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Abstract

We extend the Three-Pass Regression Filter (3PRF) in two dimensions. First, we
allow the factors driving the predictor panel to be weak. Second, we allow the idiosyn-
cratic components of the predictors to contain additional predictive information for the
forecasting target. We establish conditions under which 3PRF consistently recovers
the target-relevant factor space under weak factor structures and characterize how its
convergence rate depends on the relative strength of relevant and irrelevant factors.
Stronger relevant factors improve the rate at which 3PRF approaches the infeasible fac-
tor forecast, whereas stronger irrelevant factors have the opposite effect. We use these
results to compare 3PRF with Principal Component Regression (PCR) and identify set-
tings in which either procedure has a relative advantage. To accommodate predictive
information outside the common factor space, we augment 3PRF with a Least Absolute
Shrinkage and Selection Operator (LASSO) regression on estimated idiosyncratic com-
ponents, yielding the SPRF LASSO estimator. We derive its prediction-error rate while
accounting for the fact that the idiosyncratic regressors are generated from a first-stage
factor estimator. Monte Carlo simulations support the asymptotic results and indicate
strong finite-sample forecasting performance of 3PRF LASSO. In an empirical appli-
cation involving forecasts of U.S. headline CPI inflation using FRED-QD data, 3PRF
LASSO delivers competitive forecast performance.
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1 Introduction

Factor models are ubiquitous in the econometric analysis of high-dimensional data. Starting
from the seminal work of Forni et al. [2000], Stock & Watson [2002], and Bai [2003], the
utility of these models has been increasingly acknowledged in high-dimensional multivari-
ate analysis. Notably, they have found extensive use in two key areas: high-dimensional
covariance estimation and forecasting. This paper delves into the latter domain.

The literature on forecasting with factor models is extensive. Some prominent papers in-
clude Ludvigson & Ng [2016], who highlight their effectiveness in financial forecasting; Stock
& Watson [2002] and Stock & Watson [2003], who demonstrate their importance in macroe-
conomic prediction, among others. The efficacy of these models is well-documented in the
literature. Stock & Watson [2012] find that forecasts derived from factor models outperform
those generated by several shrinkage-based techniques. Kim & Swanson [2018] corroborate
these findings by demonstrating superior predictive performance of factor-augmented mod-
els compared to a wide array of machine learning methods.

The framework for forecasting with factor models is well-established. Consider a scenario
where we have a large number of predictors organized in a vector, x;, and we aim to forecast
a single target variable h-periods ahead, y;15. In this context, a standard factor-based

forecasting model can be expressed as follows:

Yirn = Bo + B'Fy + upin, (1.1)
azt:¢0+<I>Ft+€t. (12)

The N-dimensional vector of covariates x; is decomposed into three latent components: an
intercept term ¢, a low-rank component ®F;, and a vector of idiosyncratic components
€¢. The low-rank component captures the systematic variation across the covariates and is
driven by the K-dimensional vector of latent factors F'y, where K remains fixed asymptot-
ically. The N x K matrix ® represents the temporally invariant matrix of factor loadings.
These loadings quantify the influence of factors on the observed covariates. The vector of
idiosyncratic components €, as the name suggests, represents variation unique to individ-
ual covariates, which is non-systematic and cannot be further decomposed into a lower-rank
structure.

Since these factors are latent, they must be estimated using an appropriate method. The
benchmark approach in the literature is the method of principal components, an unsuper-
vised technique that derives factors exclusively from the predictor matrix X . This method
does not incorporate information about the target variable y during factor estimation,
which limits its predictive utility. To address this limitation, Kelly & Pruitt [2015] intro-

duced 3PRF, a supervised framework that leverages additional information from ‘proxy’



variables, denoted as Z. These proxies, either pre-specified or constructed based on y,
enable the estimation of factors relevant to y, which often constitute a strict subset of the
factors driving X. By aligning factor estimation with the goal of forecasting the target
variable, 3PRF improves forecasting efficiency compared to unsupervised methods.

In formulating their theoretical framework, Kelly & Pruitt [2015] rely on foundational
assumptions inspired by earlier works such as Stock & Watson [2002] and Bai & Ng [2006].
These assumptions facilitate the identification of latent factors and provide the basis for
deriving the properties of their estimator. In this study, we revisit these assumptions and
relax two critical ones, leveraging recent advancements in literature. Below, we outline
these assumptions and discuss the rationale for their relaxation.

The first assumption pertains to the proportion of variation in the predictors that is
explained by the factors, a concept commonly referred to as the “strength” of the factors.
Like most earlier studies in the literature, Kelly & Pruitt [2015] assume that all factors driv-
ing the predictors are strong. Specifically, with reference to Equation 1.2, this assumption
is formalized as ﬁN‘I’ converging to a non-zero limit, indicating that the factors explain a
substantial share of the variance in the predictors. However, evidence from studies such as
Bailey et al. [2021] and Freyaldenhoven [2022] indicates that this strong factors assumption
to a non-zero limit. Bailey et al. [2021] provide a framework for estimating factor strength

often fails in practice. Factors may instead be weak, i.e. for some 1 < 1, may converge
and apply their method to key macroeconomic and financial datasets, demonstrating that
the strong factor assumption is frequently violated. Weakness in factors can primarily
be attributed to two reasons, or a combination thereof: (i) when factors influence only a
subset of predictors, commonly referred to as local factors (see Freyaldenhoven [2022]), or
(ii) when idiosyncratic variances are large (see Bai & Ng [2023] and references therein). In
such scenarios, the theoretical properties of factor-based forecasting methods warrant closer
examination.

Recent studies on the principal components method for factor estimation have sought
to relax the strong factor assumption; see Bai & Ng [2023] and Freyaldenhoven [2022].
These papers primarily examine the implications of a weak factor structure on estimating
the factors using the principal components method. In contrast, our focus is on evaluating
the effect of weak factors on forecasting. We extend the theory of 3PRF to accommodate
settings where predictors follow a weak factor structure. We allow target-relevant factors
to have a different strength compared to target-irrelevant factors. Our theoretical results
provide bounds on how weak the target-relevant factors can be. When developing the
asymptotic theory under the assumption of a strong factor structure, it is sufficient for the
sample size (T') and the number of predictors (IV) to approach infinity, with no restriction

on their relative growth rates. However, in the weak factor setting, the derivation of the



theoretical properties of 3PRF reveals that T" must grow at a sufficiently fast rate to ensure
consistency, a requirement absent under the strong factor assumption. This condition is
formalized in Assumption 6 of the paper. Furthermore, we show that if irrelevant factors
are too strong relative to relevant factors, the convergence rate of 3PRF is severely reduced,
and beyond a specific limit, we encounter inconsistency.

We establish that 3PRF converges to the infeasible best forecast at a faster rate than
PCR when the relevant factors are stronger than the irrelevant ones. This finding provides
a rationale for 3PRF’s strong performance in many empirical settings, as this assumption is
likely to hold for a wide range of economic target variables. Conversely, when all irrelevant
factors are stronger than the relevant ones, 3PRF converges to the infeasible best forecast
at a slower rate compared to PCR. In cases where some irrelevant factors are weaker and
others stronger than the relevant ones, this comparison is complicated.

While Kelly & Pruitt [2015] demonstrate the consistency and establish convergence rates
of 3PRF, they do not theoretically establish any superiority over PCR. Our contribution
fills this gap by explicitly identifying cases where 3PRF has a clear advantage in terms of
faster convergence rates.

The second assumption in Kelly & Pruitt [2015], which we address in this paper, pertains
to the orthogonality of the idiosyncratic components to the target variable. In Equation
1.1, the forecast By + @'F; is optimal only if E(usyp | €;) = 0, as assumed by Kelly &
Pruitt [2015]. However, in high-dimensional settings, it is unlikely that all idiosyncratic
components (g; |« € {1,...,N}) are uncorrelated with the target variable. If even a small
number of these components are correlated with the target, the forecast constructed using
Equation 1.1 becomes suboptimal, as it fails to fully exploit the predictive information
contained in X.

Allowing idiosyncratic components to correlate with the target variable reflects the real-
ity of many economic forecasting scenarios, particularly when dealing with a large number
of predictors. Fan et al. [2023] provide several examples demonstrating this. Beyhum &
Striaukas [2024] introduce a framework for testing a dense model specification, specifically
factor regression, against a hybrid model that combines dense and sparse components; a
factor model augmented with sparse idiosyncratic components. They apply this test to
various macroeconomic and financial datasets, frequently rejecting the null hypothesis of
the dense factor regression specification. They note, “This suggests the presence of sparsity
— alongside a dense component — in widely studied economic applications.”

Few studies have addressed this limitation by exploiting predictive information in the
idiosyncratic components. Notable examples include Kneip & Sarda [2011], Fan et al.
[2020], and Fan et al. [2023], which augment factor based models with a sparse subset of

idiosyncratic components relevant to the target.



Motivated by this line of work, our paper extends the 3PRF framework by introducing
an additional step to incorporate the predictive content of idiosyncratic components. Specif-
ically, we employ LASSO (Tibshirani [1996]) to select relevant idiosyncratic components as
additional predictors. We refer to this augmented estimator as 3PRF LASSO.

Augmenting a principal components based factor model to account for ignored idiosyn-
cratic dependence is relatively straightforward, as the unsupervised nature of factor esti-
mation via the principal components method ensures that the factor estimation process
remains unaffected by the data-generating process of the target y. However, in the 3SPRF
framework, allowing idiosyncratic elements to possess predictive content for the target y,
and thus for its proxies Z, introduces a form of ‘corruption’ in the supervision process,
as clarified in Section 2.! The principal components method is unaffected by the correla-
tion between idiosyncratic components and the target, as neither the target nor its proxies
are used during factor estimation. In contrast, within the 3PRF framework, where prox-
ies are utilized for supervision, such correlations can potentially undermine the benefits
of this supervised approach. The 3PRF methodology is designed to extract relevant fac-
tor loadings from the proxies to estimate factors pertinent to the target. However, when
idiosyncratic dependence is present, this extraction process loses precision, capturing infor-
mation unrelated to the factors but stemming from the correlation between the proxies and
the idiosyncratic components. To address this issue, we outline assumptions in Section 3
that prevent this ‘corruption’ from adversely impacting the asymptotic convergence rates,
ensuring that 3PRF retains its robustness even in the presence of idiosyncratic dependence.

In addition to relaxing these two assumptions within the 3PRF framework, it is notewor-
thy that, unlike the literature on PCR, which addresses the challenges posed by weak factors
and idiosyncratic dependence independently without considering their combined impact, we
extend the theoretical framework of 3PRF to account for both phenomena simultaneously.
Specifically, we derive the asymptotic rate at which the regularization parameter in the
proposed Stage 2 of 3PRF LASSO must approach zero, with this rate determined by the
strength of the factors. Crucially, this rate governs the convergence rate of the LASSO
step, as established in the LASSO literature. This analysis provides a deeper understand-
ing of the interplay between the estimation of weak factors and the handling of idiosyncratic
dependence, and how these interactions influence the overall performance of the model.

Our simulation results indicate that, under these general assumptions, the performance
of 3PRF frequently surpasses that of its closest competitor, PCR. The augmented method,
3PRF LASSO, which combines 3PRF with a LASSO regression involving the idiosyncratic

components, consistently outperforms both 3PRF and PCR. In many cases, it also exceeds

1Z mimics the data generating process (DGP) of y in that it depends on the same set of factors and
idiosyncratic components as y. This is clarified in Assumptions 1 and 9.



the performance of PCR augmented with a LASSO step. When N is large relative to
T, this advantage becomes almost universal, extending across various factor strengths and
serial/cross-sectional correlations in factors and idiosyncratic components. Furthermore,
3PRF LASSO frequently outperforms LASSO when relevant factors are relatively strong
compared to irrelevant factors.

Our empirical application evaluates the 3PRF LASSO approach by forecasting U.S.
headline CPT inflation using the FRED-QD dataset by Clark & McCracken [2023] across
several forecast horizons and evaluation samples. The 3PRF LASSO method demonstrates
competitive performance compared to established methods.

The paper is structured as follows. Section 2 introduces the proposed estimator, detailing
its formulation and operational mechanics. In Section 3, we outline a series of assumptions
necessary to establish the theoretical results presented in Section 4. This theoretical frame-
work is then put to the test in Section 5, where we explore the numerical properties of our
estimator through comprehensive Monte Carlo simulations. Section 6 focuses on empiri-
cal applications, demonstrating the estimator’s performance with real-world data. Finally,

Section 7 summarizes the contributions and offers concluding remarks.

1.1 Definitions and Notations

Let y denote the T' x 1 vector of the target variable, i.e., y = (y14h,---,Yy7r+n). We have
N predictors, each with T" observations. The cross-section of predictors at time t is given
by the N x 1 vector x;. The temporal observations of predictor ¢ form the T" x 1 vector x;.
The predictors are stacked in a T'x N matrix X, X = (z1,x9,...,27) = (X1,X2,...,XN)-
We have L proxies stacked in a T' x L matrix Z = (21, z2,...,27)".

Define Jr =17 — %LT[,/T, where I is the T' x T identity matrix and ¢ is the T' x 1 vector
of ones. Jp is defined analogously. For matrices U and V of conformable dimensions, let
Wyy =JyU'J7V and Syy =U'J7V.

Given an index set S C {1,...,N} and a vector 2" with i-th component Z;, define
Zis = Zil{i € S}, where 1 is the indicator function. For a set A, |A| denotes its
cardinality. For a vector v, v(m) denotes its m-th component. The norms we use in the

paper are:
1/2
lolly = loil, ol = (Zv ) v [[vlleo = max|v.
i
For an m X n matrix A = [a;;], the following norms are used:

1/2
m n

2
14]lcc = max Z laijl, 1Al = max Z jaigl, NAlr= > ai

i=1 j=1



Stochastic orders are denoted by O, and o,, while deterministic orders are O and o. We
say a < b, if a = O(b) and b = O(a). For matrices, O, and o, denote element-wise stochas-
tic orders. A matrix A is O,(1) if all elements are Op,(1), and o,(1) if all elements are
0p(1). The notation Op(a V b) denotes Op(max(a,b)) and Op(a A b) denotes Op(min(a, b)).
max;{A;}icq1,. v} denotes the element-wise maximum of matrices {A;};cq1,.. n}. The ab-
breviation ‘w.p.” stands for ‘with probability’ and ‘w.r.t.” stands for with respect to. For a
real number z, |z] denotes the floor of z, defined as the greatest integer less than or equal

to x.

2 The 3PRF LASSO Estimator

We predict the target y using a two-stage process which we call 3PRF LASSO. Stage 1 of
this process is the 3PRF procedure by Kelly & Pruitt [2015]. 3PRF is essentially a sequence
of linear regressions aimed at consolidating information from a large set of predictors in a
small set of factors. The procedure relies on a set of ‘proxies’ Z, which, as in Kelly & Pruitt
[2015], are required to be driven by target-relevant factors while remaining unaffected by
target-irrelevant factors. This requirement, explained in greater detail in the next section,
is a crucial element in identifying the target-relevant factors. Once we obtain the target
relevant factors from Stage 1, we regress each predictor x; on them and estimate the resid-
uals. Thereafter, we perform a LASSO regression to extract any predictive content in these

residuals for our target y. Detailed procedure is outlined below.



Algorithm 1 : 3PRF LASSO Procedure

Stage 1 (Three Pass regression Filter, 3PRF)

Pass Description

1. Run time series regression of x; on Z fori=1,..., N,
Tip = qzoﬂ' + &;zt + 0;¢, retain slope estimate (z)z
2. Run cross-section regression of x; on (2)1 fort=1,...,T,
Tit = qEO,t + &;Ft + &;t, retain slope estimate Ft.
3. Run time series regression of y;.; on predictive factors F,
Ytrh = Bo + ,Blﬁt + Uy4p, delivers initial forecast gyp r = BO + F;,B
Retain the residual ;45 and the Stage 1 forecast g1y f.
Stage 2 (Three-Pass Regression Filter augmented with LASSO, 3PRF LASSO)

Pass Description

4. Run time series regression of x; on F fori= 1,...,N,
Tip = <130,z‘ + &');I:"t + &1, retain the residual é;;
5. Run LASSO regression of ;15 obtained from Pass 3 in Stage 1

on the estimated residuals é;;,

Uryn = 5'& + i

The final forecast is given by
6. s = Po + B/Ft +9'&

From Stage 1 and Stage 2, the final forecast is obtained in Pass 6. We can rewrite the final

forecast as
g=ry+ JrFB+ &5,
—_— =~

yf Ye

where the Stage 1 forecast is given by

gy =g+ JIrFp
=y +JrXWxy (W,XZSXXWXZ)_l W' 2 Sxy.

The estimated factors are given by

~/ -1

F :SZZ (W/)(ZSXZ) W/XZX/,
and the estimated coefficients of the factors are given by

B=S72WxzSxz (VV/XZSXXVVXZ)71 W' 7Sxy.



Alternatively, we can rewrite the Stage 1 forecast as
yr=w+JrXa,
where & is the implied predictive coefficient for X and is given by
~ / / -1 /
a=Wxz (WyxzSxxWy) xz5xy-

The procedure described above relies on the availability of suitable proxies, which can
be obtained through relationships established in economic theory or constructed using the
target variable in a sequential manner. Proxies constructed using y are referred to as
automatic proxies (auto-proxies for short). Kelly & Pruitt [2015] explains how such auto-
proxies can always be constructed. The process to obtain L proxies is laid out below.
Theorem 7 of Kelly & Pruitt [2015] proves that such proxies are valid; in the sense that

they adhere to the assumptions of the model outlined in Section 3.

Algorithm 2: Auto-Proxy Algorithm

0. [Initialize ro =y. For k =1,..., L (where L is the total number of proxies):
Define the k' automatic proxy to be r,_;. Stop if k = L; otherwise proceed.

2. Compute 3PRF for target y using cross-section X and statistical proxies 1 through k.
Denote the resulting forecast yy,.

3. Calculate r, = y — y,,, advance k, and go to step 1.

To understand the functioning of this three-pass procedure, it is instructive to look at
the DGP for the proxies.

Z =110+ FA' + el +w. (2.1)

Kelly & Pruitt [2015] provide a detailed explanation of how the supervision process
operates. Pass 1 of 3PRF constitutes the supervision step, where the relevant factor loadings
across predictors are estimated, up to a rotation, while those associated with irrelevant
factors are filtered out. Kelly & Pruitt [2015] mention that “Fluctuations in the latent
factors cause the cross-section of predictors to fan out and compress over time. First-pass
coefficient estimates map the cross-sectional distribution of predictors to the latent factors.”
This statement holds true only if the composite error term ¢’ + w is uncorrelated with the
idiosyncratic components of the predictors. This is trivially true in the framework of Kelly
& Pruitt [2015], since they assume ¢ = 0 and w is uncorrelated with e. When ¢ # 0, we

encounter what we refer to as the ‘corrupted’ supervisor problem; the supervisor is imperfect



in the sense that it cannot estimate some of the loadings, upto a rotation, consistently in
Pass 1 of 3PRF. To illustrate this, consider a simplified case with only one factor. It can
be easily verified that when ¢ = 0 and w is uncorrelated with e, then, through Pass 1 of
Stage 1, we obtain é&z =co; + Op(T_l/ 2), where c is a constant not dependent on i. This
implies that Pass 1 of 3PRF, in this setting, can estimate all loadings up to a constant of
proportionality. However, this convenient feature is lost when ¢ # 0, since in that case, for
all j such that (; # 0, we would have (2>j =cp; +dj+ Op(T_l/z). This d; term is O,(1)
and arises from the correlation between {g;|(; # 0} in the data generating process of Z and
predictors in the set Aj = {x;|e; is correlated with €;}. Through a set of assumptions, we
restrict the extent of this corruption. Once Pass 1 is ensured to function adequately, that
is, the extent of ‘corruption’ is negligible asymptotically, Kelly & Pruitt [2015] explain that
“second-pass cross-sectional regressions use the estimated mapping in Pass 1 to back out
estimates of the factors at each point in time.”, enabling consistent estimation in Stage 1

of 3PRF. Stage 2 simply proceeds by using consistent estimates of the factors in Stage 1.

Remark 1. One practical issue is choosing the number of factors when we are using the
Auto-Prozy algorithm. Kelly & Pruitt [2015] adopt a method initially presented by Krdamer
€ Sugiyama [2011] to calculate the number of factors. We do not delve into the question
of estimating the number of factors in this paper. One may use an information criterion
as mentioned or divide the data into a training and validation set and estimate the number
of relevant factors using a cross wvalidation technique. Using a single SPRF factor is a
prudent choice as highlighted in Appendiz 7.2 of Kelly & Pruitt [2015]. They demonstrate
that there are situations where the DGP of y, which involves multiple relevant factors,
can be reformulated as a DGP with a single relevant factor. Moreover, in cases where a
single-factor representation is not feasible, the variation in the target explained by the first
estimated factor typically far exceeds that explained by the factors estimated subsequently,
as demonstrated in Appendiz 7.3 of Kelly & Pruitt [2015]. This is due to the fact that
3PRF estimates a rotation of underlying factors, with the first estimated factor explaining

the maximal variation of the target.

3 Setup

Below, we delineate our data generating process and the associated assumptions.

Assumption 1. (Data Generating process). The data are generated as follows:

T =¢g+PF+e, yn=00+BFi+~er+min 2=+ AF;+ e+ wy,
X =11y + FP' + ¢, y=1780+FB+evy+mn, Z =1y + FA' + e’ + w,

10



where Fy = (f.g;) ,® = (87, 8,),A = (Ap,Ay), and B = (B},0) with Bg(m) # 0
forallm =1,...,Ky. Ky > 0 is the dimension of vector f,, K, > 0 is the dimension of
vector g;, L > 0 1is the dimension of vector zy, and K = K; + K,. Furthermore, for all
m=1,...,K and all j € {i|y; # 0}, B(m) = 0 implies ¢;(m) = 0.

Assumption 1 characterizes the factor structure of the predictors and the data-generating
process for both the target and proxies. The target is driven by a subset of factors that
drive variation in the predictors. In addition, we allow the target to be correlated with
the idiosyncratic components, a modification from Kelly & Pruitt [2015]. In the usual
framework, factors act as a convenient conduit relating X to y. This involves an implicit
assumption that X has no explanatory power for the target after accounting for the latent
factors, which may be unrealistic in various settings. The proxies are driven by factors and
idiosyncratic components.

The idea of allowing the predictors to retain explanatory power for the target after
accounting for latent factors has been explored in other studies as well. Examples include
Kneip & Sarda [2011], Kapetanios & Marcellino [2010], and Fan et al. [2024]. The latter

two papers assume a DGP for the target, which takes the following form,

y=178) +FB"+ X~ +n
= (85 +d07") + F (8" + ¢'v*) +ev" + 1.

Comparing it with the DGP of y given in Assumption 1, one can clearly see that, v = ~*
and B(m) = B*(m) + >, ¢;(m)y; = 0. We assume that 8*(m) + >, ¢;(m)y; = 0 only
if 8%(m) = 0 and for all j € {ilv; # 0} we have ¢;(m) = 0. We are ruling out the
pathological cases where both these aforementioned quantities are not zero but the sum
B*(m) + >, ¢;(m)y; = 0. This assumption is succinctly expressed by stating that for all
J € {ilv; # 0}, B(m) = 0 implies ¢;(m) = 0. This assumption allows us to consistently
recover the true idiosyncratic components for the relevant x; (i.e., {x;|y; # 0}) in Stage 2

Pass 4 and subsequently implement Pass 5 in Stage 2.

