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Summary

We develop the Quantile-Covariance Three-Pass Regression Filter (Qcov3PRF),

a supervised factor model for quantile regression that exploits quantile-covariance

(qcov). This method extracts latent factors from a high-dimensional set of predic-

tors to forecast conditional quantiles of a response variable. Unlike Partial Quantile

Regression (PQR), Qcov3PRF identifies multiple relevant factors for the target con-

ditional quantiles by qcov. We establish that the resulting forecasts are consistent

and asymptotically normal as both the time-series and cross-sectional dimensions

diverge. Monte Carlo evidence supports the theoretical results and indicates fa-

vorable finite-sample performance. An empirical application to Growth-at-Risk

forecasting further demonstrates the advantages of Qcov3PRF over competing al-

ternatives.
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1 Introduction

High-dimensional factor models are widely employed to forecast economic and finan-

cial time series when the predictor set is large and highly correlated. The prevailing

framework, Principal Components Regression (PCR; Stock and Watson, 2002a; Stock

and Watson, 2002b; and Bai and Ng, 2006), combines unsupervised factor extraction

with linear forecasting: latent factors are first estimated from the predictor panel via

Principal Components Analysis (PCA; Bai and Ng, 2002; and Bai, 2003) and subse-

quently used as regressors in a forecasting equation. While PCR is asymptotically valid,

its finite-sample performance may deteriorate when the idiosyncratic components display

substantial serial or cross-sectional dependence or when the predictive information is con-

centrated in only a subset of the extracted factors. These shortcomings have motivated

supervised factor estimation methods that exploit information from the forecast target

during factor construction. Prominent examples include target-PCA (Bai and Ng, 2008),

the Three-Pass Regression Filter (3PRF; Kelly and Pruitt, 2015), Partial Least Squares

(PLS; Wold, 1966), a special case of 3PRF, and scaled PCA (Huang et al., 2022).

Specifically, 3PRF is a supervised factor extraction method designed to estimate the

latent factors that are relevant for forecasting the conditional mean of a target variable.

Its effectiveness has been demonstrated in numerous empirical applications, including

stock return prediction and macroeconomic forecasting (Kelly and Pruitt, 2013; Huang

et al., 2015; Lyle and Wang, 2015; Carrasco and Rossi, 2016; Light et al., 2017; Gu

et al., 2020; Huang et al., 2021). The method assumes that only a subset of latent fac-

tors is relevant for prediction, meaning that these factors enter the forecasting equation

with nonzero coefficients. Identification relies on proxy variables that contain informa-

tion about the relevant factors while excluding the irrelevant ones, thereby enabling the

recovery of the relevant factors through a sequence of cross-sectional and time-series re-
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gressions. In some applications, economic theory naturally suggests appropriate proxies.1

In settings where such theory-based proxies are unavailable, automatic-proxies can in-

stead be generated directly from the target and predictor variables following Kelly and

Pruitt, 2015.

By comparison, factor-based methods for forecasting other conditional functionals

remain relatively limited. In particular, some examples for factor models focused on con-

ditional quantile forecasting are the Principal Components Quantile Regression (PCQR;

Ando and Tsay, 2011; and Giglio et al., 2016) and Partial Quantile Regression (PQR;

Giglio et al., 2016). Although PQR is conceptually related to 3PRF when the target

variable serves as the (automatic) proxy, it is inherently limited to estimating a single

relevant factor for each quantile. The reason is that a direct quantile analogue of the

second-stage regression in 3PRF would require regressing each predictor on the proxies,

thereby modeling the quantile level of the predictors rather than that of the target vari-

able. PQR avoids this problem by reversing the regression and regressing the target on

each predictor. Since this formulation admits only one proxy, only one relevant factor

can be identified.

To address the inability of existing supervised quantile factor methods to recover mul-

tiple predictive factors, we develop the Quantile-Covariance Three-Pass Regression Filter

(Qcov3PRF). The proposed method extends the supervised factor estimation framework

of PLS and 3PRF to conditional quantile forecasting. While PLS and 3PRF rely on

the standard covariance to identify factors relevant for forecasting the conditional mean,

Qcov3PRF instead exploits the τ -quantile-covariance (qcov) introduced by Li et al., 2015.

This substitution allows the proposed method to identify multiple relevant factors asso-

ciated with the conditional τ -quantile of the target variable. The resulting estimation

1For instance, Kelly and Pruitt, 2015 use real output growth and money supply growth, motivated
by the dynamic quantity theory of money, as proxies to identify two relevant factors from a large panel
of U.S. macroeconomic indicators for forecasting inflation.
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procedure is computationally straightforward, requiring only a sequence of least-squares

regressions to estimate the relevant factors. Consequently, the subset of latent factors

selected for forecasting is allowed to vary across different quantiles.2

We are not the first to incorporate quantile covariance measure in a conditional quan-

tile forecast factor model focusing on the estimation of the relevant factors for the tar-

get conditional quantiles. Dodge and Whittaker, 2009 and Méndez-Civieta et al., 2022

propose modifications of PLS for quantile regression based on alternative definitions of

quantile covariance. However, these approaches differ from Qcov3PRF in several impor-

tant respects. Dodge and Whittaker, 2009 do not explicitly characterize the optimization

problem underlying their algorithm, and the quantile covariance measure they employ

does not provide a theoretical basis for recovering multiple relevant factors. Moreover,

their implementation can be computationally demanding. Méndez-Civieta et al., 2022

evaluate their method only for median regression. In addition, neither study establishes

the asymptotic properties of the resulting forecasts.

In this paper, asymptotic properties for the estimated factors and quantile forecasts

obtained through Qcov3PRF are studied. We establish the consistency of the estimated

factors and show that the resulting conditional quantile forecasts converge to their in-

feasible population counterparts. We further derive the asymptotic distribution of the

forecasts and propose a feasible estimator of the associated asymptotic variance. These

theoretical results remain valid when the procedure employs automatic-proxies, which

are proxies constructed exclusively from the target variable and the predictor panel.

Monte Carlo evidence supports the asymptotic analysis, indicating that Qcov3PRF ex-

hibits strong finite-sample performance. The simulations also highlight the sensitivity of

PCQR to irrelevant factors and to strong serial and cross-sectional dependence in the

2For example, two factors may be relevant for forecasting the upper tail of the target conditional
distribution, while three different factors may determine the lower tail and yet another factor may drive
the conditional median.
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idiosyncratic components.

We also include an empirical application to Growth-at-Risk forecasting (Adrian et

al., 2019), in which real growth vulnerability is modeled using a large panel of financial

predictors. The empirical evidence indicates that Qcov3PRF delivers more accurate in-

sample estimates and out-of-sample forecasts than PCQR, PQR, and related methods.

These findings extend to risk measures derived from the estimated conditional quantiles of

the target, including the conditional expected shortfall. We further find that the financial

predictors underlying the Qcov3PRF factors vary across different quantiles, measures of

economic growth, and forecast horizons, indicating that different dimensions of financial

conditions are informative about different aspects of the economic indicator’s conditional

distribution.

The remainder of the paper is organized as follows. Section 2 reviews quantile-

covariance and 3PRF, which serve as the main building blocks of Qcov3PRF. Section

3 develops the proposed methodology and estimation procedure. Section 4 establishes

the consistency and asymptotic normality of the resulting infeasible conditional quantile

forecasts. Section 5 studies the finite-sample performance of Qcov3PRF through Monte

Carlo simulations. Section 6 presents an empirical application, and Section 7 concludes.

All proofs are contained in Online Appendix.

2 Preliminaries

This section introduces the main building blocks of the proposed methodology. We

begin by reviewing the Three-Pass Regression Filter (3PRF) and the general factor struc-

ture underlying its framework. We then review the quantile-covariance of Li et al., 2015

and summarize some key properties.
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2.1 The Three Pass Regression Filter

The method 3PRF, developed by Kelly and Pruitt, 2015, is a supervised factor model for

forecasting the conditional mean of a target variable. Unlike conventional factor methods,

which estimate the complete latent factor structure of the predictors, 3PRF recovers only

the factors that are relevant for forecasting the target. The method assumes the following

data-generating process (DGP):

xt = ϕ0 +ΦF t + εt, (1)

yt+1 = β0 + β
′F t + ut+1, (2)

zt = λ0 +ΛF t + ωt, (3)

where xt is a vector of predictors with a large dimension N . These predictors are approx-

imated through a factor model such that we can obtain K latent unobservable factors F t

that predict a target variable yt+1. The error components εt, ut+1 and ωt follow stan-

dard assumptions in the factor models literature, with εt and ωt allowing some degree of

cross-sectional and serial correlation, and ut+1 being uncorrelated over time.

In the absence of Eq.(3), forecasts of yt+1 can be obtained using PCR. The proce-

dure first applies PCA to the predictors in Eq.(1) to estimate the latent factors, F̂
PCA

t ,

and then estimates the forecasting equation (Eq.(2)) by regressing yt+1 on F̂
PCA

t and a

constant using ordinary least squares.

Suppose that yt+1 is only affected by Kf ≤ K factors, denoted by f t such that

F t = (f ′
t, g

′
t)

′ with their corresponding loadings Φ = (Φf ,Φg). The factors f t (gt) are

relevant (irrelevant) for the target in the sense that β = (β′
f ,0

′)′ with βf ̸= 0. These

factors are also the only relevant factors to proxies zt such that Λ = [Λf 0]. In 3PRF,

relevant factors are recovered through Eq.(3) by using zt.

A relevant factor of yt+1 can be potentially omitted from the factors estimated via
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PCA since the relevant factors do not need to coincide with the eigenvectors associated

to the largest eigenvalues. In contrast, 3PRF has an advantage of only estimating the

subset of latent factors that is informative for the target variable. This desirable feature

comes from the fact that the estimated factor loadings can depend on the proxies such

that, after applying 3PRF, Eq.(1) can be written as xt = ϕ̂0 + Φ̂(zt)f̂ t + ε̂t, where the

factor loadings Φ̂(zt) = Φ̂f are identified by Eq.(3). Additionally, Φ̂f f̂ t
p−−−−−→

N,T→∞
Φff t

and ε̂t
p−−−−−→

N,T→∞
Φggt + εt.

Algorithm 1 Three-Pass Regression Filter (3PRF)

Pass 1: Run a time series least squares regression of xi = (xi1, . . . , xiT ) on z =
(z′1, . . . ,z

′
T )

′ (zt = (z1t, . . . , zKf t), t = 1, . . . , T ) for i = 1, . . . , N ,

xit = ϕ0,i + ϕ
′
izt + ϵit,

and retain the estimate ϕ̂i.

Pass 2: Run a cross section least squares regression of xt = (x1t, . . . , xNt) on ϕ̂ =

(ϕ̂
′
1, . . . , ϕ̂

′
N)

′ (ϕ̂i = (ϕ̂1i, . . . , ϕ̂Kf i), i = 1, . . . , N) for t = 1, . . . , T ,

xit = ϕ0,t + f
′
tϕ̂i + εit,

and retain the estimate f̂ t.

Pass 3: Run a time series least squares regression of y = (y2, . . . , yT+1) on the estimated

factors f̂ = (f̂
′
1, . . . , f̂

′
T )

′ (f̂ t = (f̂1t, . . . , f̂Kf t) for t = 1, . . . , T ) and a constant.

The method 3PRF is presented in Algorithm 1. Pass 1 and Pass 2 recover the latent

factors associated with the proxy variables zt
3 by means of time-series and cross-sectional

linear regressions, respectively. Given the estimated factors, Pass 3 constructs the condi-

tional mean forecast of the target variable using the same prediction equation as PCR. A

practical challenge in implementing 3PRF is the specification of informative proxy vari-

ables, which often relies on additional data and/or economic theory. Kelly and Pruitt,

2015 address this issue by proposing an automatic proxy construction procedure (their

3The idiosyncratic component ωt in Eq.(3) is fundamental to the identification strategy underlying
3PRF. When ωt = 0, the proxy variables are perfect measures of the latent factors, implying zt =
λ0+ΛF t. Consequently, the predictor equation in Eq.(1) is no longer required, and the optimal forecast
can be obtained by regressing yt+1 directly on zt. In contrast, when ωt ̸= 0, the proxies are contaminated
by idiosyncratic noise. As a result, direct regression on zt leads in general to biased coefficient estimates.
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Table 2) based solely on the predictor panel xt and the target variable yt+1.
4 Impor-

tantly, they show that the resulting proxies are linearly independent and orthogonal to

the irrelevant factors.

2.2 Quantile-covariance (qcov)

The proposed forecasting method is built upon the quantile-covariance (qcov) intro-

duced by Li et al., 2015. Let f and y be random variables, and let Qτ
y and Qτ

y|f denote

the unconditional and conditional τ -quantiles of y, respectively. The first order condition

of quantile regression implies that Qτ
y|f is independent of f with probability 1 if and only

if the random variables I(y−Qτ
y > 0) and f are independent, where I(·) is the indicator

function. Based on this characterization, the qcov is defined for 0 < τ < 1 as follows:

qcovτ (y, f) = cov(I(y −Qτ
y > 0), f)

= E[κτ (y −Qτ
y)(f − E(f)], (4)

where κτ (v) = τ − I(v < 0). It is worth to mention that qcov, unlike the standard

covariance, is not symmetric: qcovτ (y, f) ̸= qcovτ (f, y). Nevertheless, the underlying

covariance between the indicator of a quantile exceedance and the predictor retains the

usual symmetry property: cov(I(y −Qτ
y > 0), f) = cov(f, I(y −Qτ

y > 0)).

We now consider the quantile regression y = b0τ + bjτfj + uτ , where j = 1, . . . , Kf,τ ,

and define the corresponding estimators as the solution to the following optimization

problem:

(b∗0τ , b
∗
jτ ) = argmin

b0τ ,bjτ

E [ρτ (y − b0τ − bjτfj)] (5)

where ρτ (v) = v [τ − I(v < 0)] is the check loss function. Li et al., 2015 found a key

result such that qcovτ (y, fj) = ν(b∗jτ ) where ν(·) is a continuous and increasing function,

4Under 3PRF, Eq.(1) admits the representation xt = ϕ̂0 + Φ̂(yt+1)f̂ t + ε̂t which emphasizes the
supervised nature of the procedure by showing that information from the target variable enters directly
into factor estimation. Note that PLS arises as a special case of 3PRF when automatic-proxies are
employed and the predictor variables are standardized over time.
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and, more importantly, ν(b∗jτ ) = 0 if and only if b∗jτ = 0. We further establish in Lemma

4 of Online Appendix that qcovτ (y, u) = νu(b
∗
jτ ) where νu(·) is a continuous function and

νu(b
∗
jτ ) ̸= 0. Note that both properties only hold for the univariate quantile regression

case.

3 Quantile-covariance Three Pass Regression Filter

This section presents the proposed estimator for forecasting the conditional τ -quantile of

a target variable. We first describe the general factor structure underlying the proposed

framework. We then develop the estimation procedure by recovering the target-relevant

factors through proxies constructed from the τ -quantile-covariance using only the target

variable and the predictor set. We conclude the section by providing a comparison be-

tween the proposed method and existing factor-based approaches for conditional quantile

forecasting.

3.1 Environment

Based on the frameworks of Kelly and Pruitt, 2015 and Giglio et al., 2016, we develop

a new factor model called Qcov3PRF. The proposed estimator is built upon the qcov mea-

sure introduced in the previous section. Its main contribution lies in the first estimation

pass, where factor loadings are estimated through multivariate least squares regressions

involving qcov -based automatic-proxies associated with a conditional τ -quantile. This

modification enables Qcov3PRF to recover more than one relevant factor

We begin by specifying the environment underlying Qcov3PRF. The objective is to

forecast the conditional τ -quantile of a target variable using a large panel of potentially

highly correlated predictors. Since the cross-sectional dimension N may be comparable

to or exceed the sample size T , direct estimation through quantile regression can be infea-

sible or unstable. We therefore assume that the predictor panel admits an approximate

linear factor structure, allowing the information in the predictors to be summarized by
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a low-dimensional set of latent factors. As in 3PRF, the proposed estimator exploits

proxy variables to recover the relevant factors. The key difference is that the proxies are

determined by the factors driving the τ -quantile level of the target variable, while also

capturing factors that contribute to other quantiles, as implied by the target data gener-

ating process in Eqs.(8) and (9). Since the latent factors are unobserved, forecasts based

on the population factors constitute the infeasible best forecasts. The data-generating

process is formally stated in Assumption 1.

Assumption 1 (Data Generating Process)

1. The data for a fixed level τ ∈ (0, 1) is generated as follows:

xt = ϕ0 +ΦF t + εt, (6)

zt,τ = λ0,τ +ΨtΛτF t + ωt, (7)

yt+1 = β0,τ + β
′
τF t + uτt+1, (8)

uτt+1 = (σu + γ
′F t)ξ

τ
t+1 (9)

where yt+1 denotes the target time series variable, xt is an N×1 vector of predictors

which are standardized to have unit time series variance, F t is a K × 1 vector of

latent factors, and Φ is an N ×K matrix with K < min(N, T ). In addition, βτ is

a K×1 vector, whose dependence on τ is because the conditional quantile of yt+1 is

given by Qτ
yt+1|F t

= β0,τ +β
′
τF t where E[τ − I(uτt+1 < 0)|yt,F t, yt−1,F t−1, . . . ] = 0.

Also, βτ = (β
′

f,τ ,0
′)′ with βf,τ ̸= 0 is a vector of dimension Kf,τ × 1, and γ =

(γ
′

f ,0
′)′ with γf is a vector of dimension K̃f × 1 and γf ̸= 0. It is also assumed

that σu+γ
′F t ≥ 0. Let K∗

f equal to the cardinality of the union set of those factors

corresponding to βf,τ and γf . The term zt,τ is a K
∗
f ×1 vector of proxy data, where

F t = (f ′
t, g

′
t)

′, and Λτ = [Λf,τ Λg,τ ] is a K
∗
f ×K matrix. Let K∗

f > 0 and Kg ≥ 0

the dimension of f t and gt, respectively, such that K∗
f +Kg = K. The term Ψt is

a K∗
f ×K∗

f random matrix with elements ψjkt, j, k = 1, ..., K∗
f .
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2. The vector of proxies zt,τ is only spanned by the set of relevant factors, i.e., Λτ =

[Λf,τ 0], and Λf,τ is nonsingular.

