consistency principle”
of Evans and Honkapohja (2001): a consistent theory of expectation formation models economic agents like a good economist who forecasts from a well-specified econometric model.
Like many professional forecasters who exist in complex forecasting environments and often
face degrees-of-freedom limitations, our agents favor parsimonious models. Therefore, our
key assumption is that agents will forecast from one of two parsimonious models, each of
which includes a single fiscal variable: st or bt . We could specify this parsimony in other
ways, of course, but this approach is particularly interesting as it leads to a convenient formalization of endogenoulsy (non-)Ricardian beliefs. When some fraction of agents forecast
from a model that includes st , but not bt , Ricardian equivalence fails in equilibrium. Conversely, when all agents include bt , but not st , the (self-confirming) equilibrium features a
weak form of Ricardian equivalence.
While restricting the set of regressors in agents’ econometric model is, admittedly, ad hoc,
our equilibrium concept preserves many cross-equation restrictions that are a salient feature
of rational expectations models. We do this as follows. All individuals and firms make
a discrete choice about which fiscal variable to include in their forecasts. The coefficients
10

of the restricted forecasting models are derived from the optimal linear projection of the
aggregate state variables onto the restricted space of regressors, all of which is determined
jointly in a restricted perceptions equilibrium (RPE). In a misspecification equilibrium (ME),
the distribution of the population across the two possible forecasting models is endogenous
having been determined by the discrete choice between models. Thus, whether beliefs are
misspecified or not is an equilibrium property and not imposed by the modeler.
Obviously, by relaxing the model-consistency of rational expectations, there are a number
of plausible ways we could model misspecified beliefs. We briefly discuss reasons why our
approach is natural for the issue at hand. First, the set of misspecified models nests the
Ricardian equivalent outcome as a self-confirming equilibrium. It is, therefore, a convenient
formalization of (non-)Ricardian beliefs since Ricardian equivalence is not ruled out a priori.
Second, Section 4 presents evidence that the median forecast of the Survey of Professional
Forecasters is consistent with a model that incorporates a single fiscal variable. Third,
there is a long empirical tradition of using a limited number of fiscal indicators in empirical
studies. For instance, many empirical studies include budget deficits, but not debt, in
fiscal VAR’s even though the data favor such specifications (Favero and Giavazzi, 2012).
Kliesen and Thornton (2012) find that naively extrapolating the previous year’s surplus can
outperform the CBO’s budget projections and Ericsson (2017) provides evidence of bias in
government forecasts of the federal debt. Fourth, the two forecast models proposed here have
an appealing interpretation in terms of endogenous paradigm shifts. Finally, for the agents
to know that these models are misspecified requires them to step out of the context of their
models, where forecast errors are orthogonal to their regressors, and to know the form of the
model-consistent forecasting equation. However, model consistency in this context requires
that agents hold a great deal of knowledge about the structural features of the economy such
as beliefs, constraints, and decision rules of the other agents in the economy including the
government and whether its surplus rule will adjust to satisfy the solvency constraint.
2.3.2

Misspecification equilibrium

Expectations are formed from one of the following forecasting models, or, perceived laws of
motion (PLM):
P LMs : Zt = ψ s st−1 + ηt ⇒ Ets Zt+1 = ψ s st
P LMb : Zt = ψ b bt−1 + ηt ⇒ Etb Zt+1 = ψ b bt ,
where Z0t = (vt , p∗t , bt+1 ), ηt is a perceived noise, and the coefficient matrix, for k = s, b,
0
ψ k = ψ k , Γk ,
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0
ψ k = ψvk , ψpk and Γk is the coefficient for bt+1 .13 In a restricted perceptions equilibrium
(RPE) the coefficients will satisfy the least-squares orthogonality condition:

Exkt−1 Zt − ψ k xkt−1 = 0
with xkt ∈ {st , bt }. Beliefs, parameterized by ψ k , are derived from the optimal projection of
the aggregate variables Zt onto the restricted explanatory variable xkt . It follows that
h
2 i−1

k
ψ = E xt−1
EZt xkt−1 ≡ S ψ k .
k


Definition 2 A restricted perceptions equilibrium is a fixed point ψ k∗ = S ψ k∗ .
We do not impose a priori which of the PLM’s individuals and firms use to form expectations. Instead, we endow agents with a discrete choice: they can forecast with the st -model
or the bt -model, and like the selection of model parameters, they will do so to minimize their
forecast errors. We adopt the rationally heterogeneous expectations approach first pioneered
by Brock and Hommes (1997), extended to stochastic environments by Branch and Evans
(2006b). Agents make a predictor selection in a random-utility setting and, in the limit of
vanishingly small noise, the agents will only select the best-performing statistical models.
Let n denote the fraction of agents who have selected model-s, leaving 1 − n of the
population forecasting with model-b.14 They rank these choices by calculating the relative
mean square error (MSE):


0

EU k = −E (Zt − Etk [Zkt ]) × W × E (Zt − Etk [Zkt ]) ,

k = {s, b},

(12)

where W is a weighting matrix.15 Consequently, we define relative predictor performance
F (n) : [0, 1] → R as F (n) ≡ EU s − EU b .
13

A brief remark about a timing assumption. Here, we follow Woodford (2013), in assuming that agents
project the state variables onto the lagged regressors. We could alternatively assume that they regress the
state onto contemporaneous regressors and it would not greatly impact the equilibrium results. However,
the timing convention followed here has two benefits. First, it simplifies many of the analytic expressions.
Second, in the quantitative analysis below, we implement a real-time learning version of the model and the
timing avoids a potential multicollinearity problem.
14
For simplicity, we assume that households and firms are distributed across models identically. This is
a simplification that could be relaxed as follows. Instead, there could be a distribution nh of households
across models and a fraction nf of firms. It would be straightforward to generalize this way, at the cost of
an expanded state vector.
15
The main results do not depend heavily on the weights, so for simplicity we set W = I.
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Building on Brock and Hommes (1997), we assume that the distribution of agents across
the two forecasting models, n, is pinned down according to the multinomial logit (MNL)
map (see, e.g., Branch and Evans, 2011)
n=

hω
i
o
1n
tanh F (n) + 1 ≡ Tω (n),
2
2

where ω denotes the “intensity of choice”. The MNL map states that the fraction of agents
adopting model-s, n, is an increasing function of its relative forecast accuracy, measured by
the function F (n).
Definition 3 A misspecification equilibrium is a fixed point n∗ = Tω (n∗ ).
The neoclassical case ω → ∞ warrants special attention. In this case, agents only select
the best-performing statistical models. The following proposition, an immediate consequence
of the continuity of Tω : [0, 1] → [0, 1], provides a set of conditions for the existence of (non)Ricardian beliefs and multiple equilibria in the neoclassical case of a large ω.16
Proposition 1 Let N∗ (ω) = {n∗ | n∗ = Tω (n∗ )} denote the set of misspecification equilibria.
As ω → ∞, N∗ has one of the following properties:
1. If F (0) < 0 and F (1) < 0 then n∗ = 0 ∈ N∗ .
2. If F (0) > 0 and F (1) > 0 then n∗ = 1 ∈ N∗ .
3. If F (0) < 0 and F (1) > 0 then {0, n̂, 1} ⊂ N∗ , where n̂ ∈ (0, 1) is such that F (n̂) = 0.
4. If F (0) > 0 and F (1) < 0 then n∗ = n̂ ∈ N∗ , where n̂ ∈ (0, 1) is such that F (n̂) = 0.
Remark 1 Proposition 1 relies only on the continuity of F (n) and T (n). If F (n) is monotonic then a stronger statement is possible: Proposition 1 then identifies the full set of misspecification equilibria. In the next section, we present a simple case that facilitates analytic
results including conditions under which F (n) is monotonic. When F (n) is non-monotonic
it is theoretically possible for there to exist multiple interior equilibria, though, in all of the
numerical cases examined we found at most 3 misspecification equilibria.
16

All proofs are in Appendix B. The existence of a misspecification equilibrium depends, as well, on the
existence of a unique RPE given n. Since this is a technical point, the Appendix provides a set of necessary
and sufficient conditions for a unique RPE.
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The first condition in Proposition 1 implies that the b-model forecasts best when all agents
use model-b or if they all use model-s; n∗ = 0 is evidently a misspecification equilibrium in
such cases. Conversely, when F (0) > 0 and F (1) > 0 then n∗ = 1 is a misspecification
equilibrium. Outside of these polar cases, there is also the possibility of multiple misspecification equilibria, n = 0, n̂, 1, for some 0 < n̂ < 1. This case will make repeated appearances
in various points of the remainder of this paper. As we will see, the n = 0 misspecification
equilibrium can be thought of as a self-confirming equilibrium with weakly Ricardian beliefs
and the n = 1 will correspond to non-Ricardian beliefs.17 The multiple equilibria case is
particularly interesting because it implies that a real-time learning version of the model may
feature endogenous regime-switching in and out of Ricardian equilibria.18
The neoclassical limiting case, ω → ∞, is useful for identifying sufficient conditions for
the existence of multiple equilibria. The multinomial approach, i.e., a finite ω, has a venerable history in discrete decision making because it provides an elegant way of introducing
randomness into discrete decision-making. Young (2004) shows that randomness in forecasting, much like mixed strategies in actions, provides robustness against model uncertainty
and flexibility in self-referential economies. The intensity of choice parameter ω is inversely
related to the idiosyncratic random utility innovation and, thereby, parameterizes model
uncertainty. In particular, larger values of ω parameterize less model uncertainty with the
neoclassical case ω → ∞ representing no uncertainty at all. An extensive literature tests
for dynamic predictor selection using empirical MNL models and typically finds finite values
for ω. In the theoretical analysis that follows we present results for both ω → ∞ and for
finite values. In the quantitative model, our baseline specification features a finite ω and we
compare the empirical properties across a range of large and small intensities of choice.

3
3.1

Theoretical results
A simple example

We begin with a special case, first exposited by Woodford (2013), which reduces the fiscal
variables, bt , st , to follow exogenous processes, πt = 0 for all t, and households have a simple
permanent income problem to solve. The case under consideration here sets φy = sb = κ = 0
and α = 1. We further shut down all of the exogenous disturbances except for the fiscal
shock zt . In the next subsection, we relax all of these parameter restrictions except sb = 0.
17

For discussion of self-confirming equilibria see Sargent (1999). A self-confirming equilibrium is a stronger
concept than RPE as it requires that agents’ beliefs are correct in equilibrium, though they may be misspecified off the equilibrium path.
18
Note that n̂ case is never gonna be stable under learning and therefore the discussion is centred around
the other two equilibria.
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The case where sb > 0 requires numerical analysis.
3.1.1

Restricted perceptions equilibria

We begin by characterizing the restricted perceptions equilibria with an exogenous distribution n. In the sequel, we endogenize n within a misspecification equilibrium. In this
special case of the model, households need only forecast the continuation variable vt+1 . Consequently, agents’ forecasts are projections from one of the following two regression models

  s 
 1
  s 
vt
ψ
Et vt+1
ψ
s
=
=
st−1 + ηt ⇒
st
(13)
bt
Γsb
Et1 bt+1
Γsb
  b 

  b 
 2
ψ
vt
ψ
Et vt+1
b
=
=
bt−1 + ηt ⇒
bt .
(14)
b
2
Γbb
bt
Γb
Et bt+1
In a restricted perceptions equilibrium, the coefficients in (13) and (14) are optimal, i.e.,
they satisfy the least-squares orthogonality conditions
s
E[st ηt+1
]=0
b
E[bt ηt+1
] = 0.