Assumption 2. (Factors, Loadings and Residuals). Let M < co. For anyi,s,t, 0 < ¢y <
1and 0 <y <1,

y lr » 1 (F'JrF
1. E|\Fy||" <M, T~ | Fs ok and T —r —Arp | =0,(1).
— 00

2 B9 < M. Forv= f.0, N S 6y 2 B, < o0, 8002
— 00

. D/ IND
O,(1) and for s = min (g, 4bg), N¥+/2 (Jc]\ﬂ/)]\sfg - Pfg) = 0p(1).

q>v/JNq)v
TN P

11



3. E(ey) = 0,E|jey||® < M.

!
4. E(wy) = 0,E|]wt|]4 < M,Tfl/QZZZIwS = 0,(1) and TY? (wJTTw—Aw> =
O,(1).

5. Let I; denoting the information set containing all information available through time
t. For any h > 0, By (npn) = E(esn | Te) = 0, E(n7,,) = 6y < o0, and 1y, is
independent of the collection {F¢,wy, ¢;,€i1}.

The vector p is non-stochastic. The vectors ¢, for v = f, g are non-stochastic. The
matrix Ap, the matrices P, for v = f,g, and Py, are non-stochastic and are further
characterized in Assumption 4. Similarly, the matrix A, is non-stochastic.

If 9y = 1y = 1 in Assumption 2.2, this corresponds to the strong factor assumption.
Combined with Assumptions 2.1, 2.3, and 2.5, it characterizes the typical structure of fore-
casting models based on strong factors. These assumptions are standard in the literature;
see Stock & Watson [2002] and Bai & Ng [2006] in the context of PCR and Kelly & Pruitt
[2015] in the context of 3PRF.

We allow for weak factors in the 3PRF framework by relaxing the strong factor assump-
tion, considering a broader range of factor strengths with 0 < ¢y < 1 and 0 < 94 < 1,
where 1)y and 1), may differ. Similar approaches have been explored in the context of factor
estimation using the principal components method, as in Freyaldenhoven [2022] and Bai &
Ng [2023).

Assumption 2.4 is similar to the assumption in Kelly & Pruitt [2015] which ensures that
the proxy noise is well-behaved. The fact that conditional expectation of 1,y with respect
to information set in time ¢ is zero implies that 5y+ ,B’f f1+~ e provides the optimal forecast
of the target at time t. However, this forecast is infeasible as the factors and idiosyncratic

components are not known.
Assumption 3. (Dependence). For M < oo and any i,j,t,s,m,my,mg and v = f,g

1. Let E(eiejs) = Oijis, |Tijies| < Tijs |0ijis| < Tsr and

(a) NVYN 5 < M, (b) TV s < M,
(C) Nt Zi78 |Uii,ts| <M, (d) T! Zi,t |Uij,tt| <M,
(e) N~1T-1 Dt |Tijes] < M.
4
2. (0,) E ’N71/2T71/2 ZZ:I sz\il [&jsgit - Uii,st] <M,
4
(b) E )N71/2T71/2 Yoot ity [eisejs — Oigss]| < M.

12



2
3. E|N~W/20=12 57 SN bin(m) [eucje — oijae)| < M.

4. E T-1/2 ZZ;I Fy (my) wy (7712))2

<M.

2

5. E|T-1/2 23:1 we (m)ey| < M.

2

6. E\TY2 ] Fy(m)ei| <M.

2
7. E|N~/2 SN i (ma)eu| < M.

Assumption 3.1-3.2 allow weak cross-sectional and temporal dependence in the idiosyn-
cratic components; this set of assumptions characterize an approximate factor model (Cham-
berlain & Rothschild [1983]). Essentially, we require that the idiosyncratic components lack
an underlying factor structure, as the presence of such a structure would render the true
factor space unidentifiable. Assumptions 3.1-3.4 with ¢y = 1, = 1 are common in litera-
ture, see Bai [2003], Stock & Watson [2002], Kelly & Pruitt [2015] among others. Bai & Ng
[2023] extends Bai [2003] to accommodate weak factors by making similar adjustments to
the assumptions as we have done above.

Assumptions 3.4-3.7 are reasonable since they involve products of orthogonal series. We
can specify lower-level conditions (several mixing conditions) which guarantee 3.1-3.7, but
for the sake of simplicity, we instead state these high-level assumptions, as done in other
papers, see Kelly & Pruitt [2015] and Bai [2003] among others.

Assumption 4. (Uncorrelated loadings and Factors). For matrices Py, Py and Ap,

featuring in Assumption 2, we require the following:

1. Py is positive definite and Prq = 0.

2. Ap = <A,f AAfg> is positive definite and Ay, = 0.
fg 9

We require that the relevant factors be uncorrelated with the irrelevant factors and

that the associated relevant factor loadings also be uncorrelated with the irrelevant factor

loadings. This condition is less stringent than the assumption in Kelly & Pruitt [2015],

where all loadings are assumed to be orthogonal to each other, and all factors are also

assumed to be mutually orthogonal.”

2If weakness in loadings is induced by sparsity, i.e., the factors are local, then we can use Assumption
3.2 to prove 3.3 by slightly modifying the argument in Kelly & Pruitt [2015] Lemma 1.1 and Lemma 1.2.
However, we consider a more general setting where factorss may not be local; instead, all loadings are weak,
and hence we introduce this assumption.

3See Assumption 5 (Normalization) in Kelly & Pruitt [2015].
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Assumption 5. (Relevant Proxies).
L L=K;andA=[A; 0]
2. Ay is non-singular.

Assumption 5 is borrowed from Kelly & Pruitt [2015]. We require proxies to mimic
the target in terms of their dependence on factors. The assumption asserts that proxies
must meet three criteria: (i) they should not load on irrelevant factors, (ii) their loadings
on relevant factors should be linearly independent, and (iii) their number should match
the number of relevant factors. When combined with Assumption 4, this implies that the
common components of proxies span the relevant factor space and that none of the variation

in proxies stems from irrelevant factors.
Assumption 6. Forv = f, g, define Ty, 7 = min(VN¥,\/T) and Sy 7 = min(v/N,VT).
We need the following:

. Ni=?f NIV Nl/z_wf
1. th_}OO’T_)OOWNT = m X(T’W = 0.

. Yg—9 Yg—¢ _ Yg
2. imy 00,700 N max (N f,N Vit ) =0.

Ing,T VT

Assumption 6 specifies the necessary growth rate of T relative to N under a weak
factor structure. It is automatically satisfied when ¢y = 1), = 1. When all factors have
same strength, ¢y = 1)y = 1, Assumption 6.1 implies that a small 1) necessitates a larger
T relative to N for consistent estimation. This requirement embodies an implicit cost
imposed by a weak factor structure. When vy > 1,, Assumption 6.2 is automatically
satisfied. Conversely, when vy < 1)4, Assumption 6.2 reflects the cost of having higher
noise (irrelevant factors) relative to the signal (relevant factors). Additionally, Assumption
6.2 imposes a limit on the weakness of relevant factors relative to irrelevant factors for the

consistency of 3PRF, requiring that ¢ > %

Assumption 7. (Uniform bounds). For all m, N and T, v = f,g and some positive

constants r1,...,rs,
1. max; [pi(m)| = Op(1).

2. maxt [€it] = Op((log N)™) 4+ Op((log T')™).

3. max; — 0,((log N)™) and max; |S° \/%git — 0,((log T)™).

1
T
thl ﬁgit

4. max;

— 0,((log N)'™).

1 T ‘
ﬁ Zt:l Fy(m) eit
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5. max; ’N”/’J‘/QT’U2 Zj’t bjr (m) ejicit| = Op((log N)™).

6. max; ’N‘l/QT—l/Q Sia €it5jt‘ = Op((log N)™).

We impose some high-level assumptions. We require uniform bounds on certain empir-
ical processes to ensure that the prediction error in the Stage 1 does not adversely affect
the theoretical results in Stage 2 LASSO regression. Such assumptions are prevalent in
the literature. Specifically, Assumption 7.1 featured in Fan et al. [2020] and Giglio et al.
[2026] and references therein. In fact, Fan et al. [2020] assumes that the maxima of factors,
loadings, and idiosyncratic terms do not scale with N and 7" and are uniformly bounded by
some constant.? Similarly, Giglio et al. [2026] incorporates Assumption 7.2 with r; = 1/2.
The partial sums (after centering) in Assumptions 7.4-7.6 (without taking the maximum
over i) are bounded by Assumptions 3.2, 3.3, and 3.6. We assume that the maximum of
these empirical processes scales as some power of the logarithm of N. This assumption is

equivalent to imposing a uniform tail bound on these partial sums (see Remark 2).

Remark 2. The scaling properties outlined in Assumption 7 are often associated with
Weibull distributions, which are widely employed in economics. Their flexibility and ability
to capture various shapes of distributions make them a general and versatile assumption
in economic analyses. A more general assumption could be to impose moment bounds on
the random variables and scaled partial sums in Assumption 7. For a random variable Xj,
where i € {1,...,N}, if E(Xik) < M for some finite k, then by Markov Inequality we have

EXF) M

(3 <7
- N

P(X;, > NVk) <
( ) (N1

Hence, max; P(X; > NV/k) < % < M; the highest ordered statistic of X scales with the
rate at most NY/5. Therefore, we can instead state Assumption 7 by assuming the existence
of a sufficiently large k that allows the theoretical properties of Stage 2 involving LASSO as

stated in Theorem 5 to hold.

Assumption 8. (Weak cross-sectional dependence). For each i, let

2
Aje= {j : E’T*1/2 Ethl gingjr|] <M < oo}. Then N — |A; ] < My < 0.

Assumption 8 strengthens Assumption 3 by imposing a truncated form of cross-sectional
dependence. Such a truncation in temporal dependence is commonly assumed in the lit-
erature; for instance, see Gongalves et al. [2017]. A non-zero ¢ introduces ‘corruption’ in
the supervisor, which necessitates assuming weaker dependence in the idiosyncratic terms

to enable consistent estimation.

“See Assumption 4.6 regarding Wmax in Fan et al. [2020].
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Assumption 9. (‘Relevant’ idiosyncratic terms and mimicking prozies).
1. Let S = {ilvi # 0}. The cardinality of set S is bounded, i.e., |S| < M < oco.
2. v; = 0 if and only if ¢} = 0, where ¢ denotes the i row of matriz ¢'.

We require the set of ‘relevant’ idiosyncratic terms to be finite. If this set were allowed
to grow in size, we would need to adjust the rates in various ensuing Theorems. The depen-
dence of the target (and thereby proxies) on idiosyncratic terms leads to noisier estimation
in Stage 1 of the 3PRF LASSO procedure. If many idiosyncratic terms have explanatory
power for y, the extent of corruption in the Stage 1 Pass 1 (supervising step) is greater.
The assumption that v, = 0 if and only if ¢} = 0 can be relaxed. We only require that
[{i|¢; # 0}| < oo to establish our theoretical results. However, since Z is used as a proxy

for y, it is reasonable to assume that their data-generating processes are similar.

Remark 3. The dependence of the target on idiosyncratic terms can be ‘dense’ in the sense
that a lot of idiosyncratic terms have non-zero small coefficients, see He [2024]. In such
cases, as shown in his paper, ridge regression is asymptotically efficient in capturing both
factor and idiosyncratic information among the entire class of spectral reqularized estima-
tors. Our model, unlike his paper, assumes that the dependence of the target on idiosyncratic
terms is sparse, more akin to the setting in Fan et al. [2020] and Kneip & Sarda [2011].

Assumption 10. Forry,...,r5 as defined in Assumption 7, we require:

1. (a) For allr € {ry,...,r5}, Umg\/jif) =0(1).
N1=vs

T [(log N)™ + (log T)™] = O(1).

2. There exists a sufficiently large constant k > 0 such that for alli € {1,...,N}, all T,

(b)

and all s > 0, we have,
T ) )
P |Zt:1 E2157775—i-h| > s | <exp <3)
vT K

3. Define A. g = (e+ JTg<I>’g)/ (e +Jrg®,) /T. For the N x N matriz A. g4, we
say that, with respect to A. 4, the compatibility condition is met for some set A C
{1,..., N}, if for some compatibility constant v > 0, and for all N x 1 vectors ©
satisfying || @ ac|l; < 3(|®ally, it holds that

@47 < (©'A:4©) 4]/,
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We assume that, with probability approaching one, the compatibility condition is met
for set S defined in Assumption 9, with respect to A, 4 and the associated compatibility

constant 1s vg.

Assumption 10.1 is required to bound the impact of estimation errors in Stage 1 on Stage
2, as generated regressors are used in Stage 2. Assumption 10.2 is naturally satisfied for
i.i.d. sub-Gaussian processes, which are commonly employed in deriving the properties of
LASSO, as seen in Bithlmann & Van De Geer [2011]. Although the current setup does not
assume i.i.d., we assume a weak dependence structure that obeys a similar sub-Gaussian-
type bound on partial sums. Assumption 10.3, the compatibility condition, is standard in
the LASSO literature (see Bithlmann & Van De Geer [2011]). This assumption essentially
restricts the correlation among the relevant idiosyncratic components, ensuring they are not

excessively interdependent.

4 Theoretical Results

We present each of the theorems 1-4 in two parts, labeled as parts (a) and (b). The first
part (a) accommodates the idea of weak factors, while the second part (b) focuses on cases
where idiosyncratic terms have predictive content for the target. We, therefore, cater to
diverse readerships; certain readers may find one part more interesting than the other, while
some may be interested in both.

Asymptotic results throughout the paper are based on simultaneous N and T limits,
as in Bai [2003] and Kelly & Pruitt [2015]. As explained in Bai [2003], a simultaneous
limit implies the existence of coinciding sequential and path-wise limits, but not vice-versa.
Proofs for all the theorems are provided in Online Appendix A.

Define =y, = max (T‘UZ, N—%r/2, %) — max (T—W, N~—%s/2 N=ts+v9/2. %)
where the equality follows from substituting the value of I'y, 7 as defined in Assumption 6.

N1-¥s
Theorem 1. (a) Let Assumptions 1-6 hold and v = 0 and { = 0. Additionally, if =

VT
O(1), then we have,

Jevng — Eeyern = Op(Ex'p),

where Eyyiyp denotes the conditional expectation of the target variable at t + h given the

information set at t.

N1=¥s
(b) Let Assumptions 1-6 and 8-9 hold, v # 0 and { # 0. Furthermore, T =0(1) and
% = O(1), then

Yern,f — E (Yern| Fe) = Op(EX/,lT)'
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Theorem 1 (a) specifies the rate of convergence of the Stage 1 forecast when v = 0
and ¢ = 0 but 0 < ¢y <1 and 0 < 1), < 1, hence generalizing Kelly & Pruitt [2015] by
accommodating weak factors. When ¢y =1, = 1, the rate is 6;,71T (6n.1 = min(vV'N, VT)).

Theorem 1 (b) establishes that the Stage 1 forecast converges to the conditional expec-
tation of the target w.r.t. true relevant factors. Unlike Theorem 1 (a), this factor-based
forecast is no longer optimal because = is allowed to take a value different from 0, indicat-
ing that the idiosyncratic components contain predictive information for the target. This
predictive content in idiosyncratic components is harnessed in subsequent Stage 2. Theo-
rem 1 (b) generalizes Kelly & Pruitt [2015] along 2 dimensions, i.e., accommodating weak
factors and abstracting away from the assumption that y;, — E(yrip|F¢) has a conditional

expectation of zero with respect to information set in period ¢.

Remark 4. If factors are strong, Theorem 1(a) would imply that §yyn, f—Esyern = Op(dgf}T).

This is different from the result in Kelly & Pruitt [2015] where the rate is O,(T~/?),

(see Theorem 4 in their paper). Their proof follows two steps. First they show that

Yt+h — Ytph = Op(T_l/Q) and then they arque that \/Tgt+h TN—> Ewyearpn. Since Geap
\N—00

is Op(1), VTG would diverge to infinity and their statement would be false. If they er-
roneously wrote this and instead wanted to imply that \/T(Qt+h — Ewyetn) TN_> 0, then,
,IN—00

again this statement is false because Ys1p, — Eryryn has random elements which converge to
0 at a rate which is Op(N~Y2) + 0, (T~Y2) = 0,(05)-

Theorem 2. Let G&; denote the it" element of &. If Assumptions 1-6 hold, v = 0 and
¢ =0. If Py =lk,, then for any i,

N/
Nai (g = N71G;) By 0

Theorem 2 establishes consistency of the implied predictive coefficient & in a scenario
with possibly weak factors. This generalizes Theorem 2 of Kelly & Pruitt [2015], where
this result is stated for ¢y = 1y = 1. As argued in Kelly & Pruitt [2015] , as N grows,
the predictive information in f is spread across a larger number of predictors so each
predictor’s contribution approaches zero at the rate of % That is the case when the
number of predictors which load on the factors is proportionate to N, i.e., strong factors.
When the factors are weak, they may either be local or have weak (local to zero) loadings or
an amalgam thereof. If the factors are not pervasive, the predictive information contained
within the vector f is dispersed across a few variables. The standardization term NYf
illustrates that the predictive information is distributed across a subset of predictors; where
the size of this subset is proportional to N¥f. Hence, the contribution of each predictor

goes to 0 at a slower rate compared to pervasive factors. When the factors are pervasive but

18



loadings are weak, in the sense that ¢;y = cNgz;i 7, Where ¢~)Z ¢ is a constant (not dependent
on N), then Assumption 2.2, would imply that ¢, = O(N¥/~1), which would imply that

~ = /
Néa; —2— ((Z)Z- F—@ f> By. Consequently, when factors are pervasive but all loadings are
T,N—oo

weak (local to zero), the predictive information in f is distributed across all predictors, and

the relative contribution of each predictor diminishes at a rate of N similar to the scenario

with strong factors.

Define G = 3, B (ArASPAPIAGA}) " (AfAsPrAy), where By = T Z'JrZ
and
By = N"UIT2Z Jp XInX'JrZ.

N1=¥s
Theorem 3. (a) Let Assumptions 1-6 hold and v = 0 and { = 0. Additionally, if ——— =

VT
O(1), then we have,
B - GsBs = 0y(ExTr).

N1-v¥s
(b) Let Assumptions 1-6 and 8-9 hold, v # 0 and ¢ # 0. Furthermore, T =0(1) and
T
N O(1), then,

B - Gsp; = 0,(Ey).

Theorem 3 (a) specifies the convergence rate of the vector of predictive coefficients of
the factors, i.e., B to a rotated version of the true coefficient vector 3. This generalizes
Theorem 5 of Kelly & Pruitt [2015] by accommodating weak factors. Just like Theorem 1
(a), when vy = 1p, = 1, the rate is (5;[71T, which is dissimilar to the /T rate specified in
Kelly & Pruitt [2015]. This difference stems from the definition of rotation matrix Gz, see
Remark 5. Theorem 3 (b) extends the scope of Theorem 3 (a) by allowing a more general

DGP where idiosyncratic elements possess predictive capabilities for the target.

Define Hy = FoF ' AjAfP; and Hy = FaFp [N“UT712'Jr X J ], where,
Fio=T"'Z'JrZ and Fg = N T2Z' Jr XINX'Jr Z.

N1-¥s
Theorem 4. (a) Let Assumptions 1-6 hold and v = 0 and { = 0. Additionally, if =

VT
O(1), we have,

Fi— (Ho+ H/f,) = Op(Eyly).

N1-¥s
(b) Let Assumptions 1-6 and 8-9 hold, v # 0 and { # 0. Furthermore, W =0(1) and
T
N O(1), we have,

F,— (Ho+Hyf,) = OP(EE}T)-
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Similar to the aforementioned theorems, both Theorem 4 (a) and Theorem 4 (b) ex-
tend the findings of Theorem 6 in Kelly & Pruitt [2015] by accommodating weak factors
and permitting idiosyncratic terms to have predictive information for the target variable
respectively.

Theorem 4 (a) and 4 (b) establish the convergence of the estimated factors to a rotation
of the true relevant factors and provide the corresponding rate. Our convergence result
diverges from the one presented in Kelly & Pruitt [2015]. They demonstrate the convergence
of F; to a vector HF, (H # Hy) at a V'N rate. However, the matrix H, as defined in

their paper, does not satisfy certain desirable properties, which we highlight in Remark 5.

Remark 5. As highlighted in Bai & Ng [2006] and also emphasized in Kelly & Pruitt
[2015], the presence of matrices H y and Gg in Theorem 3 and Theorem / stems from our
estimation of a vector space. These theorems “pertain to the difference between [ﬁ‘t/ B]
and the space spanned by [F/B]”. The product H’ng equals an identity matriz, thereby
nullifying the rotations in the predictive coefficients and relevant factors and preserving the
direction spanned by B'F;. However, this characteristic is absent in theorems 5 and 6 of
Kelly € Pruitt [2015]. The matrices H and Gg as defined in their paper do not necessarily

yield a product that equals an identity matrix.

Theorem 5. Let the reqularization parameter in the Stage 2 Pass 5 regression be given by

N 8\/C+/€10gN

—

2N, T

T
1-10 hold and N O(1), with probability at least 1 — exp (_£> + o(1), we have

, where ¢ > 0 and k is defined in Assumption 10.2. Then, if Assumptions

1 HAA || o <\/logN>
— |[éy —ev]ly = — .
\/T K V2 P =N, T

Corollary 5.1. From Theorem 5 and Theorem 1 (b), it follows that

L Vg N
= EwiP.)l, = 0, (22N ).

)

Theorem 5 establishes the rate at which the average prediction error of the Stage 2

log N

LASSO regression converges to 0. The rate , in general, is different from 5,

2N, T
which represents the optimal convergence rate for a high-dimensional M estimator, as in-

dicated in Bickel et al. [2009]. This slower convergence rate is induced by the complexities
associated with the generated regressor problem. To mitigate the maximum estimation
error (across i) when generating the idiosyncratic components, it becomes imperative to
adjust the rate at which the regularization parameter asymptotically converges to zero.

This necessitated adjustment leads to a more gradual rate of convergence.
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4.1 Discussion

The theoretical results derived in this paper are closely related to those in Kelly & Pruitt
[2015], but differ in two fundamental respects. First, our framework accommodates po-
tentially weak factors and potentially informative idiosyncratic components. Second, the
convergence rates in our analysis depend on both the cross-sectional dimension N and the
time dimension 7', rather than on 7" alone as in their setting. Consequently, their results
are not nested as special cases of ours, under strong-factor and uninformative-idiosyncratic
scenarios (see Remarks 4-5).

Another recent and closely related paper that addresses weak factors in a forecast-
ing context is Giglio et al. [2026]. Their framework assumes the existence of a subset of
predictors Iy on which the factor structure is sufficiently strong for identification. Their
method employs an iterative thresholding procedure to identify weak factors. In contrast,
our framework does not require isolating such a subset; instead, we characterize conditions
under which 3PRF recovers the relevant factors without thresholding. This allows both
large idiosyncratic variances and local factor loadings to generate factor weakness. In their
illustrative sparse loading model, let Ny = |Iy| denote the number of predictors in this sub-
set. Their inconsistency condition for Partial Least Squares (PLS), under which N/(NoT')
converges to a nonzero constant, corresponds under No < N¥/ to N'=%7 /T converging to
a nonzero constant, which we rule out to ensure consistent supervised factor recovery.

Another recent and conceptually proximate contribution is Fan et al. [2024]. Both their
framework and ours combine estimated factors with a sparse subset of idiosyncratic com-
ponents selected via LASSO, yet the factor estimation and identification assumptions differ
considerably. Their factors are extracted by unsupervised PCA under a strong-factor struc-
ture, rendering factor identification trivial and yielding the standard high-dimensional rate
of convergence for the sparse regression that follows. Moreover, because the method of
Principal Components is unsupervised, the factor estimation step in their paper remains
unaffected by any potential dependence of the target variable on the idiosyncratic compo-
nents, as discussed in the introduction section. By contrast, in our supervised framework,
excessive dependence of the target on idiosyncratic terms could compromise the quality of
the supervision step, a risk we control through our identification assumptions. Our esti-
mator employs a supervised factor extraction step to recover target-relevant factors even
under weak identification, followed by a LASSO stage that incorporates idiosyncratic pre-
dictive content. The effects of generated regressors are absent in their procedure due to
strong identification, whereas in our framework, the properties of the downstream LASSO
regression depend directly on the accuracy of the first-stage factor estimates. By combin-
ing supervision with flexible identification conditions, our framework retains the predictive

advantages of target-guided factor estimation while remaining robust to weak factors and
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idiosyncratic dependence.

