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Abstract

The rising concentration of major market indices has increasingly undermined the di-
versification benefits and increased the market risk of index investing. To address this
issue, we propose a portfolio strategy designed to minimize variance relative to a given
index fund. We decompose each stock’s return into an index return and an idiosyncratic
return, defined as the excess return over the index. By exploiting the resulting covariance
structure—either between the index return and idiosyncratic returns or among the id-
iosyncratic returns themselves—we construct portfolios that enhance index efficiency by
reducing portfolio variance. Using U.S. monthly stock data, we show that incorporating
idiosyncratic returns into portfolio construction through this covariance structure consis-
tently reduces out-of-sample variance relative to multiple basis index portfolios, including
the S&P 500 index, the Equal-weighted S&P 500 index, and the CRSP value-weighted
market portfolio. Crucially, portfolio returns remain comparable to those of the basis
portfolios, leading to overall improvements in Sharpe ratios. These findings demonstrate

that effective variance reduction can be achieved without sacrificing return performance.
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1 Introduction

Amid growing concerns over market risk driven by the rising concentration of major indices, this
paper proposes a portfolio strategy designed to minimize variance relative to an index fund.
To this end, we exploit stock-specific information beyond what traditional index investing
can capture. We decompose individual stock returns into the index fund return and their
respective idiosyncratic returns, defined as the excess return over the index fund. By exploring
the resulting covariance structure, we construct portfolios that improve upon the basis portfolio
by reducing variance.

The mean-variance framework is a foundational pillar of investment theory, seeking to
construct portfolios that optimize the trade-off between expected return and risk (Markowitz
(1952)). Within this framework, many investors and researchers prioritize the Global Minimum
Variance portfolio, which yields the lowest possible variance for a given set of asset returns. A
central insight of modern portfolio theory is that strategic diversification enables investors to
mitigate risk without sacrificing performance. This theoretical foundation has fueled a long-
standing debate over the relative merits of active stock selection and passive management.

Proponents of active management argue that professional skill is not fully reflected in as-
set prices, allowing for predictable alpha generation and informed capital allocation (Gruber
(1996); Jones and Wermers (2011); Risik (2013)). Empirical evidence suggests that active
managers add value specifically through skillful stock selection and tend to outperform during
recessionary periods (Moskowitz (2000); Kosowski (2011)). Conversely, proponents of passive
management maintain that investment success rests on transparency and cost-efficiency. Pas-
sive management—primarily represented by index funds—eliminates manager-specific risks and
offers significantly lower fees.

Index funds—passively managed mutual funds or exchange-traded funds that mirror a
specific market benchmark such as the S&P 500—have grown in popularity by providing in-
stant diversification and broad market exposure. A growing body of literature supports their
widespread adoption, documenting that index funds consistently outperform active funds on an

after-expense basis, achieve risk-adjusted performance comparable to that of skilled active man-



agers, and sustain their market power through investor inertia and heterogeneous preferences
(Fortin and Michelson (2002); Crane and Crotty (2018); Brown et al. (2023)).

While index funds have historically flourished, the rising concentration within major market
indices over recent decades has begun to erode the diversification benefits of index investing.
The S&P 500 index, historically viewed as a balanced cross-section of the U.S. economy, has
transformed into a technology- and Al-dominated index. This structural change, termed the
“Great Narrowing”, represents a sharp increase in market concentration that dilutes the efficacy
of diversification (RBC Wealth Management (2026)). Between 1990 and 2015, the ten largest
companies by market capitalization constituted approximately 19% of the index; by the end
of 2025, this figure had surged to nearly 41%. When a handful of mega-cap firms dictate the
trajectory of the entire index, the distinction between systematic market risk and idiosyncratic
stock risk becomes increasingly blurred. As a result, the index loses much of its diversification
benefit, heightening risk for passive investors and leaving portfolios more vulnerable to sector-
specific shocks.

Motivated by this structural shift, we aim to improve upon an index fund by reducing
portfolio variance, especially when the number of assets, N, is comparable to or greater than the
sample size, T'. Our strategy rests on a decomposition of individual stock returns into an index
fund return and idiosyncratic returns—an approach we refer to as the “return decomposition”
throughout this paper. This decomposition gives rise to two distinct covariance terms that we
exploit to reduce portfolio variance.