In this simple case, the key model equations are the surplus rule (5) and
bt+1 = β −1 (bt − st )
yt = vt + (1 − β)bt
vt = (1 − β) (bt+1 − bt ) + Êt vt+1 .
Next we introduce extrinsic heterogeneity in expectations. Assume that a fraction n ∈ [0, 1]
of agents use (13) and 1 − n use (14). We now show that, depending on the distribution n,
(non-)Ricardian equilibria can emerge.
Proposition 2 (Extrinsic Heterogeneity) In the special parametric case of the model, if
the aggregate expectations operator is given by
Êt [vt+1 ] = nEts vt+1 + (1 − n)Etb vt+1 = nψ s st + (1 − n)ψ b bt ,
then, for each n ∈ [0, 1], there exists a unique restricted perceptions equilibrium with





yt = φb nψ s (n) + (1 − n)ψ b (n) + β −1 − 1 (1 − φb ) bt − (β −1 − 1) − nψ s (n) zt ,
where
β −1 (1 − β)(1 − β 2 − φb )
ψ (n) =
[1 − β 2 − n(1 + β − φb ) − 2φb ]
−β −1 (1 − β)(1 − β 2 − 2φb )(1 − φb )
ψ b (n) =
.
[1 − β 2 − n(1 + β − φb ) − 2φb ]
s
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As a corollary, when n = 0, i.e., all agents forecast with the b-model, then beliefs are
Ricardian along an equilibrium path, even though their beliefs are misspecified out of equilibrium. Thus, Ricardian equivalence is a self-confirming equilibrium in the sense of Sargent
(1999), Cho et al. (2002), and Williams (2018).
Corollary 1 (Weak Ricardian Equivalence) In the special parametric case, if all agents
form expectations from the b-model (14), then there exists a unique restricted perceptions
equilibrium with
yt =
ψb =

− (β −1 − 1)zt

− β −1 − 1 (1 − φb ) .

(15)

Woodford’s (2013) result of the failure of Ricardian equivalence also arises as a special
case of Proposition 2 when n = 1. Like the more general case of heterogeneous expectations,
the equilibrium path for yt depends directly on the transitory fiscal shock, zt , as well as a
persistent effect acting through bt .
Corollary 2 (Woodford (2013)) In the special parametric case, if all agents form expectations from the s-model (13), then there exists a unique restricted perceptions equilibrium
with




β −1 − β
(1 − β)(1 + β − φb )
bt −
zt
yt =
β(1 + β) + φb
β (1 + β) + φb
β −1 (1 − β)(1 − β 2 − φb )
< β −1 − 1.
ψs = −
(β + β 2 + φb )
Remark 2 Proposition 2 demonstrates the fragility of Ricardian equivalence, especially in
a restricted perceptions environment. Even though all agents have misspecified forecasting
models, when n = 0 Ricardian equivalence arises as a self-confirming equilibrium. But, for
any n > 0 – including n → 0 – then neither type of agent holds Ricardian beliefs.
3.1.2

Misspecification equilibrium

Proposition 2 shows that Ricardian equivalence depends fundamentally on the distribution
of households across the two forecasting models. It is, therefore, important to pin down the
value n endogenously within a misspecification equilibrium. The following result provides
necessary and sufficient conditions for the existence of multiple misspecification equilibria in
the limiting case ω → ∞.
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Theorem 1 Consider the special parametric case of the model. Let ω → ∞ and β > 2/3.
There exists multiple misspecification equilibria, n∗ ∈ {0, n̂, 1}, if and only if
φ (β) < φb < φ̄ (β) ,
where



1
2
φ (β) = max 1 − β, 4 − 2β − 3β
4
h
i
 p
1
2 − 3β − 2β 2 + 4 + 4β + 5β 2 − 4β 3 .
φ̄ (β) =
4
We can similarly characterize the necessary and sufficient conditions for unique (non)Ricardian equilibria.
Corollary 3 Let ω → ∞. The following results hold.
i. A unique misspecification equilibrium n∗ = 1 exists if and only if
1 − β < φb ≤


1
4 − 2β − 3β 2 .
4

ii. A unique misspecification equilibrium n∗ = 0 exists if and only if
φ̄ (β) < φb < 1.
With a stricter set of conditions, we can guarantee that F (n) is monotonically increasing
and there will exist multiple interior, i.e., non-Ricardian, misspecification equilibria for 0 <
ω < ∞.
Corollary 4 For finite ω > 0, if ∃φ (β) > φ (β) and φ (β) < φb < φ (β), then there exists
e∗ , n̂ where 0 ≤ n∗e < n̂ < n∗ ≤ 1. For ω sufficiently
three misspecification equilibria n∗l , n
h
l
h
small, all equilibria are interior, i.e., non-Ricardian.
Remark 3 The existence of the unique non-Ricardian equilibrium, n∗ = 1, requires that
β < 2/3 ⇔ 1 − β < 41 (4 − 2β − 3β 2 ). Thus, the special case of non-Ricardian equilibria is
likely to arise in empirically plausible models in the form of multiple equilibria. The sufficient
conditions for multiple interior equilibria in Corollary 4 guarantee that F (n) is monotonic
and F (0) < 0, F (1) > 0. However, with finite ω (possibly multiple) non-Ricardian equilibria
can still exist even when F (1) < 0 so long as F (n) is not too negative for some 0 < n ≤ 1.
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Figure 1 illustrates the results in Theorem 1 and Corollary 3, i.e., the large ω case. There
are combinations of (β, φb ) consistent with multiple or unique equilibria. The large unshaded
area in the lower half of the plot corresponds to active fiscal policy, i.e., (1 − β) < φb . The
restriction to Ricardian policy rules out equilibria in this region. Then, moving outward from
the origin, the shaded area with a dashed-boundary consists of the pairs of (β, φb ) consistent
with a unique non-Ricardian equilibrium. The next shaded area, with grid lines, corresponds
to the existence of multiple equilibria. Finally, the outermost shaded area is where a selfconfirming Ricardian equilibrium, n∗ = 0, is the unique misspecification equilibrium.

Figure 1: Equilibrium existence
Theorem 1, and its corollaries, is the main theoretical result of the paper: even though
fiscal policy is passive,
non-Ricardian beliefs can emerge endogenously. For φb within a

certain range φ, φ̄ then the non-Ricardian outcome can be sustained in a misspecification
equilibrium. Most interestingly, for these fiscal policy rules there exists multiple misspecification equilibria with existence also of a Ricardian equilibrium n∗ = 0. As we discuss below
the case of multiple equilibria leads to interesting model dynamics that offer an alternative
to regime-switching non-Ricardian policy effects. As an example, Figure 2 plots the T-map
Tω (n) and the relative predictor fitness function F (n) when β = 0.99, φb = 0.015, and σz = 1.
18

In the bottom plot, it is evident that F (0) < 0 and F (1) > 0, which implies the existence
of both Ricardian and non-Ricardian equilibria, respectively. The top panel plots the Tmap for a range of ω. This figure clearly indicates the three misspecification equilibria. In
the quantitative analysis, the interior misspecification equilibrium n̂ is unstable, and so the
learning dynamics can feature recurrent switching between the basins of attraction of the
Ricardian n∗ = 0 and non-Ricardian n∗ = 1 equilibrium.
Why would individuals ever prefer the non-Ricardian forecasting model? A closer examination of F (n) provides the intuition. The predictor fitness measures for this case are
−EU s = µ2v,1 E[b2t ] + (µv,2 − ψ s (n))2 E[s2t ] + 2µv,1 (µv,2 − ψs (n)) E[bt st ]

2
−EU b = µv,1 − ψ b (n) E[b2t ] + µ2v,2 E[s2t ] + 2µv,2 µv,1 − ψ b (n) E[bt st ].
Thus, a model’s predictor fitness depends essentially on three components. First, the distance
between the belief parameter and the corresponding coefficient in the actual law of motion.
Second, how volatile the missing component is from their forecasting model. Third, a term
that is best interpreted as the omitted variable bias component of the prediction error. These
distances are all weighted by the corresponding equilibrium covariances of the state variables.
After calculating the differences between these predictor fitness functions leads to



F (n) = ψ b (n) ψ b (n) − 2µv,1 − ψ s (n) (ψ s (n) − 2µv,2 ) φ2b E[b2t ]


+ 2 µv,1 ψ s (n) − µv,2 ψ b (n) E[bt st ] − ψ s (n) [ψ s (n) − 2µv,2 ] σz2 .
The fraction of agents who use the surplus-model then depends a balancing of how well the
surplus model captures the serial correlation of the debt process and the additional predictive
power from the surplus model conditioning directly on the zt innovation. For small values
of φb , the surplus- and debt-models are weakly correlated and so n∗ = 1 can emerge as
the unique equilibrium as it best captures the contemporaneous zt innovations, which is
strengthened through the self-referential features of the model. For larger values of φb the
agents will always mass, for large ω, onto the Ricardian predictor as the surplus and debt
models are strongly correlated. Finally, when φb takes middling values between these two
extremes, then either (non-)Ricardian equilibrium can emerge.
3.1.3

Building intuition

We now develop intuition about the economic implications by comparing and contrasting
the n = 0 (Ricardian) and n = 1 (non-Ricardian) restricted perceptions equilibria.
Revisit the (non-)Ricardian result in Proposition 2. Figure 3 plots the impulse response
functions to a one-percent innovation in zt at t = 1 in both the n = 0 and n = 1 RPE’s. For
19

Figure 2: Multiple (non-)Ricardian equilibria in the special case. The top panel plots the
T-map for various values of the intensity of choice ω.
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(a) Output response in n = 0 (dashed) and
n = 1 RPE.

(b) Debt response in n = 0 (dashed) and n = 1
RPE.

(c) One-step ahead expected debt in n = 1
RPE.

(d) One-step ahead expected debt in n = 0
RPE.

Figure 3: Impulse responses in the special case.
illustrative purposes, the figure sets β = 0.99, φb = 0.05. Although, in this simple case there
is a unique misspecification equilibrium at n = 0, this comparison is nevertheless informative.
The impact of an innovation z1 = 1 produces a (slightly) larger, but purely transitory,
contractionary effect on yt in the Ricardian belief case n = 0 (dashed line), this is the weak
Ricardian equivalence result (NW-panel). The n = 1 (solid line) initial impact is slightly
smaller, however, it has a strong persistent component. Even though the paths for bt+1 are
exogenous (NE-panel), in the Ricardian case the agents track the path of debt correctly
(SE-panel), while non-Ricardian agents only correctly forecast debt on impact (SW-panel).
We gain further intuition by comparing consumption across the n = 0 and n = 1 restricted
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perceptions equilibria. Let n = 0, then consumption by belief-type are given by
cbt (0) = (1 − β)st − (1 − β)τt − (β −1 − 1)zt


(1 − β 2 − φb )
s
−1
ct (0) = (1 − β) bt − τt +
st − (β − 1)zt .
(1 − β 2 − 2φb )

(16)

Equation (16) illustrates weak Ricardian equivalence. For the zero-mass of agents who
forecast with the st -model and consume cst (0), the effect of surplus shocks have a predictable
and persistent impact on consumption. Conversely, when n = 1 Ricardian equivalence fails
for both types of households:



(1 − β)
1 + β − β 2 (1 − φb )φb − φ2b (2φb − 3) bt + (1 + β) st + 1 − β −1 zt
2
(β + β + φb )




1 − β 2 − (1 − β)φb
−β −1 + β
s
ct (1) =
bt − (1 − β)τt + (1 − β)st +
zt .
β + β 2 + φb
β + β 2 + φb
cbt (1) =

3.1.4

Connection to rational expectations

An obvious objection is that the results presented hinge on the restricted perceptions restriction to forecasting models with only a single fiscal variable: what happens if the agents have
a forecasting model with both bt and st which nests the rational expectations equilibrium?
We can address this question by studying the transitional learning dynamics of agents
who adopt a forecast model that depends on both fiscal variables, but who use discounted
least-squares to estimate the coefficients of their forecasting model. To conserve space we
present the details in Appendix C. From this analysis, we see that the expected learning
dynamics feature a path to the rational expectations equilibrium that crosses through the
n = 1 RPE, demonstrating that non-Ricardian beliefs can emerge from an escape dynamic
of the type studied by Williams (2018). We conclude that even if agents did not face
any computational/cognitive constraints, the RPE is a relevant concept as we can expect
recurrent escapes near a non-Ricardian equilibrium even when all agents in the economy form
forecasts from an equation that nests the correctly specified model. Moreover, for learning
rules with sufficiently long memory the economy will persist near the RPE for long stretches
of time. These dynamics are reminiscent of Cho and Kasa (2017).