4.2 Comparison with PCR

We now compare the convergence rates of 3PRF and PCR. To emphasize the role of factor
weakness in determining the convergence rates, we assume that N = O(T) and /T /N¥min =
0(1), where ¥, denotes the strength of the weakest factor driving the predictor panel. Let
H be the rotation matrix such that Ff ¢ converges to HF;.

Consider first PCR using the first K principal components, where K is the number of
factors driving the predictor panel. Following Bai & Ng [2006], the prediction error can be

written as

GGE B = (87 - H) B +pH (B -HF,). (1)

The first term reflects estimation error in the predictive coefficients. Adapting Lemma

4 of Bai & Ng [2023] to heterogeneous factor strengths, this term is O,(T~/2) under
VT /N¥min = o(1). The second term reflects estimation error in the latent factors.

Although 3 assigns zero coefficients to target irrelevant factors, 3'H ! does not in

general preserve this sparse structure unless H is the identity matrix. Freyaldenhoven [2022]

shows that, under the population orthogonality and identifying normalization conditions

imposed there, the rotation matrix converges to the identity matrix. Order the factor

strengths as 1 > 91 > 19 > -+ > ¢ > 0. Using Lemma 3 of Freyaldenhoven [2022], the

kth row of the rotation matrix satisfies
Hy —1, =0, (N¢1/4—wk/2) +0, (N1/2—wk) ,

where ¢) denotes the kth row of the identity matrix.” Since K is fixed, the Frobenius norm

of the rotation error is determined by the weakest factor,
|H—I||,=0, (N¢1/4—¢K/2) +0, (Nl/Q—wK> )

By comparison, Bai & Ng [2023] show that estimation of the complete factor space
is also governed by the weakest factor. In our notation, their result implies, under the

corresponding conditions,

F)" — HF, =0, (N~/mn/?).

®Freyaldenhoven [2022] uses the convention in which the kth estimated factor converges to H', F; and

. pC
therefore states Lemma 3 in terms of the kth column H .,. Under our convention, F'; = converges to HF',
so the corresponding object is the kth row Hy..
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Thus, the rate at which the estimated factors converge to the rotated factor space differs
from the rate at which the rotation converges to the identity matrix. The former is N ~Ymin/2,
whereas the latter is N¥1/4=¥min/2 4 N1/2=¥min and is therefore slower. Consequently,
convergence of the estimated principal components to the rotated factor space does not by
itself imply equally fast recovery of the individual factors relevant for prediction.

Suppose now that the relevant factors have common strength 1), the irrelevant factors

have common strength vy, and ¢y > 1,. Then Yy, = 1y, and
F°—HF =0, (N*%/Q) .

When all K principal components are included, the PCR forecast therefore depends on
estimation of the entire factor space, including the weaker target irrelevant factors. Under
N = O(T), PCR converges at rate N %9/2 By contrast, Theorem 1 shows that 3PRF targets
the relevant factor space through supervision and converges faster when ¢y > 1),.

Restricting PCR to the leading Ky principal components does not eliminate the rotation
problem. Consider a two factor model in which F; is target relevant with strength ¢, Fo;
is target irrelevant with strength ¢, < 1y, and only the leading principal component is
retained. Let h1; and hj2 denote the (1,1) and (1,2) elements of H, so that the first row
of H is Hy. = (hi1, h12). Then

FRY = ha1Fiy + hiaFoy + (Ffzc - Hl.Ft> .

The leading principal component is therefore an estimate of a linear combination of the
relevant and irrelevant factors rather than of Fy; alone. For the leading factor, Lemma 3
of Freyaldenhoven [2022] implies that Hy. — (1,0) = O,(N~%#/%) + O,(NY/2=%s). Hence,
although F{;C may converge relatively quickly to H1.F;, its contamination by Fb; disap-
pears only as hyj; — 1 and hjs — 0. The leading principal component therefore remains a
noisy estimate of the true relevant regressor at the slower rotation rate.

This gives the distinction between the two PCR specifications. When all K principal
components are used, the convergence rate is governed by estimation of the entire factor
space and therefore by the weakest factor. When only the leading Ky principal components
are used, the weaker factors are omitted directly, but their effect remains through the
rotation of the estimated leading factors. In either case, PCR does not generally attain the
rate associated with observing the target relevant factors directly.

When target irrelevant factors are stronger than target relevant factors, the comparison
is reversed. PCR converges faster than 3PRF when vy < 1, < 29y, while Theorem 1

implies that 3PRF becomes inconsistent when v, > 21 ¢. Figure 1 summarizes these cases.
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Figure 1: Convergence rate based on Factor strength. (Drawn for the case when N < T).

Remark 6. If target irrelevant factors have heterogeneous strengths, the convergence rate
of 3PRF depends on the relevant factor strength and the strongest irrelevant factor. For
PCR using the full factor space, the rate is determined by the weakest factor that must
be estimated. The comparison is therefore more involved when irrelevant factors differ in

strength.

5 Simulation Analysis

Our Monte Carlo design closely resembles that in Kelly & Pruitt [2015]. We consider one
factor that is relevant to the target and four factors that are irrelevant to it. Let f; denote
the relevant factor and let g, = (914, 92+, 93+, 94+) denote the vector of irrelevant factors.
Thus, F; = (ft,g})" denotes the vector of all five factors. The relevant factor is generated
as fy = psfi—1 + ug, where fi ~ N(0,1) and u; ~ N(0,1). For each j =1,...,4, the jth
irrelevant factor is generated as g;+ = pgg;+—1+wj+, where g;1 ~ N(0,1) and w;; ~ N(0,1).
The innovations are independent across j and ¢ and are independent of the other random
variables in the data-generating process. Each factor series is demeaned and standardized
after it is generated.

The idiosyncratic components allow for serial and cross-sectional dependence. We draw

24



vt ~ N(0,1) independently across i and ¢ and set vo; = vni1+ = 0. The innovation
entering the ith idiosyncratic component is generated as &;¢ = (1 + d2)vi,t +dvi—1 g+ dvipre
for i = 1,...,N. The idiosyncratic components are then generated recursively as ¢;; =
agit—1 + i, where £;1 ~ N(0,1). Each idiosyncratic series is subsequently demeaned and
standardized.

The idiosyncratic components of predictors 2 through 5 enter the target. We define
Ert = (€24 + €34 + €4t + €54)/4 and standardize this series to obtain ep;. We also in-
dependently generate 7, ~ N(0,1) and standardize the resulting series to obtain 7;. The
target is generated as 7 = v/0.30f; + \/@ggt + 4/0.40n; and is subsequently demeaned
and standardized to obtain y;. The factors, primitive shocks generating the idiosyncratic
components, and the target noise are generated independently.

The predictors are generated as xy = ®F; + &;, where ® = (¢f, D), ¢ denotes the
N x 1 vector of loadings on the relevant factor, ®, denotes the N x 4 matrix of loadings on
the irrelevant factors, and &; denotes the vector of idiosyncratic components. All potential
factor loadings are drawn independently from the uniform distribution U(—2,2). For the
relevant factor, | N¥s| loading locations are selected uniformly without replacement and
retain their original uniform draws, while the remaining loadings are set equal to zero. The
same procedure is applied separately to each irrelevant factor using |N¥¢| loading loca-
tions. Factor weakness is therefore generated through limited pervasiveness. We consider
(¢, ) € {(1,1),(1,0.8),(0.8,1),(0.8,0.8)}. Because the idiosyncratic components of pre-
dictors 2 through 5 enter the target, these predictors form the target-relevant idiosyncratic
set. In accordance with Assumption 1, their loadings on all four target-irrelevant factors
are set equal to zero.

We consider nine configurations of (pf,pg,a,d). The first is (0,0,0,0), while the re-
maining eight include all combinations of (pf,pq) € {(0.3,0.9),(0.9,0.3)}, a € {0.3,0.9},
and d € {0, 1}.

We compare the out-of-sample performance of six methods: PCR, as described in Stock
& Watson [2002]; 3PRF, as proposed by Kelly & Pruitt [2015]; LASSO, as proposed by
Tibshirani [1996]; PCR LASSO; 3PRF LASSO; and Elastic Net, as proposed by Zou &
Hastie [2005]. PCR uses the first K = Ky + K, = 5 principal components, whereas 3PRF
estimates a single target-relevant factor. For both 3PRF and 3PRF LASSO, we use the tar-
get y as the auto-proxy. PCR LASSO is implemented as a two-stage procedure. In the first
stage, the target is regressed on the five leading principal components, while the predictors
are regressed on the same components to obtain estimates of their idiosyncratic components
as residuals. In the second stage, LASSO is used to regress the residual from the first-stage
target regression on the estimated idiosyncratic components. 3PRF LASSO follows the

same procedure, except that the factor and idiosyncratic components are estimated using
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3PRF. The second-stage LASSO regressions are estimated without an intercept. LASSO
and Elastic Net are applied directly to the predictor matrix X and include an intercept. The
tuning parameters are selected using 10-fold cross-validation, following Fan et al. [2020].

The column labeled Oracle reports the out-of-sample R? obtained by regressing the tar-
get on an intercept, the true relevant factor, and the true relevant idiosyncratic components
€2¢,---,€5¢. This Oracle regression is estimated using the training sample and evaluated
over the testing sample.

For each replication, a total of 7" = 200 observations are divided equally between a
training sample of size T' = 100 and a testing sample of size 100. We consider N € {100,200}
and use a fixed estimation window, as in West & McCracken [1998]. We evaluate forecasting
performance using the out of sample (O0S) R2, following the forecast evaluation framework
of West & McCracken [1998], defined as

ZtETooS (yt - Qt)2

Rbog =1- -
ZtGTOOS (yt - yt,train)2

)

where ¥ train denotes the historical mean computed from the estimation sample available
at forecast origin t. We report averages across 100 Monte Carlo replications.

The simulation results are reported in Tables 1-5. We focus the discussion mainly
on the N = 100,7 = 100 designs in Tables 1- 4, and report the case (¢¢,1,) = (1,1)
for N = 200,7 = 100 in Table 5. The remaining N = 200,7 = 100 factor strength
configurations are reported in Online Appendix B and give the same broad qualitative
patterns discussed below.

The strongest results for 3PRF LASSO arise when the target relevant common variation
in the predictors is strong. Table 1 considers (1f,%y) = (1,0.8), where the relevant factor
is stronger than the irrelevant factors. 3PRF LASSO has the highest out of sample R?
in all nine dependence configurations. This is in line with the theory. When the relevant
factor is stronger than the irrelevant factors, the convergence rate favors 3PRF relative to
PCR, and the accuracy of the first stage carries over to the generated regressors used in the
LASSO step. 3PRF LASSO therefore benefits from the better first stage while also using
the predictive information contained in the idiosyncratic components.

The results remain favorable when the target relevant and target irrelevant factors have
the same strength. Table 2 considers (1f,14) = (1,1), where both types of common vari-
ation are fully pervasive. In this case, the theoretical convergence rates no longer favor
3PRF over PCR. Nevertheless, 3PRF performs better than PCR in almost all of the re-
ported configurations, while 3PRF LASSO remains one of the leading methods and has the
highest out of sample R? in five of the nine designs. Thus, the strong performance of 3PRF

LASSO is not limited to cases in which the relevant common variation is stronger than the
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irrelevant common variation. It also performs well when both are equally pervasive.

The dependence parameters add some qualification to these results. For instance, when
d increases from 0 to 1, the purely sparse methods, LASSO and Elastic Net, generally gain
more than 3PRF LASSO, so the gap between them narrows in some configurations. The
case d = 1 implies strong neighborhood correlation among the idiosyncratic components. In
many macroeconomic data sets, once the common variation in the predictors is removed, the
remaining residual correlation is considerably weaker. The d = 1 design therefore represents
a relatively demanding case of residual dependence. There is also some tendency for the
3PRF-based procedures to perform better when persistence is concentrated in the target-
relevant common component rather than in the target-irrelevant common component.

The less favorable case for 3PRF arises when the target relevant common variation
becomes weaker than the irrelevant common variation. Table 3 considers (¢ ¢, 14) = (0.8,1).
Here 3PRF performs below PCR throughout the table, which is again in line with the
theory: when the irrelevant factors are stronger than the relevant factor, the convergence of
3PRF deteriorates relative to PCR. Since the second stage of 3PRF LASSO uses regressors
generated from the first stage, this weaker factor estimation also affects the LASSO step.
LASSO and Elastic Net generally perform better in this configuration. The decline is,
however, much smaller for 3PRF LASSO than for 3PRF itself. 3PRF LASSO remains
close to the leading procedures in several cases and continues to outperform PCR LASSO
throughout the table. The additional LASSO step can therefore somewhat offset part of
the deterioration in the factor only procedure. We return below to why 3PRF LASSO can
continue to outperform PCR LASSO even when the first stage advantage of 3PRF is weak.

A related pattern appears in Table 4, where both factor types have strength 0.8. Since
the relevant factor is no longer weaker than the irrelevant factors, 3PRF again performs
better than PCR throughout the dependence grid. However, the common factor signal itself
is weaker than in the (1,1) case, and the purely sparse methods become more competitive.
LASSO and Elastic Net outperform 3PRF LASSO in several configurations, although 3PRF
LASSO remains close to them in the more favorable cases and is the best performing method
under independent design. Across the four strength configurations, the results follow the
theoretical comparison between 3PRF and PCR quite closely. When the relevant factor is
stronger, the first stage favors 3PRF and 3PRF LASSO performs particularly well. When
the irrelevant factor is stronger, 3PRF performs worse and this also carries over to 3PRF
LASSO. When the two have the same strength, 3PRF remains competitive with PCR, often
outperforming it. Weaker common variation gives LASSO and Elastic Net more scope to
perform well relative to the factor-based procedures, since weaker factors are estimated at
slower rates. Moreover, as discussed in Fan et al. [2020], weaker dependence among the

regressors is favorable for sparse estimation.
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One further feature of the results is that 3PRF LASSO often performs substantially
better than PCR LASSO even when the difference between 3PRF and PCR is relatively
small. In Online Appendix B, we report the true and false positive rates from the second
stage regressions, which are informative about this difference. Across almost all of the
simulation designs, 3PRF LASSO has a substantially lower false positive rate than PCR
LASSO, while the true positive rates are generally similar. We conjecture that this is re-
lated to the different residual structures generated by the two procedures. 3PRF removes
the target relevant common variation, but the common variation generated by the target
irrelevant factors remains in the residualized predictors. The estimated idiosyncratic com-
ponents corresponding to irrelevant predictors can therefore remain highly correlated. PCR
estimates the idiosyncratic components after projecting the predictors onto the estimated
space spanned by both the target-relevant and target-irrelevant factors. It therefore projects
out the fitted contribution of both sets of common factors.

As discussed in Fan et al. [2020], strong dependence involving predictors that are rele-
vant for the target can be detrimental to sparse estimation, leading to larger selected models
and poorer LASSO performance. Our setting is different because the additional dependence
generated by the 3PRF residualization is concentrated among predictors that are irrelevant
for the target. For a group of highly correlated regressors, LASSO tends to select only one
or a small number of variables and shrink the remaining coefficients toward zero; see, for
example, Zou & Hastie [2005] and Wang et al. [2011]. We conjecture that, when such corre-
lation is concentrated among irrelevant predictors, this property can reduce false selections:
if spurious variation leads LASSO to select a variable from a highly correlated group of
irrelevant predictors, it is less likely to select many members of that group simultaneously.
This provides a possible explanation for the lower false positive rates of 3PRF LASSO. In
Online Appendix B, we consider a separate experiment in which only the correlation among
irrelevant predictors is varied. The false positive rate generally decreases as this correlation
increases, while the true positive rate remains broadly stable, providing additional support
for this conjecture.

Finally, Table 5 reports the (1 ,14) = (1,1) design for N = 200, = 100. The remain-
ing three combinations of 1,1, € {1,0.8} for N = 200 are reported in Online Appendix B

and follow the same qualitative patterns as the NV = 100,7 = 100 results discussed above.

6 Empirical Application

We assess the out-of-sample forecasting performance of the proposed method using U.S.
headline CPI inflation as the target variable. Let P denote the level of the headline Con-

sumer Price Index. Following Hamilton et al. [2026], we define annualized headline CPI
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inflation over horizon h as

i = T log(P) ~ tow(Pios). (6.1)

The predictor variables are taken from the quarterly FRED-QD dataset published by
Clark & McCracken [2023]. The raw dataset contains 246 series. To maintain a balanced
predictor panel, we remove any series containing a missing observation over the full available
sample, 1959Q1-2023Q3, leaving 176 predictor series. Many macroeconomic variables are
non-stationary (Beveridge & Nelson [1981]; Nelson & Plosser [1982]); we therefore trans-
form the predictor series following Hamilton et al. [2026] before conducting the forecasting
exercise.

To provide a direct empirical counterpart to the Monte Carlo analysis in Section 5,
we compare the same six forecasting methods: PCR, 3PRF, PCR LASSO, 3PRF LASSO,
LASSO, and Elastic Net. We consider forecast horizons of one quarter, two quarters, and
four quarters, h € {1,2,4}. The forecasting results are reported in Table 6.

We conduct the exercise over three samples. The first covers the Great Moderation, from
1984Q1 to 2007Q4. The second covers 2008Q1 to 2019Q4 and deliberately ends before the
COVID-19 episode, which represents an unusually large disruption in inflation dynamics. As
a robustness exercise, we also consider the full available post-2008 sample through 2023Q3,
thereby including both the pandemic and the subsequent inflation episode.

We construct OOS forecasts using a rolling estimation window, following the rolling
forecast evaluation framework discussed by West & McCracken [1998]. For each forecast
horizon h, the target y; is aligned with predictors dated h periods earlier, x;_p. Within each
subsample, the rolling training window contains 40 percent of the total aligned observations.
Forecast performance is measured using OOS R?, defined as in Section 5. The corresponding
evaluation periods are 1993Q3-2007Q4 for the Great Moderation sample, 2013Q1-2019Q4
for the 2008-2019 sample, and 2014Q2-2023Q3 for the sample extending through 2023Q3.

Prior to forecasting, both the target and the predictor variables are partialled with
respect to a constant and four lags of the target, following Kelly & Pruitt [2015], Bai & Ng
[2008], and Stock & Watson [2012]. Letting s =t — h, we construct

..(h h b~ h h h h
i =y =B (5" 1y o)

(6.2)

h h h
LE’—)D yg—)Q’ yg—)?)) ’

s =xs — E (373 | ygh)vy
where IE( | ©) denotes linear projection on  and a constant. These projections are re-

estimated using the current training sample at every forecast origin. The predictors are

then standardized using the mean and standard deviation from the corresponding training
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window.

For PCR, the number of principal components is selected separately in each rolling
training sample using the eigenvalue ratio criterion of Ahn & Horenstein [2013]. For 3PRF,
we use a single supervised factor.® For LASSO, Elastic Net, and the second stage regressions
in PCR LASSO and 3PRF LASSO, tuning parameters are selected using ten-fold cross-
validation.

The results in Table 6 reveal a clear difference between short- and longer-horizon inflation
predictability. At the one-quarter horizon, every method produces a negative OOS R? in
each of the three samples. Thus, although the relative ranking of the methods varies at
h =1, none improves on the rolling historical-mean benchmark. Evidence of predictability
becomes considerably stronger as the forecast horizon increases. At h = 2, 3PRF LASSO
performs best during both the Great Moderation and the 2008-2019 sample, while Elastic
Net performs best in the sample extending through 2023Q3.

The four-quarter-ahead prediction results display a particularly stable pattern across the
three samples. 3PRF LASSO has the highest OOS R? in all three cases. Its improvement
over 3PRF is also evident at the individual forecast-date level: 3PRF LASSO produces
a lower squared forecast error at 72.4% of the Great Moderation evaluation dates, 50.0%
of the 2008-2019 dates, and 60.5% of the dates in the sample through 2023Q3. Thus, in
every sample, it performs at least as frequently better than plain 3PRF as worse, while
also delivering a higher aggregate OOS R?. Relative to Elastic Net, the most competitive
alternative to 3PRF LASSO at this horizon, the corresponding proportions are 55.2%,
67.9%, and 50.0% in the Great Moderation, 2008-2019, and 2008-2023 samples, respectively.

Overall, the empirical evidence suggests that combining the target-relevant supervised
factor with sparse idiosyncratic predictive information is particularly useful for forecasting

inflation at medium and longer horizons.

7 Conclusion

This paper extends the 3PRF framework in two directions. First, we allow the factors
driving the predictor panel to be weak and characterize how factor strength affects the
convergence of supervised factor forecasts. In particular, when target relevant factors are
stronger than target irrelevant factors, 3PRF converges to the infeasible factor forecast

faster than PCR because supervision targets the predictive factor space rather than the

S3PRF targets the factor space relevant for the target, whose dimension is no larger than the dimension of
the factor space driving the predictor panel. Moreover, Kelly & Pruitt [2015] show that a target depending
on multiple relevant factors can, under particular covariance structures, admit an equivalent single factor
representation. In our application, the eigenvalue ratio criterion selects a very low dimensional PCR factor
space, predominantly one or two factors across the rolling samples. We therefore use a single 3PRF factor.
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entire factor space. When target irrelevant factors become sufficiently strong relative to the
relevant factors, this advantage disappears and 3PRF can eventually become inconsistent.

Second, we allow the idiosyncratic components of the predictors to contain additional
predictive information for the target. Because this information also enters the proxies used
for supervision, it introduces an additional source of estimation error in the first stage. We
establish conditions under which this additional dependence does not affect the convergence
rate of SPRF. We then augment 3PRF with a LASSO regression on estimated idiosyncratic
components. The resulting 3PRF LASSO estimator explicitly accounts for the generated
regressor nature of the second stage, and we derive the corresponding prediction error rate.

The Monte Carlo results support the theoretical analysis and show that 3PRF LASSO
performs particularly well when the target relevant common variation is relatively strong.
In the empirical application to U.S. headline CPI inflation using FRED-QD, 3PRF LASSO
provides reliable forecasts, with particularly strong performance at longer horizons. Taken
together, the theoretical results, Monte Carlo evidence, and empirical application support
combining supervised factor extraction with sparse idiosyncratic information as a useful
approach to high dimensional forecasting. These results also provide a basis for further

theoretical developments and empirical applications.
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Table 1: Out-of-sample R? values: N = 100, T = 100, Yr=1,19,=0.8

pf pg a d Oracle PCR 3PRF PCR LASSO 3PRF LASSO LASSO Elastic Net

0 0 0 0 0570 0.257 0.289 0.365 0.485[1] 0.456[21  0.451031
0.3 09 0.3 0 0.573 0.238 0.299 0.328 0.484[1] 0.446[21  0.434B1
0.3 09 0.3 1 0567 0213 0.301 0.476 0.506(1] 0.503B]  0.503[2!
0.3 09 0.9 0 0.580 0.175 0.265 0.061 0.326[1] 0.31781  0.3192]
03 09 09 1 059 0.196 0.282 0.389 0.46301 0.45181  0.456[2]
09 03 0.3 0 0.58 0.291 0.330 0.416 0.50111 0.47721  0.4718]
0.9 03 0.3 1 0593 0285 0.334 0.526 0.54301 0.535021  0.52903]
0.9 03 0.9 0 0.582 0207 0.246 0.063 0.3881] 0.352B81  0.352[2]
09 03 09 1 0577 0.183 0.238 0.425 0.47101 0.460B1  0.47002]

Notes: Entries report mean out-of-sample R? values across Monte Carlo replications. T denotes the
training-sample size and is fixed at 100. The testing sample has the same size as the training sample.
Superscripts !, 2 and B! denote, respectively, the highest, second-highest, and third-highest out-of-
sample R? values among PCR, 3PRF, PCR LASSO, 3PRF LASSO, LASSO, and Elastic Net. The
Oracle is excluded from these rankings.