First, we consider the covariance between the index fund return and idiosyncratic returns,
adjusting individual stock weights toward the minimum variance portfolio through penalized
regression (Section 3). Second, we capture the covariance among idiosyncratic returns them-
selves via the precision matrix, assuming zero correlation between the index fund return and
idiosyncratic returns (Section 4). To further highlight the importance of this return decomposi-
tion, we also examine a non-decomposed specification where the index fund is directly included
as an additional asset alongside individual stocks (Section 5).

The remainder of this paper is organized as follows. Section 2 reviews the minimum variance



portfolio and introduces the return decomposition framework. Sections 3 and 4 develop our
proposed strategies by exploring the covariance structure arising from the return decomposition.
Section 5 presents the non-decomposition portfolio, which includes the index fund directly
alongside individual stocks. Section 6 reports the empirical results using U.S. stock data, and

Section 7 concludes.

2 Minimum Variance Portfolio with the Return Decom-
position

Suppose we consider N stocks (indexed by @) over T" periods (indexed by t). Let r;; denote the
return of individual stock ¢, and w; denote the corresponding portfolio weight for ¢ = 1,..., N.
Throughout this paper, all returns are demeaned by their sample means, so that E(r;;) = 0.

The portfolio return, denoted as r,;, can be represented as:

N
Tpt = Zwﬂ“w, t=1,...,T, (1)
i=1

where Zivzl w; = 1 ensures that the portfolio weights sum to one.

The minimum variance portfolio is obtained by solving the following optimization problem:

N N N
min E(r,,) = Jﬁ = Z Zwichrij subject to Zwi =1, (2)

=1 i=1

where ag represents the portfolio variance, and o;; is the covariance between the returns of
S0

=N ~N -
D k=12_j=10kj

To reformulate Equation (1) by incorporating the index fund, we define the index fund

stocks ¢ and j. The solution for this minimum variance portfolio is given by w; =

return as:
N
Tot = Z AiTit, (3)
i=1
where a; denotes the predetermined weight of stock ¢ in the index, satisfying Zf\;l a; = 1.

Throughout this paper, the index fund serves as the basis portfolio—the starting point from



which the minimum variance portfolio is constructed by incorporating idiosyncratic return
information. Three index portfolios (the S&P 500 index fund, the Equal-weighted S&P 500
portfolio, and the value-weighted portfolio of CRSP firms) are considered in our empirical
application (Section 6).

The main goal of this paper is to shift from the basis portfolio weights (a;) toward the
risk-optimized minimum variance weights (w;) by exploiting the information contained in id-
iosyncratic returns. Using Equation (3), the portfolio return r,, can be re-expressed as a
linear combination of the index return ry, and individual stock returns r;;, with corresponding

weights by and b;:

N
Tpt = boTos + Z birig, (4)

=1

where by + Zf\;l b; = 1 ensures that the portfolio weight constraint is satisfied. By adjusting
each stock’s index weight (a;) using the weight b; from Equation (4), the portfolio weight w; in

Equation (1) can be expressed as:
w; = boa; + by, (5)

. N
given that ro, = ., a;riy.

Substituting by = 1 — Zfil b; into Equation (4) and rearranging yields:

N
Tpt = To¢ + Z bi(rie —T04t)

=1

N
=Tos + Z bid;, (6)
i=1
where

di,t =Tt —Tot (7)

)

is referred to as the “idiosyncratic return” throughout this paper. It captures the portion
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of the individual stock return not explained by the index fund return. Equivalently, r;; =
0.+ + d;+, which we refer to as the return decomposition, separates each individual stock return
into the index fund return and the idiosyncratic return. Accordingly, Equation (6) shows
that the portfolio return can be expressed as the index fund return augmented by a weighted
sum of idiosyncratic returns, where the weights b; determine the extent to which each stock’s
idiosyncratic return is exploited.