3.2

Further results

The results in the special case are useful for clear intuition and analytic tractability. While
analytic results are not possible when sb > 0, we use numerical analysis to show that the
22

insights from the special case carry over but also with more equilibrium possibilities. In this
subsection, we generalize the results to all small σ parameterizations when sb = 0.
The key equations are now the surplus rule (5) and
bt+1
yt
vt
πt
it

=
=
=
=
=

β −1 (bt − st )
vt − σπt + (1 − β)bt + gt
(1 − β) (bt+1 − bt ) − σ (it − πt ) + nψvs (n)st + (1 − n)ψvb (n)bt
κyt + (1 − α)β(nψps∗ (n)st + (1 − n)ψpb∗ bt ) + ut
φπ πt + wt ,

where φπ > 1 and 1 − β < φb < 1, i.e., active monetary/passive fiscal policy. We are able to
prove the following result in the case of small σ.
Proposition 3 For σ sufficiently small, there exists a φ̃(β) such that multiple misspecification equilibria exist provided that
1 − β < φb < φ̃(β).
This generalizes the previous results to a New Keynesian model and monetary policy that
adheres to a Taylor-type rule. Notice, though, that endogenously non-Ricardian beliefs do
not depend directly on the monetary policy coefficient (φπ ). However, we show that φπ can
have a qualitative and quantitative impact on the dynamics when sb > 0, a case that we
consider numerically in the remainder of the paper.

3.3

Multiple equilibria in the full model

When sb > 0 then there exist parameterizations that cover all of the equilibrium possibilities
in Proposition 1. In the quantitative analysis we explore the empirical implications of multiple equilibria with different degrees of non-Ricardian agents , i.e., cases where both n∗ = n∗l
and n∗ = n∗h , as in Corollary 4. As seen in Figure 1, a calibrated model with β = .99, and
large ω will feature multiple equilibria n∗ = 0 and n∗ = 1 right at the border φb > 1 − β.
Thus, in the empirically plausible case of a finite intensity of choice ω, non-Ricardian equilibria will emerge in the form of heterogeneous beliefs. For instance, Figure 4 plots the
T-map for the numerical parameterization in Table 1 from the quantitative analysis in the
subsequent section.
Figure 4 illustrates the possibility of 3 equilibrium values for n∗ .19 The two equilibria
19

The calibrated model yields the case in Theorem 1 where F (0) < 0, F (1) < 0, and so Ricardian equivalence holds only in the limiting case ω → ∞. Because F (n) < 0 for all n the equilibria feature n∗ < 0.5.
However, in the quantitative analysis we do not fix beliefs at their restricted perceptions equilibrium values
and so a learning path will hover around, but depart from, the misspecification equilibrium values.
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Figure 4: Illustration of multiple equilibria with calibration as in Table 1 and ω → ∞.
0 = n∗l < n∗h < 1 feature a slope of Tω at these points less than one, therefore, these
two equilibria are the ones that will be stable under learning. We can anticipate real-time
learning dynamics that endogenously switch between these regimes.

4

Quantitative results

Having proposed a theory of endogenously (non-)Ricardian beliefs, we now turn to a quantitative analysis to see whether U.S. post-war macroeconomic data are consistent with nonRicardian beliefs. We first demonstrate that a New Keynesian model with active monetary
policy, passive fiscal policy, and endogenously (non-)Ricardian beliefs describes well U.S.
data on the output gap, inflation, and the primary real-surplus. Our estimates of the latent
state dynamics suggest a sizable fraction of individuals and firms holding non-Ricardian beliefs, with the fraction increasing over time in response to low frequency drifts in the primary
surplus. A counterfactual analysis explores the implications of alternative monetary policies.

4.1

Theory

This section generalizes the temporary equilibrium model to include a richer set of serially
correlated distrubances and to follow Eusepi and Preston (2018a) in replacing the fixed RPE
parameters with a real-time learning process.
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The set of exogenous shocks are uncorrelated, stationary AR(1) processes:
gt
ut
wt
zt

=
=
=
=

ρg gt−1 + εgt
ρu ut−1 + εut
ρw wt−1 + εwt
ρz zt−1 + εzt

with εjt ∼ iid(0, σj2 ) and Eεj ε0j = 0, j 0 6= j. Extending the two restricted forecasting models
to this more general environment, we can write
0
k
Xk,t−1 ,
Etk xj,t+1 = ψj,t−1
0
= (st−1 , gt−1 , ut−1 , wt−1 , zt−1 ), and
where, for j = v, p and k = s, b, xj,t ∈ {vt , p∗t } , Xs,t−1
0
k
Xb,t−1 = (bt−1 , gt−1 , ut−1 , wt−1 , zt−1 ). The coefficients ψj,t are updated with constant gain
least-squares:


0
−1
k
k
k
ψj,t = ψj,t−1 + γ1 Rk,t Xk,t−1 xj,t − ψj,t−1 Xk,t−1

0
Rk,t = Rk,t−1 + γ1 Xk,t−1 Xk,t−1
− Rk,t−1 ,
0
where Rk,t is the sample estimate of the regressor covariance matrix EXk,t Xk,t
. The parameter 0 < γ1 < 1 is the “constant gain” as it governs the responsiveness of parameter
updating to recent forecast errors. The discounted least-squares places a geometrically declining weight, (1 − γ1 )t . on recent data observations. The timing implicit in these learning
rules is consistent with the previous analysis: expectations are formed at the beginning of t
using coefficient estimates based on all observable information through t − 1.

Similarly, we assume a recursive estimator for the distribution of agents across forecasting
models:
k
k
EUtk = −M SEv,t
− M SEp,t
,
where
k
M SEj,t

=

k
M SEj,t−1

+ γ2



xj,t −

0
k
ψj,t−1

Xk,t

2

−

k
M SEj,t−1


.

Note that we allow for the possibility that gain parameters γ1 6= γ2 . Forecasters that are
relatively more uncertain about the forecasting accuracies of the two models than they are
about their model coefficient estimates would set γ2 > γ1 .20 And, the MNL law of motion
delivers the real-time distribution of endogenously (non-)Ricardian beliefs:
nt =
20

o
hω
i
1n
tanh
EUts − EUtb + 1 .
2
2

See Branch and Evans (2006a) for discussion and evidence from the Survey of Professional Forecasters.
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4.2

Methodology

The Extended Kalman Filter (EKF) generates the data-implied one-step ahead predicted
paths for the endogenous latent state variables. After plugging in the policy rules, expectations, and recursive updating equations for the learning rules, the model can be written in
non-linear state space form:
Xt = g (Xt−1 , Θ) + Q(Xt−1 , Θ)νt
Yt = f (Xt , ηt ),
where the state vector is


Xt0 = bt+1 , gt , ut , wt , zt , nt , M SEst , M SEbt , vec (ψts ) , vec ψtb , vec (Rst ) , vec (Rbt ) , bt ,
vec (·) is the vectorization operator, the observation variables are
Yt0 = (yt , πt , st , bt+1 ) ,
and the parameter vector is
Θ0 = (κ, α, φπ , φy , φb , ρg , ρu , ρw , ρz , σg , σu , σw , σz , ω, γ1 , γ2 ) .
The measurement and state disturbances are ηt , νt respectively. Our sample for the observed
variables is 1955.1-2007.3.21 We measure yt as the log difference between output and the
CBO’s measure of potential output. We measure πt from the PCE index. We compute bt and
st as the debt-GDP ratio and primary surplus-GDP ratio, respectively. To remain consistent
with the model, all variables are measured as deviations from mean.
We estimate the (one step ahead) predicted state path E (Xt+1 |Yt , Θ). Since the state
transition and measurement equations are highly non-linear in the belief state variables,
an approximation of the non-linear state-space model is necessary. The Extended Kalman
Filter (EKF) mimics the linear Kalman Filter by naturally extending the prediction steps
to the non-linear state space. The non-linearity creates a difficulty for calculating the covariances of the state and measurement variables that the EKF overcomes with a first-order
approximation to these moments.
One could use Bayesian methods to uncover posterior estimates of the structural parameters of interest Θ by using the Extended Kalman Filter to approximate the likelihood
function. For example, Eusepi and Preston (2018a) use Bayesian techniques to estimate
the posterior distribution of a richer model where adaptive learning generates temporary,
21

We end the sample before the ZLB episode as incorporating an effective lower bound on interest rates
is beyond the scope of the present paper, but is the topic of future research.
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endogenous departures from Ricardian equivalence. Although the economic environment in
this paper is more parsimonious, we follow Eusepi-Preston and parameterize the model according to their mean and 95% probability bounds on the posterior distribution: see Table
1. We leave a rigorous empirical test of the theory to future research and focus here on the
quantitative implications of the theory. We view the analysis that follows as useful for the
following reasons. In a more detailed model, Eusepi and Preston (2018a) find that learning in their benchmark estimated model does not produce sizeable non-Ricardian effects.
Thus, we view calibrating parameters to their estimates as a conservative choice. As we
will see, this benchmark parameterization yields state dynamics consistent with U.S. data.
In the end, the approach pursued here facilitates a deeper understanding of the empirical
implications of the model and leads us towards interesting counterfactual experiments. A
Table 1: Quantitative parameterization
Parameter
β
σ
sb
κ
α
φπ
φy
φb
ρg
ρu
ρw
ρz
σg
σu
σw
σz
ω
γ1
γ2

Posterior Mean
0.99
1/7.7147
0.3
0.003
0.738
1.623
0.094
0.047
0.931
0.870
0.857
0.073
0.526
0.186
0.197
2.088
5.04
0.005
0.039

few comments are in order. We initially set the ‘intensity of choice’ parameter ω = 5.04, a
value that was estimated by Cornea-Madeira et al. (2017) from a benchmark New Keynesian model with heterogeneous expectations. We also examine robustness of our benchmark
results to smaller and larger values of ω In the counterfactual experiments, we also consider
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the case where ω is large, in line with the analytic results presented earlier. The value of
γ2 is in line with Eusepi and Preston (2018a), however γ1 is on the smaller side of what is
often estimated in the literature. We fixed the value γ1 = 0.005 to be sure that the learning
dynamics remain bounded. Alternatively, we could have imposed a “projection facility” that
keeps the values of the ψ’s bounded in an appropriate neighborhood, and then considered
values where γ1 = γ2 . Larger values of γ1 lead to more volatile belief parameter updating
and more frequent switching between misspecified equilibria, when they exist. Thus, the
relatively small value of γ1 = 0.005 is a conservative choice. The small estimated values
for the parameters φb and ρz also work against the theory of endogenously non-Ricardian
beliefs: larger values of both φb and ρz increase the set of structural parameters consistent
with multiple misspecification equilibria. While the estimated parameters for the Taylor rule
are in line with estimates in the literature, our main counterfactuals involve how different
values for φπ , φy impact the results on (non-)Ricardian beliefs and macroeconomic outcomes.

4.3

Benchmark results

Figure 5 plots both the model-predicted state dynamics and actual U.S. data.22 The solid
lines are the model-predicted paths for the output gap, inflation, the primary government
surplus, and the fraction of non-Ricardian agents. The fraction of non-Ricardian agents,
in the benchmark parameterization, evolves over time and is below 0.50 for most of the
sample, though never below 0.15. The model is closest to the Ricardian equilibrium during
the 1960’s. In the latter half of the 1960’s, the percentage of non-Ricardian agents increases
from about 15% to 30%. Subsequently, there is a steadily increasing fraction of individuals
with non-Ricardian beliefs to over 50% in the second half of the 1990’s. The early 2000’s
then feature another increase. The largest movements in nt are precipitated by periods of a
low frequency drift in the primary surplus. The top two panels show that the fluctuations
in non-Ricardian beliefs produce predicted time-paths for the output gap and inflation that
is in line with actual U.S. data over the period (dashed lines).23
Of course, the analytic results show that the number and nature of misspecification
22

We initialize the model over the period 1955-1960 by assuming that in period 1955.1 the economy is
initially at the misspecification equilibrium n ≈ 0.5. The latent states are simulated over the next 20
quarters. Using those initial values, we run the Extended Kalman Filter to estimate the predicted path.
23
The EKF produces the optimal one step ahead predictions of the state variables. An objective measure
of fit is, of course, elusive. The visual fit of the data is partly the result of the predicted paths for the
exogenous shocks. However, it should be noted that the fiscal shock process is very weakly autocorrelated.
Therefore, the model does a plausible job with the surplus state variable, which suggests that the internal
propagation of shocks is an important component. Ideally we would use a formal model comparison to test
our model against others in the literature including regime-switching policy models and belief-driven models.
However, such an exercise is beyond the scope of this paper. These figures also were computed after shutting
down the observation noise and plotting the predicted paths as (non-linear) functions of the latent states.
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(a) Output gap.