Table 2: Out-of-sample R? values: N = 100, T = 100, Yr=119s=1

pf pg a d Oracle PCR 3PRF PCR LASSO 3PRF LASSO LASSO Elastic Net

0 0 0 0 0577 0.252 0.260 0.395 0.50401] 0.486031  0.48702]
0.3 09 0.3 0 0580 0.227 0.271 0.409 0.48701 0.45931  0.461[2]
0.3 09 0.3 1 0582 0229 0.290 0.488 0.52003] 0.52711  0.524[2]
0.3 09 09 0 0.599 0.142 0.222 -0.289 0.35711 0.349121  0.34803
0.3 09 0.9 1 0.58 0.160 0.223 0.358 0.45303! 0.484121  0.48401]
0.9 03 0.3 0 0.596 0.288 0.297 0.432 0.526[1 0.502B1  0.506[2]
09 03 03 1 0592 0.284 0.312 0.514 0.542(2] 0.541B1  0.544[0
09 03 09 0 0.594 0.242 0.260 -0.451 0.43911 0.3950]  0.41002
09 03 09 1 0579 0.209 0.251 0.429 0.48803! 0.51001  0.506[2!

Notes: See the notes to Table 1.
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Table 3: Out-of-sample R? values: N = 100, T' = 100, P =08,19,=1

p; pg a d Oracle PCR 3PRF PCR LASSO 3PRF LASSO LASSO Elastic Net
0 0 0 0 0571 0251 0.188 0.380 0.48101 0.47181  0.471[2
0.3 0.9 03 0 0578 0.236 0.143 0.379 0.46603] 0.47401  0.473[2]
0.3 09 03 1 0584 0.217 0.162 0.493 0.49803! 0.52421  0.52701
0.3 09 0.9 0 0.580 0.122 0.055 0.045 0.33603! 0.37021  0.38701
03 09 09 1 0592 0.143 0.108 0.410 0.43603! 0.506111  0.503[2]
09 03 0.3 0 0617 0299 0.191 0.408 0.512031 0.52321  0.52501
0.9 03 0.3 1 0.604 0281 0.239 0.517 0.53103! 0.54321  0.54801
0.9 03 0.9 0 0572 0.186 0.145 -0.001 0.364[3] 0.39121  0.42101
09 03 09 1 0.594 0.219 0.181 0.398 0.44603] 0.474[21  0.48901

Notes: See the notes to Table 1.

Table 4: Out-of-sample R? values: N = 100, T = 100, Yy =0.8,1y=0.8

p; pg a d Oracle PCR 3PRF PCR LASSO 3PRF LASSO LASSO Elastic Net

0 0 0 0 0570 0238 0.263 0.371 0.44401] 0.43721  0.436031
0.3 09 0.3 0 0.584 0227 0.260 0.361 0.432031 0.438t]  0.437(2
0.3 09 0.3 1 0569 0.199 0.296 0.373 0.48003! 0.496111  0.494[2]
0.3 09 09 0 0.58 0.175 0.204 0.144 0.284[3] 0.292021  0.32501
0.3 09 09 1 0577 0.192 0.251 0.372 0.4108! 0.44721  0.4610]
09 0.3 0.3 0 0.593 0.277 0.292 0.344 0.46203! 0.468(21  0.4740]
09 03 0.3 1 0579 0247 0.314 0.49403] 0.494 0.502[21  0.504[
0.9 0.3 0.9 0 0580 0.225 0.276 0.014 0.34103] 0.347121  0.356!
09 03 09 1 0.58 0.198 0.287 0.382 0.4063! 0.47121  0.4840]

Notes: See the notes to Table 1.

Table 5: Out-of-sample R? values: N = 200, T = 100, ¢y = 1, ¢, = 1
pf pg a d Oracle PCR 3PRF PCR LASSO 3PRF LASSO LASSO Elastic Net
0 0 0 0 0570 0.248 0.250 0.133 0.486[1 0.460[21  0.45903
03 09 03 0 0.569 0230 0.259 0.104 0.465[1 0.459121  0.45103
03 09 03 1 0572 0.212 0.259 0.325 0.492(1 0.486[21  0.485031
0.3 09 09 0 0576 0.149 0.202 -1.240 0.320(3! 0.32321  0.33401
0.3 09 09 1 0575 0.128 0.217 -0.341 0.40713! 0.434011  0.42502
0.9 03 0.3 0 0.602 0307 0.300 0.149 0.52101 0.515[21  0.51301
09 0.3 03 1 0584 0.270 0.280 0.362 0.52913] 0.534[11  0.532(2]
0.9 03 0.9 0 0.587 0224 0.23403 -0.856 0.234 0.379[21  0.39301
09 03 09 1 059 0253 0.267 -0.121 0.492(3] 0.496[21  0.50501

Notes: See the notes to Table 1.
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Table 6: Out-of-Sample Forecasting of Headline CPI Inflation

Method h=1 h=2 h=4
Panel A: Great Moderation, 1984Q1-2007Q4

PCR —0.063!" —0.056 —0.137
3PRF —0.3372] 0.051 0.168
PCR LASSO —0.822 0.1730] 0.5984
3PRF LASSO —0.7604 0.2111Y 0.675!!
LASSO —0.7530 0.07714 0.62713]
Elastic Net —0.895 0.1720] 0.6430

Panel B: 2008Q1-2019Q4

PCR —0.2691! 0.032 0.269
3PRF —0.20112 0.045 0.488
PCR LASSO —0.745 0.24114 0.71712
3PRF LASSO —0.4854 0.578! 0.7491
LASSO —0.770 0.33713 0.55014
Elastic Net —0.156(! 0.559/2] 0.6070]

Panel C: 2008Q1-2023Q3

PCR —0.88412 0.298!2 0.477
3PRF —1.695! 0.176(4 0.353
PCR LASSO —7.786 —9.019 0.56112
3PRF LASSO —5.842 0.171 0.676!"
LASSO —0.7871] 0.184[3] 0.4954
Elastic Net —1.695!4 0.395!! 0.5533

Notes: This table reports out-of-sample (O0S) R? for the empirical exercise discussed in Section 6.
Panel A considers the Great Moderation sample, 1984Q1-2007Q4; Panel B considers the post-2008
sample ending before the COVID-19 episode, 2008Q1-2019Q4; and Panel C considers the full available
post-2008 sample, 2008QQ1-2023Q3.

The corresponding OOS evaluation periods are 1993Q3-2007Q4, 2013Q1-2019Q4, and 2014Q2—
2023Q3, respectively. The rolling training windows contain 38, 20, and 25 quarterly observations.
For horizon h, an outcome dated ¢ is forecast using predictors dated ¢ — h. Thus, h = 1,2,4 corre-
spond to one-quarter, two-quarter, and four-quarter forecast horizons.

00S R? is computed relative to the rolling historical-mean benchmark. Within each panel and forecast
horizon, superscripts [, 21, Bl and M identify the first-, second-, third-, and fourth-highest OOS R?
values among the six forecasting methods. The highest value is additionally reported in bold.

For Panel C at h = 1, 3PRF and Elastic Net both round to —1.695; their ranking is determined using
the corresponding unrounded forecast errors.

34



References

Ahn, Seung C, & Horenstein, Alex R. 2013. Eigenvalue ratio test for the number of factors.
Econometrica, 81(3), 1203-1227.

Bai, Jushan. 2003. Inferential theory for factor models of large dimensions. Fconometrica,
71(1), 135-171.

Bai, Jushan, & Ng, Serena. 2006. Confidence intervals for diffusion index forecasts and

inference for factor-augmented regressions. Econometrica, 74(4), 1133-1150.

Bai, Jushan, & Ng, Serena. 2008. Forecasting economic time series using targeted predictors.
Journal of Econometrics, 146(2), 304-317.

Bai, Jushan, & Ng, Serena. 2023. Approximate factor models with weaker loadings. Journal
of Econometrics, 235(2), 1893-1916.

Bailey, Natalia, Kapetanios, George, & Pesaran, M Hashem. 2021. Measurement of factor
strength: Theory and practice. Journal of Applied Econometrics, 36(5), 587—613.

Beveridge, Stephen, & Nelson, Charles R. 1981. A new approach to decomposition of
economic time series into permanent and transitory components with particular attention

to measurement of the ‘business cycle’. Journal of Monetary Economics, 7(2), 151-174.

Beyhum, Jad, & Striaukas, Jonas. 2024. Testing for sparse idiosyncratic components in

factor-augmented regression models. Journal of Econometrics, 244(1), 105845.

Bickel, Peter J, Ritov, Ya’Acov, & Tsybakov, Alexandre B. 2009. Simultaneous analysis of
Lasso and Dantzig selector. The Annals of Statistics, 37(4), 1705-1732.

Buhlmann, Peter, & Van De Geer, Sara. 2011. Statistics for high-dimensional data: methods,

theory and applications. Springer Science & Business Media.

Chamberlain, Gary, & Rothschild, Michael. 1983. Arbitrage, Factor Structure, and Mean-
Variance Analysis on Large Asset Markets. FEconometrica: Journal of the Econometric
Society, 1281-1304.

Clark, Todd E., & McCracken, Michael W. 2023. FRED-QD: A Quarterly Database for

Macroeconomic Research (September Ed.). Federal Reserve Bank of St. Louis.

Fan, Jianqing, Ke, Yuan, & Wang, Kaizheng. 2020. Factor-adjusted regularized model
selection. Journal of Econometrics, 216(1), 71-85.

35



Fan, Jianqing, Masini, Ricardo P, & Medeiros, Marcelo C. 2023. Bridging factor and sparse
models. The Annals of Statistics, 51(4), 1692-1717.

Fan, Jianqing, Lou, Zhipeng, & Yu, Mengxin. 2024. Are latent factor regression and sparse
regression adequate? Journal of the American Statistical Association, 119(546), 1076—
1088.

Forni, Mario, Hallin, Marc, Lippi, Marco, & Reichlin, Lucrezia. 2000. The generalized
dynamic-factor model: Identification and estimation. Review of Economics and Statistics,
82(4), 540-554.

Freyaldenhoven, Simon. 2022. Factor models with local factors—determining the number
of relevant factors. Journal of Econometrics, 229(1), 80-102.

Giglio, Stefano, Xiu, Dacheng, & Zhang, Dake. 2026. Prediction When Factors Are Weak.
Journal of the American Statistical Association, 121(554).

Gongalves, Silvia, McCracken, Michael W, & Perron, Benoit. 2017. Tests of equal accuracy
for nested models with estimated factors. Journal of Econometrics, 198(2), 231-252.

Hamilton, James D., Ma, Xinwei, & Xi, Jin. 2026. Principal Component Analysis for a Mix

of Stationary and Nonstationary Variables. Journal of Econometrics, 258.

He, Yi. 2024. Ridge Regression Under Dense Factor Augmented Models. Journal of the
American Statistical Association, 119(546), 1566—-1578.

Kapetanios, George, & Marcellino, Massimiliano. 2010. Factor-GMM estimation with large
sets of possibly weak instruments. Computational Statistics & Data Analysis, 54(11),
2655-2675.

Kelly, Bryan, & Pruitt, Seth. 2015. The three-pass regression filter: A new approach to

forecasting using many predictors. Journal of Econometrics, 186(2), 294-316.

Kim, Hyun Hak, & Swanson, Norman R. 2018. Mining big data using parsimonious factor,
machine learning, variable selection and shrinkage methods. International Journal of
Forecasting, 34(2), 339-354.

Kneip, Alois, & Sarda, Pascal. 2011. Factor models and variable selection in high-
dimensional regression analysis. The Annals of Statistics, 39(5), 2410-2447.

Kramer, Nicole, & Sugiyama, Masashi. 2011. The degrees of freedom of partial least squares
regression. Journal of the American Statistical Association, 106(494), 697-705.

36



Ludvigson, Sydney C, & Ng, Serena. 2016. A Factor Analysis of Bond Risk Premia. Hand-

book of Empirical Economics and Finance, 313.

Nelson, Charles R, & Plosser, Charles R. 1982. Trends and random walks in macroeconomic
time series: some evidence and implications. Journal of Monetary Economics, 10(2), 139—
162.

Stock, James H, & Watson, Mark W. 2002. Forecasting using principal components from
a large number of predictors. Journal of the American Statistical Association, 97(460),
1167-1179.

Stock, James H, & Watson, Mark W. 2003. Forecasting output and inflation: The role of
asset prices. Journal of Economic Literature, 41(3), 788-829.

Stock, James H, & Watson, Mark W. 2012. Generalized shrinkage methods for forecasting
using many predictors. Journal of Business € Economic Statistics, 30(4), 481-493.

Tibshirani, Robert. 1996. Regression shrinkage and selection via the lasso. Journal of the
Royal Statistical Society Series B: Statistical Methodology, 58(1), 267-288.

Wang, Sijian, Nan, Bin, Rosset, Saharon, & Zhu, Ji. 2011. Random lasso. The Annals of
Applied Statistics, 5(1), 468.

West, Kenneth, & McCracken, Michael. 1998. Regression-Based Tests of Predictive Ability.
International Economic Review, 39(4), 817-40.

Zou, Hui, & Hastie, Trevor. 2005. Regularization and variable selection via the elastic net.
Journal of the Royal Statistical Society Series B: Statistical Methodology, 67(2), 301-320.

37



Online Appendix for Forecasting Using Supervised Factors and

[diosyncratic Elements

Daanish Padha* and Tae-Hwy Leef

The Online Appendix is organized into two parts: Appendix A and Appendix B.

Appendix A provides the mathematical proofs for the theoretical results presented in the paper.
Section A1 lists the assumptions, which are the same as those stated in the paper. Section A2
presents supplementary lemmas used throughout the proofs. Section A3 contains the proofs of
Theorems 1(a), 2, 3(a), and 4(a), which establish the Stage 1 results of 3PRF LASSO for the cases
where v = 0 and ¢ = 0. The lemmas supporting these proofs are also included in Section A3.
Section A4 covers Theorems 1(b), 3(b), and 4(b), focusing on the Stage 1 results of 3PRF LASSO
when v # 0 and ¢ # 0. Section A5 presents the Stage 2 results of 3PRF LASSO, including the
proof of Theorem 5 and its associated supporting lemmas.

Appendix B presents additional simulation results not included in the main text. Section Bl
reports supplementary simulation results that complement those in Section 5 of the paper, specifi-
cally tables comparing the relative performance of the six competing methods under various sample
sizes and factor-strength combinations, using out-of-sample R? as the evaluation metric. Section
B2 focuses on the true and false positive rates from Stage 2 of PCR LASSO and 3PRF LASSO and

discusses the underlying mechanisms driving the observed differences.
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Appendix A

A1l Assumptions

Assumption 1. (Data-generating process). The data are generated as follows:

T =@y + PFy + &, Yerh = Bo + B Fr+ e+ nern, 2z =Xo+ AF + {er + wy,

X =g+ F®' +¢, y=utrfo+ FB+evy+n, Z =1y + FA + el + w,

where Fy = (f1.9;)",® = (87, 8,),A = (As,Ay), and B = (8},0") with By(m) # 0 for all
m=1,...,Ky. Ky >0 is the dimension of vector f,, K, > 0 is the dimension of vector g;,, L >0

is the dimension of vector zy, and K = Ky + K,. Furthermore, for all m = 1,...,K and all
J € {ily; # 0}, B(m) =0 implies ¢p;(m) = 0.

Assumption 2. (Factors, Loadings and Residuals). Let M < oco. For any i,s,t, 0 <y <1 and
0 <y <1,

F'JrF

1 E|F* < M, T 'L Py Tié w and T'/? < - AF) = 0,(1).

v

2. E‘|¢i”4 < M. Forv = f,g, N™¥ Ejy:1¢vj L @, < 00, va/2<
N—oo

. /TP
O, (1) and for 15 = min (1, 1h,), N¥s/2 (wa]\:g — Pfg> = 0,(1).

O

3. E(eyr) = 0,E|jey||® < M.

W' Jrw

4 E(wy) = 0,E |wi|* < M, T2 w,=0,(1) and T'/? < - Aw> = 0,(1).

5. Let I; denote the information set containing all information available through time t. For
any h >0, Et (neyn) =E(pyn | Ze) =0, E (77t2+h) = 0, < 00, and Ny, is independent of the

collection {Fy,wy, ¢y, €it}.
Assumption 3. (Dependence). For M < oo and any i, j,t,s,m,mi,mg and v = f,g:

1. Let E(gi€js) = Tijitsy |Tijies| < Oijs |Oijis| < Tes, and
(G,) N_l Zf\szl 6ij < M’ (b) T_l ZZS:I Tes < M}
(c) NT'32, o loiigs| < M, (d) T3 lowul < M,

2



(e) NTIT! Dijits |Tigts| < M.

2. (a) E ‘N_l/zT_l/Q ST SN [eiscit — i st]
) B[N T E SN e~ o]

3. BN~V 2012570 ST i (m) [eacje — 04,

4. BITY25T B (ma) wi (me)| < M.

:

5 E\T Y2 wi(m)ey| < M.

2

6. E\TY2 T F(m)ey| <M.

2
7. ]E ]\/v_w“/2 Zi\il (biv (ml) Eit S M.

Assumption 4. (Uncorrelated loadings and Factors). For matrices Py, Prq and Ap, featuring in
Assumption 2, we require the following:
1. Py is positive definite and Prq = 0.

_ Ar Agg ) . ) B
2. Ap = is positive definite and Ay = 0.
o By

Assumption 5. (Relevant Prozies).
1. L=Ky and A = [ As O }
2. Ay is non-singular.

Assumption 6. For v = f,g, define T, 7 = min(vVN% /T) and éxr = min(v'N,VT). We

need the following:

. Ni=?f NI~V Nl/z_wf B
1. th—M)O,T—)OO m — Imax (T’ iz ) T 0.

bg—1 g—g ¥
. NY9I™Yf NY9~YVf —1/1f+*g _
2. imyN 00,700 Ta,r — max ( N , N 2 | =0.

Assumption 7. (Uniform bounds). For all m, N and T, v = f,g and some positive constants

T1,...,7T5,

1. max; |¢;(m)] = Op(1).



6.

-
. max; ﬁ Zt:l Fy (m) Eit

max;t €] = Op((log N)™) + Op((log T)™).

= Op((log N)"™) and max; = Op((logT)").

1 1
max; | Y/ T vy N

— Op((log N)™).

max; N—¥s/27-1/2 Zj,t Oif (m) gjieit| = Op((log N)™).

max; [N VATV S, cey| = O ((log N)'™).

Assumption 8. (Weak cross-sectional dependence). For each i, let

2
A= {j ' E ‘T_I/Q Zthl sitsjt‘ <M< oo}. Then N — |A; ] < My < oco.

Assumption 9. (‘Relevant’ idiosyncratic terms and mimicking prozies).

1.

2.

Let S = {i|]y; # 0}. The cardinality of set S is bounded, i.e., |S| < M < oo.

v = 0 if and only if ¢ = 0, where ¢, denotes the i™" row of matriz ¢’

Assumption 10. Forry,...,r5 as defined in Assumption 7, we require:

1.

(a) For allr € {ry,...,r5}, (lmg\/ji]\ﬂf)" = O(1).
Nli'l’[}f T1 1] —
JT [(log N)™ + (logT)"] = O(1).

There exists a sufficiently large constant k > 0 such that for alli € {1,...,N}, all T, and all
T
P | D i1 EitNesnl > 5| <exp <—32)
VT K

Define A; 4 := (s + JTg<I”g)/ (E + JTg<I>fq) /T. For the N x N matriz A; 4, we say that, with

(b)

s > 0, we have,

respect to A¢ g4, the compatibility condition is met for some set A C {1,..., N}, if for some
compatibility constant v > 0, and for all N x 1 vectors © satisfying ||© acll; < 3(|®all;, it
holds that

1©4]F < (@'A.,©) |4]/v2.

We assume that, with probability approaching one, the compatibility condition is met for set
S defined in Assumption 9, with respect to A. 4 and the associated compatibility constant is

L.



A2 Supplementary Lemmas

Lemma 1. Under Assumptions 2-3, for all s,t,i,m, m1,mo and v = f, g the following results hold.

2

1 E|[(NT)"2 5, Folm) [eiseis — oinstl| < M.

2

2. B|(NT) Y25, jwi(m) [eisein — ointl| < M.

3. N~1/27-1/2 Zi,t git = Op(1), N-1/2 >icit = O0p(1)  and T2 2 gt = Op(1).
4. T2 e = Op(1).
5 T2 F(m)nesn = Op(1)  and T2 wi(m)nern = Op(1).
6. N7YAT=V2S0 e = Op(1).
7. N—¥v/2p-1 Zi,t biv (M) €itFy (m2) = Op(1).
8. N™UWT=ES7 iy (ma) girwr (m2) = Op(1).
9. N—¥v/2p-1/2 > it Piv(m)eunin = Op(1).
10. (a) N~'T-1/2 > s Eis€it = Op <5&1T> and  (b) N7V/2T! > i Eitejt = Op (6;]171)
11. N=i7=3/2 > st CisCitNith = Op <5N}T>'
12, NTITY2 5, Fo(m)ziei = Op (0317 )
13. N~i7-1/2 Zi’s ws(m)eiseir = Op (6;,17“)
14. N~i71 Y isy Fs(m)eiseuniin = Op(1).
15. N7I'T71Y0,  ws(m)eiseinin = Op(1).
16, N=0PT S dnu(m)eney = 0, (T3 7).

The stochastic order is understood to hold as N, T — oo, dngr = min(vN,VT), I'n, 7 =
min(vV N¥v, \/T)

Proof: Items 1-4, 6, 10(a) and 11-15 have been proved in Kelly & Pruitt [2015], Auxiliary Lemma

1. We prove the rest below.



Item 5: Given Assumption 2.5, we have that

2

— T 1ZE [0 E [Fi(m)?]

E |7/ ZFt m)Nevh

<7t Z oy M

=0(1)
by Assumption 2.1 and 2.5. Therefore,

T—WZFt m)nepn = Op(1),

and similarly,

T2 Zwt m)en = Op(1)

using Assumption 2.4, 2.5.

Item 7: For v € {f, g}, using the Cauchy-Schwarz inequality,

1/2 2\ 1/2
N=v/2p- 1Z¢5w my)eiFy(ma) ( 1ZFt ma) ) T_lz [N—%/?Z@v (m1) it
it t i
= 0p(1)0p(1)
by Assumptions 3.7 and 2.1.
Item 8: For v € {f, g}, using the Cauchy—Schwarz inequality,
o\ 1/2

1/2
N~ PTEN " g (mi)esewr(mo) ( 1Zwt (mo) ) Ty [N”’“/QZ% (m1) eir

it t

= 0p(1)0,(1)

by Assumptions 3.7 and 2.4.

Item 9: Since Assumption 2.5 holds for any h > 0, taking h = 1 gives E (9,41 | Z,) = 0 for every 7.



Hence, by iterated expectations, E [n;4nns4+n] = 0 for ¢ # s. Therefore, by Assumption 2.5,

2
E|N™ wv/QT 1/22¢w 5ztnt+h =N— wUT 1ZE (bw )¢jv(m)€it€jtnt2+h]
7 t 7.7 t
2
=7 ZE [n?—&-h] E (N Vo/2 Z Gin(m 5zt>
t
—0(1).