3. E(ψjkt) ̸= 0, E(ψ2
jkt) <∞, and ψjkt, j, k = 1, ..., K∗

f , is independent of F t.

Equation (6) specifies the standard approximate factor model for the predictor panel

(Bai and Ng, 2002), whereas Eq.(8) defines the conditional τ -quantile forecasting equa-

tion. The target variable yt+1 depends on a subset of latent factors, denoted by f t, which

we refer to as the relevant factors.

Equation (7) highlights a key distinction between the conditional quantile and con-

ditional mean frameworks. Unlike the latter, in theory, the automatic-proxies generated

by Qcov3PRF are generally spanned by a larger set of latent factors. In particular, be-

sides the Kf,τ factors that determine the conditional τ -quantile of the target variable,

the proxies may also depend on the additional K∗
f − Kf,τ factors that are relevant for

other conditional quantiles, τ̃ ̸= τ . The standard 3PRF specification, given by Eq.(3),

is obtained as the special case K∗
f = Kf,τ with Ψt equal to the identity matrix. More

generally, Eq.(7) permits the latent factors to be scaled by an independent random vari-

able with nonzero mean, thereby extending the proxy equation of 3PRF under relatively

weak additional assumptions. This generalization is essential because it characterizes the

automatic-proxies produced by Qcov3PRF.

3.2 Estimation strategy

An important challenge in extending 3PRF to conditional τ -quantile prediction is the

construction of proxy variables that span the relevant factors of the target conditional

quantiles. Qcov3PRF addresses this challenge by constructing automatic-proxies from

the observed data yt+1 and xt through the qcov relationship between the target and

the predictors.5 This characterization provides an inverse representation of the quantile

5As in 3PRF, Qcov3PRF readily accommodates theory-based proxies whenever they can be motivated
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regression problem, permitting the first pass of the algorithm to estimate the quantile-

specific relevant factor loadings through multivariate least squares regressions.

Algorithm 2 describes the implementation of Qcov3PRF. The variables ẑℓ,τ , ℓ =

1, ..., K∗
f , denote the automatic-proxies that replace the proxy vector zτ in Eq.(7). The

procedure is initialized by estimating the unconditional τ -quantile of the target variable

and defining the first proxy as I(y − Q̂τ
y > 0), the same transformation that appears in

the definition of qcov. When K∗
f = 1, the first proxy alone identifies the relevant factor

loadings. For K∗
f > 1, the remaining proxies are generated recursively. Specifically, Step

1 alternates the first two passes of 3PRF: at the ℓth iteration, it estimates the first ℓ

relevant factors and constructs the subsequent proxy, continuing until all K∗
f automatic-

proxies have been obtained. Once all the K∗
f factors are estimated, we simply run a

quantile regression of the target on these factors (and a constant) in Step 2. Following

the same steps, we can construct the forecasts one period ahead6 for the observation yT+2

with the updated set of predictors xt, t = 1, . . . , T + 1, to obtain f̂
(K∗

f )

T+1 and compute

ŷT+2 = β̂0,τ + β̂
′
f,τ f̂

(K∗
f )

T+1 .

The construction of the automatic-proxies is described as follows. When K∗
f = 1, the

qcov characterization directly identifies the first pass factor loadings, and the correspond-

ing factor is recovered through the second pass of 3PRF. For K∗
f > 1, the proxies are

generated recursively by applying the indicator transformation to the residuals obtained

after removing the estimated conditional τ -quantile of the target variable based on the

factors recovered in the previous iteration. A key feature of this construction is that,

although the proxies inherit the quantile-specific information through the estimated con-

by economic or financial theory. Their interpretation, however, is less straightforward in the conditional
quantile setting. Since Eq.(7) allows the set of relevant factors to differ across different quantiles, the
appropriate theory-based proxies may likewise depend on the quantile under consideration. Investigating
the identification and empirical performance of such quantile-specific proxies in macroeconomic and
financial applications is beyond the scope of this paper and is left for future work.

6For simplicity we have considered one-period ahead forecasts, however, the algorithm can be per-
fectly implemented for h-periods ahead forecasts. For instance, in our empirical application with monthly
data, we consider 3-periods and 12-periods ahead.
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Algorithm 2 Quantile-Covariance Three Pass Regression Filter(Qcov3PRF)

Step 0: For a quantile value τ ∈ (0, 1) initialize ẑ1,τ = I(y − Q̂τ
y > 0), where Q̂τ

y is the
estimate after running a time series quantile regression of y on a constant, and
apply Passes 1 and 2 of 3PRF with {y,X, ẑ1,τ}, where X = (x′

1, . . . ,x
′
T )

′, to get

f̂
(1)

1 .

Step 1: If K∗
f = 1 then go to Step 2. Otherwise, for ℓ = 2, . . . , K∗

f :

Let ẑℓ,τ = I(y − β̃
(ℓ−1)
0,τ − β̃

(ℓ−1)
1,τ f̂

(ℓ−1)

1 − · · · − −β̃(ℓ−1)
ℓ−1,τ f̂

(ℓ−1)

ℓ−1 > 0), where

(β̃
(ℓ−1)
0,τ , β̃

(ℓ−1)
1,τ , . . . , β̃

(ℓ−1)
ℓ−1,τ ) are the linear estimates after running a time series quan-

tile regression of y on a constant and (f̂
(ℓ−1)

1 , . . . , f̂
(ℓ−1)

ℓ−1 ), and apply Passes 1 and 2

of 3PRF with {y,X, ẑ1,τ , . . . , ẑℓ−1,τ , ẑℓ,τ} to get (f̂
(ℓ)

1 , . . . , f̂
(ℓ)

ℓ ).

Step 2: Run a time series τ -quantile regression of y on (f̂
(K∗

f )

1 , . . . , f̂
(K∗

f )

K∗
f

) and a constant.

ditional quantile, they permit the Pass 1 estimation to be carried out using ordinary least

squares. Consequently, the first two passes of the original 3PRF algorithm remain valid.

By contrast, replacing these regressions with quantile regressions would estimate the con-

ditional quantile of the predictors rather than that of the target variable, preventing the

recovery of the relevant predictive factors.

The recursive proxy construction preserves the desirable properties of the automatic-

proxies in 3PRF. In particular, Theorem 3 shows that the generated proxies are linearly

independent, span the relevant factor space, and are asymptotically orthogonal to the

irrelevant factors. Relative to Table 2 in Kelly and Pruitt, 2015, the only modification

is that ordinary least squares residuals are replaced by transformed quantile-regression

residuals.7

The recursive construction of Qcov3PRF generally requires K∗
f automatic-proxies

rather than only Kf,τ . This distinction arises because factors that are irrelevant for the

conditional τ -quantile may, nevertheless, affect the indicator transformation underlying

the automatic-proxies. As a result, the first Kf,τ proxies are not necessarily orthogonal

7Similar to the fact that 3PRF is a generalization of PLS, in Online Appendix we explore how PLS
for conditional quantile prediction and Qcov3PRF are related.
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to these additional factors f j, for j = Kf,τ +1, . . . , K∗
f . This is a consequence of the fact

that f j does not affect the conditional τ -quantile of y, but it can affect some other part

of the conditional distribution of y.8

To motivate Qcov3PRF’s theoretical requirement on estimating K∗
f rather than Kf,τ

factors, we sketch part of the proof of Theorem 3. This part shows that the resulting

automatic-proxies in Algorithm 2 are only spanned by the K∗
f factors. The formal and

complete proof is found in Online Appendix. For ease of presentation let K∗
f = 3 and

yt+1 = β0,τ+β1,τf1,t+β2,τf2,t+u
τ
t+1, with u

τ
t+1 = (σu+γ2f2,t+γ3f3,t)ξ

τ
t+1. This prediction

equation is not a univariate regression, however, after some rearrangements we obtain:

yt+1 = β0,τ + β̃τ f̃t + uτt+1,

where β̃τ ̸= 0, f̃t =
β1,τ

β̃τ
f1,t +

β2,τ

β̃τ
f2,t. Since qcovτ (yt+1, f̃t) = ν(β̃τ ) ̸= 0 by Lemma 1 in

Li et al., 2015, and qcovτ (yt+1, u
τ
t+1) = νu(β̃τ ) ̸= 0 by Lemma 4 in Online Appendix we

have:

ẑτ1,t = I(yt+1 > Q̂τ
y) = α0,τ + ν̄(β̃τ )f̃t + ν̄u(β̃τ )u

τ
t+1 + ūt+1,

= α0,τ + β̄1,τf1,t + (β̄2,τ + γ̄2,τξ
τ
t+1)f2,t + γ̄3,τξ

τ
t+1f3,t + ω̄t+1

where β̄j,τ = ν̄(β̃τ )
βj,τ

β̃τ
for j = 1, 2, γ̄k = ν̄u(β̃τ )γk for k = 2, 3, and ūt+1 is uncorrelated

with f̃t and uτt+1. Hence, we have: cov(ẑτ1,t, f1,t|f2,t, f3,t) = β̄1,τ , cov(ẑ
τ
1,t, f2,t|f1,t, f3,t) =

β̄2,τ + γ̄2,τE(ξτt+1), cov(ẑ
τ
1,t, f3,t|f1,t, f2,t) = γ̄3,τE(ξτt+1) and ẑτ1,t is uncorrelated with fj,t,

j = K∗
f + 1, ..., K. We can show that the proxies ẑτ2,t and ẑ

τ
3,t are also only spanned by

(f1,t, f2,t, and f3,t) using a similar approach. Moreover, it is not difficult to show that

8For example, consider yt+1 = 1+f1,t+(0.5f1,t+f2,t)ξt+1, where Q
τ
ξ = 0, and g3,t is some other factor

independent of yt+1. Then, Qτ
yt+1|f = β0,τ + β1,τf1,t + β2,τf2,t + β3,τg3,t with (β0,τ , β1,τ , β2,τ , β3,τ ) =

(1, 1, 0, 0). However, if we run, say, a least squares regression of the first automatic proxy generated
I(y − Q̂τ

y > 0) on f t = (f1,t, f2,t, g3,t) and a constant, we obtain the estimated coefficients α̂τ =
(α̂0,τ , α̂1,τ , α̂2,τ , α̂3,τ ) where α̂0,τ ̸= 0, α̂1,τ ̸= 0, α̂3,τ = 0, but α̂2,τ ̸= 0, statistically. Then, the factor f2

is irrelevant for the conditional τ -quantile of y, whereas f2 is relevant to the transformation I(y−Q̂τ
y > 0).

By contrast, a factor independent of the target, such as g3, remains irrelevant throughout. Accordingly,
in this example we have Kf,τ = 1, K∗

f = 2 and Kg = 1.
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these proxies are linearly independent.

Unlike 3PRF, Qcov3PRF does not admit a complete closed-form representation of

the estimator for the linear coefficients βτ , since the linear quantile regression estimator

does not have a closed form solution. Nevertheless, Step 1 of the algorithm yields closed-

form expressions for the estimated relevant factors f̂ t and their corresponding loadings.

Specifically,

Φ̂τ = (W zz)
−1W ′

xz, (10)

f̂
′

= W zz(W
′
xzJNW xz)

−1W ′
xzJNX

′, (11)

where Φ̂τ , f̂ and X are the matrices resulting from stacking ϕ̂i,τ over i, and f̂ t and xt

over t, respectively. Also, JN = IN − 1
N
ιNι

′
N , IN is the identity matrix of dimension

N , ι′N is a vector of ones of dimension N , W zz = Z
′

τJTZτ , W xz = X ′JTZτ , and

W zz = Z
′

τJTZτ (JT is analogous to JN). This closed form expression is particularly

useful to show the consistency and asymptotic normality of the relevant factors and their

corresponding loadings (as it is shown in Lemmas 2 and 3 in Online Appendix).

Remark 1 The preceding analysis assumes that the number of relevant factors, K∗
f , is

known. In practice, however, this quantity must be selected from the data. When eco-

nomically motivated proxy variables are available, the choice of K∗
f should be guided by

the underlying theoretical framework. In the absence of such information, we employ a

data-driven selection procedure. Kelly and Pruitt, 2015 determine the number of factors

in 3PRF using a modified Bayesian information criterion with the effective degrees of

freedom for PLS proposed by Krämer and Sugiyama, 2011. Since this criterion is not

directly applicable to Qcov3PRF, we instead use Cross-Validation (CV) (Ahn and Bae,

2021). Specifically, the procedure is as follows: we divide the entire available data (with

T observations) into two parts, training and test data. The training data covers the first

70% of the sample, that is, the observations from t = 2 to t = T ∗ + 1, and the remain-
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ing observations are the test data, i.e., the observations from t = T ∗ + 2 to t = T + 1.

Then, for a given time s ∈ [T ∗ + 2, T + 1], we forecast the conditional τ -quantile of ys

using a given number of relevant factors and the latent factors estimated from the training

data from t = 2 to t = s − 1. Let MCLE(Kf,τ) be the Mean Check Loss Error of the

conditional τ -quantile forecasts for ys obtained using Kf,τ automatic-proxies. Then, the

cross-validation estimate of the optimal number of Qcov3PRF factors, denoted by RCV ,

is the value of Kf,τ that minimizes MCLE(Kf,τ).
9

3.3 Comparison with existing factor models for conditional quan-

tile prediction

Giglio et al., 2016 propose the Partial Quantile Regression (PQR) method as a quantile

analogue of the 3PRF. Although PQR adopts the same supervised factor estimation

philosophy, it is restricted to recovering a single predictive factor. Specifically, PQR

replaces the least-squares forecasting equation in Pass 3 (of 3PRF) with a τ -quantile

regression and modifies Pass 1 (of 3PRF) by estimating separate time-series quantile

regressions of the target variable on each predictor.10 The estimated slope coefficients

are subsequently used to recover the predictive factor. Pass 1 of PQR is closely related

to the notion of quantile covariance introduced by Dodge and Whittaker, 2009 in their

PLS framework for conditional quantile prediction.11

The restriction of PQR to a single predictive factor follows from a fundamental prop-

erty of quantile regression. Unlike ordinary least squares, quantile regression does not

satisfy a symmetry property with respect to the dependent and explanatory variables. In

particular, omitting the intercept, a zero slope coefficient in the quantile regression of y

9We refer to Kf,τ rather than K∗
f because the optimal number of factors selected by this procedure

can vary across different quantiles. Thus, when Qcov3PRF is applied to forecast the conditional τ -
quantile of the target variable, we take K∗

f = Kf,τ . In general, the inclusion of the additional K∗
f −Kf,τ

factors has only a minor effect on the resulting estimates in practice.
10In addition, they omitted the constant in Pass 2. Adding a constant is an important forecast

improvement in 3PRF (with automatic-proxies) compared to PLS when forecasting the conditional mean.
See Kelly and Pruitt, 2015 for details.

11Specifically, the quantile covariance considered in PQR is equal to the linear coefficient obtained
after running a quantile regression of y on f and a constant, where f has mean 0 and variance 1.
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on x does not imply a zero slope coefficient in the corresponding regression of x on y.

Under least squares, these conditions are equivalent. This asymmetry prevents a direct

extension of Pass 1 in Algorithm 1 to the quantile setting. When zt = yt+1 and Kf,τ = 1,

the relevant loading coefficients can be obtained from separate quantile regressions of

the target variable on each predictor. For Kf,τ > 1, however, the procedure cannot be

generalized because it would require modeling simultaneous linear relationships between

each predictor and the conditional τ -quantiles of the proxy vector z.

Giglio et al., 2016 further propose Principal Components Quantile Regression (PCQR),

the quantile analogue of PCR. The method estimates the latent factors by Principal Com-

ponents Analysis (PCA) and replaces the least-squares forecasting equation with a quan-

tile regression. They show that both PCQR and PQR (under a single predictive factor)

yield consistent conditional quantile forecasts. As in the conditional mean framework,

PCQR is asymptotically consistent even when irrelevant factors are included, since their

estimated coefficients converge to zero. Nevertheless, by relying on the complete factor

space, PCQR inherits the finite-sample drawbacks of PCR and can suffer substantial ef-

ficiency losses when the idiosyncratic components are characterized by strong serial and

cross-sectional dependence.

Méndez-Civieta et al., 2022 propose the fast Partial Quantile Regression (fPQR)

method, another supervised factor approach for conditional quantile prediction. Similar

to PQR, fPQR is formulated within a PLS framework but replaces the quantile covariance

measure of Dodge and Whittaker, 2009 with the qcov measure of Li et al., 2015. In the

paper, the proposed procedure was evaluated for median regression, and its large-sample

properties were not established. Subsequent studies by Beyaztas et al., 2024 and Mutis

et al., 2025 extend the methodology of fPQR without deriving asymptotic results. In

contrast, the proposed method Qcov3PRF accommodates arbitrary quantile levels and is
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supported by asymptotic results for the resulting forecasts.12

A key distinction between Qcov3PRF and the quantile factor literature concerns the

interpretation of the estimated factors. The components recovered by Qcov3PRF are

consistent for the corresponding relevant components of the classical latent factor model.

Specifically, Φ̂
Qcov3PRF

f,τ f̂
Qcov3PRF

t

p−−−−−→
N,T→∞

Φff t. Thus, the asymptotic limit coincides

with that of the relevant factors (for the conditional τ -quantile of the target) recovered

by PCA. This differs fundamentally from Quantile Factor Models (QFM; Chen et al.,

2021) and related approaches (Ando and Bai, 2020; Clark et al., 2024; and Korobilis

and Schröder, 2025), where Φ̂τ F̂ τ,t
p−−−−−→

N,T→∞
ΦτF τ,t and both the factor loadings and

the latent factors are quantile-specific. These models characterize the quantile structure

of the predictor panel xt, whereas Qcov3PRF exploits quantile information exclusively

through the target variable yt+1 (and the associated proxy variables zt).