(b) Inflation.

(c) Fraction of non-Ricardian.

(d) Surplus.

Figure 5: Predicted State Dynamics. Solid lines are model predicted state variables. Dashed lines
are corresponding U.S. data.

equilibria depend in a critical way on the intensity of choice parameter ω. Analogously,
Figure 6 examines how the predicted state dynamics depend on different values for ω. As ω
increases from the benchmark 5.04 (solid line) to 100, the volatility in predicted fractions of
non-Ricardian agents increases (bottom panel), with a corresponding increase in economic
volatility (top) and inflation (middle). The ω = 100 case predicts, at times, that nearly all
agents use the surplus-model which results in counter-factually high rates of inflation.
The results presented may be surprising in light of existing results that predict fiscally driven inflation in the 1970’s and Ricardian equilibria following the beginning of the
Great Moderation period. Our model predicts a non-trivial fraction of non-Ricardian beliefs
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(a) Output gap.

(b) Inflation.
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(c) Fraction of non-Ricardian.

Figure 6: Predicted state dynamics for different intensities of choice.

throughout the sample with the fraction adopting the surplus model increasing over time. In
the context of the model, this is not entirely surprising as the largest movements in the estimated nt correspond also with large drifts in the primary budget surplus. The self-referential
dynamics of the economy reinforce the drift in surplus creating a feedback loop that leads a
greater proportion of individuals to adopt the surplus model in light of its greater predictive
power (measured in a geometrically weighted average mean-square forecast error).
To better assess the plausibility of these results, we present (informal) evidence from
the Survey of Professional Forecasters (SPF). Although beyond the scope of this paper, a
complete empirical analysis would use the empirical framework in Branch (2004) to analyze
the probability that an individual-level survey forecast was made by a simple model with
a restricted set of fiscal variables. As a first pass, we compute the statistical scores of the
median SPF forecast across three different possible sets of forecasting model regressors: one
that includes the primary surplus only, one that includes the debt, and one that includes
e
both. Specifically, we compute moving averages of the statistical score Exj,t−1 πt − πt−1,t
e
where xj,t ∈ {st , bt }, πt is the PCE inflation rate, and πt−1,t
is the one-step ahead median
SPF survey forecast. Notice that within a restricted perceptions equilibrium, the (time)average score should be zero. Thus, if the surplus model leads to a lower, and near zero,
score then this provides indirect evidence in favor of a restricted perceptions equilibrium
with non-Ricardian beliefs. The results in Figure 7 shows that, beginning in the late 1980’s,
the median SPF is consistent with a greater share of forecasters using the primary surplus
as the fiscal variable. In fact, in the late 1990’s that score vector is near zero, as predicted
by a non-Ricardian restricted perceptions equilibrium.

4.4

Counterfactual results

The model fits the data well in Figure 5. To dive deeper into these results, and better understand how the learning dynamics play an important role, we turn to several counterfactual
exercises. Throughout, a counterfactual is constructed by extracting the predicted shocks
from the benchmark model simulations presented above. Then, assuming the same realization of shocks, we can alter one or two structural parameters, calculate the model predicted
state path again with the new value for the parameters Θ̂. We focus on counterfactuals
related to the monetary and fiscal policy rules.
A change in the policy rule will have counterfactual implications for inflation, the output gap, and the primary surplus that operate, in part, through the endogenously (non)Ricardian beliefs. We conduct three experiments: (1.) a more hawkish monetary policy
that sets απ = 2.5; (2.) a dovish monetary policy that sets απ = 1.005, near the determinacy boundary; and, (3.) a more passive fiscal policy rule, with φb = 0.10, that adjusts
the primary surplus more strongly in response to government debt. We can summarize
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(a) Raw scores.

(b) 4-Qtr. Moving-average.

(c) 8-Qtr. Moving-average.

(d) 5-Yr. Moving-average.

Figure 7: Measured scores for different sets of predictors in the Survey of Professional Forecasters.
Each panel computes the scores with different moving average lengths. A score close to zero is
consistent with a restricted perceptions equilibrium.

our findings as follows First, there are subtle trade-offs in the design of monetary policy
rules. Our counterfactuals demonstrate that a more active interest rate rule will produce
a less volatile real debt process which, in turn, will have relatively lower predictive power
with more agents adopting the surplus model, which produces a counterfactual with a more
volatile fiscally-driven inflation. Conversely, a more dovish policy will make the real debt
model relatively more attractive to agents but produce more volatility because the central
bank is less aggressive in achieving price stability. We describe this nuanced trade-off as the
“goldilocks” feature of monetary policy design: more activist monetary policy can produce
more fiscally-driven inflation and less activist policy is more Ricardian but at the expense
of higher volatility. Second, our counterfactual analysis shows that a more aggressive fiscal
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policy stance will lead to a greater fraction of non-Ricardian agents and a more prominent
role for fiscal factors in the inflation process. In these counterfactuals, a higher fraction of
non-Ricardian agents and a higher φb combine to increase the surplus during the 1970’s and
1990’s and lead to counterfactually low rates of inflation.
4.4.1

Monetary policy

Taylor-rule coefficients that react relatively more strongly to inflation innovations lead to
longer and more frequent spells with (non-)Ricardian beliefs. Counterfactual analysis establishes this result.
Recall from the theoretical analysis that the existence of RPE with non-Ricardian beliefs
is independent of the monetary policy coefficient φπ for large ω. However, even with large ω
the monetary policy rule coefficients impact the relative sizes of the basins of attraction.24
To explore the implication, we present results from two counterfactual experiments. As
above, we take as given the exogenous shocks from the benchmark path and then estimate
the predicted paths under two scenarios: a small policy coefficient φπ = 1.005, and, a large
value φπ = 2.5. See Figure 8 where φπ = 2.5.
This counterfactual asks the question of what would have happened to the economy had
policymakers placed a substantially higher weight on reacting to inflation innovations. Panel
(c.) demonstrates that the effect of such a policy would have led to a higher fraction of nonRicardian agents, on average, throughout the sample period. During the 1960’s and 1970’s,
panel (b.) shows that the counterfactual effect would have been a counterfactually lower,
and less volatile, rate of inflation. However, during the 1990’s the counterfactual predicts
a large run up in the surplus-GDP ratio (see panel (d.), coinciding with a large fraction of
non-Ricardian agents who forecast future fiscal policy primarily using lagged surplus as a
predictor, leads to a large increase in both the inflation rate and a positive output gap. In
fact, the more aggressive monetary policy would lead to a counterfactually large economic
expansion. In a sense, the endogenous impact of the new policy rule on the extent of nonRicardian beliefs generates less price stability and strengthens the fiscal impact on inflation.
Now consider the counterfactual with φπ = 1.005, which is right at the edge of the active
monetary/passive fiscal determinacy region (Figure 9). In this counterfactual exercise, there
is a significant decrease in the fraction of agents with non-Ricardian beliefs throughout the
sample: see panel (c.). In fact, for large ω the more dovish monetary policy would lead
to n = 0 with all individuals and firms holding Ricardian beliefs. While this dovish policy
leads to economic outcomes closer to the Ricardian equilibrium, the policy achieves more
economic volatility. Since policymakers are less committed to price stability the result is
24

This can be established formally as the n̂ = Tω (n̂) equilibrium, in the multiple misspecification equilibrium case, shifts with policy coefficients.
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(a) Output gap.

(b) Inflation.

(c) Fraction of non-Ricardian.

(d) Surplus.

Figure 8: Counterfactual State Dynamics when φπ = 2.5.
substantially greater volatility and a large deflation/negative output gap during the 1990’s
as the surplus is increasing substantially.
Notice the nuanced trade-off faced by policymakers here. A monetary policy rule could
be tuned to be more, or less, hawkish. If policymakers had adopted a less hawkish policy
rule then the economy could have coordinated on a Ricardian regime for inflation. But,
a monetary policy rule that is less active against inflation would have led to greater economic volatility.25 If, instead, policymakers had pursued a more hawkish policy rule, then
inflation would have been non-Ricardian more often, again with possibly higher volatility.
This “goldilocks” prescription for monetary policy is a novel finding in the learning literature and suggests that learning models can illuminate a complex, nuanced trade-off faced by
25

This is a standard result in learning models: see result 5a in Eusepi and Preston (2018b).
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(a) Output gap.

(b) Inflation.

(c) Fraction of non-Ricardian.

(d) Surplus.

Figure 9: Counterfactual State Dynamics when φπ = 1.005.
policymakers.
We can dive deeper into the claim that more hawkish policy leads to stronger nonRicardian effects, on average, through further counterfactuals and a comparison of the histograms for nt , the fraction of non-Ricardian agents. To assess the claim, we again hold the
exogenous shocks fixed to their benchmark path, consider a variety of alternative policy rule
coefficients, and then plot the empirical distribution of nt .
Figure 10 plots the empirical distributions from the counterfactual exercises of setting the inflation reaction coefficient to a range of plausible values, in particular φπ =
1.5, 1.63, 2.0, 2.5.26 Evidently, a more hawkish monetary policy rule shifts the empirical
26

For expositional ease, we omit counterfactuals with φπ < 1.5, as these empirical distributions are tightly
concentrated near n = 0.
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Figure 10: Counterfactual empirical distribution of Ricardian beliefs when φπ
1.5, 1.63, 2.0, 2.5

=

distribution towards the right, i.e. more agents hold non-Ricardian beliefs. Notice as well,
the empirical distributions are bimodal and the spread between the peaks gets increases with
φπ . This empirical feature captures the regime-switching between basins of attraction driven
by the learning dynamics.
4.4.2

Fiscal policy

The theoretical results show that the region for which an n = 1 misspecification equilibrium
(i.e., all agents are non-Ricardian) exists is increasing in the fiscal policy coefficient φb ,
for moderate values of φb . We now study the economic implications from a counterfactual
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(a) Output gap.

(b) Inflation.

(c) Fraction of non-Ricardian.

(d) Surplus.

Figure 11: Counterfactual State Dynamics when φb = 0.10.
analysis of larger values for φb that lead to a greater extent of non-Ricardian beliefs.
Figure 11 confirms this prediction over the sample period. There is a higher average
fraction of n and the time period when n > 0.5 arrives earlier. By the end of the sample, the
counterfactual predicts that a fiscal rule with φb = 0.10 would have converged near the nonRicardian equilibrium, i.e. n∗ = 1. To understand the counterfactual economic implications
focus on the period during the late 1980’s and throughout the 1990’s. The φb = 0.10 fiscal
rule would have produced a counterfactually large primary surplus. This strengthens the incentives of agents to forecast with the surplus model and, consequently, produced temporary
equilibrium dynamics that are more non-Ricardian. This in turn produces counterfactually
large output gaps in line with lower expected paths of primary surpluses. The smaller stock
of debt would have produced much lower rates of inflation.
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5