Using the return decomposition, the minimum variance optimization problem in Equation

(2) can be rewritten as:

N N
min o> = o7 +2 Y biCov(roy, diy) + Z bio + Z bib;Cov(d, s, d;y), (8)
i=1

{6}, i1 oy
where o7 is the variance of the index fund return and o3 is the variance of the i-th idiosyncratic
return.

Equation (8) reveals two key covariances that arise from the return decomposition: the
covariance between the index fund return and idiosyncratic returns, Cov(rgs,d;+), and the
covariance among idiosyncratic returns, Cov(d,;,d;;), which are explored in Section 3 and
Section 4, respectively. Once b; is estimated by solving Equation (8), the minimum variance

portfolio weights w; follow from Equation (5) given the stock’s index weight a;.

3 Exploring Covariance between an Index Fund Return
and Idiosyncratic Returns

Building on the return decomposition (r;; = ro; + d;;) introduced in Section 2, this section
explores the covariance between the index fund return and idiosyncratic returns (Cov(ro, d;))

in Equation (8) to reduce portfolio variance. To do so, we rearrange Equation (6) into a



regression framework:

N
ros = bi(—dig) +rps, (9)
=1

where the weights b; are estimated by regressing the index fund return r; on the negative
idiosyncratic returns (d;;), with the regression residuals corresponding to the portfolio returns
7p+- Minimizing the residual sum of squares is therefore equivalent to finding the minimum
variance portfolio weights that exploit the covariance between the index fund return and id-
iosyncratic returns.

Given that N may be large relative to T, we employ three penalized regression methods
to estimate the coefficients b; in Equation (9). First, we utilize the Adaptive Lasso (ALasso),
which applies adaptive weights to the L; penalty to penalize coefficients differentially (Zou
(2006)). While the Lasso can be inconsistent in variable selection, the ALasso achieves the
oracle property.

Second, we employ the Smoothly Clipped Absolute Deviation (SCAD) penalty (Fan and
Li (2001)). As a non-concave penalized likelihood estimator, SCAD also achieves the oracle
property. Specifically, if the true parameters include zero components, they are estimated
as exactly zero with probability approaching one, and the nonzero components are estimated
efficiently as if the true model were known in advance.

Third, we use the component-wise Lo-Boosting procedure (Bithlmann (2006)). This iterative
procedure starts from the index fund as the basis portfolio and, at each iteration, incorporates
the idiosyncratic return d;, that most significantly reduces the portfolio variance. In the em-
pirical application in Section 6, we set the step-size parameter (learning rate) to v = 0.0001
and determine the optimal number of iterations—up to a maximum of 5,000—by minimizing
the Akaike Information Criterion (Bithlmann (2006)). After estimating b; via ALasso, SCAD,

or Lo-Boosting, the final portfolio weights w; are constructed according to Equation (5).



4 Exploring Covariance among Idiosyncratic Returns

Whereas Section 3 explores the covariance between the index fund return and idiosyncratic
returns (Cov(roy, d;;)) in Equation (8), this section investigates the covariance among the
idiosyncratic returns themselves (Cov(d;+,d;¢)). Throughout this section, we assume that the
index fund return and idiosyncratic returns are uncorrelated (Cov(rg,, d;;) = 0).!

We reformulate the portfolio return in Equation (1) and the minimum variance optimization
problem presented in Section 2 into vector form. Let ry = (r14,...,7n) € RY denote the vector
of individual stock returns, w = (wy, ..., wy) € RY denote the vector of portfolio weights, and
ety = (1,...,1) € RY represent a vector of ones. Furthermore, let X, denote the covariance
matrix of N individual stock returns. The portfolio return in Equation (1) is then expressed

as rp¢ = wW'ry, and the optimization problem in Equation (2) becomes min,, w3, w subject to

—1
N

P Sprret Using the return decomposition (r;; = ro; + d;) and

w'ty = 1, with solution w =
under the assumption of zero correlation between 7o, and d;; (Cov(roy, d;;) = 0), the covariance
matrix can be expressed as X, = Ufo Lyty + X4, where 3 denotes the covariance matrix of the
idiosyncratic returns.