Followed by this comparison, QFM estimates quantile-specific latent factors, whereas

the method Qcov3PRF performs a selection and estimation of the conventional (mean-

specific) latent factors relevant to the target conditional quantile. Consequently, the

factors estimated by QFM may provide predictive information that complements the

factors selected by Qcov3PRF in conditional quantile forecasting. However, there is

no theoretical justification for determining whether these factors should be extracted

using the same predictor quantile as the target quantile of interest or a different one.

Table 1 provides a comparison of Qcov3PRF with existing factor methods that forecast

conditional quantiles.

4 Asymptotic results

This section establishes the main asymptotic properties of the Qcov3PRF forecasts. The

remaining assumptions required for the theoretical analysis (Assumptions 2-5) are stated

12Related uses of qcov in high-dimensional settings include the variable-screening procedures developed
by Ma et al., 2017 and Chen and Lee, 2024.
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Table 1: Comparison between factor models that forecast conditional quantiles.

Qcov3PRF PCQR PQR fPQR QFM

Supervised for quantile-target prediction yes no yes yes no
Can Kf,τ be larger than 1? yes yes no yes yes

Consistency is shown yes yes yes no yes
Asymptotic normality is shown yes yes no no yes

τ any any any 0.5 any
Are the latent factors quantile-specific? no no no no yes
Are the latent factors mean-specific? yes yes yes yes no

Note: Kf,τ denotes the number of relevant factors that predict target conditional τ -quantile.

in Online Appendix and follow the frameworks of Kelly and Pruitt, 2015 and Giglio et

al., 2016, combining standard assumptions from the factor-model and quantile-regression

literatures. We first show that, as bothN and T tend to infinity, the estimated conditional

quantile forecasts converge to the infeasible best forecasts. This result is established

in Theorem 1, whose proof relies on the convergence rates in Lemma 2 (see Online

Appendix), quasi-maximum likelihood arguments, the equivariance properties of quantile

regression, and the weighted quantile regression results of Angrist et al., 2006.

Theorem 1 Let Assumptions 1-5 hold. Then, applying Passes 1 and 2 of Algorithm 1

using the quantile-specific proxies zt,τ , followed by a τ -quantile regression of yt+1 on the

estimated factors f̂ t satisfies

Q̂τ
yt+1|f̂ t

= β̂0,τ + β̂
′
τ f̂ t

p−−−−−→
N,T→∞

β0,τ + β
′
τF t,

where Q̂τ
yt+1|f̂ t

is the conditional τ -quantile forecast of yt+1 given the unobserved factors.

Proof: See Appendix. □

The proof of the asymptotic normality of the infeasible conditional quantile forecasts

relies on Lemma 3, which is stated in Online Appendix.

Theorem 2 Let Assumptions 1-5 hold and
√
N/T → 0. Then, applying Passes 1 and 2

of Algorithm 1 using the quantile-specific proxies zt,τ , followed by a τ -quantile regression
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of yt+1 on the estimated factors f̂ t satisfies

V̂ −1/2
τ

(
β̂0,τ + β̂

′
τ f̂ t − β0,τ − β′

τF t

)
d−−−−−→

N,T→∞
N (0, 1), (12)

where V̂τ =
1
T
β̂

′
τ (Σ̂f̂ )β̂τ +

1
N
f̂

′
t(Σ̂β̂τ

)f̂ t.

Proof: See Appendix. □

Theorem 2 establishes the asymptotic normality of the estimated infeasible forecasts.

Under the additional assumption that f t is independent of gj,t for j = K∗
f + 1, . . . , K

(Assumption 5.3 in Online Appendix), the asymptotic covariance matrix of f̂ t can be

consistently estimated as follows:

Σ̂f̂ = F̂ AF̂
−1

C F̂DΣ̂ΦεF̂
′

DF̂
′−1

C F̂
′

A,

where F̂ A = T−1Z
′

τJTZτ , F̂ C = N−1T−2Z
′

τJT f̂
′

Φ̂τJNΦ̂
′

τ f̂JTZτ , and F̂D = T−1Z
′

τJT f̂
′
.

Also, Σ̂Φε can be calculated by Heteroskedasticity and Autocorrelation Consistent (HAC)

covariance matrix estimators given the vector series Φ̂i,τ ε̂i, where ε̂i =X i − Φ̂
′

if̂ .

For a feasible estimator of Σ̂β̂τ
we consider the more general estimator that allows

misspecification:

Σ̂β̂τ
=

(
1

2Tδ

T∑
t=1

f̂ tf̂
′

t1(|ûτt+1| < δ)

)−1(
1

Tδ

T∑
t=1

f̂ tf̂
′

tκ̂
2
tτ

)(
1

2Tδ

T∑
t=1

f̂ tf̂
′

t1(|ûτt+1| < δ)

)−1

,

where κ̂tτ = τ − 1(yt+1 < β̂0,τ + β̂
′

τ f̂ t), û
τ
t+1 = yt+1 − β̂0,τ + β̂

′

τ f̂ t, and δ is a bandwidth

hyperparameter, whose optimal value can be determined by cross-validation.

By Lemma 3 (see Online Appendix) the asymptotic limit of Σ̂f̂ is given by:

Σf̂ = plim Σ̂f̂ =
(
∆ψ∆fΛf,τΛ

′
f,τ +∆ω

) (
µ2
ψΛf,τ∆

2
fΛ

′
f,τ

)−1
µψΛf,τ∆fΣΦε∆fΛ

′
f,τµψ(

µ2
ψΛf,τ∆

2
fΛ

′
f,τ

)−1 (
∆ψΛf,τ∆fΛ

′
f,τ +∆ω

)′
, (13)

where ∆m, m ∈ {f, ω, ψ} and µψ are defined in Assumption 3 (see Online Appendix)

and ΣΦε = E[Φ′εε′Φ]. In addition, by Assumptions 2, 3.1, 3.5 and 3.6 in the appendix
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and the consistency of f̂ t and βτ , it can be shown that the asymptotic limit of Σ̂β̂τ
is

determined as follows:

Σβ̂τ
= plim Σ̂β̂τ

= ∆−1
f,hE[κ

2
τ (ut+1)f tf

′
t]∆

−1
f,h, (14)

where ∆f,h = E[hτ (0|f t)f tf ′
t], hτ (·|f t) is the conditional distribution of ut+1 given f t

and κtτ (ut+1) = τ − 1(ut+1 < 0).

We next establish that the automatic-proxies produced by Algorithm 2 are consistent

for conditional quantile forecasting. The proof of Theorem 3 relies on Lemmas 4 and

5, both stated in Online Appendix. Throughout the simulation study and the empirical

application, only the predictor set xt and the target variable yt+1 are assumed to be

observed. Consequently, all forecasts are generated using the automatic-proxies.

Theorem 3 Let Assumptions 1-5 hold with the exception of Assumptions 1.2, 1.3, 3.4,

4.3, 4.4 and 4.5. Then, the K∗
f automatic-proxies obtained in Algorithm 2 satisfy As-

sumptions 1.2, 1.3, 3.4, 4.3, 4.4 and 4.5 when the number of relevant factors is K∗
f .

As a result, the K∗
f -automatic-proxy forecast is consistent according to Theorem 1 and

asymptotically normal according to Theorem 2.

Proof: See Appendix. □

5 Monte Carlo simulations

This section studies the finite-sample properties of Qcov3PRF through Monte Carlo ex-

periments. We focus on two aspects: the finite-sample approximation to the asymptotic

distribution of the proposed forecasting estimator and its forecasting performance. A

more detailed analysis of the first aspect and additional Monte Carlo evidence on the

finite-sample consistency of the forecasts are reported in Online Appendix.

The simulations are based on the following prediction equation for the DGP:

yt+1 = β1,τf1,t + β2,τf2,t + (σu + γ1f1,t + γ3f3,t)ξ
τ
t+1, (15)
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such that ξτt+1 = ξ̄t+1 − Qτ
ξ̄t+1

, with ξ̄t+1 ∼ N (0, 1). If β1,τ + γ1Q
τ̃
ξt+1

̸= 0, β2,τ ̸= 0 and

γ3Q
τ̃
ξt+1

̸= 0 for some τ̃ ̸= τ . There are three relevant factors, K∗
f = 3, but for a given

τ there are two relevant factors, Kf,τ = 2. This DGP is particularly appealing because,

in practice, the same factors are not necessarily relevant/irrelevant for all the quantiles

across the conditional distribution of the target variable.

The simulations below are based on Eq.(15) under different parameter configurations

for {β1,τ , β2,τ , σu, γ1, γ3} and different numbers of irrelevant factors, corresponding to

different values of Kg. The predictors are generated according to xt = ΦF t + εt, where

the factor loadings are independently drawn from the standard normal distribution and

the idiosyncratic component may exhibit both serial and cross-sectional dependence. The

relevant factors are generated as f1,t ∼ U [−1/5, 1.5], f2,t ∼ N (0, 1), and f3,t ∼ U [−2, 2].

We report results for the lower-tail quantile τ = 0.1, as simulations at other quantiles

yield qualitatively similar conclusions.

5.1 Asymptotic normality in finite samples

We next investigate the finite-sample performance of the asymptotic approximation es-

tablished in Theorem 2. For each Monte Carlo replication, we compute the conditional

quantile forecast Q̂τ
yt+1|f̂t

and construct the standardized statistic implied by Theorem

2, using the true conditional quantile and the estimated asymptotic standard error. We

consider the predictions obtained by Qcov3PRF which should follow a standard normal

distribution for large N and T based on Theorem 3. We assess the quality of this approx-

imation in Figure A.1 in Online Appendix by comparing its empirical distribution across

Monte Carlo replications (histogram) with the standard normal density (solid curve). It

is shown that the asymptotic normal approximation becomes increasingly accurate in

larger samples.
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5.2 Out of sample forecasting performance

To evaluate the forecasting performance of Qcov3PRF, we consider the data-generating

process in Eq.(15) and allow the predictors’ idiosyncratic errors to exhibit both cross-

sectional and serial dependence. Specifically, we assume:

ε = ΣN ε̄ΣT ,

where ε = (ε1, . . . , εT ) with εt, t = 1, . . . , T , a column vector of size N . Also, ε̄ is a

N ×T matrix where each row ε̄i, i = 1, . . . , N , is standard normally distributed, and ΣN

is an N ×N matrix whose entries are given by σi,jN = ρ
|i−j|/2
N , for all i, j = 1, . . . , N . We

determine ΣT similarly, such that σt,sT = ρ
|t−s|/2
T , for all t, s = 1, . . . , T . Accordingly, the

parameters ρN and ρT control the degree of cross-sectional and serial dependence in the

idiosyncratic component, respectively, with larger values indicating stronger dependence.

We assess forecasting performance using the out-of-sampleR2
τ of Koenker and Machado,

1999. The statistic is computed from one-step-ahead forecasts over the last 50 observa-

tions of the sample and is defined as follows:

R2
τ = 1−

∑T+50
t=T+1

(
yt+1 − Q̂τ

yt+1|F̂ t

)(
τ − I(yt+1 − Q̂τ

yt+1|F̂ t
< 0)

)
∑T+50

t=T+1

(
yt+1 − Q̂τ

yt+1

)(
τ − I(yt+1 − Q̂τ

yt+1
< 0)

) , (16)

where Q̂τ
yt+1

is the estimate of the unconditional τ -quantile of yt based on the sample

y1, . . . , yt, and Q̂
τ
yt+1|F̂ t

is the corresponding estimate of the conditional τ -quantile given

the estimated factors F̂ t. Both estimates are computed from data generated under the

simulation designs described below.

DGP(C) follows Eq.(15) with β1,τ = 2, β2,τ = 2, γ1 = γ2 = 0.5, and σu = 2. The

predictor panel is generated by seven latent factors, comprising three relevant factors,

(f1,t, f2,t and f3,t), and four irrelevant factors, (g1,t, g2,t, g3,t and g4,t). Hence, K∗
f = 3

and Kg = 4. The irrelevant factors are independently drawn from U [−2.5, 2.5], N (0, 1.5),

N (0, 1.75) and N (0, 2), respectively. We evaluate out-of-sample forecasting performance
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using the R2
τ statistic computed from one-step-ahead forecasts over the final 50 observa-

tions. The competing methods are Qcov3PRF with one, two, and three relevant factors

(Qcov3PRF1, Qcov3PRF2, and Qcov3PRF3), PQR (Giglio et al., 2016), which esti-

mates a single relevant factor, and PCQR (Giglio et al., 2016) based on seven principal

components. For each sample size, (N, T ) = {(100, 100), (100, 200), (200, 100), (200, 200),

(200, 500), (500, 200)}, we conduct 1,000 Monte Carlo replications. Finally, we test whether

Qcov3PRF3 yields significantly more accurate forecasts than PCQR3 at each quantile us-

ing the Diebold-Mariano (DM) predictive accuracy test (Diebold and Mariano, 2002) for

quantile prediction.

Table 2 reports that Qcov3PRF3 generally delivers the strongest out-of-sample fore-

casting performance. The gains are particularly pronounced and statistically significant

when the idiosyncratic component exhibits substantial cross-sectional and serial depen-

dence. Under these conditions, the principal component estimates become increasingly

contaminated by idiosyncratic variation, reducing the effectiveness of PCQR in recovering

the relevant latent factors. Because Qcov3PRF estimates only the factors that are infor-

mative for the target variable, its forecasting performance is considerably more robust to

these sources of dependence.

Qcov3PRF1 and PQR yield nearly identical values of the out-of-sample R2
τ , and both

are lower than those values from Qcov3PRF2 and Qcov3PRF3. This evidence suggests

that Qcov3PRF1 and PQR recover the same target-relevant factor, while the main gains

from Qcov3PRF arise from its ability to estimate multiple relevant factors. The modest

performance gap between Qcov3PRF1 and PQR is expected because the former con-

structs its first automatic proxy using an indicator transformation, whereas the latter

estimates the first factor directly through quantile regression. When the idiosyncratic

component exhibits only weak cross-sectional and serial dependence, PCQR7 occasion-

ally performs slightly better in terms of R2
τ . However, its forecasts are never statistically
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more accurate than those of Qcov3PRF3. As the sample dimensions increase, the differ-

ences across methods gradually diminish.

Overall, the difference in out-of-sample R2
τ between Qcov3PRF3 and Qcov3PRF2 is

modest. This pattern is consistent with the evidence reported by Ahn and Bae, 2021,

who show that PLS effectively recovers only a single relevant factor when the relevant

factors have comparable variances. Furthermore, when the factor variances differ, the

incremental forecasting gains associated with additional relevant factors remain relatively

small.

Table 2: Out-of-sample R2
τ (%) for DGP(C) with τ = 0.10 and h = 1.

ρT = ρN Qcov3PRF3 Qcov3PRF2 Qcov3PRF1 PQR PCQR7 Qcov3PRF3 Qcov3PRF2 Qcov3PRF1 PQR PCQR7

N = 100, T = 100 N = 200, T = 200

0.0 48.0 44.4 33.2 36.1 48.8 50.3 48.4 38.4 40.7 51.0
0.2 46.4 43.2 33.2 35.2 47.2 49.4 47.7 38.6 40.3 50.6
0.4 44.4* 40.8 31.7 33.8 32.7 48.7 46.2 37.3 39.2 47.0
0.6 39.0** 34.4 27.4 28.6 16.1 44.8*** 41.6 32.8 35.0 19.4
0.8 30.2** 24.5 19.5 19.4 11.6 33.7** 27.3 20.9 21.7 15.3

N = 200, T = 100 N = 100, T = 200

0.0 47.8 44.0 33.7 36.9 48.9 50.6 48.3 38.0 40.6 51.3
0.2 47.5 44.0 33.8 36.3 48.6 49.7 47.5 37.2 39.6 49.7
0.4 44.6 41.8 31.5 33.8 40.9 47.5* 45.5 36.2 37.9 38.8
0.6 39.0** 34.7 27.4 29.3 15.7 45.1*** 40.3 31.5 33.5 18.8
0.8 26.9* 21.3 17.7 18.3 9.4 36.5** 28.4 21.4 21.6 15.5

N = 500, T = 200 N = 200, T = 500

0.0 51.4 49.8 39.5 42.3 51.7 52.8 51.6 44.6 46.0 53.1
0.2 50.5 48.4 39.5 41.6 51.0 53.2 51.9 44.5 45.9 53.5
0.4 49.6 47.5 38.5 40.2 49.8 52.3 50.5 43.2 44.6 51.3
0.6 46.3*** 43.2 35.0 36.5 20.3 51.0*** 48.0 39.6 41.1 21.5
0.8 32.5** 27.0 21.6 21.8 14.5 42.9*** 34.9 24.8 25.6 18.4

Note: The median of R2
τ out of 1000 simulations in each case is reported. R2

τ evaluates the forecasts for the next 50 observations. ρT represents the level
of serial correlation, and ρN is the level of cross-section correlation. The model consists on seven latent factors, three are relevant. Qcov3PRF# denotes
Qcov3PRF implementation with # number of factors, similarly for PCQR#. We report whether Qcov3PRF3 (PCQR7) exhibits higher predictive accuracy
compared to PCQR7 (Qcov3PRF3) at 10%, 5% or 1% significance levels denoted by *, ** and ***, respectively, according the median of the p-value from
DM tests (for quantile prediction) out of 1000 simulations in each case.