Related literature

This paper is related to a large literature that examines monetary policy design when rational expectations are replaced with an adaptive learning rule. Key contributions include
Bullard and Mitra (2002), Evans and Honkapohja (2003), and Preston (2005). Typically
models in this literature endow agents with correctly specified forecast models and focus on
expectational stability of rational expectations equilibria as an equilibrium refinement and
desirable outcome for monetary policy rules. There has also been research that characterizes fiscal and monetary policy interaction, e.g., Leeper (1991) under adaptive learning (cf.,
Evans and Honkapohja, 2007; Branch et al., 2008). Gasteiger (2018) directly extends these
frameworks to include heterogeneous expectations, while Eusepi and Preston (2011, 2012)
study the implications in a sticky price model. Furthermore, Evans et al. (2012) examine
the conditions under which Ricardian equivalence holds or fails under adaptive learning.
The theory of restricted perceptions proposed here fits into a growing branch in the
literature that equips agents with plausibly misspecified forecasting models and proposes
equilibria in which beliefs are optimal within the restricted class, see Sargent (1999), Adam
(2005), Branch (2006), Branch and Evans (2006b), Sargent (2008), and Branch and McGough (2018). This paper builds on an insight from Woodford (2013) where an example of
a restricted perceptions equilibrium is considered that leads to a failure of Ricardian equivalence, in particular when agents forecast with the surplus-model even though the policy
regime is Ricardian. In short, this paper takes the theory of forecast misspecification in
Branch and Evans (2006b) into the Eusepi and Preston (2018a) environment with fiscal and
monetary policy interaction and generalizing the restricted perceptions beliefs in Woodford
(2013). Our approach is also closely related to Adam (2005), who, in a business cycle model,
imposes onto agents a choice between two forecasting models. One of these models is consistent with rational expectations, but only within a self-confirming equilibrium. Adam (2005)
shows that misspecified models can be sustained in equilibrium and this has implications for
the time-series properties of inflation and output. We also contribute to this literature by
providing some support for our theory of expectation formation using survey data, following
an extensive literature recently summarized in Coibion and Gorodnichenko (2018).
The theory is also closely related to Sargent (1999), Cho et al. (2002), and Williams
(2018). These papers all study the escape dynamics from self-confirming equilibria. Much
of the insight in this paper is related to the escape dynamics models. The dynamics in our
model are also closely related to Cho and Kasa (2015) and Cho and Kasa (2017), which make
innovations in applying large deviation theory to the problem of private sector model selection. In particular, Cho and Kasa (2017) develop a model of expectation formation where
agents have available two forecasting models, one of which is self-confirmed in an equilibrium
and the other is misspecified on and off the equilibrium path. Rather than selecting a single
model, each agent makes forecasts as a Bayesian average of the two forecasting models. They
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show that it is possible for an asset-pricing model to converge to the restricted perceptions
equilibrium with full probability weight assigned to the misspecified model. Here we also
have two models, one that can be self-confirmed along an equilibrium path and the other cannot. Our results show that an equilibrium can emerge where everyone has the misspecified
beliefs that, in the context of the model presented here, imply non-Ricardian equivalence.
Our paper is also related to a long-standing tradition of constructing equilibria with the
property that inflation is (partly) driven by fiscal policy. In his original contribution, Leeper
(1991) shows that an active fiscal policy, combined with a monetary policy not committed
to price stability, will generate inflation driven by fiscal variables, i.e., the “fiscal theory
of the price-level.” See also, Sims (1994), Cochrane (2001) and Woodford (2001). Recent
related research explain post-war U.S. inflation via recurrent change between non-Ricardian
and Ricardian policy regimes. Examples include Davig and Leeper (2006), Sims (2011), and
Bianchi and Ilut (2017). These papers also derive their results from an important role given
to non-Ricardian beliefs, which has two implications. First, when agents assign a positive
probability to changes from the Ricardian policy regime to the non-Ricardian policy regime,
then the beliefs imply failure of Ricardian equivalence and inflation is also a fiscal phenomenon. Second, as discussed in Leeper and Leith (2016), there may be an observational
equivalence between the Ricardian and non-Ricardian regimes that makes econometric identification of policy regimes elusive. Thus, it is open whether belief-driven regime change of
the type identified here is a plausible alternative. Lastly, our results do not suggest that policy regime change is an unimportant part of the inflation story. In fact more subtle changes,
within the Ricardian policy regime, can generate belief-driven regime change.
Finally, our theory here is inspired by, and builds on, Eusepi and Preston (2018a) who
show that replacing rational expectations with an adaptive learning rule produces temporary
equilibrium dynamics that feature departures from Ricardian equivalence. In addition, their
paper illustrates how the maturity structure of government debt has important implications
for inflation in a non-Ricardian belief economy. They also estimate a quantitative version
of their model and conduct counter-factual analyses that demonstrate that perceived net
wealth may be an especially important factor in high debt economies.

6

Conclusion

This paper proposes a theory of expectation formation, based on restricted perceptions, that
produces endogenously (non-)Ricardian beliefs. The building blocks of our paper come from
the theory of non-Ricardian beliefs when individuals have imperfect knowledge about the
long-run consequences of fiscal and monetary policy, first proposed by Eusepi and Preston
(2018a). We follow Woodford (2013) and give the households and firms restricted perceptions
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by allowing them to form expectations from models that include only a single fiscal variable –
either the existing stock of government bonds or the primary surplus – while model-consistent
rational expectations would condition on all relevant state variables. Despite the forecast
model misspecification, in a restricted perceptions equilibrium agents’ beliefs are optimal
within the restricted class. The set of forecast models entertained by agents are natural.
First, in complex forecasting environments with many state variables and potential degrees
of freedom limitations, forecasters typically embrace parsimonious models. Second, as we
show, the forecast models presented to agents are a natural formalization of endogenous
(non-)Ricardian beliefs. When all agents forecast with the “debt-model” then Ricardian
equivalence emerges as a self-confirming equilibrium. On the other hand, with some positive
fraction of “surplus-model” forecasters then Ricardian equivalence fails.
These results highlight the fragile nature of Ricardian equivalence and motivate our
central interest in focusing on misspecification equilibria as a refinement that endogenizes
the distribution of agents across these two forecasting models. We provide necessary and
sufficient conditions for (non-)Ricardian beliefs to emerge endogenously in a misspecification
equilibrium. Throughout, the government is committed to a policy regime where taxes
are adjusted to meet the government’s intertemporal obligations and monetary policy is
conducted via a Taylor rule. Our main theoretical results are as follows. If fiscal policy
adjusts the primary surplus sufficiently strongly to the existing stock of government debt
(while still remaining passive) then the non-Ricardian equilibrium can emerge as the unique
misspecification equilibrium. Conversely, a weaker adjustment of the surplus leads to a
unique Ricardian equilibrium. For some parameterizations of the model it is also possible
for there to exist multiple misspecification equilibria, with the simultaneous existence of
Ricardian and non-Ricardian equilibria.
This latter result motivates the quantitative exercise presented in the paper. Using the
estimates in Eusepi and Preston (2018a), we show that multiple equilibria may exist in
the U.S. economy and a real-time learning formulation where beliefs endogenously switch
between the Ricardian and non-Ricardian belief regimes provide an alternative interpretation
to the findings of regime-switching monetary/fiscal policy explanation of inflation in the U.S.
We estimate the extent of (non-)Ricardian beliefs using the data-implied predicted paths of
the endogenous state variables. Our estimates lead us to conclude that time-varying nonRicardian beliefs is a potentially important component of U.S. inflation dynamics.
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A
A.1

Methodological framework
Computation of the restricted perceptions equilibrium

For a given distribution of PLMs, n, for all versions of the model the RPE can be computed
in a similar way. First, we can re-organize the ALM to obtain
yt = δ0 bt+1 + δ1 bt + δ2 st + δ3 ut
bt+1 = ξ1 bt + ξ2 st + ξ3 ut .

(A.1.1)
(A.1.2)

Moreover, we can aggregate (10) and combine it with (4), (D.4), (A.1.1) and (A.1.2) to
obtain
vt =µv,1 bt + µv,2 st + µv,3 ut ,

(A.1.3)

and (D.4), (3), (A.1.1) and (A.1.2) imply that
p∗t =µp,1 bt + µp,2 st + µp,3 ut .

(A.1.4)

Next, recall that PLMs are given by
zt = ψ s st−1 + ηt
zt = ψ b bt−1 + ηt ,
where zt ≡ (vt , p∗t )0 , ψ s ≡ (ψvs , ψps )0 , ψ b ≡ (ψvb , ψpb )0 and ηt ≡ (ηv,t , ηp,t )0 . This implies four
orthogonality conditions that can be written as
!

0 = E[st−1 ηt ] = E[st ηt+1 ]

(A.1.5)

!

0 = E[bt−1 ηt ] = E[bt ηt+1 ].
Now, plug the PLM and ALM into (A.1.5), i.e.,
!

0 = E[st ηt+1 ] = E[st (zt+1 − ψ s st )]
⇔ ψ s E[s2t ] = E[st zt+1 ].

(A.1.6)

Equation by equation, we obtain
⇔ ψvs E[s2t ] = E [st (µv,1 bt+1 + µv,2 st+1 + µv,3 ut+1 )]
ψvs E[s2t ] = µv,1 E [st bt+1 ] + µv,2 E [st st+1 ] + µv,3 E [st ut+1 ]
E[st bt+1 ]
E[st st+1 ]
E[st ut+1 ]
⇔ ψvs = µv,1
+ µv,2
+ µv,3
2
2
E[st ]
E[st ]
E[s2t ]
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and

(A.1.7)

⇔ ψps E[s2t ] = E [st (µp,1 bt+1 + µp,2 st+1 + µp,3 ut+1 )]
ψps E[s2t ] = µp,1 E [st bt+1 ] + µp,2 E [st st+1 ] + µp,3 E [st ut+1 ]
E[st bt+1 ]
E[st st+1 ]
E[st ut+1 ]
⇔ ψps = µp,1
+ µp,2
+ µp,3
.
2
2
E[st ]
E[st ]
E[s2t ]

(A.1.8)

Likewise plug the PLM and ALM into (A.1.6), i.e.,
!

0 = E[bt ηt+1 ] = E[bt (zt+1 − ψ b bt )]
⇔ ψ b E[b2t ] = E[bt zt+1 ].
Again, equation by equation, we obtain
⇔ ψvb E[b2t ] = E [bt (µv,1 bt+1 + µv,2 st+1 + µv,3 ut+1 )]
ψvb E[b2t ] = µv,1 E [bt bt+1 ] + µv,2 E [bt st+1 ] + µv,3 E [bt ut+1 ]
E[bt bt+1 ]
E[bt st+1 ]
E[bt ut+1 ]
⇔ ψvb = µv,1
+ µv,2
+ µv,3
2
2
E[bt ]
E[bt ]
E[b2t ]
⇔ ψpb E[b2t ] = E [bt (µp,1 bt+1 + µp,2 st+1 + µp,3 ut+1 )]

and

ψpb E[b2t ] = µp,1 E [bt bt+1 ] + µp,2 E [bt st+1 ] + µp,3 E [bt ut+1 ]
E[bt st+1 ]
E[bt ut+1 ]
E[bt bt+1 ]
+ µp,2
+ µp,3
.
⇔ ψpb = µp,1
2
2
E[bt ]
E[bt ]
E[b2t ]

(A.1.9)

(A.1.10)

The next step is to compute the moments. For this purpose, it is convenient to combine
(A.1.2) and (5) in a VAR(1), i.e.,

 

 



ξ3 0
ut
ξ1 0
bt
bt+1
1 −ξ2
(A.1.11)
+
=
zt
st−1
0 1
st
φb 0
0 1
⇔ Yt = AYt−1 + Cεt ,

(A.1.12)

where Yt ≡ (bt+1 , st )0 and εt ≡ (ut , zt )0 .
Define the variance-covariance matrix Ω ≡ E[Yt Yt0 ] and likewise Σ ≡ E[εt ε0t ]. Then we
can compute
0
Ω = E[(AYt−1 + Cεt )(AYt−1 + Cεt )0 ] = AE[Yt−1 Yt−1
]A0 + CE[εt ε0t ]C0
Ω = AΩA0 + CΣC0

⇔ vec(Ω) = [I − A ⊗ A]−1 (C ⊗ C) vec(Σ)
0
Moreover, the auto-covariance matrix is defined as E[Yt Yt−1
], thus
0
0
0
0
E[Yt Yt−1
] = E[(AYt−1 Yt−1
+ Cεt Yt−1
)] = AE[Yt−1 Yt−1
] = AΩ.
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Notice that

Ω=

E[b2t+1 ] E[bt+1 st ]
E[st bt+1 ]
E[s2t ]




,

AΩ =

E[bt+1 bt ] E[bt+1 st−1 ]
E[st bt ]
E[st st−1 ]


.

(A.1.13)

Recall definitions Γsb ≡ E[bt+1 st ]/E[s2t ] and Γbb ≡ E[bt+1 bt ]/E[b2t ] as well as E[bt+1 st ] =
E[st bt+1 ], E[bt+1 bt ] = E[bt bt+1 ], E[st+1 st ] = E[st st+1 ], and that E[st ut+1 ] = E[bt ut+1 ] =
0. Moreover, recall that (5) implies that E[st st+1 ] = φb E[st bt+1 ] and that E[bt st+1 ] =
φb E[bt bt+1 ]. Thus, we can rewrite (A.1.7), (A.1.8), (A.1.9) and (A.1.10) as
ψvs (n) =µv,1 Γsb + µv,2 φb Γsb
ψps (n) =µp,1 Γsb + µp,2 φb Γsb

(A.1.14)
(A.1.15)

ψvb (n) =µv,1 Γbb + µv,2 φb Γbb

(A.1.16)

ψpb (n) =µp,1 Γbb + µp,2 φb Γbb .