The final line follows from Assumptions 3.7 and 2.5. Hence,

N—%e/2—1/2 Z Giv(m)einern = Op(1).

it

Item 10(b):

N-Y2p-1 Z EitEjt —N~12p-1 Z [5it5jt — O'Z'j’tt] + N-Y2p-1 Z Oijtt

it it it

o,(r) 0, (x7)

by Assumption 3.2(b) and 3.1(d).

Item 16 : We have,

N~ ¢v/2T ! Z wa 5zt5]t =T 1/2 N™ 1/11;/2T—1/2 Z ¢ [52t5]t — 045, tt}

it it
+ N~%/2 [t Z Giv(M)oij e
it
=16.1 + 16.11.

16.1 is O,(T~/?) by Assumption 3.3.
16.11 is O,(N~¥*/2) since E T3 Giw(m)oiju| < max; By (m)| T3, |oijul = Op(1) by
Assumption 2.2 and 3.1(d). Hence, N~¥»/27~1 > it Piw(meiejr = Op <F1TfiT)

Lemma 2. Under Assumptions 2-3, we have the following:



1. T7V2F Jrw = 0,(1).
2. T'V2F' Jrn = O,(1).
3. T=12e'Jrn = O,(1).

- p
4. N"VreiJy® = 0, <Nz>f vaf“zg).

NYa—¥y
5 NT'® Jye'JrF =0, <er TV - >
i Ty, 1
NYa—y
6. NV T'® Jne'Jrw = O, <er Vv g).
A In, 1

7. N~UT-128 Jye' Jrn = O, (N_ff v N—wf“zg).
8. NTUT-32F Jred ye'IrF = O, (3317 ).
9. NTUT=320 Jped ne' I o F = O, (37)).

10. N'T-320 Jped ye' Ty = O, (33)).

1. N7V R I ped e = 0, (07Y).

12. N7YT=1YV20 Jred ney = o, (5;,1T>

13, NTVT=320/ Jped ne' IrF = Oy (3317 ).

14. N7YT320) Jped ne' T pw = o, (5;,1T)

Proof: Items 1-3 and 8-14 have been proved in Kelly & Pruitt [2015], Auxiliary Lemma 2. We
prove the rest below.

Expanding Item 4 we have,
NV Jy® = [wangN{»f N¥o—v¢ (ngs;JN‘ig)} .

The m'™ element of N~¥/¢}J y®; is given by,

N—¥r/2 (N_wf/QZQthz‘f(m) - <N—1+¢f/228it> (N‘W Z¢if(m)>> — NU/2(1T 4 1.00)



1.I': This term is Op(1) by Assumption 3.7.

»
LIT: Since N~¥/2%" . e;y = O,(1) by Lemma 1.3, we have N-+F > €it = 0py(1) as
0 < ¢y < 1. By Assumption 2.2, N=%7 3" ¢, ;(m) = Op(1). Hence, (I+1I) is Op(1).

Therefore,

N~Yie|Jy®; =N"%1/20,(1)

~0, (N—wfﬂ) .

Similarly,

N~¥elJy®, = 0, (N—%ﬂ) ,

which implies

NVl I @, = O, (N~ x N7W/?)

Hence, the whole matrix has the following order.
Nl Jy® =0, (N*lf’f/2 v N”WWQ/Q) .
Item 5 can be expanded as

N7 @, Jne' I F
N~V T 1® Jye JrF = fONEST
N~¥s+¥s (N~YoT-1®! J ye'J7F)

We show that N~¥/ T~ '@ Jne'JrF is O, (F;V;T). By symmetry, N~“sT~'®! Jye'JpF will be

ng_wf
0, (r&(l] T>_ Hence N~ %st¥g (N—%T—l@;JNs’JTF) is O, () and therefore the whole
; Ny, T
. . 1 N’d}g_wf . . . ’ / .
matrix is O, F]_Vf 7V T ) Therefore, it is sufficient to show N~%/T-1& fJ ye'JrF is
’ Ny, T

o, (F ]_Vllt T) and the stochastic order for the matrix follows. We show this below.



N"Z’fT_1<I>’fJN€’JTF is a Ky x K matrix with generic (my,mo) element given by

N~vrT! Z iy (my) Fy (ma) ey — N~V 7177! Z bif (m1) Fy (ma2) €5t

it 1,5t

— N"YT2Y " Fo(mg) gjp (m1) gje + N~ 1T72 N Fo (mg) diy (ma) eje

j,S,t i,j,S,t

=5.I—-5.1I — 5.IIT + 5.IV.

5.1is O (N’¢f/2) by Lemma 1.7.

5.111is O, (T71/?) since N=%7 3", ¢ (m1) = Op(1) by Assumption 2.2 and

N1 > (T‘1/2 >t Fi (m2) gjt) = Op(1) by Assumption 3.6.

5.1 is O, (N~¥#/2) since T~ Y, Fy (m2) = Op(1) by Assumption 2.1 and

1Y, (N—¢f'/2 >, 655 () eﬁ) = 0,(1) by Assumption 3.7.

5IVis O, (T_l/ZN_l/Q) by Assumptions 2.1, 2.2 and Lemma 1.3.
Summing these terms, N*wa*hI)’fJNs’JTF is O, <F]_\7;T>

Item 6 can be expanded as

) N*T/’fT*hI)}JNs’JTw
N T 1@ Jye Jrw =
N=Ystvs (N~VoT1®! Jye' Jrw)

As in the case of Item 5, it suffices to show that N_wa_hI)f'JNs’JTw is O, (F&; T).

N‘¢fT_1§>f’JN€’JTw is a Ky x L matrix with generic (m1,m2) element given by

NTUTEN " gip (ma) wi (ma) e — N™Y TN " i p (ma) wy (ma) 5

it 2,5t

— N7UT™2Y " ws (ma) gjp (ma) eje + N~V T2 ™ wy (ma) dip (ma) et

Jisit 1,8t

=6.I—-6.1I —6.III + 6.IV.

6.1is O, (N~%7/2) by Lemma 1.8.

6.11is O, (T‘1/2) since N=%7 3" ¢i¢ (m1) = Op(1) by Assumption 2.2 and
N1 > (T=Y23", wi (m2) €jt) = Oy(1) by Assumption 3.5.

6.111 is O, (N~¥1/2T=1/2) since T~Y/2 Y, w, (m2) = O,(1) by Assumption 2.4

10



and 7713, (N*‘Z’f/2 > bjr (ma) ajt) = Op(1) by Assumption 3.7.
6.1V is O, (T7'N~Y/2) by Assumption 2.2, 2.4 and Lemma 1.3.

Summing these terms, we have that N_wa_l@f/JNE/JTw is Oy (F;\/}c T)'

Item 7: Similar to arguments presented in the case of Item 5 and 6, to show that N ¥ T—1/2&' J ye'Jrn
—¢ ¥ ¥
is 0, <N2f v N¢f+29>, it suffices to show that N=¥rT=V2& ¢/ J ye'Jrm is O, <sz). We

show this below.

The m'™ element of N~/ T~1/2&'J ye' Jrn is given by,

N—¥Yr7—1/2 Z Gif(m)eitn — N—Yr7=3/2 Z Gif(m)eiNsth
it

1,8,t

— NVt Z Gif(m)ejini+n + NVl Z Pig(m)ejens+n
i,5,t 1,,8,t

=7I1—-7I1-7III47.IV.

7.1is Op(N~%//2) by Lemma 1.9.

7.I1 can be written as

N=¥s/2 (T—l > [N—W 2 " dip(m)ei
t %

Jse)

This is O,(N~%//2) by Assumption 3.7 and Lemma 1.4.

7.I11 can be written as

(N_wf Z ¢if(m)> e Z EjtNt+h (N_I/Q)
i it

= 0,(1)0,(1) (N—1/2) .

This follows from Assumption 2.2 and Lemma 1.6.

11



7.IV can be written as

N-L1/2p-1/2 Z Eit (T—l/z Z 775+h> <N_1/1f Z cf)if(m)) (N—1/2 v T—l/z)
Jit s i
= 0,(1)0,(1)0,(1) (N_1/2 X T—1/2)

=0, (N—1/2 x T‘1/2) .

This follows from Assumption 2.2 Lemma 1.3 and 1.4.

Summing these terms, N~ T~12® ' J ye' Jrn is O,(N~V1/?).
Lemma 3. Under Assumptions 2-3, we have:

N2(bg—vy)
1. N2 T7'®' Jye'JreJn® = O, (N—tbf/?FN; TV - .

3 N2(bg—vy)
2. N~29:7728'Jye' JreJ ne' JrF = O, T_I/ZN_TM—ICSJ?T v 3: ‘
T TN ey
30 N2Wg—vy)
8. N=25T7728'Jye'IJred ne'Jrw = O, T71/2N_Tf+151?71T v 3: '
TTVANTZ

2
4. N2 T3F Jred nye'Jredne' I F = O, ﬂ
VTSN T

5 NﬁwaTﬁSF/JTEJNEIJTEJNéJTw =0 < N 2
' - VTSN T

6 NﬁwaT73w/JT€JN8/JT€JN€/JTw =0 < NV 2
' - P\ \VTonr

Proof: We prove 1-3 below. Items 4-6 have been proved in Kelly & Pruitt [2015], Online Appendix,
Lemma Web. They show that N 2T 3F'JreJ ne'JreJ ne' I F, N 2T 3F' Jred ne' Jred ye' Jrw
and N 2T 3w Jred ne' Jred ye' Jrw are all O, (T‘lé&QT). Therefore changing N~2 in the nor-

malization term by N 2%/ gives the stochastic orders as listed in Lemma 3 above.

Item 1 is a K x K matrix given by

12



N*ZTIJfol@IJNe/JTEJN(I) _ N_waT—lfb}JNE/JTEJNQf N—QTZ)fT_l(I)/fJNelJTEJN(Pg

N=2UT1®, Jye'JreJy®; N 29T 18, Jne'JreIy®,

First, we show that N_wa_l*I”fJN‘?,JTEJN'l’f is Op (N_wf/QF&;,T)‘

N*wa*l(I)'fJNs'JTsJN@f has generic (mq,ms) element given as

N“2ITN "¢ (ma) cuciudys (ma) — N2V N " i (ma) enejid i (mo)

1,55t 1,7,k,t

— N~2s=ipl Z b i (M) jeepd i (mo) + N2 271 Z ¢ (1) €jecredpi (ma)
i,9,k,t ,5,k,0t

— N_2wa_2 Z ¢fl (ml) Eisgjt(bfj (mQ) + N—21/)f_1T_2 Z ¢f1 (ml) 5i85jt¢fk (m2)

i7j7s7t ?:7.j7k787t

HNT2TITT2 N G () gjsepedpn (M) — N2 2T72 N Gy (ma) ejsemd g (ma)

i,j,k,s,t i,j,k,l,s,t
=11 —..-—1. VIIL

1.I can be written as

N~ T‘IZ<N‘¢f/ZZ¢f¢(m1)€u> N=VIZY gy (ma) eje
t i ‘

J

-0,

by Assumption 3.7.

1.IT can be written as
N~V [ N~ Z e Z Gri (Mm1) i€t <N¢f Z rk (m2)>
J it k
- -1
~0, <N wf/Qpr7T>

by Lemma 1.16 and Assumption 2.2.
1.1ITis O, <N_wf/2F]_Vjc,T), the proof is identical to 1.II.

13



1.IV can be written as

i l k gt
=N"120, (1) 0, (1) Oy (63
=0, (63} N"172)

by Assumption 2.2 and Lemma 1.10.

1.Vis O, (N’wf). The proof is identical to 1.I.

1.VI can be written as

—py—1

N T7% (T—l S ONTVEN i (ma) e)
X T_l/zN_1/2Z6jt (N_wf Z¢fk (m2)>
k

gt

o
=N~ T 0,(1)0,(1)0,(1)

—pp-1
:Op (N 2 T2>

by Assumption 2.2, 3.7 and Lemma 1.10.

—pp-1
1.VILis O, <N 5 T21) The proof is identical to 1.VI.

1.VIII can be written as
R G | Caa vt
i js

» <N1/2T1/2 Z&ct) <N¢f Z oy (m2)>
]

kt

=NT'T710, (1) 0, (1) Oy (1)

=0p (N_IT_I)

by Assumptions 2.2 and Lemma 1.3.

Summing all these terms gives us N‘2¢fT_1<I>’fJN€’JTsJN<I>f is O (N_wf/2F&;7T).

14



By a symmetric argument N~*¥sT1®! Jye'JpeJn® is O, (Niwg/QF]_V;,T)
NQ(wg_¢f)

p N¥g /QerT .
It is also easy to see from the proof presented above, that, depending on whether vy is greater,

Hence, N_waT_1<I>’gJN€’JT€JN<I>g is O

equal to or less than b, N~2%7 T*1<I>;JN€’JT€JN<I>f is either O, (waf/QI‘]_V;,T> (when ¢ > 1g)

N2(¢g —ty)
or O, ———=—— | (when < . When ¢ = 1, the two rates are equal.
P f g ! g

Nw9/2FNg,T
N2 —1y) )

e N—20FT—1 g/ / : —pp/2p1 -
Therefore, the matrix N T ®'Ine'JreJy®is Op | N Uner Vv Ny, 1

Item 2 is given by

—2¢ -2 ! / ’
N=2772&' Jye' Jred ye' I F = N=HT ®¢ Jye JreJne JTF

N-2:T772®, Jye' Jred ye' Ir F

3¢
We first show (below) that the Ky x K matrix N2/ T~2® ;' Jye'Jred ye' JrF is O, (T—l/ 2N—J+15N1T> :

The matrix N*waT*2‘1>f'JNs’JT€JN5’JTF has generic (m1,mgy) element,

N2 Z b (m1) eji€ircisFs (ma) — N-2¥sp=3 Z ¢j5 (m1) ejucincit Fs (m2)

i,j,s,t i:jys7t?u

— N~ 2%s-1p=2 Z brp (m1) epejieis Fs (mo) + N2V =173 Z brf (M) Eku€jucit Fs (Ma2)
i,j,k,s,t i1j1k1s>tvu

— N~2yp3 Z quf (my) Eju€it€isks (mg) + N2 Z ¢jf (m1) EjvEiutitFs (ma2)

i,j,s,t,u Z.7j,87t7u,’l)

+ N~ 2%-1lp=3 Z g (M) EpucjtcisEs (ma) — N-2vs—lp—d Z Grf (M) ExvEjucit Fs (M2)
i,j,k,s,t,u i,j,k,s,t,?,h'l)

_ N_2¢f_1T_2 Z ¢k‘f (ml) Ejtgitgist (TTIQ) + N_2¢f_1T_3 Z ¢>kf (ml) €ju€iu€itFS (m2)
i,j,k,s,t i7j7k757t7u

+ N~ 2¥s=2p=2 Z Gip (M) epeejicisFs (Ma) — N~%s=2p=3 Z é1p (m1) Erucjucit Fs (M2)
i:jakzlvsyt i9j7k7l737t7u

+ N~2¥s—1p=3 Z Oy (Mm1) ejuciteisFs (ma2) — N2ty Z bry (Mm1) ejueincit Fs (Mm2)
i,j,k,s,t,u Z’7.j7k757t7u7/u

— N~ 223 Z b1y (1) epuejicisFs (mao) + N2V =274 Z b1y (M) epvejucit Fs (m2)
i,j,k,l,s,t,u i:j:kvlvs’tvuvv

= 2I—-..-—2XVL
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2.1: Using the Cauchy—Schwarz inequality, this term is bounded by

|
ol=

TR _ _ _ e
N2 P 2L TN CINTYI 2N g (ma) €] TN INTIT Y2 i Fy (mo) ex)?
t J t 1,8

3 e -
=N"2 HT20,(53'1)0p(1)

- i
=O0y(T'?N™ Jrl5N,1T)

by Lemma 1.12 and Assumption 3.7.

2.II: Using the Cauchy—Schwarz inequality, this term is bounded by,

|
=

3 _ _ _ Sy
N 5 +1T 1/2 T IZ[N 7/}f/22¢]f (ml)gju]Q T IZ[N 1T 1/225it5iu]2
u i u 1,t
X (leFs (m2)>.

3¢
This is Op((s](,lTT_l/QN*?fH) by Lemma 1.10(a), Assumption 2.1 and 3.7.

2.IIT can be written as

Sy _ e
N~ -2 | N wa orf (my) | N~Y2T 1§ EREjt
k gt

X <N—1 > TN ey F (m2)> :

This is equal to N2~/ T~1/20,(354)0,(1) which is Op(65 T~ />N 3% by Lemma 1.10(b) and
Assumption 2.2 and 3.6.

2.IV can be written as

3941
N~ T2 NSNS g () epus
i k,au

x | NTRTTU2N ey (T—l Y F, (m2)> :
it S

.. -1 _ 3y
This is Op(FNf N~ 2

+1
T_I/Q) by Lemma 1.3 and 1.16 , Assumption 2.1.
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2.V can be written as
3¢
N2 TANON RS g (m) e
u j=1

x | 771 Z N-lr—1/2 Z Fs(ma)eiscit
t 1,8

3¢
This is Op((S]QlTT_l/QN_TfH) by Assumption 3.7 and Lemma 1.12.

2.VI can be written as
3¢
N-ZLHp-1/2 [ p-1 Z N—¥s/2 Z¢Jf (m1) €0
v J
x | TS NTTTVEY " eien <T1 > F, (mg)) :
t iU S

39
This is Op(é&}TN_TfHT_l/z) by Assumption 2.1, 3.7 and Lemma 1.10.

2.VII can be written as

Byl

” k
» N_1/2T_1/225jt (N_IZT_I/QZSist (m2)> :
gt i B

3941
This is Op(N~ 5 T—') by Assumption 3.6, 3.7 and Lemma 1.3.

2.VIII can be written as

3¢
JUE T (Tl SONTU2Y G (ma) 5kv> NN e,
- k

Ju
x | NTRTTI2N ey <T1 > F, (m2)>.
it s

3¢

This is Op(N_TfT_l) by Assumption 3.7, Assumption 2.1 and Lemma 1.3.
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2.IX: Using the Cauchy—Schwarz inequality, this term is bounded by
2\ 1/2
N—Ystzp=1/2 <N¢’f S (m1)> 7'y N—3 > et
k ¢ j
2\ 1/2

1
x | 771 Z N7 2 Z Fs(mo)eiseit )
t 7,8

which is Op(N_ﬁ’f'*'%T_l/Q(SX,T) by Lemma 1.3, Lemma 1.12 and Assumption 2.2.

2.X: Using the Cauchy—Schwarz inequality, this term is bounded by

2\ 1/2
N~¥rtap-1/2 <N¢f Z¢kf (m1)> 7! Z N2 Zaju
k u i
2\ 1/2

_ IS}
X TIE N1T2E Eiufit ,
u it

which is O,(N~%/T2T-/251 ) by Assumptions 2.1, 2.2, Lemma 1.3 and Lemma 1.10.

2.XI can be written as

s (609 Sy ) (V5 (391 S
7 j k.t

X (N—l S TTVEN ey F (mg)) :

This is Op(waer%T_l/Q(S;,lT) by Assumptions 2.2, 3.6 and Lemma 1.10.

2.XII can be written as
N—¥rp—1/2 (N"/’f T (m1)> NISTINTEZT S g
X N_%T_%Zgit (T_les (m2)> .
2t s

This is Op(wafol/z(SX,lT) by Assumption 2.2 and Lemma 1.3 and 1.10.
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2.XIII: Using the Cauchy—-Schwarz inequality, this term is bounded by

N*wf+1/2T71/2 (Nz/)f E :QZ)kf (m1)> N71/2T71/2 § :5ju
k 7y
1/2

1/2
% (N—l Z[T—1/225?t]> (N_lz[T_l/ngist (m2)]2> )

which is Op(N_‘Z’fH/QT_l/Q(S;,}T) by Assumption 2.2, 3.6 and Lemma 1.3.

2.XIV can be written as

N—Yst+1/2p=1/2 (N—wf Z iy (m1)> N-l/2p-1/2 Z £it
it

k
X ]V_1 Z N_1/2T_1 Z Eit€iu (T_l Z FS (m2)> .
u it s

This is OP(N’WT’UZ(S;,IT) by Assumption 2.2, Lemma 1.3 and 1.10.

2.XV can be written as

N—Yrp=3/2 (N—’L/Jf Z o (m1)> N—/2p—1/2 Z €k
k,u

l

< | N—12p-1/2 Zgjt (N_l ZT_I/Q Z5ist (m2)> :
gt i B

This is O,(N~%/T~3/2) by Assumption 2.2, 3.6 and Lemma 1.3.

2.XVI can be written as

N—¥r=37=3/2 (wa > o (m1)> NTRTTIEN "y,
l kv

< | N—127-1/2 Z e | | NTV2T2 Z Eit (T—l Z F; (mQ)) )
ju it s

This is Op(Nﬂl’f*%T_:)’/Q) by Assumption 2.1, 2.2, Lemma 1.3.

19



Since 0 < ¢y < 1, the initial terms dominate the order. Thus, summing all these terms yields:
—20r—2 g,/ / ’ R L S
N=HT® Iye'JreJye' JrF =0, | T72N" 72 o7 |-
By a symmetric argument, we have:
30
N2 2@ Jve' Jredne' JrF = 0, (T AN~ F13L )

Hence, we can conclude that:

g

N=2T2%! Jye'JreJ ye' JrF = O,
Tl/QNT_l(SN,T

N2(Wg—ty) )

Therefore, we have:

39 N2®g—25)
N_2wa_2<I’/JN€,JT€JN€/JTF =0, (T_éN_Qf—H(SN,lT v g :

T1/2N¥715N7T

Item 3 is a K x L matrix and the proof follows the same logic as Item 2, replacing Fs(ma) by

Wg (m2)

A3 Proofs of Theorem 1(a), 2, 3(a) and 4(a)

We introduce two lemmas which are utilized in proofs of Stage 1 results of SPRF LASSO for the

cases when v = 0, and ¢ = 0. The proofs are presented subsequent to these lemmas.

1 Nﬂ’g—@/)f
Lemma 4. Recall that =5 = T2y N~¥/2y < ) which is equivalent to
’ Ny, T
hg—1
T2\ N=%s/2\y N—%st+¥e/2 (N i f>‘
VT
N1-¥s
Under Assumptions 1- 6, if Wi =0(), ify=0, and ¢ =0, we have:

1. FA=T7'Z'JrZ = AfAfA; + A, + Oy (T71/2).

2. Fp= N"UT2Z'IrXInX'IrZ = AjAPIAN + O, (23)r).
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3. Foy=N"YT'Z' JrXInzy = NV T Z' I XIngy + A APrf + O, (EZ—V}T).

Furthermore, the probability limit of &' and an asymptotic representation of Fy are

& Ly (A;AsA) +AL) AN,

T—o0

and

Fy= (ApApAs +A,) (AsA;PrAGAL) ™ (N—¢f'T—1z’JTXJN¢O + AfAfPfft) +0,(1).

Proof:

First we note that

waf{)/JN(I): N_wfé[)f’JN{)f N_¢fq>f’JN@g
N~y In®; NV (N"V®/IND,)

-0, (1 v N¢g_¢f> . (A3.1)

The final equality follows from Assumption 2.2 and 4.1.

Ttem 1 :

Fo=T'Z'JrZ
=A(T'F'IrF)N + A (T7'F'Jrw) + (T JrF) N + T7'w' Jrw
—AAFA + A, + 0, (T712)

—A AN+ A+ 0, (TT).