6 Application to forecasting monthly Growth-at-Risk

using the NFCI components

This section studies the empirical performance of Qcov3PRF in forecasting the condi-

tional distribution of economic activity from a large panel of financial indicators. Our

application considers the variables used to construct the National Financial Conditions
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Index (NFCI) as predictors of Industrial Production growth. This setting is motivated

by the Growth-at-Risk literature (Adrian et al., 2019; Adams et al., 2021; Adrian et al.,

2022), which demonstrates that financial conditions have substantial predictive power for

the lower tail of macroeconomic outcomes. In particular, the NFCI, a monthly index

published by the Federal Reserve Bank of Chicago, has been shown to predict downside

risks to real GDP growth as well as other key macroeconomic indicators, such as, GDP

growth expectations, unemployment, and inflation.

Rather than considering a simple quantile regression of the Real GDP growth on

the NFCI, as in Adrian et al., 2019, we estimate supervised latent factors from the

105 financial variables underlying the index and use these factors to predict conditional

quantiles of the Industrial Activity growth. This approach recognizes that the factors

driving the lower tail of the conditional distribution of economic activity need not be

the same as those explaining its upper tail. We evaluate the proposed method using

both in-sample and out-of-sample forecasting exercises with forecast horizons of three

and twelve months corresponding to quarterly and annual IP growth, respectively. Out-

of-sample forecasts are generated recursively using only information available up to time

t.13 Additional results are provided in Online Appendix.

The NFCI and its 105 underlying financial indicators are obtained from the Federal

Reserve Bank of Chicago.14 We also use the Risk, Credit, Leverage, and Nonfinancial

Leverage subindexes, which are each constructed from subsets of these indicators. As a

monthly measure of economic activity, we employ the Industrial Production (IP) Index

from the Federal Reserve Bank of St. Louis FRED database as a monthly proxy for

Real GDP. Industrial production growth is defined as the m-month log difference of the

IP index, with m ∈ {3, 12}. The sample extends from 2007M06 through 2023M12 and

13The recursive estimation scheme is applied to the latent factors in all factor-based methods con-
sidered. The sole exception is the NFCI (a factor constructed as described in Brave and Kelley, 2017)
and its sub-indexes, which enter in the benchmark specifications directly as observed indexes and are
therefore not re-estimated for each forecast.

14https://www.chicagofed.org/publications/nfci/index
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contains 199 monthly observations.15

In our analysis, the competing methods include Qcov3PRF and PCQR with up to

three factors, Qcov3PRF with the number of factors selected by cross-validation for each

forecast (denoted as Qcov3PRF-CV), PCQR with the number of factors selected using

Akaike information criterion for quantile regression16(Koenker, 2005) for each forecast

(denoted as PCQR-IC), and PQR. As additional benchmarks, we consider quantile re-

gressions using the NFCI and each of its four subindices (Risk, Credit, Leverage, and

Nonfinancial Leverage) as predictors, respectively. Following Adrian et al., 2019, we

examine both lower and upper-tail quantiles, τ ∈ {0.05, 0.10, 0.90, 0.95}, as well as inter-

mediate quantiles, τ ∈ {0.25, 0.50, 0.75}.

6.1 In-sample prediction of the conditional quantiles (GaR) and

risk measures (Expected Shortfalls)

Beyond their role in forecasting, the factors estimated by Qcov3PRF are also useful

for in-sample analysis. Interpreted as supervised indices, they provide low-dimensional

summaries of the information in a large set of economic and financial variables that is

most relevant for a given target variable, such as real GDP growth.

Figure 1 displays the in-sample conditional quantile predictions for quarterly and an-

nual IP growth at the three and twelve-month forecast horizons, respectively. Qcov3PRF,

with the number of factors selected by the cross-validation procedure described in Section

3, delivers the best in-sample performance among the methods considered. The predictive

interval defined by the estimated conditional 5% and 95% quantiles accurately captures

both the pronounced decline in IP growth during the COVID-19 recession and the sub-

sequent recovery at both horizons. The competing methods substantially underestimate

15The sample starts in 2007M06, corresponding to the earliest date for which the financial indicators
underlying the NFCI were publicly available at the time of this study.

16Alternatively, the factor selection criteria of Bai and Ng, 2002 can be used, in which case the same
number of factors is selected for all quantiles.
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these extreme movements, although they all capture the downturn associated with the

2008 global financial crisis.

[Figure 1 about here.]

The results obtained with Qcov3PRF are consistent with the Growth-at-Risk evi-

dence documented by Adrian et al., 2019. In particular, financial conditions exert a

substantially stronger influence on the lower tail than on the upper tail of the condi-

tional distribution of economic activity. This asymmetry is reflected in the considerably

greater time variation of the estimated conditional 5% quantile relative to the condi-

tional 95% quantile at both forecast horizons. The benchmark quantile regression using

the NFCI yields the same qualitative pattern; however, its estimated conditional quantiles

exhibit considerably less variation over time and respond meaningfully only during the

2008 global financial crisis and the COVID-19 recession. While PCQR-IC and PQR also

display greater variation in the lower tail, the magnitude of this response is noticeably

weaker than that produced by Qcov3PRF-CV.

To further evaluate the accuracy of the estimated conditional quantiles, we apply the

conditional coverage test proposed by Christoffersen, 1998 to the 5% and 95% quantiles.

The results provide further support for the graphical evidence. Of all the methods con-

sidered, only a Qcov3PRF specification satisfies the conditional coverage criterion for

both IP growth measures: the null hypothesis of correct conditional coverage cannot be

rejected at the 5% significance level for either quantile. The corresponding p-values are

reported in Table A.2 in Online Appendix. Additionally, Table 3 provides strong evidence

of the predictive gains associated with Qcov3PRF. The method consistently attains the

lowest check-loss values among the competing approaches, and, for every quantile level, at

least one Qcov3PRF specification significantly outperforms all alternatives. These gains

are particularly pronounced in the tails of the conditional distribution.
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On the other hand, the cross-validation procedure reveals heterogeneity in the optimal

number of Qcov3PRF factors across different quantiles. For instance, when the target is

the quarterly IP growth three-month ahead, three or four factors are selected for the left

tail and center of its conditional distribution (τ ∈ {0.05, 0.10, 0.25, 0.50, 0.75}), whereas

only one factor is selected for the right tail (τ ∈ {0.90, 0.95}), out of a maximum of five.

Table 3: Check Loss for IP growth in-sample prediction.

Method τ=0.05 τ=0.10 τ=0.25 τ=0.50 τ=0.75 τ=0.90 τ=0.95
quarterly growth, h = 3 months

NFCI 0.32 0.41 0.55 0.61 0.51 0.32 0.23
Risk 0.33 0.42 0.58 0.64 0.51 0.32 0.23
Credit 0.31 0.40 0.53 0.60 0.50 0.32 0.22
Leverage 0.31 0.40 0.54 0.60 0.50 0.32 0.23
Nonfin. Lev. 0.31 0.42 0.57 0.63 0.50 0.32 0.23
Qcov3PRF1 0.29 0.38 0.49 0.56 0.44 0.26 0.14
Qcov3PRF2 0.21 0.2910 0.4310 0.4710 0.3810 0.2110 0.119

Qcov3PRF3 0.1710 0.2710 0.4010 0.4510 0.3610 0.1610 0.0910

Qcov3PRF-CV 0.16(4)10 0.27(3)10 0.40(3)10 0.45(3)10 0.36(3)10 0.26(1)10 0.14(1)9

PQR 0.29 0.37 0.50 0.55 0.43 0.25 0.14
PCQR1 0.31 0.40 0.54 0.60 0.50 0.32 0.23
PCQR2 0.29 0.39 0.53 0.60 0.48 0.30 0.22
PCQR3 0.29 0.39 0.53 0.59 0.47 0.29 0.19
PCQR-IC 0.29(3) 0.39(3) 0.49(5) 0.59(3) 0.46(5) 0.26(5) 0.19(4)

annual growth, h = 12 months
NFCI 0.61 0.98 1.70 1.76 1.21 0.64 0.38
Risk 0.66 1.06 1.72 1.79 1.21 0.65 0.40
Credit 0.57 0.93 1.69 1.73 1.21 0.63 0.38
Leverage 0.56 0.89 1.52 1.73 1.20 0.67 0.40
Nonfin. Lev. 0.47 0.73 1.24 1.52 1.19 0.66 0.41
Qcov3PRF1 0.52 0.81 1.17 1.35 0.84 0.49 0.27
Qcov3PRF2 0.3810 0.5710 0.8610 1.0310 0.759 0.389 0.199

Qcov3PRF3 0.3310 0.5110 0.7510 0.9510 0.6310 0.3410 0.1810

Qcov3PRF-CV 0.33(3)10 0.51(3)10 0.75(3)10 0.85(4)10 0.63(3)10 0.49(1)8 0.18(3)10

PQR 0.50 0.80 1.20 1.30 0.80 0.45 0.27
PCQR1 0.59 0.92 1.56 1.66 1.19 0.66 0.39
PCQR2 0.46 0.73 1.23 1.33 0.93 0.51 0.34
PCQR3 0.44 0.71 1.18 1.28 0.92 0.51 0.34
PCQR-IC 0.42(5) 0.70(4) 1.13(5) 1.25(4) 0.83(4) 0.40(4) 0.20(5)

Note: IP growth is equal to the log difference of the current IP and IP m months before with m ∈ {3, 12}. The sample period
is from 2007M06 to 2023M12. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of
factors, respectively. Qcov3PRF-CV and PCQR-IC take into account a maximum of 5 factors selecting the number of factors
using cross-validation and Akaike information criterion, respectively. The number in parenthesis shows the estimated number
of factors determined by these criteria. The predictors are standardized. Superscripts report the number of non-Qcov3PRF
competing methods for which a t-paired test rejects equal predictive accuracy in favor of the corresponding Qcov3PRF2,
Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level. Only numbers greater or equal than 7 are reported.

Figure A.2 in Online Appendix compares the factors estimated by Qcov3PRF with

those obtained from the alternative approaches considered above. The estimated Qcov3PRF
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factors are clearly distinct from both the NFCI and the factors extracted by PCQR,

providing additional evidence that the relevant factor structure varies across different

quantiles and forecasting targets. The figure further sheds light on the relatively poor

performance of PCQR-IC, NFCI, and PQR factors in capturing the sharp economic con-

traction and subsequent rebound associated with the COVID-19 episode. In contrast,

Qcov3PRF factors capture more accurately these dynamics. Additional details are pro-

vided in Online Appendix.

Figures A.3-A.9 in Online Appendix show the loadings (standardized and in abso-

lute value) of the NFCI and the corresponding factors estimated by PCQR, PQR and

Qcov3PRF, where the financial indicators are divided into 15 subcategories. Addition-

ally, Table A.3 reports the 20 loadings with the largest values for each factor, classified

into the five broad categories. Overall, our results reveal clear heterogeneity in the finan-

cial variables associated with the Qcov3PRF factors across different quantiles, between

quarterly and annual IP growth targets, and across the factors estimated in each case. A

more detailed discussion about these findings is provided in Online Appendix.

We next estimate the conditional expected shortfall and the expected longrise, fol-

lowing the methodology of Adrian et al., 2019. Both measures are obtained from an

estimated conditional parametric distribution of the target variable. Estimation pro-

ceeds in two stages. First, the conditional quantiles of the target are estimated. Second,

the parameters of a prespecified parametric distribution are estimated by fitting the pre-

dicted conditional quantiles using a quadratic loss criterion. The resulting estimated

distribution is then used to compute the conditional expected shortfall and expected lon-

grise. Formally, the second-stage estimator is defined as the solution to the following

optimization problem:

min
θ

∑
τ

(
Q̂τ
yt+h|F t

−G−1(τ |F t;θ)
)2
, (17)
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where G−1(τ |F t) are the quantiles corresponding to the conditional distribution of yt+h

given F t, denoted as G(yt+h|F t). Adrian et al., 2019 assumed that the conditional density

of yt+h has the form of a skewed t-distribution :

g(y;µ, σ, α, ν) =
2

σ
t

(
y − µ

σ
; ν

)
T

(
α
y − µ

σ

√
ν + 1

ν +
(
y−µ
σ

)2 ; ν + 1

)
, (18)

where t(·) and T (·) denote the probability density and cumulative distribution functions

of the Student’s t distribution, respectively. The parameters α and ν govern the skewness

and tail behavior of the distribution, with ν controlling the kurtosis through the degrees

of freedom. The conditional parameter vector θ̂ = (µ̂t+h, σ̂t+h, α̂t+h, ν̂t+h) is obtained

by solving the optimization problem in Eq.(17) under the parametric specification in

Eq.(18). Here, µ̂t+h ∈ R, σ̂t+h ∈ R+, α̂t+h ∈ R, and ν̂t+h ∈ Z+, where the subscripts

indicate conditioning on the information set summarized by F t. Identification is achieved

by matching the four estimated conditional quantiles at τ ∈ {0.05, 0.25, 0.75, 0.95} levels

to the four parameters of the conditional distribution.

Given the estimated conditional skew-t distribution of IP growth for each period, we

compute the corresponding expected shortfall (ES) and expected longrise (EL). For a

specified probability level τ , these quantities are defined as:

ESτt+h(F t) = E[yt+h|yt+h ≤ Qτ
yt+h|F t

)] =
1

τ

∫ τ

0

G−1(α|F t;θ)dα,

EL1−τ
t+h (F t) = E[yt+h|yt+h ≥ Q1−τ

yt+h|F t
)] =

1

τ

∫ 1

1−τ
G−1(α|F t;θ)dα.

We estimate the ES and EL by numerically integrating the fitted conditional skewed-t

distributions over the intervals α ∈ [0, τ ] and α ∈ [1− τ, 1], respectively. Figure A.10 in

Online Appendix shows the in-sample ES at the 5th percentile and the EL at the 95th

percentile of the conditional distribution of IP growth for QR with NFCI, PCQR, PQR,

and Qcov3PRF. Consistent with the conditional quantile estimates, Qcov3PRF generates

the greatest asymmetry between downside and upside risk. In particular, the estimated
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EL varies only modestly over time, whereas the ES exhibits pronounced fluctuations,

reinforcing the evidence that financial conditions have a considerably stronger effect on

the lower tail of the conditional distribution.

To assess the in-sample accuracy of the ES and EL estimates, we employ the Fissler-

Ziegel (FZ) loss function of Fissler and Ziegel, 2016. Specifically, we adopt the homoge-

neous degree-zero specification (FZ0) proposed by Patton et al., 2019, which is defined

as:

LFZ0(yt+h, Q
τ
yt+h|F t

,ESτt+h; τ) =

− 1

τESτt+h
I(yt+h ≤ Qτ

yt+h|F t
)(Qτ

yt+h|F t
− yt+h) +

Qτ
yt+h|F t

ESτt+h
+ log(−ESτt+h)− 1, (19)

where ESτt+h denotes the conditional τ -expected shortfall.17 Table 4 reports the average

in-sample FZ0 scores across the competing methods. The conditional quantile estimates

produced by Qcov3PRF consistently yield the lowest scores for both expected shortfall

and expected longrise. These improvements are statistically significant in several cases.

Table 4: In-sample average FZ0 loss for IP growth prediction.

QR with NFCI Qcov3PRF3 Qcov3PRF-CV PCQR3 PCQR-IC PQR
quarterly growth, h = 3 months

expected shortfall (5th) 2.43 0.95 1.004 1.68 1.63 1.75
expected longrise (95th) 1.69 0.994 1.322 1.46 1.36 1.53

annual growth, h = 12 months
expected shortfall (5th) 2.61 1.554 1.554 1.94 1.97 2.31
expected longrise (95th) 2.13 1.404 1.404 2.05 1.73 1.81

Note: For the expected longrise, we compute the FZ0 loss by evaluating it at the mirrored conditional distribution, that
is, using the negatives of the target variable, its conditional quantile, and its expected longrise. Qcov3PRF# and PCQR#
denote Qcov3PRF and PCQR implementation with # number of factors, respectively. Qcov3PRF-CV and PCQR-IC take
into account a maximum of 5 factors selecting the number of factors using cross-validation and Akaike information criterion,
respectively. Lowest values for in each case are in bold. Superscripts report the number of non-Qcov3PRF competing
methods for which a t-paired test (for the FZO loss function) rejects equal predictive accuracy in favor of the corresponding
Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level. Only numbers greater or equal than 2 are reported.

17Because the FZ0 scoring function is well defined only when ESτt+h < Qτ
yt+h|F t

≤ 0, we rescale yt+h,

Qτ
yt+h|F t, and ESτt+h by a positive constant. For the expected longrise, Eq.(19) is evaluated using −yt+h,

−Qτ
yt+h|F t

, and −ESτt+h. This is equivalent to reflecting the conditional distribution of yt+h, whereby

the (1− τ) expected longrise of yt+h coincides with the τ -expected shortfall of −yt+h.
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6.2 Out-of-sample prediction of the conditional quantiles (GaR)

and risk measures (Expected Shortfalls)

Table 5 reports the out-of-sample R2
τ for forecasting IP growth at the three-month and

twelve-month horizons. Forecast evaluation is conducted using an expanding-window

scheme over the out-of-sample periods 2011M08-2023M12 and 2015M10-2023M12. We

further apply DM tests for quantile forecast accuracy, comparing whether the forecasts

corresponding to Qcov3PRF specifications exhibit greater predictive accuracy compared

to forecasts of the competing methods.

Overall, the empirical evidence indicates that Qcov3PRF consistently outperforms

the competing forecasting methods. The predetermined financial indices exhibit rela-

tively weak predictive ability, with most of their forecasting power concentrated in the

lower tail of the conditional distribution. In contrast, Qcov3PRF performs well across

the entire conditional distribution, different forecast horizons, and both estimation win-

dow schemes (as can be seen in Tables A.5-A.14 in Online Appendix). PCQR, on the

other hand, frequently generates negative R2
τ values for central and upper-tail quantiles,

reflecting poor predictive performance in those regions. Although Qcov3PRF generally

dominates PCQR, its cross-validation implementation experiences a slight deterioration

in the upper tail relative to PCQR-IC. This result is likely attributable to the fact that

the cross-validation procedure is designed for model selection based on in-sample predic-

tive performance rather than direct optimization of out-of-sample forecasting accuracy.