(A.1.17)

These conditions can be solved for ψvs (n), ψps (n), ψvb (n), and ψpb (n). In case for sb > 0,
this can only be achieved numerically as matrices A and C in (A.1.12) also depend on these
coefficients.

A.2

Computation of the misspecification equilibrium

Recall the objective (12). We combine (A.1.3) and (A.1.4) to
zt = µb bt + µs st + µu ut ,

(A.2.1)

where zt ≡ (vt , p∗t )0 , µb ≡ (µv,1 , µp,1 )0 , µs ≡ (µv,2 , µp,2 )0 , and µu ≡ (µv,3 , µp,3 )0 . Moreover, we
have
E s [zst ] = ψ s (n)st ,
E

b

[zbt ]

and

b

= ψ (n)bt .

(A.2.2)
(A.2.3)

Thus, we can use (A.2.1) and (A.2.2) to compute
(zt − E s [zst ]) = µb bt + µs st + µu ut − ψ s (n)st .
Under the assumption E[bt ut ] = E[st ut ] = 0, it follows that
E[(zt − E s [zst ])0 (zt − E s [zst ])] = E[[b0t µ0b + s0t µ0s + u0t µ0u − s0t ψ s (n)0 ] [µb bt + µs st + µu ut − ψ s (n)st ]]
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E[(zt − E s [zst ])0 (zt − E s [zst ])] = (µ0b µb )E[b2t ]
+ [µ0s µs + ψ s (n)0 ψ s (n) − µ0s ψ s (n) − ψ s (n)0 µs ]E[s2t ]
+ (µ0u µu )E[u2t ] + [µ0b µs − µ0b ψ s (n) + µ0s µb − ψ s (n)0 µb ]E[bt st ].
In consequence, we obtain

EU s = − (µ0b µb )E[b2t ] + [µ0s µs + ψ s (n)0 ψ s (n) − µ0s ψ s (n) − ψ s (n)0 µs ]E[s2t ]

+(µ0u µu )E[u2t ] + [µ0b µs − µ0b ψ s (n) + µ0s µb − ψ s (n)0 µb ]E[bt st ] .
Likewise, we can use (A.2.1) and (A.2.3) to compute
(zt − E b [zbt ]) = µb bt + µs st + µu ut − ψ b (n)bt .
Therefore it follows that



E[(zt − E b [zbt ])0 (zt − E b [zbt ])] = E[ b0t µ0b + s0t µ0s + u0t µ0u − b0t ψ b (n)0 µb bt + µs st + µu ut − ψ b (n)bt ]
Again we use the assumption E[bt ut ] = E[st ut ] = 0 to obtain
E[(zt − E b [zbt ])0 (zt − E b [zbt ])] = [µ0b µb + ψ b (n)0 ψ b (n) − µ0b ψ b (n) − ψ b (n)0 µb ]E[b2t ] + (µ0s µs )E[s2t ]
+ (µ0u µu )E[u2t ] + [µ0b µs + µ0s µb − µ0s ψ b (n) − ψ b (n)0 µs ]E[bt st ].
In consequence

EU b = − [µ0b µb + ψ b (n)0 ψ b (n) − µ0b ψ b (n) − ψ b (n)0 µb ]E[b2t ] + (µ0s µs )E[s2t ]

+(µ0u µu )E[u2t ] + [µ0b µs + µ0s µb − µ0s ψ b (n) − ψ b (n)0 µs ]E[bt st ] .
Finally, one can define F (n) : [0, 1] → R as F (n) ≡ EU s − EU b , thus


F (n) = ψ b (n)0 ψ b (n) − µ0b ψ b (n) − ψ b (n)0 µb E[b2t ]
+ [µ0s ψ s (n) + ψ s (n)0 µs − ψ s (n)0 ψ s (n)] E[s2t ]


+ ψ s (n)0 µb + µ0b ψ s (n) − ψ b (n)0 µs − µ0s ψ b (n) E[bt st ].
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B
B.1

Proofs
Proof of Proposition 1

The proof to Proposition 1 is straightforward, but relies on the existence of a unique restricted
perceptions equilibrium for an open set of n. The following Lemma provides the necessary
and sufficient conditions for a unique RPE to exist.
Before stating the proposition, note first that the temporary equilibrium equations can
be written in the form of an expectational difference equation:


bt
Xt = A
+ B Êt Xt+1 + Cˆt
st
where ˆt is a vector of white
and A, B, C are conformable. Further, denote
  noise shocks
0
bt
bt−1
, and ej is a (1 × 2) unit vector with a 1 in the jth
EXt Xt0 = Ω, Γ1 = E
st
st−1
element.
Lemma 1 A unique restricted perceptions equilibrium exists for all n if and only if
4 ≡ det (I4 − P 0 ⊗ B) 6= 0
where

i
h
−1
−1
P = Γ01 ne01 (e1 Ωe01 ) e1 + (1 − n)e02 (e2 Ωe02 ) e2

Proof. In an RPE

Eej

bt−1
st−1



0
bt−1
j
Xt − ψ e j
=0
st−1

After plugging in for aggregate expectations into the expectational difference equation


bt
Xt = ξ
+ Cˆt
st
where
ξ = A + nBψ s e1 + (1 − n)Bψ b e2
Using this notation,
ψ

j0

=

−1
ej Ωe0j

=

ej Ωe0j

−1
49


Eej
ej Γ1 ξ 0

bt−1
st−1



Xt0

After plugging in for ψ s , ψ b into ξ:
h
i
0
0
0 −1
0
0 −1
ξ = A + Bξγ1 ne1 (e1 Ωe1 ) e1 + (1 − n)e2 (e2 Ωe2 ) e2
⇔ ξ = A + BξP
It follows that
vec(ξ) = vec(A) + (P 0 ⊗ B) vec(ξ)
Finally, the RPE coefficient is given by
−1

vec(ξ) = (I4 − (P 0 ⊗ B))

vec(A)

and the stated conditions provides necessary and sufficient conditions for a unique ξ.
Proof of Proposition 1.
The existence of a set of fixed points n∗ = Tω (n∗ ) follow directly from applying Brouwer’s
theorem, since Tω : [0, 1] → [0, 1] and F (n) is continuous provided there exists an RPE.
Lemma 1 provides the requisite necessary and sufficient conditions. To complete the proof,
we simply require establishing the existence of a unique RPE for an open set of n. This is
straightforward as for n = 0 or n = 1 implies that 4 = 0 and ξ is continuous in n.

B.2

Proof of Proposition 2 (Extrinsic Heterogeneity)

Proof.
From the simplifications made in Section 3 it follows that (6) becomes
bt+1 = β −1 (bt − st ),
−1

(B.2.1)
−1

which can be written as (A.1.2) with ξ1 ≡ β , ξ2 ≡ −β , and, ξ3 = 0. Moreover,
expectations are heterogeneous. Therefore (11) becomes
Z 1
i
bti vt+1
yt = (1 − β)bt+1 +
E
di = (1 − β)bt+1 + nψvs st + (1 − n)ψvb bt ,
(B.2.2)
0

for given expectations on

{p∗t (j), vti },

i.e.,

bivi
vti = (1 − β)(bt+1 − bt ) + E
t t+1
Z 1
Z 1
i
bti vt+1
vti di = vt = (1 − β)(bt+1 − bt ) +
E
di
0

0

= (1 − β)(bt+1 − bt ) + nψvs st + (1 − n)ψvb bt
⇔ vt = yt − (1 − β)bt
p∗t (j) = 0.
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(B.2.3)
(B.2.4)

Thus, coefficients in (A.1.1) are given by δ0 ≡ (1 − β), δ1 ≡ (1 − n)ψvb , δ2 ≡ nψvs , and,
δ3 = 0. Moreover, we can combine (B.2.3) with (B.2.1) and (B.2.2) to obtain (A.1.3) with
coefficients µv,1 ≡ [(β −1 − 1) − (1 − β) + (1 − n)ψvb ], µv,2 ≡ nψvs − (β −1 − 1), and, µv,3 = 0.
The ALM is then given by (B.2.1) and (B.2.2) to (B.2.4). Coefficients in (13) and (14)
are required to satisfy the orthogonality conditions (A.1.7) and (A.1.9) respectively.
Under PF, i.e., assumption (7), we have 0 < β −1 (1 − φb ) < 1 and (bt ) follows a stationary AR(1) process. Thus, we can compute the unconditional moments following the steps
outlined in (A.1.11) to (A.1.13) and we obtain
Γbb =

E[bt+1 bt ]
= β −1 (1 − φb ),
E[b2t ]

(B.2.5)

where the linear projection E[bt+1 ] = Γbb bt satisfies orthogonality condition (A.1.9). Likewise
we can compute
Γsb ≡

E[bt+1 st ]
−β −1 (1 − β 2 − φb )
=
,
E[s2t ]
1 − β 2 − 2φb

(B.2.6)

where the linear projection E[bt+1 ] = Γsb st satisfies orthogonality condition (A.1.7).
Thus, we can obtain (A.1.14) and (A.1.16) as
ψvs = [(β 1 − 1) − (1 − β) + (1 − n)ψvb ]Γsb + [nψvs − (β 1 − 1)]φb Γsb
ψvb = [(β 1 − 1) − (1 − β) + (1 − n)ψvb ]Γbb + [nψvs − (β 1 − 1)]φb Γbb .
Rearranging terms yields
ψvs = [(β 1 − 1)(1 − β − φb )]Γsb + [φb nψvs + (1 − n)ψvb ]Γsb

(B.2.7)

ψvb

(B.2.8)

1

= [(β − 1)(1 − β −

φb )]Γbb

+

[φb nψvs

+ (1 −

n)ψvb ]Γbb .

Clearly, n = 0 implies that (B.2.8) collapses to (B.3.3) below and n = 1 implies that (B.2.7)
collapses to (B.4.3) below.
Thus, we can solve for
⇔ ψvs (n) =

(1 − β 2 − φb )β −1 (1 − β)
(1 − β)Γsb (1 − β − φb )


=
[1 − β 2 − n(1 + β − φb ) − 2φb ]
β 1 − φb nΓsb + (1 − n)Γbb

⇔ ψvb (n) =

(1 − β)Γbb (1 − β − φb )
−(1 − β 2 − 2φb )(1 − φb )β −1 (1 − β)


=
.
[1 − β 2 − n(1 + β − φb ) − 2φb ]
β 1 − φb nΓsb + (1 − n)Γbb

This proves Proposition 2.
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B.3

Proof of Corollary 1 (Weak Ricardian Equivalence)

Proof.
Suppose that all agents have PLM (14). Then the TE dynamics are still governed by
(B.2.1). Moreover, (11) is given by
yt = (β −1 − 1)(bt − st ) + ψvb bt .

(B.3.1)

Thus, coefficients in (A.1.1) are given by δ0 ≡ (1 − β), δ1 ≡ ψvb , δ2 = 0, and, δ3 = 0.
Given homogeneous beliefs based on (14), i.e., vti = vt , ∀i, the implications for (10) are
vti = (1 − β)vti + (1 − β)β[bt+1 − bt ] + βψvb bt
βvti = (1 − β)β[β −1 (bt − st ) − bt ] + βψvb bt
vti = (1 − β)[β −1 (bt − st ) − bt ] + ψvb bt
vti = (β −1 − 1)(bt − st ) + ψvb bt − (1 − β)bt
vti = yt − (1 − β)bt .

(B.3.2)

The ALM is then given by (B.2.1), (B.3.1) and (B.3.2).
R
Now we can apply vt ≡ vti di to (B.3.2) and combine it with (B.3.1) to obtain (A.1.3)
with coefficients µv,1 ≡ [(β −1 − 1) − (1 − β) + ψvb ], µv,2 ≡ −(β −1 − 1), and, µv,3 = 0.
Due to (B.2.5), (A.1.16) is given by


ψvb = (β −1 − 1)(1 − β − φb ) + ψvb Γbb


0 = ψvb − (β −1 − 1)(1 − β − φb ) + ψvb Γbb ,

(B.3.3)

and ψvb in (15) follows.
Notice that (B.3.1) together with (5) and (15) imply that
yt = −(β −1 − 1)zt ,
thus, Ricardian equivalence holds in the sense that yt depends not on bt , but only zt . Despite
transitory effects of the surplus shock on aggregate output, there are no real effects of public
debt. This proves Corollary 1.