When the number of stocks is less than the sample size (N < T'), the sample covariance
matrix can be estimated directly and substituted into the weight solution. However, as the
number of stocks grows, the condition number of the sample covariance matrix rises, leading to
numerical instability—a phenomenon commonly referred to as “Markowitz’s curse” (DeMiguel
et al. (2009); Lépez de Prado (2016); Lopez de Prado et al. (2025)).

To address this, previous studies have imposed sparsity assumptions on the precision matrix
3!, For instance, Awoye (2016) propose sparse inverse covariance estimation via the Graphical
Lasso (GLasso). Similarly, Cai et al. (2020) assume sparsity in the precision matrix and estimate
the minimum variance portfolio using constrained /; minimization. Lee and Seregina (2024)

further develop the Factor Graphical Lasso framework, which integrates graphical models with

a factor structure by decomposing the precision matrix into low-rank and sparse components.

!This amounts to treating the index return ro; as a common factor of N individual stock returns which is
orthogonal to the idiosyncratic components, as assumed in the factor model literature, e.g., Lee and Seregina
(2024).



We adopt the Factor Graphical Lasso framework of Lee and Seregina (2024) to estimate
the precision matrix. In contrast to Lee and Seregina (2024), who consider either latent factors
estimated via principal component analysis or observable Fama—French factors, we treat the
market index fund as the sole observable common factor in the return decomposition (r;; =
ro++d; ). This specification is motivated by Sharpe (1963), who demonstrates that the return
of each security is related to the level of a market index, and aligns with our objective of
constructing a portfolio that minimizes variance relative to an index fund.

We estimate the precision matrix of idiosyncratic returns (X;') by minimizing a penal-
ized Bregman divergence with a weighted Graphical Lasso penalty, which shrinks selected
off-diagonal entries of the precision matrix to zero. For the empirical application in Section 6,
the tuning parameter for the shrinkage is selected by minimizing the Bayesian Information Cri-
terion via a grid search (see Equations (3.3) and (3.4) in Lee and Seregina (2024) for details).

After obtaining the estimated precision matrix of idiosyncratic returns (ﬁ];l), the full pre-

cision matrix is recovered via the Woodbury matrix identity:

-1
A1 A1 A1 1 A1 A1
Er :Ed _Ed LN |ia\_—2+LIN2d LN:| szzd . (10)
To
o—1
The portfolio weights are then obtained as w = ,221': —Y—and the portfolio is constructed based
Uy N

on Equation (1). For brevity, we label this portfolio as GLasso (with return decomposition) in
all tables and figures throughout Section 6 and Appendix A, as its weights are determined using

a weighted Graphical Lasso penalty applied to the precision matrix of idiosyncratic returns.

5 Minimum Variance Portfolio without the Return De-
composition

In this section, to examine the importance of the return decomposition (r;; = 794 + d;¢), we
consider a direct specification in Equation (4) that foregoes it entirely. Specifically, we treat

the index fund as a separate (N + 1)-th asset alongside the N individual stocks, constructing



a minimum variance portfolio across (N + 1) assets. In the empirical application (Section 6),
evaluating this portfolio without the return decomposition allows us to illustrate its value by
comparing its performance with that of the strategies developed in Sections 3 and 4 based on
Equation (6). Our empirical results highlight the merits of applying Equation (6) with the
return decomposition, rather than Equation (4) without it.

We rewrite Equation (4) in vector form, including the index fund directly as a separate
asset. Let Ry = (ro4,1;) € RV denote the vector of all asset returns including the index
fund return, b = (bg,by,...,by) € RYT! denote the corresponding portfolio weight vector,
and ¢y = (1,...,1) € RN*! represent a vector of ones. Let ¥p denote the covariance
matrix of all (N + 1) asset returns. The portfolio return in Equation (4) is then expressed as
rp+ = b'Ry, and the optimization problem becomes miny b’3zb subject to b'eyyq = 1, with
solution b = %.

As noted in Section 4, estimating the precision matrix becomes numerically unstable as the
number of assets grows. To address this issue, we impose sparsity on the precision matrix of
the (N + 1) asset returns and estimate it by minimizing a penalized Bregman divergence with
a weighted Graphical Lasso penalty—equivalent to maximizing the penalized log-likelihood—
following the estimation strategy in Section 4. For the empirical application in Section 6, the
tuning parameter is selected using the Bayesian Information Criterion. The estimated precision
matrix ﬁ]; is then used to obtain the portfolio weight vector b and construct the final portfolio
based on Equation (4).