The comparatively weaker performance of PQR further suggests that a single relevant

factor is insufficient to characterize the conditional distribution of the target variable

across forecast horizons and quantiles.

The DM test results are broadly consistent with the out-of-sample evidence, indicating

statistically significant predictive gains for Qcov3PRF in numerous cases. The only case in

which Qcov3PRF is significantly outperformed is for the forecasts of annual IP growth at
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horizon h = 12 and τ = 0.95 over the 2015M10–2023M12 evaluation period, where PCQR-

IC achieves superior predictive accuracy. Similar qualitative conclusions are obtained

for additional forecast horizons (h ∈ {1, 3, 12}) under expanding and rolling-window

forecasting schemes, as reported in Online Appendix in Tables A.5-A.14.

To assess the economic significance of Qcov3PRF’s forecasting gains, we conduct a

utility exercise based on a scenario-driven policy simulation that exploits the accuracy of

the 5% conditional quantile forecasts. The design of the exercise and the computation

of the resulting utility gains are detailed in Online Appendix. Table A.4 shows that

Qcov3PRF generates statistically significant utility gains across all cases considered and

that these gains are statistically larger than those of the competing methods in most

cases.

Lastly, Table 6 summarizes the out-of-sample average FZ0 losses (Eq.(19)) across the

competing methods. The evidence is heterogeneous, with no method uniformly domi-

nating across forecast horizons, evaluation windows, and risk measures. Nevertheless,

Qcov3PRF3 and Qcov3PRF-CV consistently rank among the best-performing specifi-

cations, delivering relatively low and stable losses for both expected shortfall and ex-

pected longrise. By comparison, although PCQR3 and PCQR-IC achieve competitive

performance at the 12-month horizon, they perform substantially worse when forecasting

expected longrise at the 3-month horizon.

Overall, the in-sample and out-of-sample results provide strong evidence in favor of

Qcov3PRF and lead to three main implications for the Growth-at-Risk literature. First,

relying on a single financial conditions index, such as the NFCI, to forecast the entire

conditional distribution of U.S. industrial production (IP) growth appears inadequate.

While the NFCI contains predictive information for the tails of the distribution, its pre-

dictive content for central conditional quantiles is limited. Second, the consistent gains

of Qcov3PRF relative to PQR suggest that the conditional distribution of IP growth
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is characterized by multiple relevant financial factors rather than a single latent factor.

Third, the comparison with PCQR indicates that the number and type of financial fac-

tor(s) relevant for forecasting different regions of the conditional distribution, as well as

different target variables, need not be the same. In particular, the factors associated with

downside risk differ from those that are most relevant for the center and upper tail of the

distribution. This finding, also supported by our in-sample factor analysis, highlights the

importance of extracting relevant factors for the target conditional quantile levels.
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Table 5: Out-of-sample R2
τ (%) IP growth with expanding window.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
quarterly growth, h = 3 months and evaluating over the OOS sample 2011M08-2023M12.

NFCI 15.8 12.2 0.3 -4.9 -5.2 0.5 1.0
Risk 13.2 10.1 -6.4 -11.1 -7.0 0.1 -0.5
Credit 18.9 14.5 6.0 -0.3 -3.0 1.1 3.0
Leverage 18.1 14.2 1.3 -4.5 -8.2 -5.4 -0.8
Nonfin. Lev. 17.2 11.2 4.6 0.7 -1.7 -2.2 -2.1
Qcov3PRF1 19.1 14.9 8.2 2.9 4.1 6.4 10.4
Qcov3PRF2 28.910 23.910 13.610 6.410 2.1 10.2 19.9
Qcov3PRF3 27.27 26.810 14.210 8.810 6.19 14.7 20.0
Qcov3PRF-CV 23.9(2.6) 17.3(2.5) 15.3(2.3)10 7.5(2.2)10 7.0(2.5)10 4.4(1.6) 10.6(1.7)
PQR 19.9 14.9 7.8 0.2 2.0 6.6 14.3
PCQR1 17.0 12.8 2.0 -4.8 -7.8 -3.5 -2.4
PCQR2 20.6 14.0 4.0 -3.9 -2.0 1.8 0.4
PCQR3 20.8 14.0 1.8 -10.6 -14.8 -6.1 9.3
PCQR-IC 20.0(4.0) 14.9(4.6) 4.2(4.6) -8.5(3.9) -6.1(4.5) 6.7(4.5) 5.9(4.5)

quarterly growth, h = 3 months and evaluating over the OOS sample 2015M10-2023M12.
NFCI 7.5 6.1 -2.1 -0.1 0.1 0.1 0.4
Risk 6.4 5.8 -6.7 -3.0 -0.2 -0.3 -1.4
Credit 7.5 4.6 1.4 1.9 0.1 0.5 2.7
Leverage 9.8 10.1 0.4 1.2 -0.1 -1.7 0.9
Nonfin. Lev. 7.0 1.3 0.7 2.6 1.0 -1.6 -2.7
Qcov3PRF1 11.3 8.2 3.8 4.2 4.9 3.0 8.7
Qcov3PRF2 18.0 11.77 5.8 7.07 3.1 9.7 20.0
Qcov3PRF3 14.4 15.0 6.3 8.39 6.8 13.6 21.6
Qcov3PRF-CV 10.4(2.7) 3.4(2.8) 6.2(2.6) 4.7(2.0) 7.1(2.4)7 1.9(1.3) 8.5(2.0)
PQR 13.1 8.5 3.3 3.6 3.9 4.4 14.1
PCQR1 8.1 6.6 -0.5 0.5 -0.2 -0.3 -0.8
PCQR2 9.0 2.7 -1.3 0.8 2.7 0.5 -1.2
PCQR3 9.2 2.4 -3.6 -8.1 -10.4 -6.7 11.2
PCQR-IC 8.8(3.6) 2.3(4.4) -3.4(4.5) -5.6(4.4) -3.0(4.9) 7.9(4.7) 9.6(4.8)

annual growth, h = 12 months and evaluating over the OOS sample 2011M08-2023M12.
NFCI 24.8 20.4 -4.1 -2.6 0.1 7.1 13.3
Risk 17.2 13.7 -1.9 -6.1 0.1 3.9 8.8
Credit 30.9 24.5 -4.5 0.9 0.3 8.3 15.8
Leverage 26.6 25.7 2.5 -2.6 -1.4 -0.2 10.4
Nonfin. Lev. 33.8 33.0 13.8 3.1 -1.2 2.3 7.3
Qcov3PRF1 30.7 24.9 12.7 7.7 13.0 17.4 20.4
Qcov3PRF2 40.17 40.810 21.910 14.410 23.610 23.77 28.7
Qcov3PRF3 37.5 46.110 26.310 21.610 24.010 28.38 28.8
Qcov3PRF-CV 41.2(1.9)9 39.9(2.2)10 21.4(2.3)10 17.5(2.4)10 17.0(1.9)9 17.4(2.0)7 23.5(1.9)
PQR 35.5 29.8 6.6 5.3 10.1 15.3 17.6
PCQR1 24.1 20.9 -7.3 0.8 -0.1 0.1 8.7
PCQR2 36.6 31.9 5.3 4.0 4.9 9.2 3.2
PCQR3 38.4 32.8 8.4 7.5 11.0 26.0 27.7
PCQR-IC 37.4(4.9) 32.2(4.9) 6.7(4.7) 4.8(4.6) 14.8(4.7) 29.5(4.4) 31.0(4.1)

annual growth, h = 12 months and evaluating over the OOS sample 2015M10-2023M12.
NFCI 7.9 -2.7 -4.9 1.1 0.1 1.0 5.4
Risk -0.3 -9.5 -2.1 -1.0 -0.1 -4.7 -1.6
Credit 14.8 2.2 -10.6 3.3 0.5 3.4 10.1
Leverage 14.8 10.2 9.8 0.2 -0.3 -0.1 7.3
Nonfin. Lev. 24.9 19.7 18.3 11.8 2.9 -6.5 -3.7
Qcov3PRF1 17.1 7.3 7.5 3.9 10.2 9.4 12.1
Qcov3PRF2 18.9 18.49 6.97 10.2 21.810 14.8 20.6
Qcov3PRF3 19.6 23.99 14.78 18.310 20.910 19.97 20.5
Qcov3PRF-CV 20.8(1.9) 16.8(2.1)9 8.0(2.1)7 12.1(2.4)8 10.5(1.4)7 4.6(1.4) 13.7(1.7)
PQR 18.4 8.7 3.5 5.7 7.0 8.3 9.3
PCQR1 10.0 0.7 -2.8 6.6 1.1 -0.4 6.1
PCQR2 19.2 6.5 -9.2 -0.2 0.7 -2.4 -10.9
PCQR3 21.9 8.3 -4.5 5.0 9.0 21.4 21.6
PCQR-IC 21.8(5.0) 9.8(5.0) -4.3(4.5) 4.9(4.3) 13.7(4.5) 25.4(4.2) 29.1(3.9)

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12. The variables Risk, Credit,

Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI and do not overlap. The IP growth is equal to the log difference of the
current IP and the IP m months before, where m ∈ {3, 12}. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors,
respectively. Qcov3PRF-CV and PCQR-IC take into account a maximum of 5 factors selecting the number of factors using cross-validation and Akaike information
criterion, respectively. The number in parenthesis shows the mean the estimated number of factors determined by these criteria for each forecast. The predictors
are standardized. Highest values for each quantile in each panel are in bold. Superscripts report the number of non-Qcov3PRF competing methods for which the
DM test rejects equal predictive accuracy in favor of the corresponding Qcov3PRF2, Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level.
Only numbers greater or equal than 7 are reported.
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Table 6: Out-of-sample average FZ0 loss for IP growth prediction.

QR with NFCI Qcov3PRF3 Qcov3PRF-CV PCQR3 PCQR-IC PQR
quarterly grwoth, h = 3 months and evaluating over the OOS sample 2011M08-2023M12.

expected shortfall (5th) 2.71 2.48 2.50 2.45 2.43 2.53
expected longrise (95th) 2.36 2.31 2.31 2.94 3.77 2.22

quarterly growth, h = 3 months and evaluating over the OOS sample 2015M10-2023M12.
expected shortfall (5th) 3.04 2.83 2.86 2.73 2.69 2.75
expected longrise (95th) 2.58 2.512 2.532 3.44 4.67 2.38

annual growth, h = 12 months and evaluating over the OOS sample 2011M08-2023M12.
expected shortfall (5th) 3.02 2.633 2.604 2.68 2.73 2.72
expected longrise (95th) 2.56 2.43 2.50 2.47 2.34 2.65

annual growth, h = 12 months and evaluating over the OOS sample 2015M10-2023M12.
expected shortfall (5th) 3.27 2.853 2.953 3.07 2.86 3.23
expected longrise (95th) 2.74 2.70 2.672 2.84 2.55 2.93

Note: For the expected longrise, we compute the FZ0 loss by evaluating it at the mirrored conditional distribution, that is,
using the negatives of the target variable, its conditional quantile, and its expected longrise. It evaluates the performance
using the samples 2011M08-2023M12 and 2015M08-2023M12. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR
implementation with # number of factors, respectively. Qcov3PRF-CV and PCQR-IC take into account a maximum of 5
factors selecting the number of factors using cross-validation and Akaike information criterion, respectively. The lowest value
in each case is in bold. Superscripts report the number of non-Qcov3PRF competing methods for which the DM test (for the
FZ0 loss function) rejects equal predictive accuracy in favor of the corresponding Qcov3PRF3 or Qcov3PRF-CV specification
at the 10% significance level. Only numbers greater or equal than 2 are reported.
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7 Conclusions

We have proposed Qcov3PRF, a new factor-based method for forecasting the conditional

quantiles of a target variable using a large set of predictors. The key innovation is the use

of the quantile-covariance (qcov) between the target and the predictors, which extends the

covariance-based logic of 3PRF from conditional mean to conditional quantile prediction.

Specifically, qcov enables the construction of automatic-proxies indexed to a given target

quantile, allowing its relevant factors and their loadings to be estimated through ordinary

least squares regressions. By overcoming the restriction of estimating one single factor

with PQR, this construction enables Qcov3PRF to recover multiple relevant factors.

The proposed method exhibits consistently strong forecasting performance across a

broad range of simulation settings, frequently outperforming existing alternatives. On

the theoretical side, we establish the consistency of the proposed estimator and derive

the asymptotic distribution of the resulting conditional quantile forecasts.

The empirical Growth-at-Risk application provides further support for its practical

relevance: Qcov3PRF delivers superior in-sample and out-of-sample predictive accuracy

across multiple forecast horizons when evaluated using both conditional quantile forecasts

and risk measures constructed from the estimated conditional distributions. We have also

found that the composition of the financial predictors underlying the Qcov3PRF factors,

as well as the number of relevant factors, varies across different quantiles, different IP

growth measures, and different forecast horizons. This reflects Qcov3PRF’s ability to

identify relevant factors for different target conditional quantile levels.
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(i) quarterly growth, h=3 months

(ii) annual growth, h=12 months

Figure 1: Realized IP growth and its conditional quantiles estimated with (a) Qcov3PRF with the
number of factors determined by cross-validation, (b) PCQR with the number of factors determined by
AIC, (c) Quantile Regression with NFCI as a regressor, and (d) PQR.
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Online Appendix of Quantile-Covariance Three-Pass
Regression Filter

Pedro Isaac Chavez-Lopez∗ Tae-Hwy Lee†

August 30, 2026

The appendix is organized as follows. Section A.1 collects the assumptions omitted

from the main text. Section A.2 presents the proofs of the main theoretical results and

supporting lemmas. Section A.3 characterizes the relationship between Qcov3PRF and

partial least squares (PLS). Building on the result of Kelly and Pruitt, 2015 that PLS

is a special case of 3PRF, we show that Qcov3PRF naturally extends PLS to condi-

tional quantile forecasting by replacing covariance with the quantile-covariance (qcov).

Then, Qcov3PRF contains a suitable extension of PLS designed for conditional quantile

forecasting which maximizes the qcov between the target and the predictors. Section

A.4 reports additional simulation evidence on the asymptotic normality and consistency

of the proposed forecasts, while Section A.5 presents supplementary empirical results.

Finally, Section A.6 presents the weights and categories of the financial indicators that

construct the NFCI.

A.1 Assumptions

In addition to Assumption 1, the theoretical results for Qcov3PRF require the following

assumptions. These conditions are standard in the literatures on approximate factor

models, three-pass regression filters (3PRF), and quantile regression.

∗Economics Research Division, Bank of Mexico, pedro.chavez@banxico.org.mx
†Department of Economics, University of California-Riverside, taelee@ucr.edu

1



Assumption 2. (Prediction Stage)

1. Let 0 < m < M <∞. The conditional density of ut+1 given F t denoted as hτ (ut+1|F t):

(a) is continuous.

(b) m ≤ hτ (ut+1|F t) ≤M for all t.

(c) hτ (ut+1|F t) is Lipchitz continuous, i.e.,

|hτ (ut+1|F t)− hτ (u
′
t+1|F t)| ≤M |ut+1 − u

′
t+1| for all t.

2. E(|ut+1|) ≤M and T−1F ′JTFhτ (0|F )
p−−−−→

T→∞
∆f,h > 0.

Assumption 2.1 allows for a bias representation of the quantile regression in the pre-

diction stage following Angrist et al., 2006, along with Assumption 2.2, we can show the

consistency of the conditional quantile forecasts if F t were known.

Assumption 3. (Factors, Loadings and Residuals). Let M <∞. For any i, s, t

1. E∥F t∥4 < M, T−1
∑T

s=1 F s
p−−−−→

T→∞
µF , T−1F ′JTF

p−−−−→
T→∞

∆F ,

2. E∥ϕi∥4 ≤M, N−1
∑N

j=1ϕj
p−−−−→

N→∞
µΦ, N−1Φ′JNΦ

p−−−−→
N→∞

∆Φ,

N−1Φ′JNϕ0
p−−−−→

N→∞
∆1,Φ,

3. E(εit) = 0, E|εit|8 ≤M , and εit is independent of Ft(m).

4. E||ωt||4 ≤M, T−1/2
∑T

s=1ωs = Op(1), T−1ω′JTω
p−−−−→

T→∞
∆ω,

T−1
∑T

s=1Ψs
p−−−−→

T→∞
µψ ̸= 0, E[Ψ′

tΨt] = ∆ψ,

5. ξt+1 is independent of ϕi(m), Ft(m) and εit.

6. (yt+1, εt,F t) are strictly stationary, ergodic, for some r > 4, E|yt+1|r <∞, E∥F t∥r <∞,

and E∥εt∥r < ∞, and the mixing coefficients for (yt+1, εt,F t) satisfy
∑∞

ℓ=1 α(ℓ)
1−4/r <

∞.

Assumptions 3.1-3.3 are the same considered by Bai and Ng, 2002, Bai, 2003 and Stock

and Watson, 2002. Assumption 3.4 is required in 3PRF for conditional mean forecasts,
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and it is also required in Qcov3PRF because this method uses proxies to extract the

factors following a similar equation, but now assuming additionally finite first and second

moments for the random matrix Ψt. The moments of the proxies noise ωt are bounded

in the same manner as the bounds in factor moments. Assumption 3.5 is required to

show consistency of estimators of factors and loadings, and asymptotic normality of the

forecasts. Assumption 3.6 is required for the central limit theorems of the vector series

F tεit and F tψτ (ut+1).

Assumption 4. (Dependence) There exists a constantM <∞ and for any i, j, t, s,m1,m2,m3

1. E(εitεjs) = σij,ts, |σij,ts| ≤ σ̄ij , |σij,ts| ≤ σ̄ts, N−1
∑N

i,j=1 σ̄ij ≤M ,

T−1
∑T

t,s=1 σ̄ts ≤M , and N−1
∑

i,s |σij,ts| ≤M ,

2. E|N−1/2T−1/2
∑T

s=1

∑N
i=1 [εisεit − E(εisεit)]|2 ≤M ,

3. ωt is independentA.1 of Ft(m1),

4. E|T−1/2
∑T

t=1 ωt(m1)εit|2 ≤M ,

5. E|T−1
∑T

t=1 ψ
2
t (m1,m2)ω

2
t (m3)| ≤M and E|T−1

∑T
t=1 ψ

2
t (m1,m2)ξ

2
t+1| ≤M .