B.4

Proof of Corollary 2 (Woodford (2013))

Proof.
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Suppose n = 1, i.e., all agents use PLM (13). In this case, (B.2.1) and (B.3.2) remain
the same, however (11) becomes
yt = −σ(φπ πt ) + (1 − β)β −1 (bt − st ) + ψvs st
yt = (β −1 − 1)(bt − st ) + ψvs st ,

(B.4.1)
(B.4.2)

where (B.4.1) can be written as (A.1.1) with δ0 ≡ (1 − β), δ1 = 0, δ2 ≡ ψvs , and, δ3 = 0.
R
The ALM is then given by (B.2.1), (B.4.2) and (B.3.2). Thus, we can apply vt ≡ vti di
to (B.3.2) and combine it with (B.4.2) to obtain (A.1.3) with coefficients µv,1 ≡ [(β −1 − 1) −
(1 − β)], µv,2 ≡ ψvs − (β −1 − 1), and, µv,3 = 0.
Using (B.2.6), we obtain


ψvs = (β −1 − 1)(1 − β − φb ) + ψvs φb Γsb
(1 − β)(1 − β − φb )Γsb
β −1 (1 − β)(1 − β 2 − φb )
⇔ ψvs =
=
−
β(1 − φb Γsb )
(β + β 2 + φb )
⇔ ψvs < β −1 − 1.

(B.4.3)
(B.4.4)
(B.4.5)

From (B.4.2), (5) and (B.4.4) to (B.4.5) follows that




yt = (β −1 − 1)(1 − φb ) + φb ψvs bt − (β −1 − 1) − ψvs zt




(1 − β)(1 + β − φb )
yt =
bt − (β −1 − 1) − ψvs zt .
β(1 + β) + φb
Thus, as yt depends on bt , Ricardian equivalence fails. This proves Corollary 2.

B.5

Proof of Theorem 1

Proof.
Recall that in this simplified version of the model (A.1.3) is given with coefficients µv,1 ≡
[(β −1 − 1) − (1 − β) + (1 − n)ψvb ], µv,2 ≡ nψvs − (β −1 − 1), and, µv,3 = 0. Moreover,
µp,1 = µp,2 = µp,3 = 0.
We can compute F (n) as outlined in Appendix A.2 above. We can also express F (n)
explicitly by plugging in, i.e.,


(1 − β)2 σz2
F (n) =
×
(B.5.1)
β 2 (1 − β 2 − n(1 + β − φb ) − 2φb )2

2n(1 − β 2 − φb )(2(1 − φb ) + β(1 − β)) − (1 − β 2 − 2φb )(4(1 − φb ) − β(2 + 3β))
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where σz2 ≡ E[zt zt ]. From (B.5.1) one can observe that the denominator of F (n) is always
positive and whether F (n) is positive or negative depends on the numerator. Then it is
straight-forward to verify Corollary 3 and therefore to prove Theorem 1.

B.6

Proof of Corollary 4

Proof.
In the simple case of Corollary 2, we find that


2
2
2
2 2n(1 − β − φb )(2(1 − φb ) + β(1 − β)) − (1 − β − 2φb )(4(1 − φb ) − β(2 − 3β))
F (n) = σz (1−β)
β 2 (β 2 + n(1 + β − φb ) + 2φb − 1)2
To prove the result, it suffices to provide conditions under which F (n) is monotonically
increasing in n. In this case, Tω (n) is monotonically increasing on [0, 1] and, therefore
according to the intermediate value theorem, Tω (n) has 3 fixed points, and for 0 < ω, ∞
they satisfy 0 < n∗l < n̂ < n∗h < 1, with F (n̂) = 0.
To prove the sufficient conditions for monotonicity, first compute
h
3 i−1
F 0 (n) = 2 β 2 −1 + β 2 + n (1 + β − φb ) + 2φb



×
−1 + β 2 + 2φb −n (1 + β − φb ) −2 − β + β 2 + 2φb

− 4β 2 + β 4 + β (φb − 1) − 2 (φb − 1)2 + β 2 (6φb − 4)
Tedious algebra shows that F 0 (n) is monotonically increasing in n provided that φ < φb φ̄
e
where φ is the exact 2nd root of the polynomial
e


3
2z − 13β 2 − β + 4 z 2 + 2 − 3β + 15β 2 + 11β 3 − 9β 4 z + 2β − 4β 2 − 7β 3 + 5β 4 + 5β 5 − β 6
and, φ > φ for all .0882 < β < 1.
e

B.7

Proof of Proposition 3

Proof.
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The TE dynamics in this case are (B.2.1),
yt = −σφπ πt + (1 − β)bt+1 + nψvs st + (1 − n)ψvb bt
Z
btj p∗ (j)dj
πt = κyt + ut + (1 − α)β E
t+1


= κyt + ut + (1 − α)β nψps st + (1 − n)ψpb bt

(B.7.1)

(B.7.2)

for given expectations on {p∗t (j), vti }, i.e.,
vt = (1 − β)(bt+1 − bt ) − σ(φπ − 1)πt + nψvs st + (1 − n)ψvb bt
btj p∗ (j)
p∗t (j) = (1 − α)p∗t + (1 − αβ) [ξyt + µt ] + αβ E
t+1
Z 1
Z 1
(1 − αβ)
btj p∗ (j)dj
p∗t (j)dj = p∗t =
[ξyt + µt ] + β
E
t+1
α
0
0


p∗t = (1 − α)−1 [κyt + ut ] + β nψps st + (1 − n)ψpb bt


(1 − α)−1 πt = (1 − α)−1 [κyt + ut ] + β nψps st + (1 − n)ψpb bt


πt = κyt + ut + (1 − α)β nψps st + (1 − n)ψpb bt .

(B.7.3)
(B.7.4)

(B.7.5)

The ALM is then given by (13) to (14), (B.2.1), (B.7.1), (B.7.2), (B.7.3), and (B.7.4) to
(B.7.5) for given policy (5) and (6).
Next, we can combine (B.7.1) and (B.7.2) to obtain (A.1.1) with coefficients

(1 − n) ψvb − σφπ (1 − α)βψpb
(1 − β)
δ0 ≡
, δ1 ≡
,
(1 + σφπ κ)
(1 + σφπ κ)

n ψvs − σφπ (1 − α)βψps
−σφπ
δ2 ≡
, δ3 ≡
.
(1 + σφπ κ)
(1 + σφπ κ)
Moreover, we use (A.1.1) to eliminate yt in (B.7.5), i.e.,


πt =κ [δ0 bt+1 + δ1 bt + δ2 st + δ3 ut ] + ut + (1 − α)β nψps st + (1 − n)ψpb bt




πt = κδ1 + (1 − α)β(1 − n)ψpb bt + κδ2 + (1 − α)βnψps st
+ [κδ3 + 1] ut + κδ0 bt+1 .

(B.7.6)
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Furthermore, we use (A.1.1), (A.1.2) and (B.7.6) to eliminate πt , yt and bt+1 in (B.7.3), i.e.,


vt = (1 − n)ψvb − (1 − β) bt + nψvs st − σ(φπ − 1)πt + (1 − β)bt+1



vt = (1 − n)ψvb − (1 − β) − σ(φπ − 1) κδ1 + (1 − α)β(1 − n)ψpb bt



+ nψvs − σ(φπ − 1) κδ2 + (1 − α)βnψps st
− σ(φπ − 1) [κδ3 + 1] ut
+ [(1 − β) − σ(φπ − 1)κδ0 ] bt+1



vt = (1 − n)ψvb − (1 − β) − σ(φπ − 1) κδ1 + (1 − α)β(1 − n)ψpb bt



+ nψvs − σ(φπ − 1) κδ2 + (1 − α)βnψps st
− σ(φπ − 1) [κδ3 + 1] ut
+ Ξ [ξ1 bt + ξ2 st + ξ3 ut ] ,

where

Ξ ≡ [(1 − β) − σ(φπ − 1)κδ0 ] .

More concise, this is (A.1.3) with coefficients




µv,1 ≡ (1 − n)ψvb − (1 − β) − σ(φπ − 1) κδ1 + (1 − α)β(1 − n)ψpb + ξ1 Ξ




µv,2 ≡ nψvs − σ(φπ − 1) κδ2 + (1 − α)βnψps + ξ2 Ξ
µv,3 ≡ [ξ3 Ξ − σ(φπ − 1) [κδ3 + 1]] .
Moreover, we use (A.1.2) to eliminate bt+1 in (B.7.6), i.e.,




πt = κδ1 + (1 − α)β(1 − n)ψpb bt + κδ2 + (1 − α)βnψps st + [κδ3 + 1] ut
+ κδ0 [ξ1 bt + ξ2 st + ξ3 ut ] ,
which, can be used to obtain (A.1.4) with coefficients


µp,1 ≡ κ (δ1 + δ0 ξ1 ) + (1 − α)β(1 − n)ψpb /(1 − α)


µp,2 ≡ κ (δ2 + δ0 ξ2 ) + (1 − α)βnψps /(1 − α)
µp,3 ≡ [κ (δ3 + δ0 ξ3 ) + 1] /(1 − α).
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Thus, we can obtain (A.1.14), (A.1.15), (A.1.16) and (A.1.17) as




(1 − β)Γsb (1 + κσ)(1 − φb ) + β 2 φb nΓsb + (1 − n)Γbb − β 1 + (1 − φb ) φb nΓsb + (1 − n)Γbb + κσφπ




β 1 − φb nΓsb + (1 − n)Γbb 1 + κσ + β 1 − φb nΓsb + (1 − n)Γbb
+ κσφπ


2
= (1 − β − φb )(1 − β) n(1 + β − φb )(1 − β − φb )2 + (1 − β 2 − 2φb ) (φb (1 − β − φb ) − κσ(φb + (βφπ − 1))) /D

ψvs (n) =


D ≡β −n2 (β 2 − (1 − φb )2 )2 + n(1 + β − φb )(1 − β − φb )(1 − β 2 − 2φb )(1 − β − κσ − 2φb )

+(1 − β 2 − 2φb )2 (φb (1 − β − φb ) − κσ(φb + (βφπ − 1)))


(1 − β)Γsb κ 1 − φb − β φb nΓsb + (1 − n)Γbb




(1 − α)β 1 − φb nΓsb + (1 − n)Γbb 1 + κσ + β 1 − φb nΓsb + (1 − n)Γbb
+ κσφπ


= (1 − β 2 − φb )n(1 − β)κ(1 + β − φb )(1 − β − φb ) / [(1 − α)D]

ψps (n) =





(1 − β)Γbb (1 + κσ)(1 − φb ) + β 2 φb nΓsb + (1 − n)Γbb − β 1 + (1 − φb ) φb nΓsb + (1 − n)Γbb + κσφπ




β 1 − φb nΓsb + (1 − n)Γbb 1 + κσ + β 1 − φb nΓsb + (1 − n)Γbb
+ κσφπ

2
2
= −(1 − φb )(1 − β − φb )(1 − β) n(1 + β − φb )(1 − β − φb )

+(1 − β 2 − 2φb ) (φb (1 − β − φb ) − κσ(φb + (βφπ − 1))) /D

ψvb (n) =



(1 − β)Γbb κ 1 − φb − β φb nΓsb + (1 − n)Γbb




(1 − α)β 1 − φb nΓsb + (1 − n)Γbb 1 + κσ + β 1 − φb nΓsb + (1 − n)Γbb
+ κσφπ


= −(1 − φb )(1 − β 2 − φb )n(1 − β)κ(1 + β − φb )(1 − β − φb ) / [(1 − α)D] .

ψpb (n) =

Based on the coefficients above, we can compute F (n) as outlined in Appendix A.2 above.
Taking the limit as σ → 0, and simplifying, produces the result in the text.