The first equality follows from Assumptions 2.1, 2.4 and Lemma 2.1 and the final equality follows

from the fact that Ap is block diagonal (Assumption 4) and A = [ A; O } by Assumption 5.
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Item 2:

Fp= N YT?ZJrXJInX'JrZ
= A(T7'F'JrF) (N"V@'Jy@) (T F'JrF) A + A (T FJ7F) (N1 @Iy @) (T F'Jrw)
+ A (T FJrF) (N"9T 7 @' Ty JpF ) A + A (T7' F' I F) (N~ T @ T e Jrw)
+ A (NI F Jred @) (T F'IrF) N + A (N“VT F e d y@) (T F'Jyw)
N1=¥s N1=¥¢

VT VT
+ (T7'/J7F) (N™ @/ Jy®) (T FJpF) A + (T 7w/ J7F) (N @/ Jy®) (T7'F Jrw)

A (N—lT—3/2F’JTsJNs’JTF) A+ A (N—lT—3/2F’JTeJNs’JTw)

+ (T I F) (N T @ I e TrF) N + (T I F) (N~ T @ T e Jrw)

+ (NUT W Tredy®) (T F'IrF) A+ (N9 T W/ Tred y@) (T F'Jrw)
N1—¢f N1—¢

VT VT

—A (T~ F'J1F) <N—wf q)’JN<I>> (T7'F'JrF)A + O, (EJ‘V}T) .

f
(N*lT*?’/ 20! Jred Ns’JTF) A+ (N*T*?’/ 20/ Jred N{-:’JTw)

The final equality follows from Assumptions 2.1 and 4, Lemma 2 and equation A3.1.

Now, using the fact that A = [ A; O ] (Assumption 5), we have

A(T'F'JrF) (N™ @' In@®) (T7 F'IrF) A =Ap (T fTrf) (N~ @ Tn®) ) (T7' 0 f) A
+ Ay (T Trf) (N—wf @}JN¢9> (T-'g'Trf) A}

+ A (T Trg) (N~ @) In®;) (T7' ' T f) A
ng_¢f

+ Ay (T72f'Trg) (N0 Tn@,)
x (T’l/Qg’JT f) A

—AsAfPIAN; + 0, (Z5))

The final equality follows from Assumptions 2.1 and 4.
Hence, ', which is N~/ T22'Jr XInX'JrZ is equal to Ay APy AfA} + 0, (3.
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Item 3:

Foy= N YT ZJrXJ

— A(T'F'JrF) (N*wf{)/JN(bO) “LF'J,F) <N*wf<I>’JN<I>> F

A (T
+ A (T FIpF) (N @ dye) + A (N“9T 7 F Ired by
—v5

N1
+A (N—%'T—lF’J eJ @) F, +

+ (T I F) (N7 @' Ty + (T I 1 F) (N~ @Iy ®) Fy

A (N—lT—WF’JTsJNst)

+ (T 'w'JrF) (N—¢fq>’JNet) + (N—¢fT—1w’JTsJN¢o)

l—wf
+ (N_wa_lw'JTeJN<1>> F,+ N\/T (N_lT_1/2w/JT€JN€t>
:N_¢fT_1Z,JTXJN¢o + A (T_lF'JTF) (N_d’f‘i)/JN‘I’) F; + 0, <:]_V1T)

Assumptions 2.1 and 4, Lemma 2 and equation A3.1 give the final equality.

Again using Assumption 5, A = { A 0 } , we have,

A(T7'F'JrF) (N"1®' Iy @) Fy =Ay (T fJrf) (N1 @Iy @) f,
+ Ay (T_lf/JTf) (N_W‘I’}JN‘I'O g;

+ Af (T_lf'JTg) (N_wf(I’;JN(I'f> ft
N’/’g—wf
VT

=AsAfPrfi+Op <~N T)

_l’_

As (T*W f’JTg> (N*% ] N<I>g) 9:

The final equality again follows from Assumption 2.1, 4.
Hence, Foy = N T Z'Jr X Inwy = NV T Z' Jr X Ingy + A AfPrf + O, <HN T) :

Combining the results for Items 1-3 and using Assumption 6, we have:

N —1
F,=T'2'J,2 (N—WT—?Z’JTXJNX’JTZ) N-YT ' Z' Jr X J e,
N a1~

= FAF, Foy

= (AfAfAlf + Aw) (AfAfPfAfAlf)_l (N_wa_IZ/JTXJN(ﬁO + AfAfPfft) + Op(l).
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Similarly expanding T—'Z'J7 X gives T"'Z'Jr X = ApAp® + O,(T~"/?) and hence,

& = (17'2'972) " (T7'Z'JrX) 25 (AjApA; + AL) T ApA;@).

T—00
N1=¥s
Lemma 5. Under Assumptions 1- 6, if Nis =0(1), ify=0, and ¢ =0, we have:
1. By =T7'Z'JrZ = AfAsA; + A, + O, (T7Y2).
2 By= N"UT2Z'IpXInX'IrZ = ApA;PrAA, + 0, (23Y).

5. By = N2 T 32 I XINX' Tr XINX'T1Z = ApAfPr AP ArAL + 0, (33} ).
4 Ba= N"UT2ZIr X InX'Jry = AsAsPrAsBs + O, (S3)r)
Therefore,
B=(T"'Z'Jp2) N T 22 J X INX'JrZ
X (N*wfT*3Z’JTXJNX’JTXJNX’JTZ>_1 N~ T2Z' Jr X Iy X Jry
=3, 8.8, B,
satisfies

A —1 —1
B (ApAfAf + AL) T ApAFPrAsAS (ApAFPrAsPIALAS) " ApAsPrAsBy.

Proof
Note that ,31 = F4 and BQ — F'g and their probability limits are established in Lemma 4. The

expressions for B3 and ,34 are handled below.
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By =(N¥I1T3) Y AF' Jp F® IN®F' Jr F® Jy®F JrFA + AF' JpF® Jy®F JrF®' JNy®F Jrw
+AF JrF®' JN®F JrF®' Jne' JrFA + AF Jr F®' JNy®F I F®' J e Jrw
+AF' JrF® Ine' TreJN®F' JrFAN + AF' J1rF®' Jye' Jre y®F Jrw
+ AF' JrF® Ine' Tped ne' IpFA + AF' JpF® J e Jred ye' Jpw
+ AF JrF® IN®F JreJy®F' JrFAN + AF' JrF® IN®F JreJn®F' Jrw
+ AF' JrF® INn®F Jredne' JrFAN + AF' JrF®' JN®F Jred ye' Jrw
+AF' JrF® Ine' Jr F®' INOF JrFAN + AF JrF® Jne' JrF®' Iy F Jrw
+ AF JrF® Ine' JpF®' Jne' JrFAN + AF JrF® Jne' JpF®' J ye' Jrw
+ W I F® IN®F JrF® IN®F JpFA + W I F®' INOF T F® JNy®F Jrw
+ W I F® IN®F JrF® I e’ IpFA + O I FO Jy®F Jr F® Jne' Jrw
+ W I F®' Ine' TpeJN®F' JrFA + W' Jr F®' Jye' Jre I y®F Jrw
+ W IrF®' Ine' TJredne' JrFAN + W' Jr F®' J e Tred e’ Jrw
+ W IJrF® IN®F JreJN®F JrFN + W' JrF® IN®F JreJN®F' Jrw
+ W I F® IN®F Jred ne' JpFAN + W' Jp F®' Iy F Jred ye' Jrw
+ W I F® Ine' JpF®' IN®F I FA + ' I F® Jne' JrF®' Iy F Jpw
+ W I F® Ine' JpF®' Jne' JrFAN + W' Jr F® I ne' Jp F®' J ye' Jrw
+AF' JreJ NOF JrF® IN®F JrFA + AF JreJN®F JrF® IN®F' Jrw
+ AF JreJ NOF JpF® Jne' JrFAN + AF J1reIN®F' JrF®' J ye' Jrw
+ AF JreJne' JreJN®F' JrFA + AF Jred ye' JreJ y®F Jrw
+AF' Jredye Jredne' JrFAN + AF Jred e’ Jred ye' Jrw
+ AF' JreJ NOF JreJN®F' JpFAN + AF JpeJN®F JreJn®F' Jrw
+AF JreJN®F Jredye' JrFA + AF JreJ N F' Jred ye' Jrw
+ AF JreJ e JrF® IN®F' JrFA + AF Jred ne' Jp F®' Jy®F Jrw
+ AF JreJ e’ JrF® Ine' JpFA + AF Jred ye' Jp F® J e’ Jpw

+ W' IJreJNOF Jr F®' IN®F JrFAN + &' JreJ NOF' Jp F®' Jy®F Jrw
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+ W IJreJNPF' JrF®' Jne' JrFA + W' JreI NPF' JrF®' J ne' Jrw
+ W' Iredne' JreINOF' JrFN + W' Jredne' JreI NOF Jrw

+ W' Iredne' TJreJne' JrFN + W' Jred e’ Jred ne' Jrw

+ W' IJreJNOF JreJ N®F' JrFN + W' JreJ NOF JreJ O F J 1w
+ W IreJN®F Jredye' JrFA + W' JreJ N®F Jred ye' Jrw

+ W Iredne JrF®' INPF' JrFA + W' Jred e Jr F®' IN®F Jrw
+ W IJredNe' I F®' I ne' IpFAN + ' Jred ye' Jr F®' J ne' Jrw)

—(N*I T AR Jr F®' Iy ®F Jr F®' IN@F JrFA + 0, (S )

The final equality follows from Assumption 2.1, Lemmas 2 and 3 and equation A3.1. Further, note

that

(N2 T HYAF' JrF® INn®F Jp F®' Jy®F' JrFA’
1 /
- ((N—wa—l)AF’JTFqﬂJN@F’) Jr ((N_’/”fT_l)AF’JTF@’JN@F’)

= (AsasPer + 0, (25)) I (FPraA; + 0, (23))

J
=ArAfPy fJrf

PfA Af —‘rO (HNT)

:AfAfPfAfPfAfAf’ + 0y (l/f) + 0y (“N T)

We have used the result from the proof of Lemma 4.3 in the third equality. Standard arguments,
then, give us the fourth equality and the final equality follows from Assumption 2.1. Hence,

By = N2UT3Z I XINX Jr X InX'TrZ = ApAfPrA;PiAAL + 0, (3} ).
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By =N"YIT2(AF JrF® Jy®F JrFB + AF JrF® Jy®F Jrm+ AF JpF® J e JrFJ3
+AF JrF®' Jne' I+ &' JrF® INPF JrFB + W' Jr F®' INy®F Jrn
+ W IrF®' Ine' JrFB+ W' I F®' Jne' Jrn + AF JreJ y®F JrF3
+ AF' JreJ N®F' Jrn+ AF Jred ye' JrFB + AF Jred ye' Jrn
+ W IJreJN®FITFB + W' JreJ N®PFJIrn + W' Jred e’ I F3
+ W' JreJ ne' I rm)

—N"UT 2 (AF JrF®' Iy ®F JrFB) + 0, (S5}

The final equality follows from Assumption 2.1, Lemma 2 and equation A3.1.
Further, note that, since A = [ A; O ] (Assumption 5) and 3 = (,B’f, 0)" (Assumption 1), we

have

A(T'F'J7F) (N™1®'In®) (T F'JrF) B =As (T f o f) (N"V1 @I @) (T7 ' Irf) By
+ Ay (T FIrf) (N—¢f @;JN%) (T'g'Irf) B,

+ Ap (T Trg) (N~ @ In®s ) (T7' T f) By
N1/’g_7/’f

+ Ay (T*W f’JTg> (N*% o 7 Ncpg)
< (17 110f) By

=A;AfPrABy + Op (5&?) :

The final equality follows from Assumption 2.1, 4 and Lemma 2 and equation A3.1.
Hence, B, = N™IT2Z'Jr XInX'Jry = AsAsPrAsB; + Oy (23)). Combining these
results gives the probability limit of B stated in Lemma 5.

Using Lemmas 1-5, we now prove Theorems 1(a), 2, 3(a) and 4(a).

Theorem 1(a) Let Assumptions 1-6 hold and v = 0 and ¢ = 0. Additionally, if

then we have:

Jrns — Erin = Op(Ex')
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Zgzl fs

Proof: Let f = T

. We have,

Ytth,f =Y+ (N_wa_l (z: — ) WXZ) (N_2¢fT_3W/XZSXXWXZ)71 (N_¢fT_2W/XZSXy>
=Bo + By + 0T ) + (£, = F) PrAsA} + 04(Ex)
[AfAfPfAfPfAfAf +0,(Ey T)} . (AfAfPfAfo +O0p(Ey T))
=Bo+ F'B; + Op(T™V2) + (£, — F) PrAsA; [ArA;PrAPrAAL] " ArAfPrALB) + Op(Ex'y)
=80+ FIPr AN [AfA[PrAPrA A" A APrA B+ Oy(ER)y)
=Bo + f18; + Op(Ex'y)

=Etyiin + Op(E&:}T)-
The third equality follows since, for any invertible matrices A and A + B, we have:
(A+B)'=A"'"-A"'B(A+B)™, (A3.2)

which implies that:

_1 1
(AsA/PIAPIAIN; +O4ERY)) = (Aj AP A[PAN))

— (AASPIAPA AT

Op(Enir)
—1
(AfAfPfAfPfAfAf +0p(Zy T))
-1 —_—
= (AJAfPrAPrALAS) " = 0y(1)0y(Ex1)O0p(1)

—1 —_—
= (AfAfPIAPrAGAY) T = O,(E3).

The final equality comes from Assumptions 4 and 5, which require Ay, Py, and Ay to be nonsin-

gular. The stochastic orders in the expression are obtained using Lemmas 4 and 5 and noting that

T
Zs_%nh-‘rs _ Op(Til/z).

Theorem 2 Let &; denote the i*" element of &. Let Assumptions 1-6 hold and v = 0 and ¢ = 0
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and Py = I,, then for any i,

_ N/
NI~ (i = NY71Gp) By 40

Proof: &; = S;é&, where S; is the (1 x N) selector vector with i'" element equal to one and the

remaining elements equal to zero. Using the expression for & we have,

-1
b =N~ T8, INX T2 (N*wfT*3Z’JTXJNX’JTXJNX’JTZ)

X NYT2Z' Jp XInX'Try.
From Lemma 4 and 5, we have
& = N7V | S, In® AN} (AfA;PrAPIAGA}) T ApAfPrA B, + 0p(1)] -

The expression S;J y®; can be written as (¢if — N‘ﬁf*lq‘)ff)/ +o0p(1) as N, T — oo. Therefore, we

have that

/
~ 1 -1
NUa; L (i = NUIThr) AgAY (A;APIAPAAY) T ALAPIALB,.

Using the fact that Py = I this reduces to (¢;; — waﬂ?f)’ﬁf.

Define G = ,31_1,32 (AfAfPfAfPfAfA})_l (ArAfPrAy), where B, and 3, are defined in
Lemma 5.

Theorem 3(a) Let Assumptions 1-6 hold and v = 0 and ¢ = 0. Additionally, if

then we have:

B—GsB; = O,(E3'y).
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Proof:

B=(T"'2'Jr2Z) "N WT2Z JpXInX'JrZ
1
><(N—wfT—3Z’JTXJNX’JTXJNX’JTZ) N-UT2Z Jr XInX' Ty
=3, B, (AfAfPfAfPfAfAf +0y(Ey T)> (AfAﬂ’fAf@f + OP(E]_V,IT))
A1~ -1 —_
=01 B (AfAfPrAFPAfA}) (AjA;PrAS) By + Op(Ex'y)

=GpB; + Op(Eyly).

The stochastic orders in the expression are obtained using Lemmas 4 and 5. The second equality

follows by employing the identity for the inverse of a sum of two matrices as in the proof of Theorem

1(a).

Define Hy = FoF 5 AjA [Py and Ho = FaFy [N T2/ J0 X T yéy].

N1=¥s
Theorem 4(a) Let Assumptions 1-6 hold and v = 0 and ¢ = 0. Additionally, if Wi = 0(1),
we have:
F,— (Ho+ Hyf,) = Op(Ey'y).
Proof:

N -1

F,=T'2J;Z (N*WT*QZ’JTXJNX/JTZ) N~ T Z Jp X J ya
= FaFy [N"UT 200X Ing + AsAfPsf + 0, (23 )|
= FaFy [N"UT7 200X Iney| + FaFy A; AP £, + 0, (23

—Ho—l-Hfft-i-O (“NT)

The second equality follows from employing the expression for Fat in Lemma 4. H;Gg = I can

be verified easily given Assumptions 4 and 5.

Remark 1. The proofs of Theorem 1, 2, and 4 can be approached in an alternative manner. We can
A~ A1 N
demonstrate that, for the matric Ho = F o F [N_wa_lz/JTXJNi'f] , F'y converges to Hy f,

at the rate Zn 1, while ,@ converges to H’2_1,6 at min (\/ N¥s, \/T> rate, under the assumptions of
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our model. Therefore, by specifying a different limit, we can establish faster convergence of,é to
that limit. Essentially, we require that rotations in F, and B be nullified upon multiplication, which
occurs with this newly specified limit.

However, we specify the matriz H; such that ,@ converges to H}_I,B at the slower Sn 1 rate.
We do this for simplicity of exposition, noting that the convergence rate of the target depends on
the convergence rates of both F, and ,3 Consequently, any improvement in the convergence result
for ,B 1s not useful unless the rate for F, improves as well.

In Kelly & Pruitt [2015], they specify the convergence of F, to HF,, where
H = FAF; [NflelZ’JTXJN@] at a V'N rate. In our weak factor context, this would be a
VNYs rate. Howewver, this matric H is not square unless there are no irrelevant factors. Elements
of HF; are linear combinations of relevant and irrelevant factors. Therefore, their convergence
result cannot be employed in our context to obtain faster convergence for the target estimator. We

must establish convergence of our factor estimates to some rotation of relevant factors.

A4 Proofs of Theorems 1(b), 3(b) and 4(b)

We introduce three lemmas which are employed in the subsequent proofs of Theorems 1(b), 3(b),

and 4(b), which deal with the general setting of ¢ # 0 and ~ # 0.
Lemma 6. Let Assumptions 1-3, 6, 8 and 9 hold. Additionally, let % = O(1). Then:
1. N7'T712e' Jredne, = O, (5;&).
2. NTIT=3/2% Jred e Ire = O, (33} )
5. NTUT-32F Jred ye'dre = O, (33} )
4. N7 T ve' Ire = O, (Sx)r).
5. NVT=3/2% Jred ne' Tre = O, (037 ).
6. NIy Jred ye'Tre = O, (63 ).

7. (a) TV2F' Jre = 0,(1)  and (b)) T~V2w' Jre = O,(1).
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To prove this lemma, we need to show the following.

Let Assumptions 1-3 and 6-8 hold. Then, for all ¢, m,

N-Ip—1/2 Zes(m)gissu =0, (5;,17“) .

Proof: Adding and subtracting terms, we can write the above as
N71/2 N71/2T71/2 Z Es(m) [EisEit — 0'1'1'7575] + T71/2 Nfl Z €S(m)0'“'75t
,8 1,8
=I+11.

E|N"'Y, es(m)oiis

Hence, the second term is O, (T*1/2).

< N7'max, Eles(m)] Y , oii st

= Op(1) by Assumptions 3.1 and 2.3.

For the first term to be O, (N -1/ 2), it is sufficient to show that
2

E|(NT)"'/? Z es(m) [eiseit — oiist]| < M.

Proof: Using the Cauchy—Schwarz inequality twice,

2
E|(NT)"2> " e5(m) [eiscit — o st)

=E | (NT)™* Z es(m)eu(m) [eiscit — Tiist) [Ejuljt — Tjjut]

9,7,8,U
9\ 1/2

< max (IE les(m)ey(m)| )

S,u

2\ 1/2
x | E (NT)’I Z [eis€it — Tiist] [Ejucjt — Ojjut]
2,7,S,U
4y 1/2
1/4 1/4 _
< max (E |as(m)l4) (]E \€u(m)|4) E|(NT)™'2 > [eiscit — 0ii ] < o0
, 1,8
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by Assumptions 2.3 and 3.2. Therefore, we have
N2 e (m)eisen = Oy (5J;}T) . (Ad.1)

Now we can prove Lemma 6.

Item 1 = N~1T12¢' JreJ ye, has generic m'™ element given by

N-ip=1/2 Z es(m)ejseiy — N2T71/2 Z £s(M)eise jt
7,8

27]75

— Nlp3/2 Z es(m)eweir + N—27=3/2 Z es(M)eimeji

1,8,U %,7,S,U

=1I1—-1II—1.II+ 1.IV.

1.1is O, (5;,1T> by equation A4.1.

1.II=N12 (N Z (T_1/2Z€S(m)sis>+1;lv/2 Z (T_lzes(m)€¢s> N_l/ZZEjt
s s J

i€Am, €A, .
= N71/2Op (1)

~0, (N*W)

by Assumption 8 and Lemma 1.3.
1.1IIis O, <5R,1TT_1/2> by Lemma 1.3 and 1.10.

1.IVis O, (N*ITfl/z) by Lemma 1.3. Summing these terms, Item 1 is O, (5;,1T).
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Item 2: N~1T73/2¢' Jred ye' Jpe is an N x N matrix with generic (mq,m2) element

N-i7—3/2 Zes (mq) €iseier (ma) — N-Li7—5/2 Z es (m1) €is€iten (M2)

,8,t 4,8,t,u
N-l7=5/2 Z (m1) €it€iney (M2) + N™ 1p=7/2 Z es (m1) €it€inep (M2)

1,8,t,u 1,8,8,u,v

— N727732 Z (m1) eisejict (ma) + N =275/ Z £s (M) €is€jtey (M2)
,],8 t ,j,S,t,’Lt

+ N_QT_5/2 Z Es (ml) €it€juu (mg) — N_2T_7/2 Z €s (ml) Eit€jutv (m2)
i,j,s,t,u i,j,S,t,U,U

=2I—.-.—2. VIII.

2.1 can be written as

T71/2 N*l Z <T1/2 Z 5s(m1)5is> <T1/2 Z 5t(m2)5it>
) s t

iG(Aml ,EUAmQ,E
1y (e (1 S et
N S 18 (2
1€(Amy,eUAmg )¢ s t

:OP(T_1/2)7

T
by Assumption 8, given that N O(1).
211 is O, (55T~1/2) by Lemma 1.3 and equation A4.1. Item 2.I11 is identical.
2IVis O, ((mlTT’l) by Lemma 1.3 and 1.10.

2.V can be written as

T1/2

TN Y <T1/2255(m1)8i5>+N > (lees(m1)8i5>

1€AM, e 1EAS

mi,e

T1/2
x | N7t Z (T‘l/QZest(mz)sjt) + N (T_1 Zst(mg)sﬁ>
t JEAS

jEA'mQ € t

mo,e

T1/2

This is O (T_1/2) by Assumption 8, given that =0(1).
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2.VI1 is given by

1o _ _ T2 -
N7Vl N 1‘ > <T 1/2Zss(m1)s¢s> + 5 Z (T 1255(m1)5i5>
1€Am, e s I€AS,, . s

X N_l/QT_l/QZesjt <T_1/225v(m2))
7t v

0, (N7Y217)

by Assumption 8 and Lemma 1.3. Item 2.VII is identical.
2.VIII is O, (N~1T~%/2) by Lemma 1.3.

Summing these terms, Item 2 is O, (5&1”[)-

Item 3= N T32F Jred ye' Jre = 0, (6&}) is a K x N matrix with generic (m,mgy) element

N-17—3/2 Z Fs (my) eiseirer (ma) — N—1T7-5/2 Z Fs (my) gis€itey (M2)

1,8,t ©,8,t,u

— Nlp5/2 Z Fs (mq) epginey (Mm2) + N-lp=7/2 Z Fs (m1) eitginen (Ma2)
1,8,t,u 2,8,t,U,v

— N7273/2 Z Fy (m1) €isejrer (m2) + N—27—5/2 Z Fy (m1) gisejten (M2)
i,j,s,t i:jys7t?u

+ N2 75/2 Z Fy (m1) €itejucu (mg) — N=2T777/2 Z Fy (m1) €itejuco (Ma2)
i’j’s?t7u i7j7s7t?u7v

=3I-—---—3. VIIL.