Note that the weights b could alternatively be estimated through a regression-based frame-
work under a sparsity assumption, as in Section 3. However, since our primary goal in this
section is to examine the role of the return decomposition rather than to compare estimation

techniques, we restrict our focus to GLasso. We label this portfolio as GLasso (without return

decomposition) in all tables and figures throughout Section 6 and Appendix A.



6 Empirical Application

This section evaluates the empirical performance of the portfolios discussed in Sections 3 to 5.
Since our primary objective is to minimize portfolio variance relative to an index fund, we focus
on the out-of-sample (OOS) variance as our primary performance metric, while also examining
the Sharpe ratios (SRs). We consider three basis portfolios for ro: the S&P 500 index fund,

the Equal-weighted S&P 500 (EW) portfolio, and the value-weighted portfolio of CRSP firms.

6.1 Data and Empirical Setting

We examine whether the portfolios leveraging the return decomposition and idiosyncratic re-
turns (from Sections 3 and 4) achieve lower variance relative to their respective basis portfolios.
We also include the portfolio from Section 5, which foregoes the return decomposition, to high-
light the importance of exploiting idiosyncratic returns derived from the return decomposition.

We first employ the S&P 500 index fund as the basis portfolio, utilizing monthly excess
returns for both the index fund and its constituent stocks. In this exercise, the idiosyncratic
returns d;; are defined as the excess returns of individual stocks over the S&P 500 index return.
Following the data construction procedure of Lee and Seregina (2024), our full sample spans
from January 1980 to December 2019 (7" = 480) and consists of N = 355 stocks.

The total sample is divided into an in-sample period (77) and an out-of-sample period (75)
such that T = T} + T5. We consider three distinct sample splits for OOS evaluation: (i) a
30-year in-sample period (77 = 360) with a 10-year OOS period (T3 = 120); (ii) a 25-year in-
sample period (7} = 300) with a 15-year OOS period (7> = 180); and (iii) a 20-year in-sample
period (77 = 240) with a 20-year OOS period (75 = 240). The in-sample period is used to
estimate portfolio weights, while the OOS period is reserved for performance evaluation. For
all sample splits, the OOS window ends in December 2019, and portfolios are rebalanced on
a monthly basis using a rolling-window approach. Additional results with alternative sample
splits are provided in Appendix A.

Next, we replace the S&P 500 index fund with the EW portfolio as the basis portfolio,

10



utilizing the same set of individual stock excess returns. Here, each stock’s initial weight is set

1
N

to a;; = and the idiosyncratic returns d;; are defined as the difference between individual
stock excess returns and the EW portfolio excess return. This exercise examines whether
incorporating idiosyncratic returns further reduces portfolio variance relative to a naive %
strategy, motivated by evidence that EW portfolios often outperform market-capitalization-
weighted benchmarks over long horizons (e.g., Malladi and Fabozzi (2017); Taljaard and Maré
(2021); Swade et al. (2023)).

Lastly, we employ the value-weighted portfolio of CRSP firms as the basis portfolio (referred
to as CRSP in tables and figures for brevity). This portfolio, corresponding to the market factor
in Fama and French (1992) and Fama and French (2015), provides broader market coverage
than the S&P 500, which is restricted to large-cap equities. While some S&P 500 constituents
may not be present in the CRSP universe due to dual-class shares, listing issues, or timing
mismatches, we assume for simplicity that all S&P 500 constituents are contained within the
CRSP sample. Under this setting, the value-weighted portfolio of CRSP firms consists of M
stocks (where M > N), incorporating equities beyond the S&P 500 universe. Its return at
time ¢ is given by ro; = Zf‘il c¢;rit, where ¢; denotes the weight assigned to stock i, satisfying
Yilie=1