As in 3PRF, we allow some degree of cross sectional correlation and serial depen-

dence in the factor structure through Assumptions 4.1-4.2. This follows the work of

Chamberlain, 1983 and Stock and Watson, 2002. Assumption 4.3 is stronger than

what is required in Kelly and Pruitt, 2015. We can relax it with the assupmtion

E|F 2
t (m1)ω

2
t (m2)| = E|F 2

t (m1)|E|ω2
t (m2)|. In Assumptions 4.4-4.5 some proxy noise de-

pendence with idiosyncratic errors and the error term is allowed.

Assumption 5. (Normalization and orthogonalization). For any m1,m2:

1. ∆Φ = I, ∆1,Φ = 0,

A.1It can be shown that E|T−1/2
∑T
t=1 Ft(m1)ωt(m2)|2 ≤ M for all m1 and m2, by this independence

assumption and by Assumptions 3.1 and 3.4.
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2. ∆F is diagonal, positive definite, and each diagonal element is unique.

3. f t is independent of gj,t for j = K∗
f + 1, . . . , K.

Assumptions 5.1 and 5.2 identify the latent factor structure through the same nor-

malization employed by Kelly and Pruitt, 2015. In particular, the predictor loadings are

normalized so that their covariance matrix equals the identity matrix, and the latent

factors are mutually orthogonal. We further assume that the relevant and irrelevant fac-

tors are independent. This assumption is primarily technical and allows the asymptotic

covariance matrix of the proposed forecasts to be estimated consistently by a feasible

estimator.

Assumption 4 of Kelly and Pruitt, 2015, which provides the central limit theorems

underlying the asymptotic theory of 3PRF, is not stated separately in this paper, even

though it is invoked in most of the proofs of their main results. The reason is that,

under the prediction equation (8), Assumptions 2, 3.1, and 3.6 are sufficient to establish

Assumptions 4.2 and 4.3 of Kelly and Pruitt, 2015, while Assumptions 3.2, 3.3, and 5.1

establish their Assumption 4.1.

A.2 Proofs and additional lemmas

In this section we provide the proofs of the main results of the paper and auxiliary

lemmas. Lemma 1 provides additional results to Lemma 2 in Kelly and Pruitt, 2015

required to show consistency and asymptotic normality of the estimates by considering

the proxy equation (7). Lemma 2 and Lemma 3 are similar to Lemma 3 and Theorem

6 (with the corresponding normalization Assumption) in Kelly and Pruitt, 2015. The

proof of Theorem 1 is very similar to Theorem 1 in Giglio et al., 2016. Lemma 4, Lemma

5, Theorem 2 and Theorem 3 are new.

The following lemma gives asymptotic orders, additional to Lemmas 1 and 2 in Kelly
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and Pruitt, 2015, used to show the asymptotic limits of the factors and factor loadings.

They are a generalization of some results in Lemma 2 of Kelly and Pruitt, 2015 using

F ψ∗ instead of F under Eq.(7).

Lemma 1. Let Assumptions 1, 3 and 4 hold. Then, for any m̄, m̄1, m̄2 as N, T → ∞

1. T−1/2F ′
ψ∗(m̄)JTω = Op(1)

2. T−1/2F ′
ψ∗(m̄)JTξ = Op(1)

3. N−1T−1Φ′JNε
′JTF ψ∗(m̄) = Op(δ

−1
NT )

4. N−1T−3/2F ′
ψ∗(m̄1)JTεJNε

′JTF ψ∗(m̄2) = Op(δ
−1
NT )

5. N−1T−3/2ω′JTεJNε
′JTF ψ∗(m̄) = Op(δ

−1
NT )

6. N−1T−1/2F ′
ψ∗(m̄)JTεJNεt = Op(δ

−1
NT )

7. N−1T−3/2ξ′JTεJNε
′JTF ψ∗(m̄) = Op(δ

−1
NT )

where δNT = min(
√
N,

√
T ) and F ψ∗(m̄) = [F ′

1ψ
∗
1(m̄), . . . ,F ′

Tψ
∗
T (m̄)]

′
, ψ∗

t (m̄) denotes

the m̄th row of matrix ψ∗
t ,

ψ∗
t =

[
ψt 0K∗

f×(K−K∗
f )
;0(K−K∗

f )×K
∗
f

0(K−K∗
f )×(K−K∗

f )

]
, t = 1, . . . , T .

Proof. Item 1: The object of interest is a K × K∗
f matrix, for each entry (m1,m2) we

have:

E
[
|T−1/2F ′

ψ∗(m̄,m1)JTω(m2)|2
]

= T−1
∑
t

E
[
ψ∗2
t (m̄,m1)F

2
t (m1)ω

2
t (m2)

]
−

[
T−1

∑
t

E[Ft(m1)
2ψ∗2

t (m̄,m1)]

][
T−1

∑
t

E[ω2
t (m2)]

]
= T−1

∑
t

E[F 2
t (m1)]E[ψ∗2

t (m̄,m1)ω
2
t (m2)]

−

[
T−1

∑
t

E[F 2
t (m1)]E[ψ∗2

t (m̄,m1)]

][
T−1

∑
t

E[ω2
t (m2)]

]
= Op(1),
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by Assumptions 3.1, 3.4, 4.3, 4.5 and since the second moment of ψt is bounded from

above.

Item 2: The object of interest is a vector of size K, for each element m1 we have:

E
[
|T−1/2F ′

ψ∗(m̄,m1)JTξ|2
]

= T−1
∑
t

E
[
ψ∗2
t (m̄,m1)F

2
t (m1)ξ

2
t+1

]
−

[
T−1

∑
t

E[Ft(m1)
2ψ∗2

t (m̄,m1)]

][
T−1

∑
t

E[ξ2t+1]

]
= T−1

∑
t

E[F 2
t (m1)]E[ψ∗2

t (m̄,m1)ξ
2
t+1]

−

[
T−1

∑
t

E[F 2
t (m1)]E[ψ∗2

t (m̄,m1)]

][
T−1

∑
t

E[ξ2t+1]

]
= Op(1),

by Assumptions 3.1, 3.5, 3.6, 4.5 and since the second moment of ψt is bounded from

above.

Item 3: The object of interest is a K ×K∗
f matrix, for each entry (m1,m2) we have:

N−1T−1
∑
i,t

ϕi(m1)Fψ∗,t(m̄,m2)εit −N−2T−1
∑
i,j,t

ϕi(m1)Fψ∗,t(m̄,m2)εjt

−N−1T−2
∑
j,s,t

ϕj(m1)Fψ∗,s(m̄,m2)εjt +N−2T−2
∑
i,j,s,t

ϕi(m1)Fψ∗,s(m̄,m2)εjt

= 3.I + 3.II + 3.III + 3.IV,

3.I = N−1T−1
∑
i,t

ϕi(m1)Ft(m2)ψ
∗
t (m̄,m2)εit

≤ T−1/2

(
N−1

∑
i

ϕi(m1)
2

)1/2
N−1

∑
i

[
T−1/2

∑
t

εitFt(m2)ψ
∗
t (m̄,m2)

]21/2

= Op(T
−1/2),

where the inequality holds by the Cauchy-Schwartz inequality, and the second equality

holds by Assumption 3.2 and by invoking the central limit theorem between εi and F ψ∗
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given Assumptions 3.1, 3.3 and 3.6.

3.II = T−1/2

(
N−1

∑
i

ϕi(m1)

)(
N−1

∑
j

T−1/2
∑
t

εitFt(m2)ψ
∗
t (m̄,m2)

)
= Op(T

−1/2),

by Assumption 3.2 and by invoking the central limit theorem between εi and F ψ∗(m̄).

3.III ≤ N−1/2

(
T−1

∑
s

ψ∗
s(m̄,m2)Fs(m2)

)(
T−1

∑
t

N−1/2
∑
j

εjtϕi(m1)

)
= Op(N

−1/2),

by the Cauchy-Schwartz inequality, Assumptions 1 and 3.1 and by invoking the central

limit theorem between εt and ϕ given Assumptions 3.2 and 3.3.

3.IV ≤ T−1/2N−1/2

(
N−1

∑
i

ϕi(m1)

)(
T−1

∑
s

ψ∗
s(m̄,m2)Fs(m2)

)(
T−1/2N−1/2

∑
j,t

εjt

)
= Op(T

−1/2N−1/2),

by the Cauchy-Schwartz inequality, Assumptions 1, 3.1 and 3.2 and Lemma 1.3 in Kelly

and Pruitt, 2015. Summing these terms we get that Item 3 is Op(δ
−1
NT ).

Item 4: The object of interest is a K × K matrix, for each entry (m1,m2,m3,m4) we

7



have:

N−1T−3/2
∑
i,s,t

Fψ∗,s(m1)εi,sεi,tFψ∗,t(m̄1,m2)

−N−1T−5/22
∑
i,s,t,u

Fψ∗,s(m̄2,m1)εi,sεi,tFψ∗,u(m̄,m2)

+N−1T−7/2
∑

i,s,t,u,v

Fψ∗,s(m̄1,m1)εi,tεi,uFψ∗,v(m̄2,m2)

+N−2T−3/2
∑
i,j,s,t

Fψ∗,s(m̄1,m1)εi,sεj,tFψ∗,t(m̄2,m2)

−N−2T−5/22
∑
i,j,s,t,u

Fψ∗,s(m̄1,m1)εi,sεj,tFψ∗,u(m̄2,m2)

−N−2T−7/2
∑

i,j,s,t,u,v

Fψ∗,s(m̄1,m1)εi,tεj,uFψ∗,v(m̄2,m2)

= 4.I − · · · − 4.V I,

4.I = T−1/2

[
N−1

∑
i

(
T−1/2

∑
s

ψ∗
s(m̄1,m1)Fs(m1)εi,s

)(
T−1/2

∑
t

ψ∗
t (m̄2,m2)Ft(m2)εi,t

)]
= Op(T

−1/2),

by invoking the central limit theorem between εi and F ψ∗(m̄).

4.II =

(
T−1

∑
u

ψ∗
u(m̄2,m2)Fu(m2)

)
T−1

∑
t

(
N−1T−1/2

∑
i,s

ψ∗
s(m̄1,m1)Fs(m1)εi,sεi,t

)
= Op(δ

−1
NT ),

by Assumptions 1, 3.1 and a slight modification of the result of Lemma 1.12 in Kelly and

Pruitt, 2015. This modification involves the use of the Cauchy-Schwartz inequality and

the fact that the first moments of the variable ψt are bounded and it is independent of

8



F t, which leads that the term N−1T−1/2
∑

i,s ψ
∗
s(m̄1,m1)Fs(m1)εi,sεi,t is Op(δ

−1
NT ).

4.III =

(
T−1

∑
s

ψ∗
s(m̄1,m1)Fs(m1)

)(
T−1

∑
u

N−1T−1/2
∑
i,t

εi,tεi,u

)
(
T−1

∑
v

ψ∗
v(m̄2,m2)Fv(m2)

)
= Op(δ

−1
NT ),

by Assumptions 1, 3.1 and Lemma 1.10 in Kelly and Pruitt, 2015.

4.IV = T−1/2

[
N−1

∑
i

(
T−1/2

∑
s

ψ∗
s(m̄1,m1)Fs(m1)εi,s

)

N−1
∑
j

(
T−1/2

∑
t

ψ∗
t (m̄2,m2)Ft(m2)εj,t

)]
= Op(T

−1/2),

by invoking the central limit theorem between εi and F ψ∗(m̄).

4.V = N−1/2T−1/2

[
N−1

∑
i

(
T−1/2

∑
s

ψ∗
s(m̄1,m1)Fs(m1)εi,s

)(
N−1/2T−1/2

∑
j,t

εj,t

)
(
T−1

∑
u

ψ∗
u(m̄2,m2)Fu(m2)

)]
= Op(N

−1/2T−1/2),

by invoking the central limit theorem between εi and F ψ∗(m̄), Assumptions 1 and 3.1,

and Lemma 1.3 in Kelly and Pruitt, 2015.

4.V I = N−1T−1/2

[(
T−1

∑
s

ψ∗
s(m̄1,m1)Fs(m1)

)(
N−1/2T−1/2

∑
i,t

εi,t

)
(
N−1/2T−1/2

∑
j,t

εj,u

)(
T−1

∑
v

ψ∗
v(m̄2,m2)Fv(m2)

)]
= Op(N

−1T−1/2),

9



by invoking the central limit theorem between εi and F ψ∗(m̄), and Lemma 1.3 in Kelly

and Pruitt, 2015. Summing these terms we obtain that Item 4 is Op(δ
−1
NT ).

The proof of Item 5 follows the same argument as Item 4, but it replaces where

appropriate Fψ∗,s(m̄,m) by ωs(m), Lemma 1.12 in Kelly and Pruitt, 2015 by Lemma 1.13

in Kelly and Pruitt, 2015, and changing the use of central limit theorem between εi and

F ψ∗(m̄) by Assumption 4.4. Then, Item 5 is Op(δ
−1
NT ).

Item 6: The object of interest is a vector of size K, for each entry mth we have:

N−1T−1/2
∑
i,s

ψ∗
s(m̄,m)Fs(m)εi,sεi,t −N−2T−1/2

∑
i,j,s

ψ∗
s(m̄,m)Fs(m)εi,sεj,t

−N−1T−3/2
∑
i,s,u

ψ∗
s(m̄,m)Fs(m)εi,uεi,t +N−2T−3/2

∑
i,j,s,u

ψ∗
s(m̄,m)Fs(m)εi,uεj,t

= 6.I + 6.II + 6.III + 6.IV,

6.I = Op(δ
−1
NT ) by Assumptions 1, 3.1 and a slight modification of the result of Lemma

1.12 in Kelly and Pruitt, 2015.

6.II = N−1/2

[
N−1

∑
i

(
T−1/2

∑
s

ψ∗
s(m̄,m)Fs(m)εi,s

)](
N−1/2

∑
j

εj,t

)
= Op(N

−1/2),

by invoking the central limit theorem between εi and F ψ∗ and Lemma 1.3 in Kelly and

Pruitt, 2013.

6.III =

(
T−1

∑
s

ψ∗
s(m̄,m)Fs(m)

)(
N−1T−1/2

∑
i,u

εi,uεi,t

)
= Op(δ

−1
NT ),

10



by Assumption 1 and 3.1, and Lemma 1.10 in Kelly and Pruitt, 2015.

6.IV = N−1

(
T−1

∑
s

ψ∗
s(m̄,m)Fs(m)

)(
N−1/2T−1/2

∑
i,u

εi,u

)(
N−1/2

∑
j

εj,t

)
= Op(N

−1),

by Assumption 1 and 3.1, and Lemma 1.3 in Kelly and Pruitt, 2015. Summing all the

terms we obtain that Item 6 is Op(δ
−1
NT ).

Item 7: The object of interest is a vector of size K, for each entry mth we have:

N−1T−3/2
∑
i,s,t

Fψ∗,s(m̄,m)εi,sεi,tξt+1 −N−1T−3/2
∑
i,s,t,u

Fψ∗,s(m̄,m)εi,sεi,tξu+1

+N−1T−5/2
∑
i,s,t,u

Fψ∗,s(m̄,m)εi,tεi,uξu+1 +N−1T−7/2
∑

i,s,t,u,v

Fψ∗,s(m̄,m)εi,tεi,uξv+1

−N−2T−3/2
∑
i,j,s,t

Fψ∗,s(m̄,m)εi,sεj,tξt+1 +N−2T−5/2
∑
i,j,s,t,u

Fψ∗,s(m̄,m)εi,sεj,tξu+1

+N−2T−5/2
∑
i,j,s,t,u

Fψ∗,s(m̄,m)εi,tεj,uξu+1 −N−2T−7/2
∑

i,j,s,t,u,v

Fψ∗,s(m̄,m)εi,tεj,uξv+1

= 7.I − · · · − 7.V III,

7.I = T−1/2

[
N−1

∑
i

(
T−1/2

∑
s

ψ∗
s(m̄,m)Fs(m)εi,s

)(
T−1/2

∑
t

ξt+1εi,t

)]
= Op(T

−1/2),

by invoking the central limit theorem between εi and F ψ∗ , and Lemma 1.5 in Kelly and

Pruitt, 2015.

7.II = T−1/2

(
N−1T−1/2

∑
i,s

ψ∗
s(m̄,m)Fs(m)εi,sεi,t

)(
T−1/2

∑
u

ξu+1

)
= Op(T

−1/2δ−1
NT ),
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by a slight modification of the result of Lemma 1.12 in Kelly and Pruitt, 2015 and Lemma

1.4 in Kelly and Pruitt, 2015.

7.III =

(
T−1

∑
s

ψ∗
s(m̄,m)Fs(m)

)(
N−1T−3/2

∑
i,u,t

ξu+1εi,uεi,t

)
= Op(δ

−1
NT ),

by Assumption 1 and 3.1, and Lemma 1.11 in Kelly and Pruitt, 2015.

7.IV = T−1/2

(
T−1

∑
s

ψ∗
s(m̄,m)Fs(m)

)[
T−1

∑
t

(
N−1T−1/2

∑
i,u

εi,tεi,u

)](
T−1/2

∑
v

ξv+1

)
= Op(T

−1/2δ−1
NT ),

by Assumption 1, 3.1, Lemma 1.10 and Lemma 1.4 in Kelly and Pruitt, 2015.

7.V = N−1/2T−1/2

[
N−1

∑
i

(
T−1/2

∑
s

ψ∗
s(m̄,m)Fs(m)εi,s

)](
N−1/2T−1/2

∑
j,t

εj,tξt+1

)
= Op(N

−1/2T−1/2),

by invoking the central limit theorem between εi and F ψ∗(m̄), and Lemma 1.6 in Kelly

and Pruitt, 2015.