3.1 can be written as

T—1/2 N—l Z (T—1/2 Z Fs(m1)5i5> (T_1/2 Z Et(m2)51t>

1€AMy e

T1/2
+ ~ Z (T‘l/QZFs(m1)5i5> (T_l Zat(m2)€¢t>

1EAS

mo,e

:Op(Tilﬂ)

T1/2
by Assumptions 3.6, 8 and the fact that N = o(1).
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311 =0, ((5;,1TT’1/2) by Lemma 1.3 and 1.12.
3.1II = O, ((mlT) by Assumption 2.1 and equation A4.1.
3IV=0, (5K,ITT_1/2) by Assumption 2.1, Lemma 1.3 and 1.10.

3.V can be written as
T7-1/2 ([Nl Z (Tl/z Z Fs(m1)5i5>]
-1 —1/2 T'/? -1
x |N Z 7Y ;Et(mg)eﬁ + N Z T ;e’ft(mz){fjt

€Ay . JEAS,,

~0, (T*1/2)

1/2

by Assumption 3.6, given that = O(1).

3.VI is given by

N-1/2p-1 (

N (T‘Uz > Fs(m1)5i3>]
« | N~V2p-1/2 Z > <Tl/2 Z€u(m2)>
gt u

~0, (N*l/ 2T*1)

by Assumption 3.6 and Lemma 1.3.
3.VII is given by

N—l/QT—l (T—l Z Fs(m1)> N—I/QT—]./Q Z Eit
s it

_ _ TY/? _
x | N1 | E (T 1/2 E Eu(mg)é‘ju) + 7]\7 ' E (T 1 E gu(mg)&"]‘u>
]eAm2,£ u ]EA%Q,E u

~0, (N*1/2T*1)

by Assumption 8 and 2.1.

3.VIII is O, (Nflel) by Assumption 2.1 and Lemma 1.3. Summing these terms, Item 3 is
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0, (d3'r).

Items 5 and 6 follow similar steps as Item 3.

Item 4 is a K x N matrix which can be partitioned as

NPT 1®" Jne'J

N-V2T1@' J e Jre = JoNETE
N=Y2T-1%! Jye' T re

We show that N‘¢f/2T_1<I>’fJNE:’JT5 is Op(f‘;,;T). Similar arguments establish N_wg/QT_ltIl"gJNE’JTs

is OI,(F;V;T), which implies

NWg—2y)/2
NPT P! e Tre = O, (g .

Iy, 1
Hence,

B 3 _ N(wg_'éz’f)/? .
N2 1@! J &' Jre = O, (FN;,T Vs ) 7O <:N:1T> '
g
Below, we show that waf/zTA‘I)}JNE/JTE is Op(Fz_Vch,T)-

N‘¢f/2T_1<I>’fJN€’JTe is a Ky x N matrix with generic (m,mg) element

N=UPTEN " (ma) er (mo) i — N~ " ip (ma) 4 (ma) €

it ,J,t

— N~¥s/272 Z es (ma) ¢jr (ma)eje + N V27172 Z es (m2) iy (m1) €

j7s7t i7j787t

=41 —-411 — 41T + 4.1IV.

411is O, (Fz_vjlf T) by Lemma 1.16.

4.11 can be written as

Pp—1
N (N—wa@f(ml)) N7TPTEN ey (ma)ese |

j7t
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Pp—1
which is O, (N g 6N1T> by Assumption 2.2 and Lemma 1.10(b). Since 0 < 9§ < 1,

Nyl =0 (N=s2vrt2) o (T3k ).

4TI is T/ (T—1 ) (zj N=%1/2¢.; (my) ejt)) (T2, &, (ma)), which is O, (T~1/2) by As-
sumption 3.7 and Lemma 1.3. Hence, it is O, (FN;T).

4.1V is equal to

Pe—1

N f2 T—l <N—wf Z d)if <m1)> N—1/2T—1/2 Z Ejt <T—1/2 ng (m2)> ’
7 It s

»
which is O, ( N —— T—1> by Assumption 2.2 and Lemma 1.3, and therefore is O, (F&; T).

Summing these terms, N*wf/QTfl‘I”fJNe’JTs is O, <FJ_\%T) and hence

3 3 _ N(wg_'éz’f)ﬂ .
N=YPT=1®' J e Tre = o, (FN;,T \Y Ty =0, <:N,1T> .
g»

Item 7:

T2F Jre =T1?Y Fie} - <T1 > Ft> (Tl/ 3 62)
t t

t

= 0,(1).

This follows from Assumptions 2.1, 3.6 and Lemma 1.3. Item 7(b) follows using the same argument
and employing Assumptions 2.4, 3.5, and Lemma 1.3.

N1=¥s
VT
1. FAa=T""Z'J1Z = AjAsA} +C (Tl Tre) ¢ + Ay + Op(T7117).

T
=O0(1) and — = O(1), we have:

Lemma 7. Under Assumptions 1-6, 8 and 9, if N

2. Fp= N"UT2Z'IrXINX'IrZ = AjAPrAA, + O, (S3))

3. Foy =N"UT71Z'JpXInzy = N T Z' Jp XIney + ApAfPrf + O, (E;VlT) :
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Consequently, an asymptotic representation of Fy is

Fy=(AjApA} +¢ (T Tre) ¢+ Ay) (ArAPrAAS)
X (N_wa_lz/JTXJN¢0 + AfAfPfft) +0,(1).
Proof:
f ) -1
F,=T'Z'JrZ (N_wa_QZ/JTXJNX'JTZ> NUTZ' Jr X Ty,
A~ A —1~

We look at all these terms separately.

Fo=T"'Z'JrZ
=A(T'F'JrF)N + A (T7'F'Jrw) + (T7'w'IrF) A + T/ Jrw
+A (T 'F'Jre) ¢ +¢ (T JrF)AN + ¢ (T Jpw)
+ (T W' Jre) ¢ + ¢ (T Tre) ¢
=AARA + ¢ (T Tre) ¢+ Ay + O, (T7/?)

=AfAN + ¢ (T Tre) ¢+ AL+ 0,(T~1/?).

The final equality follows from Assumptions 2.1, 5, Lemmas 4 and 6, and the fact that ¢ has

finitely many non-zero entries by Assumption 9.

Fg=N"YT2Z'Jr XINX'JrZ
=N"UT72 (bpA) + FA' +w) Jr X InX'T 7 (t72) + FA' + w)
+ NUT 2 Tr XINX'Tr (erXy + FA' + w + ()
FNUT2 (1o Xy + FA +w +e) Ir X Iy X' Tre’

=I + IT + III.

The asymptotic representation of I was established in Lemma 4. Also note that II is the transpose
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of ITII. We establish the stochastic order of III below.

I =N"YT"2(e7Xy + FA +w + ) Ir X Iy X T re’
—A(T7'F'JyF) (N1 @' Jy@) (T F Jre) ¢ + A (T F'JrF) (N~ T @ I el Ire ) ¢
+ A (NUT T F Tred y®) (T F Ire) ¢ + (T7'w I F) (N9 @'y ®) (T F'Jre) ¢
+ (T JrF) (N T @ I ye' Tre) ¢ + (N T W/ Tred v @) (T F'dre) ¢

+¢(T7'IrF) (N"V1 @ Ty @) (T F Jre) ¢ + ¢ (T I F) (N T @' T ye'Jre) ¢
N1-¥s

VT

t¢ <N’wa’1s’JTsJN<I>> (TYF'Jre) ¢ + (N’lT’3/2w’JTsJNe’JTs) ¢!

Nl—’lﬂf Nl—’lﬂf
F A (N’lT’i”/QF’JTeJNe'JTs) ¢+ ¢ (N*T*B/ZE’JTEJNE'JTE) ¢!
VT VT
:OP(E]_V,IT)'

The final equality follows from Lemmas 2 and 6, equation A3.1, Assumptions 2.1 and 4, and the fact
that ¢ has finitely many non-zero entries given Assumption 9. Hence, Fg = N~ T 2Z' Jp XInX'J1rZ =

AsAPrAN; + 0, (SY).

Fo,=N"%T1Z'Jr X Jnx,
=N"UTZ' JrXIndg+ N YT (trXy+ FA +w) Jp X Ty (BF, + &)
+¢(T7' I F) (NU @ Ty ®) Fy+ ¢ (T 7 F) (N1 @' T ve,)
N1=¥s
VT
=N"UTZ'Jp X Iny+ A AfPr S, + Op(E4'1).

+¢ (N_wa_IEIJTEJN‘i’) F; + ¢ (N_IT_I/QE'JTEJNst>

The stochastic order of the second term follows from Lemma 4, while all the remaining terms are
OP(E]_VIT) by Lemma 6 and the fact that ¢ has finitely many non-zero entries by Assumption 9.
Combining Items 1-3 gives the asymptotic representation of F, stated in Lemma 7.

Ni=¥s T
Lemma 8. Under Assumptions 1-6, 8 and 9, if s =0(1) and N 0(1),
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2. By = N"UT2ZIr XINX'TrZ = Aj AP AN, + O, (7Y ).
5. By= NT3Z I XINX' Tr X InX'TrZ = AsAfPr AP ArAL + 0, (33Y).
4o Ba= N"UT2ZIr XInX Jry = ApAsPrABs + O, (Sx))

Therefore,

B=(T'Z'JrZ)  NUT?Z' I XInX'JrZ
2 -1 2
X (N— ¢fT—3Z’JTXJNX’JTXJNX’JTZ) NUT2Z Jp X In X Ty
Aelar a—1n~
:/81 ,3253 :34
has the following asymptotic representation:

B=(ApAfA; + ¢ (T2 Tre) ¢+ Au) T ApAfPrAsA; (A AfPrAFPiAsAS)

X AfAfPfAf,@f + 0oy (1) .
Proof:

B=(T"'Z'JrZ) " N T ?Z' I XInX'JrZ
2 -1 2
X (N— ¢fT—3Z’JTXJNX’JTXJNX’JTZ) NUT2Z' Jp X In X' Iy
Aela a—1n
:/31 ,3253 ﬂ4~

Note that 31 = F4 and B2 = Fp and their asymptotic representations are established in Lemma

7. The expressions for ,[:}3 and ,34 are handled below. Note that,
~ /

JrF .
CITZC where F¢ois

By = N2 T3Z' Jp XINX'JpXJINX'JrZ is equal to the product F
obtained by stacking FC,t horizontally. Using the asymptotic representation of FC,t obtained in
Lemma 7, standard arguments imply that

FodrF,

7 = A AP (T f I f) PrAsAs + Oy(ExTy),
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which is equal to AfAfPrAPrAfAf + Op(E]_VlT) given Assumption 2.1. Hence,

N—M}fT—3Z’JTXJNX/JTXJNX,JTZ = AfAfPfAfPfAfAf’ + Op(EN}T)

By =N"YT72Z'"Jp XInX'Jpy
=N"UT2 (tpXy + FA' +w) Jr X InX'J7 (1760 + FB +1)
+ N YT 2T XInX'Tr (v180 + FB + 1)
FNUT2 (1o Xy + FA +w +e¢) Ir X Iy X Trey

=1+ IT+ II1.

The stochastic order of I was established in Lemma 5. IIT is O]D(E]*\,lT)7 which follows by replacing
¢’ by ~ in the III term of the expression for Fp in Lemma 7 and noting that ; = 0 implies ¢} = 0

by Assumption 9. We look at the transpose of II below.

IV =N"T2(spBo+ FB+n) JrXJInX'Jrec
=B (T7'F'JrF) (N~ @' Ix®) (T7'F'Jre) ¢ + 8 (T F' I F) (N~ T @ I ye'dre) ¢
+8 (N"UT P Jredy®) (T7'F Ire) ¢ + (T JrF) (N~ @' Ty @) (T F'Jre) ¢
+ (T JrF) (N" T @' Tye' Ire ) ¢+ (N~ T o Tred y @) (T F'Jre) ¢

N1-¥s

VT

N1-¥s

VT

(N*lT*S/Qn'JTeJ Ns’JTs) ¢

3 (N’IT’3/2F’JT5JN6’JT5) ¢

The final equality follows from Lemmas 2 and 6 and the fact that ¢ has finitely many non-zero

entries given Assumption 9. Therefore,

Bi=ApAfPrAB; + Op(E3'y).
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Combining the asymptotic representations of Bl, BQ, B3, and ,@4 gives the asymptotic representation

of B stated in Lemma 8.

N T
Theorem 1(b) Let Assumptions 1-6, 8-9 hold, ——=— = O(1) and N O(1), then

Yern,f — E (Yern| Fr) = Op(EX/,lT)'

Proof: From Lemmas 4, 5, 7 and 8, we have established that
o« NUT (@~ @) INX'TnZ = (Fou— Fe) = (fi— F) PrasA) + 0y(Ei).
o NPT 3Z' I XINX'Jr XINX'JrZ = Af AP AP AN + O,(E).
o« N"UIT2Z'Jp XINX'Jry = AfAfPrAB; + Oy(E3).

Given these results and the fact that for all i, T=1/2 3", e;y = O,(1) by Lemma 1.3, we obtain, using

the same steps as in the proof of Theorem 1(a),

Gtenf = Bo+ FiB+ Oy (‘—‘NT) E (yin | Ft) + Op (HNT)

The proofs of Theorems 3(b) and 4(b), respectively, follow similarly from the rates derived in

Lemmas 7 and 8.

A5 Proof of Theorem 5

We now proceed to prove Theorem 5, which deals with Stage 2 of 3PRF LASSO. We introduce two

lemmas which are used in the subsequent proof of Theorem 5.

Lemma 9. Define z;; = €£07i + 1:";(2)“ where gZA)Qi and (Abl are obtained from the Stage 2 Pass 4
N1=¥s T
regression. Let Assumptions 1-6, 7.1, 8 and 9 hold, =0(1) and — = O(1). Then,
VT N

Eit — (Eit + g:€¢’ig - §/¢ig) = Op(EE}T)'

Proof: The proof proceeds in a similar manner to the proof of Theorem 1(b). The target y can be

replaced by x; and the proof follows similar steps.
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First notice that, using the same steps as in the proof of Lemma 7 for F3, we obtain
N=UT Wy, Sxg, = A (T F'IrF) (N1 @' In®) (T F'IrF) ¢, + 0, (33)r ) -
Employing the fact that A = { A; O ] (Assumption 5), we have

A (T F'JrF) (N*wfqﬂJNcp) (T F' J1F) ¢,

=A; (T fIrf) (N*wf@}JNéf) (T f I f) dig
+Af (T Irf) (N*%}JN%) (T7'g'Ir f) ¢
+ A (T f Jrg) (N_wf‘I);JN(I)f> (T FIrf) ¢

N’Z)g—wf
+

A; (T—1/2 f’JTg> (N_%(I);JN@Q) (T‘l/ 2g’JTf) bif
+ Ay (T Trf) (N @ Tn®y) (T £ Trg)
+ A (T I f) <N_¢fq’/fJN¢’9> (T~'g'Jrg) i

+ Ay (T1f' Trg) (N_wf‘I’;JN‘I) f) (T} f' T rg) i
Nbg—ty

VT
=AsAfPrAsdip + Oy (%‘v%) +0p <57v,1T) Pig

= AjAP A+ O, (3Y)

_l’_

A; (T’l/Q f’JTg) (N*% & J N<I>g) (T7'g'Jrg) ¢,

The result follows from Assumptions 2.1, 4, and 7.1. Substituting this in the expression for Z;

gives
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Ty = T; + (N_wa_l (z — @) WXZ) <N_2wa_3WIXZSXXWXZ)71 (N_wa_ZWIXZSXmi)
= b0+ F'i + Op(T7%) + (£~ F) PrASA} + Oy(ERY))
x [AfAfPfAfPfAfA'f + OP(EI\T,IT)} i (AfAfPfAf¢if +0p <~N T) big + Op(Ey T))
= 00+ F'big +9'big + Op(T2) + (£, — F) PrAsA]
< [A;APIAPIANY] T A APIA i+ Oy(ENy) + O, (“N T> Pig
= 00 +9'big + Op(T™Y%) + fPrApA]
< [AsArPIAPIAAY T A A PrA iy + Op(Ex'r) + O, <Efv,1T> Pig
= 60+ 8'biy + Fidig + Op(Ex') + Oy (2311 b
it = Tit — Tt
= (¢o, + gidig + Fidir + Eit) — <¢0,i +3G'biy+ Fidbip + Op(Efv,lT) + Op(Ey T)¢zg)
which implies
it — (e + 91y — G i) = Op(Ez_v,lT)~

The stochastic orders for the matrices N~ %71 (xy—2)W x 7 and N—2¥s T*3W’XZ SxxW xz were
obtained in Lemmas 7 and 8, respectively. Noting that ZST:1 gis/T = Op(T_l/ 2) by Lemma 1.3,

we obtain the second equality.

Lemma 10. Define n = u—¢év, whereu =y—y; =y — L1y — JTFB. Then, Under Assumptions

max<
max(E )|my<max( )\en|+o 1),

1-9 and 10.1,

) &) — el = O,(1).

Consequently,
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Proof: Adding and subtracting terms and applying the triangle inequality,

=1+ 11+ 11 +1V.

We show below that Items I, II, IIT and IV are all O,(1).

Item I is

I= (EJJVJT) max !qbggg’JTn‘ .

Since Ey /T < T~Y2, max; @iyl = Op(1) by Assumption 7.1, and T=12g'Jrn = 0,(1) by
Lemma 2.2, we obtain

I=0,(1).

Item II is

= (”;’T) max |(e; + Jrgey,)' (7 — ).

Note that

n—n=(y;—y;)+(E—e)v.

Therefore, applying the triangle inequality,

II <max|A4;| + max |B;| + max |C;| + max |D;],
7 7 1 7
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where

[1]

~

N?

=
I

Yr— ’yf Ei,

z N

N

[1]

(1]
=2
N

AN TN TN N
N~

'7 - 527

~

(1]
=2
!

)
) U —y5) Jrgdi,,
)7
)

T 7 8_5 JTg¢zg

We first consider A;. From Lemma 2 and the expressions used in the proofs of Theorems 1(a)

and 1(b), we have

(@f — yf), = Op(E;\/'}T)F/JT + Op(l) (Fc — AfAf'Pff’) Jr+ ’Yfg(LTés), + (LT’I_7)/.
Therefore,

'Ai :ENvTOP(EJ_V}T) (T_lF/JTEi)

+ O0,(1) <H;’T> (FC - AfAf’Pff’) Jre;

+ <H]1VJT> Ys(eres)'ei + <H]7VJT> (erm)'e

=A1 + Agi + Az + Asi.

The first term Aj; can be expanded as

./411' :Op(l) (T_IF/JTELL')

=0,(1) (T7'F'e;) — 0,(1) (T7'F'ure;) .
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Therefore, by the triangle inequality,

max | A1 <[|0p(1)]| 0o max | T~ F'ei|

+ HTﬁlOp(l)F’HOOmZain]

0, (WY o, (MBI o

where the penultimate equality follows from Assumptions 7.3 and 7.4, and the final equality follows

from Assumption 10.1.
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We next consider Ag;. Using Lemma 7, we can expand it as

As; :Op(l) (:];’T> (FC — AfAfPff/) Jre;
:0,,(1)5N,T{A (N"T™ F'Iredy®) (T7'F'Jre)

+ (T I F) (N9 Ty @) (T7'F J7e;)

+ (NTUT W eIy ®) (T7 F I rey)

+¢ (T I F) (N1 @ Ty@) (T7'F dze))

t¢ (N—wa—ls’JTsJNcﬁ) (TLF Jre;)

+ A (TP IrF) (N T T e Tre;)

+ (I W I F) (N_‘”fT_l-i”JNs’JTsi)
N1=¥s

+———A
SnoVT
N1=¥s

+ -
SnoeVT
NIy

SnrVT
+ ¢ (T I F) (NUT '@ I ye I e

(5N7TN71T73/2FIJT€JN€/JT61‘>
(5N,TN—1T—3/2w’JTsJNs’JTsZ-)

—+

¢ (5N,TN71T73/2€/JT€JNE,‘/JT€Z’)

+ A (T T ) (N @Iy @, ) (T7'g Tre)
+ Ay (T f' Trg) (N~ @) In® ) (T Tre)

NTJJQ —¥

VT

—+

Ay (T*W f’JTg) (N*%@’QJN%) (Tg'Jre;) }

Given that ¢ has finitely many non-zero entries by Assumption 9, [|(||cc and ||{]|1 are both
Op(1). Also, given the orders derived in Lemmas 2 and 6, and the fact that =y < oy 7, A2

consists of the following three types of terms:

1. Ag;.1: Op(1) (T-'F'Jre;), where the Oy(1) term is a finite-dimensional matrix.

N'=Yr De;
VT T

mum order is Op(1).

2. Ag;.2: , where D is an L x T matrix, invariant across ¢, whose normalized maxi-

3. Ay;.3: EN’TOp(l) (N_wa_l(I)/fJNE/JTEi) —I—EN’TOP(T_l/z) (N_wa_l@ngNEIJTEi), where
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the O,(1) and O,(T~'/2) terms are finite-dimensional matrices invariant across 4."

For Aj;.1, we follow the same proof as for Aj; to show that its maximum over i is Op(1) under

Assumption 10.1.

For A21.2,
NI-¥s Deg; N%s || D
Vol v I
N1-¥s
= 0,(1) T m?x\siﬂ.
Hence,

N'=%f Deg; N1=¥s
——= <0,(1)
vT T |l VT

by Assumption 7.2 and Assumption 10.1.

max
K3

max[eit| = Op(1)

To show that the maximum over i of A;.3 is Op(1), first consider

J

Since K is finite, it suffices to derive the stochastic order of a generic component. A generic

max [EN,T HwafTﬂ‘P/fJNf-:’JTsi

component is bounded by
(EnaN~VPT12) max NPTy g p(m)ejicin
j7t

N~Ys Z (blf(m)‘ mlaX N71/2T71/2 Z Eit€jt
l 7t

+ (EN7TN71/2T71/2)

@O NS ey
- 7
]78

T-1/2 Z e
t

+ (ExoN~Y2r7h N7Y2P=H2N ") | max
(2

j?s

T2 ZEit
¢

N7Y " dip(m)
l

=a+b+c+d.

'This follows from the observation that A (T_IF’JTF) (N_wf T_ltﬁ'JNs'JTei) equals
Ap (T2 T2 f) (NI T @ dne Jres) + T72A; (T72f'Jrg) (N~ T @) Jxe'Ire:), while the re-
maining terms premultiplying N~Y/T'®'J ye'Jre; are O,(T~/?).
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By the definition of Ex 7, 2y 7N ~%/2 = O(1). Thus,

by Assumption 7.5,

by Assumptions 2.2 and 7.6,

by Assumptions 3.7 and 7.3, and

by Lemma 1.3 and Assumptions 2.2 and 7.3. Therefore, by Assumption 10.1,

m?x [EN,T HN_wa_lé}JNE/JTEZ'

= 0,(1).
J p(1)
Given Assumption 6, similar reasoning establishes

max [EN,TT_1/2 HN_wa_l‘ﬁgJNs’JTsi
K]

J = Op(l)-
Hence,

E 7 max { Hopu) (N—wa—%}JNs’JTeZ-)

;

4 HO,,(T‘l/z) (N—¢fT—1<I>;JNs’JTei) 1

and therefore the maximum over ¢ of Ay;.3 is Op(1). Consequently,

max |Asg;| = Op(1).
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For Aj;, since En /T < T2,

<ENT

max

Z 15115 max T2 Z Eit
jES t

— o, (*E2%) = 0,00

> ’Ys LT"'«‘S

where the penultimate equality follows from Lemma 1.3, Assumption 7.3, and the fixed cardinality

of S under Assumption 9; the final equality follows from Assumption 10.1.