To further characterize the portfolio, these M stocks are partitioned into two disjoint sets:
S, the set of S&P 500 constituents with cardinality |S| = N, and F, the set of CRSP firms
not included in the S&P 500 index, where |F| = M — N. The portfolio return can thus be
decomposed as ro; = Zf\il Cirit + Zi]\iNH CiTit-

Accordingly, the portfolio return in Equation (1) can be rewritten by partitioning it into

these two disjoint sets. Grouping the weights of the S&P 500 constituents and isolating those

of the excluded CRSP firms, the portfolio return r,; is expressed as:

N M
Tpﬂf = Z(bOCi + bz‘)’l“m + Z bOCiTi,t- (11)
=1 i=N+1

Thus, the portfolio weight w; depends on set membership: for ¢ € §, w; = bgc; + b;, and for

11



i € F, w; = bye;.? Given that 211\11 ¢ = 1land by = 1 — Zf\il b;, the weights sum to one,
satisfying Zf\il w; = 1.3

By isolating the weights of the S&P 500 constituents in Equation (11), we can restrict the
variance minimization exclusively to the idiosyncratic returns of the same S&P 500 constituents
(N = 355) used in the previous exercises. This demonstrates that exploiting idiosyncratic
information from even a subset of constituent stocks can effectively mitigate total portfolio risk.
Accordingly, the idiosyncratic returns d;; are defined as the difference between the individual
excess returns of the S&P 500 constituents and the value-weighted excess return of the CRSP
firms.

For all three basis portfolios, we employ an expanding five-fold cross-validation procedure
to select the optimal regularization parameters for ALasso and SCAD discussed in Section 3.
This approach respects the temporal ordering of time-series data, ensuring that models are
trained strictly on historical information. Specifically, we divide the in-sample period into five
folds, where the first window is used to evaluate the second window. The training set then
expands to include both the first and second windows to evaluate the third, and this process
continues sequentially across all folds.

The initial training window covers 40% of the in-sample observations and expands sequen-
tially across folds. For instance, given a 30-year in-sample period (73 = 360; January 1980
to December 2009), the first training window (spanning 144 months from January 1980 to
December 1991) is evaluated on the first test window (43 months, from January 1992 to July
1995). The second training window then expands to include data through July 1995, with the
subsequent test window spanning 43 months from August 1995 to February 1999. This process
repeats across five folds to identify the penalty parameter that minimizes portfolio variance.

As a robustness check, Appendix A provides additional results using an initial training window

2To derive Equation (11), we start from Equation (4) and express the basis portfolio as 7o = Zf\il CiTit-
N M N N M
Thus, we have 7,; = boros + > ;1 biTip = bo Y ;g CiTit + D> sy biTie = bo (21:1 CiTie + Zz‘:N+1 Ciri,t) +
N N M
D1 birie =322 (boci +bi)ri + 3257 Ny bocitise
3The portfolio weights satisfy the sum-to-one constraint, as Zgl w; = Zil(boq +b;)+ Zf\iNH boc; =
N M N M N . M
i boci + ity boci + i b = bod sy ci + Y b = bo+ (1 —by) =1 (since Y ;7 ¢; = 1 and
N
bo=1- Zi:l bi)~
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of 30% of in-sample observations.

To evaluate the OOS performance of a portfolio, we report the OOS standard deviation
(Goos) as our primary portfolio risk measure, alongside the OOS average portfolio return (fioos),
minimum portfolio return (7 min), maximum portfolio return (7, max), and Sharpe ratio (SR).
Since standard deviation is the square root of variance, minimizing one is equivalent to min-
imizing the other. We therefore report standard deviation in all tables, while discussing the
results in terms of variance throughout the paper. Transaction costs are excluded for simplicity.

These metrics are defined as follows:

T—1
N 1 Ny
Hoos = T E W, Trit1,
2

t=T1
1
1 T-1 2
~ . -~/ ~ 2
Ooos = T 1 (Wtrt—l-l - ,uoos) )
2 t=T
Tpmin = min  (Wiriq),
’ Th<t<T-1
?p max — _ INax (V/\\ért—s—l) 3
’ T <t<T-1
ﬁoos
SR = £ (12)
Ooos

In Tables 1 to 3, these metrics—/ioos, Tooss Tpmins I'pmax, and SR—are referred to as Return,

Risk, Min, Max, and SR, respectively.