C

Connection to rational expectations/transitional learning dynamics: details

In this subsection, we address this concern through the lens of econometric learning, e.g.,
Evans and Honkapohja (2001), and relax the parsimony assumption by assuming that agents
form their expectations via a correctly specified model
vt = ψ s st + ψ b bt .
We continue to maintain the imperfect knowledge assumptions, including not a priori imposing Ricardian beliefs, and further assume that the belief coefficients ψ s , ψ b are real-time
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estimates from a constant gain learning model, a form of discounted least-squares. With this
perceived law of motion, the actual law of motion implied by these beliefs can be written as


 st

s
b 0
− 1/ 1 + σ −1 φ−1
gt ,
vt = S ψ , ψ
y
bt
where
s

S ψ ,ψ

b



1
=
1 + σφy


β −1



−β−1 ψ s φb + ψ b + 1 − β
.
ψ s φb + ψ b + (1 − β) (β −1 − 1) − σφy (1 − β)

The S-map has the usual interpretation: given a perceived law of motion with coefficients
(ψ s ψ b )0 the corresponding
coefficients in the actual law of motion implied by these beliefs

s
b
are S ψ , ψ . A rational expectations equilibrium is a fixed point of the “S-map”, i.e.,
Θ∗ = S(Θ∗ ), Θ0 = (ψ s , ψ b ).
We can solve for the “mean dynamics” associated to the constant gain learning dynamics
as a (small gain) approximation to the expected transitional learning dynamics. Adapting
the stochastic recursive approximation results in Evans and Honkapohja (2001) it is possible
to show that, across sequences of increasingly smaller gain parameters, the learning dynamics weakly converge to the expected path for Θ given by the following system of ordinary
differential equations (O.D.E.’s)
Θ̇ = R−1 M (S (Θ) − Θ)
Ṙ = M − R,
where


M =E

st
bt





st b t



.

The mean dynamics are the solution path, for a given initial condition Θ(0), to this system
of O.D.E.’s.
The mean dynamics are useful for understanding the qualitative nature of learning dynamics. Standard results in the literature show that constant gain learning dynamics are
distributed asymptotically normal with a mean equal to the rational expectations equilibrium values and a variance that is proportional to the size of the gain parameter. Over time,
one can expect with high probability to see coefficient estimates Θ that fluctuate around Θ∗ .
The response of Θ to a particular sequence of unlikely shocks is described by the “escape
dynamics”, which provide the “most likely unlikely” path away from the rational expectations equilibrium, and then the mean dynamics describe the transition path back to the
equilibrium.27 The escape dynamics, therefore, can be thought of as re-initializing the mean
27

See Williams (2018) for details and a comprehensive set of results and toolkit on escape dynamics in
constant gain learning models.
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dynamics. We can use different starting values for the mean-dynamics to characterize the
type of learning paths that we might actually observe.
We use these insights to show that the learning dynamics in the case of fully specified
perceived laws of motion will be drawn, for a finite stretch of time, towards the n = 1
restricted perceptions equilibrium. The mean dynamics are derived from a continuous time
approximation of the real-time learning dynamics and the application of a law of large
numbers, however, it is straightforward to convert the notional time in the O.D.E. to actual
discrete time according to t = γ −1 τ γ , so that a small constant gain, γ, corresponds to a long
stretch of real time.
Figure 12 plots the mean dynamics for a particular illustrative parameterization: φy =
0.5, φb = 0.9, σ = 2, σz2 = 1.28 We then choose initial values for the ψ s , ψ b that are both
above their rational expectations equilibrium values. The mean dynamics O.D.E. is then
solved and Figure 12 plots the expected learning path (ψ s shown). The experiment is to
imagine an “escape” that has driven beliefs above their rational expectations equilibrium
values and use the solution to the mean dynamics O.D.E. to trace out how the economy is
most likely to respond.
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Figure 12: Expected learning dynamics for a correctly specified forecast model
The figure plots (solid line) the expected transition path for ψ s while the the dashed
line is the value in an n = 1 restricted perceptions equilibrium, that is the value for ψ s and
ψ b that would arise in an n = 1 RPE. The learning dynamics are expected to eventually
28

For expositional ease, we present an example where the RPE and REE values are starkly far apart.
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converge to the rational expectations equilibrium. However, with a small constant gain, that
speed of convergence can be quite slow. Interestingly, along the transition path for ψ s , the
beliefs hover for a finite stretch of time at its n = 1 RPE. This coincides with a path for ψ b
(not shown) that is also drifting down towards its RPE value. As the path for ψ b continues to
transition towards its REE value, this draws ψ s away from its RPE value and back towards
the rational expectations equilibrium.
We conclude from Figure 12 that even if agents did not face any computational/cognitive
constraints the RPE is a relevant concept as we can expect recurrent escapes near a nonRicardian equilibrium even when all agents in the economy form forecasts from a correctly
specified model. Moreover, for small gains γ, the economy will persist near the RPE for long
stretches of time. These dynamics are reminiscent of Cho and Kasa (2017).
The mean dynamics in Figure 12 also help to better understand the connection between
this paper and Eusepi and Preston (2018a). In their model, beliefs nest the rational expectations equilibrium however the agents attempt to learn about the long-run stances of
fiscal and monetary policy. They show how learning dynamics can generate fluctuations
with non-Ricardian effects. These non-Ricardian effects are strengthened in economies with
a high steady state debt/output ratio. The theory of expectation formation here emphasizes
restricted perceptions which require the agents to estimate the relevant auto- and crosscovariances which, in combination, gives scope for escape dynamics. Therefore, the theory
in this paper is complementary to theirs, while providing an equilibrium explanation for the
phenomenon of non-Ricardian beliefs.

D

Additional Model Details

This Appendix provides additional details on the model and its derivations. The reader is
referred to Woodford (2013) for more complete details. All parameters and variables are
explained in the paper above.
Households. Woodford (2013) derives an individual’s consumption function,
cit

= (1 −

β)bit

+

∞
X

β T −t Eti {(1 − β)(YT − τT ) − βσ(βiT − πT +1 )

T =t

+ (1 − β)sb (βiT − πT ) − β(c̄T +1 − c̄T )}.

(D.1)

The first two terms in (D.1) dictate how consumption responds to government bond holdings
and disposable income, respectively. The first term is sometimes called a “wealth effect”.
The third term, parameterized by σ, captures an intertemporal substittution effect resulting
from variations in the (perceived) ex-ante real interest rate. The fourth term, pre-multiplied
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by sb , is the perceived real return on government bond holdings. Woodford (2013) describes
this term as an “income effect.” Note that from the final term that a positive preference
shock, c̄t , implies a stronger desire for contemporaneous consumption.
Then imposing Ricardian beliefs (2) onto the consumption rule (D.1) leads to a consumption function that satisfies Ricardian equivalence:
cit

=

∞
X

β T −t Eti {(1 − β)(YT − gT ) − βσ(βiT − πT +1 ),

T =t

where gt = Gt + c̄t is a composite consumption shock.
On the other hand, with non-Ricardian beliefs the path of future surpluses has a direct
effect on consumption:
cit

=

∞
X

β T −t Eti {(1 − β)(YT − gT ) − βσ(βiT − πT +1 )}

T =t

+ (1 −

β)bit

+

∞
X

β T −t Eti {(1 − β)sb (βiT − πT ) − sT }}.

T =t

Evidently, non-Ricardian beliefs lead households to perceive holdings of government debt as
real wealth and a change in the expected path for future surpluses can have a real effect on
consumption. In our theory, we posit two forecasting models that, in equilibrium, will differ
in whether beliefs are Ricardian or not.
One can rearrange terms in (D.1) so that
i
cit = (1 − β)bit + (1 − β)(Yt − τt ) − β[σ − (1 − β)sb ]it − (1 − β)sb πt + βc̄t + βEti vt+1
,

where the subjective composite variable vti is defined as
vti

≡

∞
X

β T −t Eti {(1 − β)(YT − τT ) − [σ − (1 − β)sb ](βiT − πT ) − (1 − β)c̄T }.

T =t

This variable comprises all payoff-relevant aggregate variables over which a household formulates subjective beliefs.
Following Woodford (2013), express vti recursively as
i
vti = (1 − β)(Yt − τt ) − [σ − (1 − β)sb ](βit − πt ) − (1 − β)c̄t + βEti vt+1
.
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Rather than needing to specify beliefs about each of the aggregate variables that comprise
v i , the agent just needs to forecast this subjective continuation-value variable.29
Firms. A firm j that can optimally reset price p∗t (j) will do so to satisfy the first-order
condition
p∗t (j)

∞
X

=(1 − αβ)
(αβ)T −t Etj popt
T − pt−1 ,
T =t

where Etj popt
is the perceived optimal price in period T . This condition can be written
T
recursively:

where (D.2)
− pt−1 + (αβ)Etj p∗t+1 (j) + (αβ)πt ,
p∗t (j) =(1 − αβ) Etj popt
t
∞
X

Etj p∗t+1 (j) ≡(1 − αβ)
(αβ)T −t Etj popt
T +1 − pt .
T =t

Temporary equilibrium with heterogeneous beliefs. Recall the consumption
function recursion:
i
cit = (1 − β)bit + (1 − β)(Yt − τt ) − β[σ − (1 − β)sb ]it − (1 − β)sb πt + βc̄t + βEti vt+1
i
vti = (1 − β)(Yt − τt ) − [σ − (1 − β)sb ](βit − πt ) − (1 − β)c̄t + βEti vt+1
.

Because the continuation variable vti consists of aggregate variables that are beyond the
household’s control, and the agents understand their optimal consumption plan and perceived
budget constraints, we can instead write the consumption function as follows


cit = (1 − β) bit + Yt − τt − sb πt − [σ − (1 − β)sb ] it + βEti v̂t+1
v̂t = (1 − β) [Yt − τt − c̄t ] − [σ − (1 − β)sb ] (βit − πt ) + βv̂t+1
and vti = Eti v̂ by construction. As in the text, combining the v̂t recursion with the goods
market clearing condition and the government’s flow budget constraint confirms that v̂t = vt ,
and the aggregation result in the main text follows immediately. The ease with which the
heterogeneous beliefs aggregate follows from the infinite-horizon learning consumption which
depends on household i0 s subjective forecasts of aggregate variables beyond their control. An
example of where aggregation of heterogeneous beliefs is made more difficult by higher-order
beliefs is provided by Branch and McGough (2009).
29

On the surface, formulating expectations over future vti seems to be adopting the Euler equation approach
of one-step ahead forecasting and decision-making. However, the derivation of the consumption function and
vti is based on the infinite-horizon approach where the household’s consumption/savings decisions solve their
entire sequence of Euler equations, flow budget constraints, and transversality condition given their subjective
beliefs. We show below how these consumption rules can be aggregated with heterogeneous agents.
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Next, as in Woodford (2013, Section 2.3), in equilibrium the optimal price in this model
can be expressed as
popt
= pt + ξ (Yt − Ytn ) + µt ,
t

(D.3)

where ξ > 0 is a composite term of structural parameters measuring the output elasticity of a
firm’s optimal price.30 The exogenous random variable Ytn is the natural level of output that
captures exogenous demand shocks and µt represents disturbances to the desired markup
over marginal cost.
As the firm’s price is a decision variable, it is natural to impose that Etj popt
= popt
t
t . It
follows, then, from plugging (D.3) and (3) into (D.2) that
p∗t (j) = (1 − α)p∗t + (1 − αβ) [ξyt + µt ] + αβEtj p∗t+1 (j).
Again averaging across firms, using (3), defining the output gap as yt ≡ Yt −Ytn , parameter
κ ≡ [(1 − α)(1 − αβ)ξ]/α, and the cost-push supply shock as ut ≡ {[(1 − α)(1 − αβ)]/α}µt ,
yields the New Keynesian Phillips curve
Z
πt = (1 − α)β Etj p∗t+1 (j)dj + κyt + ut .
(D.4)
As for the households, after applying the law of iterated expectations a firm j sets
p∗t (j) = (1 − α)p∗t + (1 − αβ) [ξyt + µt ] + αβEtj p∗t+1
and, an aggregate New Keynesian Phillips Curve results after averaging across all firms:
πt = (1 − α) β Êt p∗t+1 + κyt + ut .

30

The term is defined in Woodford (2003, ch.3-4).
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