7.V I = N−1/2T−1

[
N−1

∑
i

(
T−1/2

∑
s

ψ∗
s(m̄,m)Fs(m)εi,s

)]
(
N−1/2T−1/2

∑
j,t

εj,t

)(
T−1/2

∑
v

ξv+1

)
= Op(N

−1/2T−1),

by invoking the central limit theorem between εi and F ψ∗(m̄), Lemma 1.3 and Lemma

12



1.4 in Kelly and Pruitt, 2015.

7.V II = N−1T−1/2

(
T−1

∑
s

ψ∗
s(m̄,m)Fs(m)

)(
N−1/2T−1/2

∑
i,t

εi,t

)
(
N−1/2T−1/2

∑
j,u

ξu+1εj,u

)
= Op(N

−1T−1/2),

by Assumption 1, 3.1, Lemma 1.3 and Lemma 1.6 in Kelly and Pruitt, 2015.

7.V III = N−1T−1

(
T−1

∑
s

ψ∗
s(m̄,m)Fs(m)

)(
N−1/2T−1/2

∑
i,t

εi,t

)
(
N−1/2T−1/2

∑
j,u

εj,u

)(
T−1/2

∑
v

ξv+1

)
= Op(N

−1T−1),

by Assumption 1, 3.1, Lemma 1.3 and Lemma 1.4 in Kelly and Pruitt, 2015. Summing

all the terms we obtain that Item 7 is Op(δ
−1
NT ).

Lemma 2 provides asymptotic limits of the estimates for the relevant factors and their

corresponding factor loadings.

Lemma 2. Let Assumptions 1-5 hold. Then, the probability limits of Φ̂τ and F̂ t are:

Φ̂f,τ
p−−−−−→

T,N→∞
(∆ψΛf,τΛ

′
f,τ +∆−1

f,τ∆ω)
−1µψΛf,τΦ

′
f and

f̂ t
p−−−−−→

T,N→∞

(
∆ψΛf,τΛ

′
f,τ +∆−1

f,τ∆ω

) (
µψΛf,τΛ

′
f,τ

)−1
Λf,τf t =Hτf t,

where f t is the part of F t corresponding to Λf,τ such that ΛτF t = [Λf,τ 0]F t =

[Λf,τf t 0], Φ̂f,τ are the corresponding loadings of f t, and ∆f is the covariance ma-

trix of f t.

Proof. The proof uses the closed form expression of Φ̂τ and f̂ (Eq.(16)), and Assumptions
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4 and 5. It is similar to Lemma 3 in Kelly and Pruitt, 2015, and it is further simplified

by Assumptions 1 and 5. Specifically,

F̂ t = T−1Z ′
τJTZτ

(
N−1T−2Z ′

τJTXJNX
′JTZτ

)−1
N−1T−1Z ′

τJTXJNxt

= F̂ AF
−1
B F̂ C,t.

Handling each of the three terms separately we obtain the following.

F̂ A = T−1Z ′
τJTZτ

= Λτ

(
T−1F ′

ψ∗JTF ψ∗
)
Λ′
τ +Λτ

(
T−1F ′

ψ∗JTω
)
+
(
T−1ω′JTF ψ∗

)
Λ′
τ + T−1ω′JTω

p−−−−−→
T,N→∞

ΛτVar(F ψ∗)Λ′
τ +∆ω = Λτ∆F∆ψ∗Λ′

τ +∆ω =
[
Λf,τ∆f,τ∆ψΛ

′
f,τ +∆ω 0

]
.
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F̂B = N−1T−2Z ′
τJTXJNX

′JTZτ

= Λτ

(
T−1F ′

ψ∗JTF
) (
N−1Φ′JNΦ

) (
T−1F ′JTF ψ∗

)
Λ′
τ

+Λτ

(
T−1F ′

ψ∗JTF
) (
N−1Φ′JNΦ

) (
T−1F ′JTω

)
+Λτ

(
T−1F ′

ψ∗JTF
) (
N−1T−1Φ′JNεJTF ψ∗

)
Λ′
τ

+Λτ

(
T−1F ′

ψ∗JTF
) (
N−1T−1Φ′JNεJTω

)
+Λτ

(
N−1T−1F ′

ψ∗JTεJNΦ
) (
T−1F ′JTF ψ∗

)
Λ′
τ

+Λτ

(
N−1T−1F ′

ψ∗JTεJNΦ
) (
T−1F ′JTω

)
+Λτ

(
N−1T−2F ′

ψ∗JTεJNε
′JTF ψ∗

)
Λ′
τ

+Λτ

(
N−1T−2F ′

ψ∗JTεJNε
′JTω

)
+
(
T−1ω′JTF

) (
N−1Φ′JNΦ

) (
T−1F ′JTF ψ∗

)
Λ′
τ

+
(
T−1ω′JTF

) (
N−1Φ′JNΦ

) (
T−1F ′JTω

)
+
(
T−1ω′JTF

) (
N−1T−1Φ′JNεJTF ψ∗

)
Λ′
τ

+
(
T−1ω′JTF

) (
N−1T−1Φ′JNεJTω

)
+
(
N−1T−1ω′JTεJNΦ

) (
T−1F ′JTF ψ∗

)
Λ′
τ

+
(
N−1T−1ω′JTεJNΦ

) (
T−1F ′JTω

)
+
(
N−1T−2ω′JTεJNεJTF ψ∗

)
Λ′
τ

+
(
N−1T−2ω′JTεJNεJTω

)
p−−−−−→

T,N→∞
ΛτE(F ′

ψ∗JTF )2Λ′
τ = Λτ∆

2
Fµ

2
ψ∗Λ′

τ =
[
Λf,τ∆

2
f,τµ

2
ψΛ

′
f,τ 0

]
.
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F̂ C,t = N−1T−1Z ′
τJTXJNxt

= Λτ

(
T−1F ′

ψ∗JTF
) (
N−1Φ′JNϕ0

)
+Λτ

(
T−1F ′

ψ∗JTF
) (
N−1Φ′JNΦ

)
F t

+Λτ

(
T−1F ′

ψ∗JTF
) (
N−1Φ′JNεt

)
+Λτ

(
N−1T−1F ′

ψ∗JTεJNϕ0

)
+Λτ

(
N−1T−1F ′

ψ∗JTεJNϕ
)
F t

+Λτ

(
N−1T−1F ′

ψ∗JTεJNεt
)

+
(
T−1ω′JTF

) (
N−1Φ′JNϕ0

)
+
(
T−1ω′JTF

) (
N−1Φ′JNΦ

)
F t

+
(
T−1ω′JTF

) (
N−1Φ′JNεt

)
+
(
N−1T−1ω′JTεJNϕ0

)
+
(
N−1T−1ω′JTεJNΦ

)
F t

+
(
N−1T−1ω′JTεJNεt

)
p−−−−−→

T,N→∞
ΛτE

(
F ′
ψ∗JTF

)
F t = Λτµψ∗∆FF t =

[
Λf,τµψ∆f,τf t 0

]
.

Each convergence result follows from Lemma 1, Lemma 2 in Kelly and Pruitt, 2015

and Assumptions 1-5. The convergence of F̂ t is obtained after applying the continu-

ous mapping theorem. As Φ̂τ = F̂ A (T
−1Z ′

τJTX) and since plimN,T→∞ T−1Z ′
τJTX =

Λτµψ∗∆FΦ
′ =

[
Λf,τµψ∆f,τΦ

′
f 0

]
, we obtain the convergence result for Φ̂f,τ by the

above results and lemmas mentioned, and the continuous mapping theorem.

Proof of Theorem 1. Following Lemma 2, the relevant factors estimated in Pass 1 and

Pass 2 are asymptotically relevant for the quantile linear model in Pass 3. The prediction

stage of Qcov3PRF is now considered such that the optimal coefficients are given by:

(β̂0.τ , β̂τ ) = argmin
β0,τ ,βf,τ

1

T

T∑
t=1

ρτ (yt+1 − β0,τ − β′
f,τ f̂ t).

Since f t linearly depends on the vector (f̂ t, f̂ t −Hτf t), a regression that considers this

vector nests the correctly specified quantile forecast regression. Using Corollary 5.12
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in White, 1994 and the equivariance properties of quantile regression we have that the

regression coefficients which solves:

(β̇0,τ , β̇τ , β̇1,τ ) = argmin
β0,β,β1

1

T

T∑
t=1

ρτ

(
yt+1 − β0,τ − β′

f,τ f̂ t − β′
1,τ (f̂ t −Hτf t)

)
,

are such that,

√
T (β̇τ − β′

f,τH
−1
τ )

p−−−−−→
N,T→∞

N (0,Σβ̇). (A.1)

Now, from Theorem 1 in Angrist et al., 2006 we have that,

β̂τ = β̇τ +

(
T∑
t=1

ctf̂ tf̂
′
t

)−1( T∑
t=1

ctf̂ tβ̇
′
1,τ (f̂ t −Hτf t)

)
, (A.2)

where ct =
1
2

∫ 1

0
hτ

(
u(β̇τ f̂ t − β′

f,τf t)|f t
)
du. Also, we can rewrite the forecast error as

follows:

β̂
′
τ f̂ t − β′

f,τf t = β̂
′
τ (f̂ t −Hτf t) + (β̂

′
τ − β′

f,τH
−1
τ )Hτf t.

What remains to find is the convergence order of (β̂
′
τ −β′

f,τH
−1
τ ). From Eq.(A.2) we get:

(β̂
′
τ − β′

f,τH
−1
τ ) = (β̇

′
τ − β′

f,τH
−1
τ ) +

(
1

T

T∑
t=1

ctf̂ tf̂
′
t

)−1(
1

T

T∑
t=1

ctf̂ tβ̇
′
1,τ (f̂ t −Hτf t)

)
.

Now, we focus on the numerator of the second term in the previous expression and use
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f̂ t ≡ f̂ t −Hτf t +Hτf t, then we get:

1

T

T∑
t=1

ctf̂ tβ̇
′
1,τ (f̂ t −Hτf t) = δ−2

NT

1

T

T∑
t=1

ctδNT (f̂ t −Hτf t)β̇
′
1,τδNT (f̂ t −Hτf t)

+δ−1
NT

1

T

T∑
t=1

ct(Hτf t)β̇
′
1,τδNT (f̂ t −Hτf t)

= δ−2
NT

1√
T

1

T

T∑
t=1

ctδNT (f̂ t −Hτf t)
√
T (β̇

′
1,τ − β

′
1,τ )δNT (f̂ t −Hτf t)

+δ−2
NT

1

T

T∑
t=1

ctδNT (f̂ t −Hτf t)β
′
1,τδNT (f̂ t −Hτf t)

+δ−1
NT

1√
T

1

T

T∑
t=1

ct(Hτf t)
√
T (β̇

′
1,τ − β

′
1,τ )δNT (f̂ t −Hτf t)

+δ−1
NT

1

T

T∑
t=1

ct(Hτf t)β
′
1,τδNT (f̂ t −Hτf t)

= δ−2
NTOp(T

−1/2) + δ−2
NTOp(1) + δ−1

NTOp(T
−1/2) + δ−1

NTOp(1)

= Op(δ
−1
NT ),

where δNT = min(
√
N, T ). The above result implies that (β̂

′
τ−β′

f,τH
−1
τ ) = Op(T

−1/2)+

Op(1)Op(δ
−1
NT ) = Op(δ

−1
NT ). Therefore, β̂

′
τ f̂ t−β′

f,τf t = Op(1)Op(δ
−1
NT )+Op(δ

−1
NT )Op(1) =

Op(δ
−1
NT ).

To show the asymptotic normality of the infeasible quantile forecasts we need use of

the following lemma, whose proof is similar to Theorem 6 in Kelly and Pruitt, 2015.

Lemma 3. Let Assumptions 1-5 hold. We have for all t,

(i). If
√
N = o(T ) or N = O(T ) then:

√
N
[
f̂ t − Ĥτf t

]
d−−−−−→

N,T→∞
N (0, plim Σ̂f̂ ).

(ii). If T = o(
√
N) then:

T
[
f̂ t − Ĥτf t

]
= Op(1).

Where

Σf̂ = plim Σ̂f̂ =
(
∆ψ∆fΛf,τΛ

′
f,τ +∆ω

) (
µ2
ψΛf,τ∆

2
fΛ

′
f,τ

)−1

µψΛf,τ∆fΣΦε∆fΛ
′
f,τµψ
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(
µ2
ψΛf,τ∆

2
fΛ

′
f,τ

)−1 (
∆ψΛf,τ∆fΛ

′
f,τ +∆ω

)′
, and Ĥτ = F̂ AF̂

−1

B N−1T−1Z
′

τJTXJNΦ,

with F̂ A = T−1Z
′

τJTZτ and F̂B = N−1T−2Z
′

τJTXJNX
′JTZτ , and a feasible estima-

tor for the covariance matrix Σf̂ is given by:

Σ̂f =
(
T−1Z ′

τJTZτ
) (
N−1T−2Z ′

τJTXJNX
′JTZτ

)(
N−2T 2Z ′

τJT f̂
∑
i

ϕ̂
2

f,τ,iε̂
2
itf̂

′
JTZτ

)
(
N−1T−2Z ′

τJTXJNX
′JTZτ

) (
T−1Z ′

τJTZτ
)
,

where f̂ and ϕ̂f,τ are the relevant factors and loadings estimates obtained by Qcov3PPRF

and ε̂t = xt − ϕ̂f,τ f̂ t. .

Proof. By Eq.(16), we obtain that (omitting the constant term):

F̂ t −HτF t = F̂ AF̂
−1

B N−1T−1Z ′
τJTXJNεt.

Then, to find the asymptotic distribution of the term F̂ t −HτF t we can focus on the

term N−1T−1Z ′
τJTXJNεt which results in the following:

N−1T−1Z ′
τJTXJNεt = Λτ (T

−1F ′
ψ∗JTF )(N−1Φ′JNεt)

+ Λτ (N
−1T−1F ′

ψ∗JTεJNεt)

+ (T−1ω′JTF )(N−1Φ′JNεt)

+ (N−1T−1ω′JTεJNεt)

= Op(N
−1/2) +Op(δ

−1
NTT

−1/2) +Op(N
−1/2T−1/2) +Op(δ

−1
NTT

−1/2)

= Op(N
−1/2) +Op(δ

−1
NTT

−1/2),

where the third equality follows from Lemma 1 and Lemma 2 in Kelly and Pruitt, 2015.

Case (i) follows if the first term is the dominant, i.e.,
√
N/T → 0 and applying the contin-

uous mapping theorem. When lim inf
√
N/T ≥ κ > 0, we have N−1T−1Z ′

τJTXJNεt =

Op(1) by the continuous mapping theorem. The expression for the asymptotic covariance
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matrix Σf̂ is the asymptotic limit of the covariance estimator Σ̂f whose consistency can

be verified by Lemma 1, Lemma 2 in Kelly and Pruitt, 2015 and the asymptotic limits

are derived in Lemma 2.

Proof of Theorem 2. Without loss of generality, assume that the target variable does

not have an intercept. We can rewrite the forecast error as follows:

β̂
′
τ f̂ t − β′

f,τf t = β̂
′
τ f̂ t − β′

f,τH
−1
τ f̂ t + β

′
f,τH

−1
τ f̂ t − β′

f,τf t

=
√
T (β̂

′
τ − β′

f,τH
−1
τ )

f̂ t√
T

+
β′
f,τH

−1
τ√

N

√
N(f̂ t −Hτf t).

Since,

(β̂
′
τ − β′

f,τH
−1
τ ) = (β̇

′
τ − β′

f,τH
−1
τ ) +

(
1

T

T∑
t=1

ctf̂ tf̂
′
t

)−1(
1

T

T∑
t=1

ctf̂ tβ̇
′
1,τ (f̂ t −Hτf t)

)
= (β̇

′
τ − β′

f,τH
−1
τ ) + I−1 · II.

We have that:

|I| ≤

(
1

T

T∑
t=1

c2t

)1/2(
1

T 2

T∑
t=1

∥f̂ t∥4
)1/2

≤ Op(1) ·Op(1)

= Op(1),

where the second inequality is due to Cauchy-Schwartz inequality and the last inequality
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holds by Assumption 3.1 and Lemma 2. For the numerator term we get that:

|II| ≤ 1

T 2

T∑
t=1

ctf̂ t√
NT

√
T (β̇

′
1,τ − β′

1,τ )
√
N(f̂ tHτ − f t) +

1

T 2
β′
1,τ

T∑
t=1

ctf̂ t√
N

√
N(f̂ t −Hτf t)

≤ 1

N1/2T
∥
√
T (β̂1,τ − β1,τ )∥

(
1

T

T∑
t=1

c2t

)1/2(
1

T

T∑
t=1

∥f̂ t∥2
)1/2(

1

T

T∑
t=1

(
√
N(f̂ t −Hτf t))

2

)1/2

+
1

N1/2T 1/2
∥β1,τ∥

(
1

T

T∑
t=1

c2t

)1/2(
1

T

T∑
t=1

∥f̂ t∥2
)1/2(

1

T

T∑
t=1

(
√
N(f̂ t −Hτf t))

2

)1/2

= Op(N
−1/2T−1/2)

= op(1),

by Cauchy-Schwartz inequality, Assumption 2, Assumption 3.1, Lemma 3 and the asymp-

totic normality of linear estimates in quantile regression. Then, by the continuous map-

ping theorem, we have:

β̂
′
τ f̂ t − β′

f,τf t =
√
T (β̇

′
τ − β′

f,τH
−1
τ )

f̂ t√
T

+
β′
f,τH

−1

√
N

√
N(f̂ t −Hτf τ ) + op(1).