6.2 Empirical Results

Using monthly data, we compare the performance of the portfolios constructed from Sections 3
to 5 against their respective basis portfolios. In particular, by comparing the results of the
portfolios in Sections 3 and 4 with that of the non-decomposition portfolio in Section 5, we
highlight the importance of employing idiosyncratic returns via the return decomposition to
enhance index fund performance.

Tables 1 to 3 report empirical results when the S&P 500 index, the EW portfolio, and the

value-weighted portfolio of CRSP firms serve as the basis portfolios, respectively. Figures Al
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to A3 illustrate the monthly return trajectories of the portfolios relative to each of the three
basis portfolios. Across all tables and figures, portfolios are labeled according to their estimation
method: ALasso, SCAD, and Ls-Boosting from Section 3; GLasso (with return decomposition)
from Section 4; and GLasso (without return decomposition) from Section 5. Our main empirical

findings are summarized below:

1. Table 1 shows that when the S&P 500 index fund is used as the basis portfolio, all
portfolios employing the return decomposition from Sections 3 and 4—estimated via
ALasso, SCAD, Ly-Boosting, and GLasso—consistently reduce portfolio variance relative
to the basis portfolio, as evidenced by lower risk across all sample splits. Because the
index fund return is retained as the basis and idiosyncratic returns provide incremental
adjustments, the average OOS portfolio returns from Sections 3 and 4 are comparable to,

or in some cases higher than, those of the S&P 500 index fund, ultimately resulting in

higher SRs.

2. Figure Al further illustrates that the range of OOS returns is narrower for all decomposition-
based portfolios (Sections 3 and 4) compared to the S&P 500 index fund. A notable
empirical pattern emerges for the ALasso-estimated portfolio from Section 3: its returns
closely mirror those of the index fund—meaning the incremental component Zf\il I;idi,t
stays near zero—during the early sub-sample period. One possible explanation is that
the idiosyncratic returns d;; = 7;; — 1o+ are “weak signals” in the early sub-sample,
which may cause ALasso to produce unstable coefficient estimates b; that fail to shrink
to zero when they should.* This instability, in turn, may cause the portfolio return
Tpt = Tot + Zfil l;idm from Equation (6) to remain close to zero. As the sample pe-
riod progresses through the financial crisis, however, the idiosyncratic returns become
sufficiently strong signals for ALasso to produce stable coefficient estimates, allowing the

portfolio return to deviate from zero.

3. The non-decomposition portfolio discussed in Section 5, which treats the index fund

41t is well known that Lasso-type regularization works poorly in the presence of weak signals.
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as an additional asset alongside individual stocks and is estimated using GLasso, also
achieves a variance reduction relative to the S&P 500 index fund. However, it yields
the average OOS returns substantially lower than those of the S&P 500 index fund,
resulting in a deterioration of OOS SRs. These results underscore the importance of
return decomposition and the use of idiosyncratic returns, particularly in preserving the

return levels of the basis index.

. Two factors likely contribute to this deterioration in returns without the return decom-
position. First, although the GLasso framework assumes sparsity in the precision matrix
of the (N 4 1) asset returns, this assumption is unlikely to hold due to the exposure of
the (IV 4 1) asset returns to common (fundamental, macroeconomic) factors that affect
all assets simultaneously. Second, without the return decomposition, GLasso freely real-
locates weights across all (N + 1) assets based solely on the estimated precision matrix,

leading to unconstrained departures from the S&P 500 index fund’s target profile.