<HNTT> (ern)'e;

by Lemma 1.4, Assumption 7.3, and Assumption 10.1. Hence,

Similarly,

max
%

= 0p(1)

max |A;| = Op(1).

Next, we show that max; |B;| = O,(1). We have

=ENT

B; = (T) (97— yf)/JTg¢ig
HN TO (HN T) (T_lF/JTg¢ig)

+0,(1) <“;’T> (Fo - AsarPif') Trad,

ENT _
+< T >7§(LT€S)/JTQ¢Z'9

ENT _
+ (T> (ern)' T gy,
=By + Ba; + Bsi + By;.
These terms depend on i through ¢,, only. Since max; [¢;(m)| = O,(1) for every m by Assumption

7.1, it suffices to establish the stochastic order of the remaining factors. Bi; = O,(1) by Assumption
2.1. Moreover, Bs; = By; = 0 because ¢[.J 7 = 0'. We show By; = Op(1) below.
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Using Lemma 7, we can expand Ba; as

BQi :Op(l) <H]1V_,7T> (FC - AfAfPff,> JTg(:big
—0,(1)2 N,T{ A ( NYTF Jred N@) (T7'F'Irgd,,)

+ (T I F) (N9 Ty @) (T F Jrgey,)
+ (NTUT T T Iy @) (T7'F Irgby,)

+¢ (T 7 F) (N‘wquJN@) (T~'F'Jrgd,,)
+¢(NTUTTE Tredn®) (T F Irgdy,)

+A (T F'JrF) <N—¢fT—1q>’J Ns’JTgcmg)

+ (T7'w'J7 F) (N‘wa_l@'J NEIJTg¢z‘g)

N1-¥s

+ s A(N’lT’g/ZF’JT&?JNf-:/JTg(f)ig)
N1-¥s

+ T (N*1T73/2w/JT€JN€/JTQ¢ig>
N1=¥s —1—3/2

+ N C(N T /E/JTEJNE,JTg¢ig>

+¢ (T IrF) (N*”fT*@’J NE/JTg¢ig>
+ Ay (T 00 f) (N8, Tn®, ) (T Trg )

+ A (T fIrg) <N_wfq)ngN‘1’f> (T f'Irgdy,)
N¢g_'¢'f

VT

:Op(l)EN,TOp(E;v,lT) = Op(l)'

+ Ay (Tfl/Qf/JTg> (wagq’ngNq’g) (Tﬁlg/JTg‘pig) }

The final equality follows from Lemmas 2 and 6, and the fact that ¢ has finitely many non-zero
entries by Assumption 9. Hence,

max B[ = Op(1).

Next,

max |C;| = max
7 7
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Since

N

Y (E—e) =+5(és—esg)

and, for every j € S, ¢;, = 0 by Assumption 1, Lemma 9 gives
& —€j = Op(Eny)-
The proof therefore follows the same steps as for A;, and hence
max ICi| = Op(1).

Similarly,

(557 )7 €~ o) Trgs, | = 0,1

max |D;| = max
3 K3

by the same argument as for B;, again using Lemma 9, Assumption 1, and the fixed cardinality of
S under Assumption 9. Therefore,

I = 0,(1).

Item III is

7

I = <:¥T> max ‘ (& — (ei + JTQ@'Q)}/"‘ '

From the discussion leading to Lemma 9, this can be expressed as the sum of three terms:

/
111 < max (NWTZW’X 2Sxa; — A AP Ao, f>
!
J
Xop(l)AfAfPff TTIEN,T
/ - / EN,T
+ max (AsAfPrA;;) Oy(1) (Fc — A AP f ) Jrn (T > ‘
o ENT
+ Op(:N,lT) (T ZntJrh) ‘
t
=[P|+1Q] + [R].

o4



Since Ex /T < T71/2,

by Lemma 2.2. Therefore, it suffices for P to establish that

mlax HN_wa_QW/XZSXCCi — AfAf’PfAfd)if

= 0p(1).
Expanding the expression gives

N™YUT W ,Sxa, — AfA;P A,
—A(T7'F'JrF) (NV @' Ty@) (T7'F Jze))
+ A (T F'JrF) (N™9T 7@ T ye Jre;)
+ A (NUT R Jred v @) (T F e

N1-¥¢

VT
N1-¢s

VT
+ (T_lw’JTF) (N_¢fT_1¢’/JN€/JT€i)

i A (N_lT_?’/QF’JTsJNs’JTsi)

_l’_

(N_lT_3/2w’JT€JN€/JT€i>

+ (NTUT W T ey ®) (T7 Fl re))

+ (TP Jrw) (N9 @' Ty@) (T7'F J7e))

The last term captures terms in the expansion whose maximum order is EJ_VlT and which depend
on ¢ only through ¢;. Hence, by Assumption 7.1 and the same uniform boundedness arguments
used for As;,

max HN TYIT W ;Sxa, — AfAfPr A,

= 0p(1),

and therefore P = O,(1).
For Q, note that
max [|A;A;Pr A = Op(1)
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by Assumption 7.1. Hence, it suffices to show

<H]1V_,’T> (FC — AfAfPff’) Jrm = Oy(1).

Expanding as in Lemma 7,

=ENT

(Fo - AsafPif) Irm

A (T"'F'J¢F) (N_wf Z];’T@’JNE’JTn>

+A (N*@Z’fT’lF/JTsJN@) <E]}T F/JTn>

+ (I 'W'JrF) (Nﬂpf‘I"JNi’) <E]1VJTF’JT?7>
+ (N—wa—lw’JTsJNQ) (ENT’TF’JTn>

+¢ (T JrF) (N_wfi’/JNi’) <E]1VJTF/JT77>
e (N’d’fT’ls’JTeJN@) (ENT’TF’JWO
+EnrA (T F I F) (N‘wa_ltﬁ’JNs’JTn)

+ (”;Tw’JTF) (N—wa—lrb’JNs’JTn)

+ENT N\l/;pf A (N_lT_g/QF/JTé‘JNelJTU>
+ENn7T N\l/;pf (NilT*S/QW,JT&‘JNe/JTTI)

+ENn7 N\l/;pf ¢ (N_lT_3/2€/JT€JN€/JT"7>

+ A (T Irf) (N*wf q>’fJN<I>g) (E;’TQ’JM)

_ _ =N,
+ Ay (T fJrg) (N wf@’gJNq:f) < TTf’JTn>
ng—wf

VT
=0,(1).

_l’_

Ay <T‘1/2 f’JTg> (N—%@;JN%) <ENT’T9’JT?7>

Since Ey /T < T~'/2 and N'=¥s /\/T = O(1), the final equality follows from the rates derived in

Lemmas 2 and 6, together with the fact that ¢ has finitely many non-zero entries by Assumption

56



9. Hence Q = O,(1).
Finally,
R =0,

—~

— ENT
:N,IT) <T ZntJrh) = Op(1)
t

because Ex.r/T < T~Y2 and T~Y2 3", n;4n = Op(1) by Lemma 1.4. Therefore,

111 = O,(1).

Item IV is

ENT . .
Using
n-n=—-(9-y) - €E-9)
Item IV is the sum of the products of the generated-residual estimation error appearing in Item
IIT with the two components of 7 — i treated in Item II. Applying the same uniform bounds

established in Items II and III, together with Lemma 9, Assumption 7, and the fixed cardinality of

S under Assumption 9, gives

IV = O,(1).
Consequently,
which completes the proof.

Theorem 5 Let the regularization parameter in the Stage 2 Pass 5 regression be given by A :=

v+ klog N

8 — , where ¢ > 0 and « is defined in Assumption 10.2. Then, if Assumptions 1-10 hold
=N, T
T
and N O(1), with probability at least 1 — exp (—E> + o(1), we have
K
.. log N)
—||ey — € =0 — .
T ley - evl, =0, (V2
Proof: The first-stage regression gives the initial forecast y; = tpy+J rFB. Let & = (U1ghy .o lrep)
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denote the vector of stacked residuals from the first-stage regression, so that 4 = y—y;. The second

stage involves the LASSO regression of @ on &, where both are generated quantities:
¥ = argmin {||i — &y[3/T + Ayl }
The LASSO solution satisfies
@ — e313/T + Al < [la — &vl3/T + Al (A5.1)

Since 7 = w — &+ is defined in Lemma 10, equation A5.1 gives

ey =3 . . e
A <205 =) ER/T 4 Al
Moreover,
2|(4 —v)én| < 2|&'.m y — .
(5 —v)é'n| < (@%v €5l ) 11y =l
V log N
Let A\g := 4%, so that A = 2)\g, and define
ZN,T
2[€%m
g :{max |]n|§)\}
1<j<N - T
By Lemma 10,
2ENT . €inl
max —|€-n| < 2max —= + O,(1),
j | 377’ = j \/T p( )

where we have used Zy7/T < T~'/2. Since \/c + klog N — oo, the O,(1) term is smaller than

2v/c + klog N with probability approaching one. Hence,

. ]
P(7¢) <P| max
I1<GSN /T

+ klog N
w)+

> c+/<alogN> +o(1)
< Nexp (— o(1)

= exp (—%) + o(1),

o8



where the second inequality follows from Assumption 10.2. Therefore,
c
>1-— S .
P(7)>1 exp( K) +o(1)
On 7, with A = 2\,

e — 3

2l | 3y < 331 — sl (A5.2)

This follows from the standard LASSO basic-inequality argument; see Lemma 6.3 of Bithlmann &

Van De Geer [2011]. In particular,

[Fsellr < 3l%7s — sl

Define

Using Lemma 9 and the same uniform arguments employed in Lemma 10, we can obtain

max ‘AZJ — AY
i,j £ g

= o0p(1). (A5.3)
By Assumption 10.3, with probability approaching one, for every © satisfying
1©se]l1 < 3[|®s]]1,

we have
S|

=l
Yo

Ies]i < (6'A:,0)

For such vectors,

1©[l1 < 4[|Os]:-
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Therefore,

© (8~ A:y) ©] < max |AT — AL [ @

< 160,(1)|Os]lt.
Since |S] is fixed, equation A5.3 implies that, with probability approaching one,

2
QA0 > 0

Ogl?.
_2|S|H SHl

Thus the compatibility condition holds, with probability approaching one, for set S with respect
to Ag and compatibility constant vg/v/2.
Let § =4 — ~. Using equation A5.2 and the compatibility condition just established,

1€4]13
T

2 + A0l < 4X[|ds]l

_ VIS Jsl
- 7 VT

[€d]l3 | 8X*|S]|
< + .
- T I/g

Hence,

~ ~ 2 2

E(y —~ R 8|S

€6 ~ Mz T )”2+M\7—7H1§ 2| | (A5.4)
)

Since |9] is finite,

A~

(¥ —Y)ll2 B log N
— - 0,(\) =0, ( — > . (A5.5)

Finally, using the triangle inequality,

! [ o < ! le(y =y + . (e )¥s
— ||EY — € — ||& — — ||(Eg — €
\/T Y Yo = \/T Y Y)ll2 f S S)Vsll2

T
(x/logN
= Op

=1
= ) + Op(:N,T)
=N, T

o, (VY.

ENnT

The second term follows from Lemma 9, the fixed cardinality of S, and the fact that ¢;, = 0 for
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every j € S by Assumption 1. This completes the proof.

Corollary 5.1 follows directly from the triangle inequality by combining Theorems 5 and 1(b).

61



Appendix B

B1 Additional Simulation Results

This section presents additional out-of-sample R? results that supplement those reported in the
main paper. For N = 100 and T" = 100, the main paper reports results for all four combinations of
Pr, g € {1,0.8}. For N =200 and T' = 100, it reports only the benchmark case (¢, 1,) = (1, 1).
We therefore report here the remaining three factor-strength configurations for N = 200 and
T =100: (v,1,) = (1,0.8), (0.8,1), and (0.8,0.8).

Table B1: Out-of-sample R? values: N = 200, T = 100, =119, =0.8

pf pg a d Oracle PCR 3PRF PCR LASSO 3PRF LASSO LASSO Elastic Net
0O 0 0 0 058 0272 0.303 0.209 0.464M1 0.448(21  0.4410I
0.3 09 03 0 0576 0236 0.294 0.149 0.446[1 0.41921  0.4050!
0.3 09 0.3 1 0.580 0239 0.308 0.337 0.508(1 0.504[21  0.49603]
0.3 09 09 0 0567 0.213 0.278[] -1.389 0.23913] 0.216 0.275[21
0.3 09 09 1 0.588 0.167 0.262 -0.342 0.442(1 0.439(21  0.4330I
0.9 03 0.3 0 0.600 0292 0.331 0.182 0.498(1 0.476[21  0.46503!
09 03 0.3 1 059 0.285 0.329 0.326 0.53101 0.525031  0.52802l
09 03 0.9 0 0.574 0.201 0.244 -1.027 0.26013 0.272011  0.27102
0.9 03 09 1 0594 0214 0.268 -0.603 0.43001 0.341B1  0.408[2!

Notes: Entries report mean out-of-sample R? values across Monte Carlo replications. T denotes the training-
sample size and is fixed at 100. The testing sample has the same size as the training sample. Superscripts el
and denote, respectively, the highest, second-highest, and third-highest out-of-sample R? values among PCR,
3PRF, PCR LASSO, 3PRF LASSO, LASSO, and Elastic Net. The Oracle is excluded from these rankings.

Table B2: Out-of-sample R? values: N = 200, T = 100, Y =08,19,=1

ps pg a d Oracle PCR 3PRF PCR LASSO 3PRF LASSO LASSO Elastic Net

0 0 0 0 0573 0245 0.131 0.165 0.45503! 0.481121  0.483M]
0.3 0.9 03 0 0.575 0.217 0.096 0.097 0.41401 0.439(21  0.446M
0.3 09 03 1 0.566 0.196 0.102 0.328 0.46003! 0.491[21  0.496[1
0.3 09 09 0 0574 0.088 -0.028 -1.108 0.259(3] 0.357121  0.37201]
0.3 09 09 1 0.573 0.164 0.076 -0.306 0.38903! 0.426121  0.449M
0.9 0.3 0.3 0 0.612 0.291 0.143 0.253 0.466/3! 0.481121  0.4911
09 03 03 1 0.59 0274 0.158 0.335 0.511031 0.529[21  0.531[1
09 03 09 0 0.575 0205 0.111 -1.248 0.32201 0.382[21  0.407[1
09 03 09 1 0,577 0192 0.128 -0.077 0.45303! 0.48110  0.48002

Notes: See the notes to Table B1.
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Table B3: Out-of-sample R? values: N = 200, T' = 100, Yy =0.8,1,=0.8

p; pg a d Oracle PCR  3PRF PCRLASSO 3PRF LASSO LASSO Elastic Net
0 0 0 0 0561 0257 0.268 0.137 0.41101 0.422011  0.421[2
03 09 03 0 0581 0235  0.260 0.096 0.408!3] 0.4231  0.423[2
03 09 03 1 0572 0221  0.282 0.326 0.46803! 0.4951  0.49112
0.3 09 09 0 059 0.186 0.1980! -1.444 0.193 0.220[21  0.2631
03 09 09 1 059 0.199  0.224 -0.461 0.31101 0.423[21  (.44001
0.9 03 0.3 0 0.603 0275  0.287 0.154 0.4363! 0.4441  0.44302
09 03 03 1 058 0271  0.303 0.301 0.49203! 0.508111  0.508(2
0.9 0.3 09 0 0.602 0.2196B] 0.2520 -1.250 0.026 0.228(2 0.163
0.9 03 09 1 0.557 0192  0.247 -0.325 0.370031 0.416[21  0.425[1

Notes: See the notes to Table B1.

B2 Variable Selection in 3PRF LASSO and PCR LASSO

We next compare the variable-selection performance of the second-stage LASSO regression in 3PRF
LASSO and PCR LASSO. Tables B4 and B5 report the true-positive rate (TPR) and false-positive
rate (FPR) for all four factor-strength configurations considered in the main paper. The first table
considers N = 100 and T = 100, while the second considers N = 200 and T" = 100.

The distinction between the two procedures is important for the estimated regressors entering
the second-stage LASSO. 3PRF estimates the target-relevant factor and removes its contribution
from the predictors. As a result, the components generated by the target-irrelevant factors remain
in the residuals of predictors that load on these factors. This induces substantial dependence among
many of the irrelevant regressors entering the second-stage LASSO. PCR, in contrast, estimates
and removes both the relevant and irrelevant common factors. Consequently, much of this common
dependence is removed from the residualized predictors used in PCR LASSO.

The results in Tables B4 and B5 show that 3PRF LASSO generally has a considerably lower
FPR than PCR LASSO, while its TPR is often similar and in many configurations is higher. The
difference in FPR is particularly pronounced when N = 200. This suggests that the stronger de-
pendence among irrelevant regressors generated by the 3PRF residualization may actually facilitate
sparse selection by reducing spurious inclusion of irrelevant predictors. We examine this mechanism
directly in the following section, where we isolate the correlation among irrelevant predictors in a

separate simulation exercise.
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Table B4: True- and false-positive rates: N = 100, 7" = 100

Parameters |4 =1, tg = 1|9y =1, 9oy = 0.8 |y = 0.8, vy = 1|9y = 0.8, 1) = 0.8
py pg a d|/TPR FPR |TPR FPR |TPR FPR |TPR FPR

3PRF LASSO
0O 0 O 0]099 0.130 |0.980 0.112 0.988 0.139 0.980 0.128
0.3 09 0.3 0|1.000 0.114 |0.990 0.125 0.985 0.151 0.935 0.142
03 09 03 1{0.845 0.074 |0.792 0.072 0.748 0.098 0.690 0.078
0.3 09 09 0|0.868 0.115 |0.797 0.106 0.792 0.124 0.640 0.098
0.3 0.9 09 1/0.685 0.070 |0.660 0.070 0.632 0.087 0.545 0.076
09 03 0.3 0/0.990 0.110 |0.975 0.105 0.978 0.153 0.940 0.146
09 03 03 1/0.833 0.079 |0.815 0.062 0.705 0.110 0.703 0.076
09 03 09 0(0.892 0.105 |0.780 0.103 0.812 0.120 0.733 0.112
09 03 09 1|0.738 0.069 |0.647 0.055 0.655 0.092 0.605 0.070
PCR LASSO
0 0 O 0]098 0.210 [0.978 0.189 0.980 0.226 0.993 0.214
0.3 0.9 0.3 0/0.978 0.191 |0.965 0.207 0.973 0.188 0.953 0.204
0.3 09 03 1(0.797 0.100 |0.785 0.099 0.790 0.094 0.770 0.112
0.3 0.9 09 0/0.688 0.184 |0.705 0.153 0.713 0.156 0.652 0.136
0.3 0.9 09 1/0.623 0.091 |0.608 0.090 0.647 0.084 0.595 0.096
0.9 0.3 0.3 00985 0.207 |0.978 0.182 0.978 0.206 0.958 0.200
09 03 03 1{0.802 0.103 |0.802 0.101 0.775 0.107 0.795 0.110
09 03 09 0(0.740 0.189 |0.760 0.150 0.735 0.176 0.740 0.166
09 0.3 09 1/0.645 0.088 |0.632 0.086 0.613 0.099 0.635 0.107

Notes: TPR is the proportion of the truly relevant idiosyncratic predictors that are selected, while FPR is the
proportion of the remaining predictors that are selected. Entries are averages across Monte Carlo replications.
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Table B5: True- and false-positive rates: N = 200, T' = 100

Parameters |y =1, g = 1|1y =1, 1y = 0.8 |9hy = 0.8, 9oy = 1|1y = 0.8, ¥y = 0.8
pf pg a d|TPR FPR |TPR FPR |TPR FPR |TPR FPR

3PRF LASSO
0 0 0 0]0990 0.068 |0.980 0.095 0.988 0.105 0.975 0.112
0.3 09 03 0{0.985 0.081 |[0.955 0.080 0.978 0.115 0.950 0.090
0.3 09 03 1|0.828 0.047 |0.787 0.052 0.743 0.066 0.718 0.054
0.3 0.9 09 0/0.812 0.060 |0.690 0.065 0.757 0.078 0.510 0.068
0.3 09 09 1/0.670 0.044 |0.630 0.041 0.590 0.059 0.547 0.059
09 03 0.3 0/0.983 0.073 |0.963 0.073 0.980 0.112 0.958 0.113
09 03 0.3 1/0.840 0.049 |0.780 0.048 0.743 0.068 0.720 0.046
09 03 09 0/0.885 0.083 |0.672 0.060 0.812 0.070 0.588 0.088
09 03 09 1|0.743 0.037 |0.657 0.044 0.738 0.055 0.552 0.043
PCR LASSO
0 0 0 0]0968 0.316 |0.983 0.300 0.958 0.313 0.965 0.318
0.3 0.9 0.3 0/0.960 0.279 |0.948 0.266 0.950 0.283 0.943 0.286
03 09 03 1|0.777 0.127 |0.760 0.122 0.765 0.123 0.765 0.120
0.3 09 09 0]0.647 0.206 |0.630 0.213 0.605 0.178 0.632 0.221
0.3 0.9 09 1/0.560 0.100 |0.562 0.099 0.573 0.110 0.595 0.117
09 03 0.3 0/0.968 0.297 |0.970 0.293 0.953 0.253 0.950 0.302
09 03 03 1|0.743 0.126 |0.777 0.151 0.785 0.139 0.752 0.156
09 03 09 0(0.647 0.201 |0.642 0.210 0.642 0.216 0.650 0.242
09 03 09 1{0.635 0.094 |0.610 0.112 0.625 0.091 0.545 0.101

Notes: See the notes to Table B4.

65



We conduct an additional simulation exercise to examine how correlation among irrelevant
predictors affects the variable-selection performance of LASSO. The design has sample size n = 100
and contains five relevant predictors and 100 irrelevant predictors. The observations are generated
independently from a multivariate normal distribution with mean zero and covariance matrix

I 0
> ,

0 Iyp+ pret
where ¢ is a 100 x 1 vector of ones. Thus, the five relevant predictors are mutually uncorrelated
and are also uncorrelated with the irrelevant predictors. The diagonal elements of the covariance
matrix for the irrelevant predictors are 1+ pp, while its off-diagonal elements are p;. Consequently,

the pairwise correlation between two distinct irrelevant predictors is

P1
1+p1

p:

We consider

p1 € {0,0.2,0.4,0.6,0.8,1,1.2,1.5,1.8},

which corresponds to

p € {0,0.167,0.286,0.375,0.444, 0.5, 0.545,0.6,0.643}.

After generation, each predictor is demeaned and standardized. The target is generated as

y= X0+ 2e¢, e~N(0,1I,),

where

0= (8,8,85,0,0,...,0), 8 €{0.1,0.2,...,1}.

Therefore, the first five predictors are relevant and the remaining 100 predictors are irrelevant.
LASSO is estimated using 10-fold cross-validation. The true-positive rate is the proportion of
the five relevant predictors selected by LASSO, while the false-positive rate is the proportion of

the 100 irrelevant predictors selected. The reported results are averages across 100 Monte Carlo
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replications.

Table B6 shows that stronger correlation among irrelevant predictors generally reduces the
false-positive rate. This pattern is especially clear at moderate and strong signal levels. At the
same time, the true-positive rate is generally maintained and frequently increases as the correlation
among irrelevant predictors becomes stronger. Hence, in this design, stronger dependence within
the irrelevant predictor block does not impair the selection of relevant predictors and tends to

discourage LASSO from selecting irrelevant predictors. The results are reported on the following

page.
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