. The above advantages of using the return decomposition to improve OOS SRs are not
unique to the S&P 500 index fund, but hold robustly across different choices of the
basis portfolio. As shown in Tables 2 and 3, the portfolios constructed based on the
return decomposition (from Sections 3 and 4) reduce the average OOS variance across all
sample splits when the basis portfolio is the EW portfolio or the value-weighted portfolio
of CRSP firms. Meanwhile, their average OOS returns do not deviate much from (and in
some cases exceed) those of the basis portfolio, thereby improving OOS SRs. Figures A2
and A3 further illustrate that the range of OOS returns is narrower for all portfolios from
Sections 3 and 4 relative to their respective basis portfolios. Although the portfolio from
Section 5 also reduces average OOS variance, the substantial decrease in mean return
leads to a lower SR. This highlights the importance of using return decomposition and

idiosyncratic returns to improve the performance of the basis portfolio.
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7 Conclusion

This paper proposes a portfolio strategy that minimizes variance relative to an index fund by
exploiting the return decomposition (r;¢ = 79, + d;;) and the resulting idiosyncratic returns
(d;+). By exploring the covariance between the index fund return and idiosyncratic returns
(Cov(rot, diy) in Section 3) and the covariance among the idiosyncratic returns themselves
(Cov(d,t,d;¢) in Section 4), we construct portfolios that consistently achieve lower variance
than three basis portfolios—the S&P 500 index fund, the Equal-weighted S&P 500 portfolio,
and the value-weighted portfolio of CRSP firms—without sacrificing OOS portfolio returns,
thereby improving overall OOS SRs.

When the index fund is included directly as an additional asset without applying the return
decomposition (Section 5), the resulting non-decomposition portfolio reduces variance, but also
substantially reduces the OOS portfolio returns, leading to a deterioration in the SR. This
confirms that the primary benefit of our proposed approach stems specifically from exploiting
idiosyncratic return structures through this decomposition. These findings suggest that amid
growing market concentration in major indices, investors can enhance risk-adjusted portfolio
performance by incorporating idiosyncratic return information from the return decomposition,

rather than relying solely on traditional index funds or simple reweighting schemes.
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Appendix A Additional Empirical Results

This Supplementary Appendix provides additional empirical results complementing the analysis
in Section 6.

First, to assess the robustness of the expanding five-fold cross-validation procedure used to
select the optimal regularization parameters for ALasso and SCAD, we consider an alternative
initial training window covering 30% of the in-sample observations (compared to 40% in the
paper). Note that the results for portfolios estimated using Lo-boosting and GLasso (with and
without the return decomposition) are identical to those in the paper, as these methods do not
rely on cross-validation for tuning parameter selection. Tables Al to A3 report the results for
the S&P 500 index fund, the EW portfolio, and the value-weighted portfolio of CRSP firms,
respectively.

While the magnitude of variance reduction changes slightly compared to the results reported
in the paper, the portfolios introduced in Section 3—estimated using ALasso and SCAD with
the alternative initial training window—consistently reduce variance relative to their respective
basis portfolios, as reflected in the lower portfolio risk. The sole exception is ALasso during
the 10-year OOS period when the S&P 500 index fund serves as the basis portfolio.

Next, we examine two additional OOS evaluation periods beyond those considered in Section
6: (i) a 35-year in-sample period (T} = 420) with a 5-year OOS period (T, = 60), and (ii) a
15-year in-sample period (7} = 180) with a 25-year OOS period (75 = 300). As in the paper,
portfolios are rebalanced monthly using a rolling-window approach. Tables A4 to A6 report
the results for different sample splits across the three basis portfolios. Figures Al to A3 depict
the monthly returns of each portfolio relative to its basis portfolio.

Consistent with the findings in the paper, all portfolios from Sections 3 and 4—which
exploit idiosyncratic returns via the return decomposition—reduce portfolio variance relative
to their respective basis portfolios across various sample splits. The returns of these portfolios
do not deviate significantly from those of the basis portfolios (and in some cases exceed them),
thereby generally improving SRs. Conversely, the portfolio from Section 5, estimated using

GLasso without the return decomposition, also achieves variance reduction; however, as noted
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in the paper, it yields returns substantially lower than those of the basis portfolios, occasionally
turning negative, which consequently lowers its SR.

This divergence likely reflects two compounding factors discussed in the paper: first, the
GLasso framework assumes sparsity on the precision matrix of the (N + 1) asset returns but
cannot guarantee sparsity on the returns themselves, given that all assets share common ex-
posure to macroeconomic conditions; second, the absence of the return decomposition allows
the GLasso estimator to freely reallocate weights across all (N + 1) assets based solely on the

estimated precision matrix, leading to greater deviations from the basis portfolios.
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