Since

√
N(f̂ t −Hτf t)

d−−−−−→
N,T→∞

N (0, plim Σ̂f̂ ),

√
T (β̂τ − β

′

f,τH
−1
τ )

d−−−−−→
N,T→∞

N (0, plim Σ̂β̂τ
),

by Lemma 3.i and Eq.(A.1), where plim Σ̂f̂ is defined in Lemma 3 and

plim Σ̂β̂τ
= E[hτ (0|f t)f tf ′

t]
−1E[κ2τ (ut+1)f tf

′
t]E[hτ (0|f t)f tf ′

t]
−1 = ∆−1

f,hE[κ
2
τ (ut+1)f tf

′
t]∆

−1
f,h

which is feasible by Assumptions 2, 3.1, 3.5 and 3.6. Since
√
N(f̂ t −Hτf t) depend on

εi,t, and
√
T (β̂τ − βf,τ ) depend on ut+1, both terms are independent. It follows that

β̂
′
τ f̂ t − β′

f,τf t is asymptotically normal with estimated variance V̂τ = 1
T
β̂

′
τ (Σ̂f̂ )β̂τ +

1
N
f̂

′
t(Σ̂β̂τ

)f̂ t given that β̂τ = βf,τ + op(1).

The following lemma states that, in a univariate quantile regression, the qcov between
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the target variable and the error term is never zero and it is a function of the optimal

linear coefficient. This lemma is a key result to justify the necessity of generating exactly

K∗
f automatic-proxies in Qcov3PRF instead of only Kf,τ proxies, as we show in the proof

of Theorem 3.

Lemma 4. Consider the quantile regression y = b0τ + bτf + uτ and let (b∗0τ , b
∗
τ ) =

argmin(b0τ ,bτ ) E [ρτ (y − b0τ − bτf)]. Suppose that f and u have a joint density and E[f 2] <

∞. Then, qcovτ (y, u) = νu(b
∗
τ ) where νu(·) is a continuous function and νu(b

∗
τ ) ̸= 0. If

b0τ = 0 and bτ > 0, then νu(·) is a decreasing function. If b0τ = 0 and bτ < 0, then νu(·)

is an increasing function.

Proof. For a, b, c ∈ R, denote the function h(a, b, c) as follows:

h(a, b, c) = E[ρτ (cu− b0τ − bτf)]

= E [(cu− b0τ − bτf) (τ − I(cu < b0τ + bτf))]

= τ

∫ ∞

−∞
(cu− b0τ − bτf)h(u)du−

∫ b0τ+bτf

−∞
(cu− b0τ − bτf)h(u)du

= (τ − 1)

∫ b0τ+bτf

−∞
(cu− b0τ − bτf)h(u)du+ τ

∫ ∞

b0τ+bτf

(cu− b0τ − bτf)h(u)du.

It is known that h(b0τ , bτ , c) is a convex function in b0τ and b with limb20τ+b
2→∞ h(b0τ , b, c) =

+∞. Applying the Leibniz rule we obtain the first order derivatives of h(b0τ , bτ , c) with

respect to b0τ , bτ and c, respectively as follows:

∂h(b0τ , bτ , c)

∂b0τ
= −(τ − 1)

∫ b0τ+bτf

−∞
h(cu)du− τ

∫ ∞

b0τ+bτf

h(cu)du

= −E[τ − I(cu < b0τ + bτf)]

= −E[κτ (c− b0τ − bτf)], (A.3)
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∂h(b0τ , bτ , c)

∂bτ
= −(τ − 1)

∫ b0τ+bτf

−∞
f · h(cu)du− τ

∫ ∞

b0τ+bτf

f · h(cu)du

= −E[(τ − I(cu < b0τ + bτf)) f ]

= −E[κτ (c− b0τ − bτf)f ], (A.4)

∂h(b0τ , bτ , c)

∂c
= (τ − 1)

∫ b0τ+bτf

−∞
u · h(cu)du+ τ

∫ ∞

b0τ+bτf

u · h(cu)du

= E[(τ − I(cu < b0τ + bτf))u]

= E[κτ (cu− b0τ − bτf)u] = hc(b0τ , bτ , c). (A.5)

These expressions are continuous functions by the Cauchy-Schwartz inequality and the

continuity of f and u. Let c = 1. By setting Eqs.(A.3) and (A.4) to zero we obtain the

optimal values of b0τ and bτ denoted by Qτ
u−b∗τf and b∗τ , respectively. Then, we have:

hc(Q
τ
u−b∗τf , b

∗
τ , 1) = E[κτ (u−Qτ

u−b∗τf − b∗τf)u] = νu(b
∗
τ ),

which is a continuous function by the convexity of h(Qτ
u−b∗τf , b

∗
τ , 1) (as h(b0τ , bτ , 1) is a

convex function with respect to b0τ and bτ ), and it is never zero unless τ
∫∞
Qτ

u−b∗τ f
+b∗τf

u ·

h(u)du = (1 − τ)
∫ Qτ

u−b∗τ f
+b∗τf

−∞ u · h(u)du, which is impossible by the continuity of u and

Assumption 2. On the other hand, taking the derivative of hc with respect to bτ we get:

∂hc(b0τ , bτ , 1)

∂bτ
= −f(b0τ + bτf)h(b0τ + bτf),

this derivative is negative when b0τ = 0 and bτ < 0, implying that νu(bτ ) is a decreasing

function, and it is positive when b0τ = 0 and bτ < 0, implying that νu(bτ ) is an increasing

function.

The next lemma is useful to show that the automatic-proxies obtained by Qcov3PRF
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do not depend on irrelevant factors and, therefore, these proxies are only spanned by the

set of K∗
f relevant factors.

Lemma 5. Consider the quantile model y = β∗
0τ + β∗

1,τf1 + · · · + β∗
K,τfK + uτβ, and

E[τ − I(uτ < 0)|y, f1, ..., fK ] = 0. Assume that the conditional density hτ (u|f) exists.

Also, consider a quantile regression of y on fk1 , · · · , fkf , where k1, · · · , kf ∈ {1, . . . , K}

and f ≤ K, i.e.,

let (b∗0τ , b
∗
k1,τ

, . . . , b∗kf ,τ ) = argmin(b0τ ,bk1,τ ,...,bkf ,τ )
E
[
ρτ (y − b0τ − bk1,τfk1 − · · · − bkf ,τfkf )

]
.

If β∗
j,τ = 0 and fj is independent of f−j = (fk1 , . . . , fj−1, fj+1, . . . , fkf ) , then b∗j,τ = 0.

Moreover, if β∗
j,τ ̸= 0 then b∗j,τ = β∗

j,τ +dj,τ , where dj,τ does not depend on those predictors

fk’s such that β∗
k,τ = 0.

Proof. Without loss of generality, we assume that E(fj) = 0 and Var(fj) = 1 for j =

1, · · · , K. Following the procedure presented in Theorem 2 of Angrist et al., 2006, we

obtain the coefficients (b∗0τ , b
∗
k1,τ

, . . . , b∗kf ,τ ) which solve the following optimization problem:

(b∗0τ , b
∗
k1,τ

, . . . , b∗kf ,τ ) = argmin
(b∗0τ ,b

∗
k1,τ

,...,b∗kf ,τ )

E
[
c(f) ·

(
Qτ
y|f − b0τ − bk1,τfk1 − · · · − bkf ,τfkf

)2]
,

where Qτ
y|f = β∗

0τ + β∗
1,τf1 + · · · + β∗

K,τfK , c(f) =
1
2

∫ 1

0
hτ (ε ·∆τ |f)dε, with ∆τ = b0τ +

bk1,τfk1 + · · ·+ bkf ,τfkf −Qτ
y|f . As a result, for j = k1, . . . , kf we have:

b∗j,τ = {E(c(f)fjM−jfj)}−1E(c(f)fjM−jQ
τ
y|f ) = β∗

j,τ + dj,τ , (A.6)

where M−j = 1− f ′
−j(f−jf

′
−j)f−j, and

dj,τ =
∑
k ̸=j

β∗
k,τ{E(c(f)fjM−jfj)}−1E(c(f)fjM−jfk). (A.7)
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If β∗
j,τ = 0 for some fj independent of f−j we have that:

b∗j,τ =
∑
k ̸=j

β∗
k,τ{E(c(f)fjM−jfj)}−1E(c(f)fjM−jfk),

by Eqs.(A.6) and (A.7). The solution of this equation is b∗j,τ = 0 as in that case the

term c(f) = c(f−j), and since fj is independent of f−j each term E(c(f j)fjM−jfk) =

E(fj)E(c(f−j)M−jfk) is equal to zero. Moreover, for any β∗
k,τ ̸= 0 we have b∗k,τ =

β∗
k,τ + dk,τ with dk,τ independent of those predictors f ′

js such that β∗
j,τ = 0 given that

c(f) = c(f−j).

Proof of Theorem 3. We begin by showing that Assumption 1.2 is generally satis-

fied. Specifically, we need to show that the loadings of the automatic proxies are un-

correlated with irrelevant factors and are linearly independent (full rank matrix). If

K∗
f = 1, it is clearly seen that ẑ1,τ = I(y > Q̂τ

y) is not correlated with irrelevant

factors as qcov(y,f 1) = ν(β1,τ ) ̸= 0 and qcov(y, gj) = ν(0) = 0 by Lemma 1 in

Li et al., 2015. For K∗
f > 1, let y = β0,τι + β1,τf 1 + · · · + βK∗

f ,τ
fK∗

f
+ uτ , with

uτ = diag(ξτ )(σuι + γ1f 1 + · · · + γK∗
f
fK∗

f
). Without loss of generality we rule out

the case where βj,τ = 0 but γj ̸= 0 for some j = 1, . . . , K∗
f as we can always sum and

extract some term β0j,τf j with β0j,τ ̸= 0 and redefine the corresponding random term

as ξτj = ξτ − β0j,τ
γj
ι. Nevertheless, we allow the case where βj,τ ̸= 0 but γj = 0. The

prediction equation presented above is not a univariate regression, however, after some

rearrangements we obtain:

y = β0,τι+ β̌τ f̌ + uτ , (A.8)

where β̌τ ̸= 0, f̌ = β1,τ
β̌τ
f 1 + · · · +

βK∗
f
,τ

β̌τ
fK∗

f
. For the first automatic-proxy, k = 1, since

qcovτ (y, f̌) = ν1(β̌τ ) ̸= 0 by Lemma 1 in Li et al., 2015, and qcovτ (y,u
τ ) = ν1,u(β̌τ ) ̸= 0
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by Lemma 4, we have:

ẑ1,τ = I(y > Q̂τy) = α0,τ ι+ ν̄1(β̌τ )f̌ + ν̄1,u(β̌τ )u
τ + ū(1),

= α0,τ ι+ (β̄1,τ ι+ γ̄1,τdiag(ξ
τ ))f1 + · · ·+ (β̄K∗

f ,τ
ι+ γ̄K∗

f ,τ
diag(ξτ ))fK∗

f
+ ω̄(1), (A.9)

where β̄j,τ = ν̄1(β̌τ )
βj,τ
β̌τ

, γ̄j,τ = ν̄1,u(β̌τ )γj for j = 1, . . . , K∗
f , and ū

(1) is uncorrelated with

f̃ and u. Hence, we have: cov(ẑ1,τ ,f j|f−j) = β̄j,τ + γ̄j,τE(ξτ ) and ẑ1,τ is uncorrelated

with fk, k = K∗
f + 1, ..., K. Let the superscript (k) denote the forecast using k proxies.

When k = 2 we have that:

ẑ2,τ = I(y > Q̂τ
y|f̂(1)

1

)

= I(β0,τ ι+ Fβτ + u
τ > β̃

(1)
0τ ι+ β̃

(1)
1,τ f̂

(1)

1 )

= I(β0,τ ι+ Fβτ + u
τ > β̃

(1)
0τ ι+XΩ(1)

τ β̃
(1)
1,τ )

= I(β0,τ ι+ Fβτ + u
τ > β̃

(1)
0τ ι+XΩ(1)

τ (H̃
(1)−1

τ β
(1)
1,τ + op(1))

= I
(
β0,τ ι+ Fβτ + u

τ > β̃
(1)
0τ ι+XΩ(1)

τ

(
(H−1

τ βτ )
(1) + d(1)τ + op(1)

))
= I

(
β0,τ ι+ Fβτ + u

τ > β̃
(1)
0τ ι+ FΦ−1Ω(1)

τ

(
(H−1

τ βτ )
(1) + d(1)τ + op(1)

)
+εΩ(1)

τ

(
(H−1

τ βτ )
(1) + d(1)τ + op(1)

))
= I

(
β0,τ ι− β̃

(1)
0τ ι+ F

(
βτ −Φ−1Ω(1)

τ

(
(H−1

τ βτ )
(1) + d(1)τ + op(1)

))
+uτ − εΩ(1)

τ

(
(H−1

τ βτ )
(1) + d(1)τ + op(1)

)
> 0

)
= I(β

(2)
0,τ ι+ Fβ

(2)
τ + u(2)

τ > 0) (A.10)

= I(β
(2)
0,τ ι+ β̌(2)

τ f̌
(2)

+ u(2)
τ > 0)

= α
(2)
0,τ ι+ ν̄2(β̌

(2)
τ )f̃

(2)
+ ν̄2,u(β̌

(2)
τ )u(2)

τ + ū(2),

= α
(2)
0,τ ι+ (β̄

(2)
1,τI + γ̄

(2)
1,τdiag(ξ

τ ))f1 + · · ·+ (β̄
(2)
K∗

f ,τ
I + γ̄

(2)
K∗

f ,τ
diag(ξτ ))fK∗

f
+ ω̄(2), (A.11)

where β̄
(2)
j,τ = ν̄2(β̌

(2)
τ )

βj,τ

β̌
(2)
τ

, γ̄
(2)
j,τ = ν̄2,u(β̌

(2)
τ )γj for j = 1, . . . , K∗

f , f̌
(2)

= β1,τ

β̌
(2)
τ

f 1 + · · · +
βK∗

f
,τ

β̌
(2)
τ

fK∗
f
, and ū(2) is uncorrelated with f̃

(2)
and u

(2)
τ . In the third equality, Ω(1)

τ =

JNW
(1)
xr (W

(1)′

xr JNW
(1)
xr )

−1W (1)
rr , W

(1)
xr = X ′JT ẑ1,τ , W

(1)
rr = ẑ′1,τJT ẑ1,τ . The fourth

inequality holds as β̃
(1)
1,τ

p−−−−−→
N,T→∞

H̃
(1)−1

τ β
(1)
1,τ , where the asymptotic limit is the one obtained

by running a τ -quantile regresssion of y on f (1), where f̂
(1)

1

p−−−−−→
N,T→∞

f
(1)
1 H̃

(1)

τ . The

26



fifth inequality holds by Eq.(A.6), a result obtained in Angrist et al., 2006. Also, the

superscript (1) in (H−1
τ βτ )

(1) indicates one element of the corresponding vector. In

Eq.(A.10), β(2)
τ = βτ −Φ−1Ω(1)

τ

(
(βτH

−1
τ )(1)+ d

(1)
τ + op(1)

)
, β

(2)
0,τ = β0,τ − β̃

(1)
0τ and u

(2)
τ =

uτ−εΩ(1)
τ

(
(βτH

−1
τ )(1) + d

(1)
τ + op(1)

)
. Also, from Eq.(A.10) we can verify that β(2)

τ and

u
(2)
τ only concern the relevant factors as Ω(1)

τ is constructed using ẑ1,τ automatic-proxy

and d
(1)
τ only depends on the relevant factors by Lemma 5. In the ninth equality we have

f̌
(2)

= β1,τ

β̌
(2)
τ

f 1 + · · ·+
βK∗

f
,τ

β̌
(2)
τ

fK∗
f
. In the tenth equality we use qcovτ (y, f̌

(2)
) = ν2(β̌

(2)
τ ) ̸= 0

by Lemma 1 in Li et al., 2015, and qcovτ (y,u
(2)
τ ) = ν2,u(β̌

(2)
τ ) ̸= 0 by Lemma 4. Threfore,

based on Eq.(A.11), it is clear that the loadings of ẑ2,τ corresponding to the irrelevant

factors are equal to zero.

The induction step proceeds as follows. By hypothesis, suppose we have k < K∗
f

automatic-proxies with factor loadings [Λk
f,τ ,0], where Λk

f,τ is a k ×K∗
f matrix and full

row rank. The k-automatic-proxy obtained with Qcov3PRF is ẑk,τ = I(y − β̃
(k−1)
0,τ ι −

β̃
(k−1)
1,τ f̂

(k−1)

1 − · · · − −β̃(k−1)
k−1,τ f̂

(k−1)

k−1 > 0), which has zero population covariance with irrel-

evant factors by the same argument given in the k = 2 case.

The second thing to show is that the proxy ẑk,τ vector of loadings on relevant factors is

linearly independent of the rows of Λ
(k)
f,τ . First, note that following similar steps to those

used to obtain Eq.(A.11) we get that ẑτk,t = α
(k)
0,τ +Ψ

(k)
f,t β̄

(k)
τ f t + ω̄

(k)
t , where Ψ

(k)
f,t = (1 +

γ̄
(k)
1,τ

β̄
(k)
1,τ

ξτt+1, . . . , 1+
γ̄
(k)

K∗
f
,τ

β̄
(k)

K∗
f
,τ

ξτt+1), the relevant-factor loadings are given by Λk
f,τ = β̄

(k)
f,τ = βf,τ −

Φ−1Ω(k)
τ

(
(H−1

f,τβf,τ )
(k) + d(k)

τ + op(1)
)
, and the superscript (k) in (H−1

f,τβf,τ )
(k) indicates

some k elements of the corresponding vector. Note that (FHτ )
(k) = [(fH̃f,τ )

(k),0] and

(H−1
τ βτ )

(k) = [(H−1
f,τβf,τ )

(k),0]. Also note that as part of the induction hypothesis, Ω(k)
τ

is constructed based on (ẑ1,τ , . . . , ẑk,τ ).

Now, using a similar argument done in the proof for Theorem 7 in the Appendix in

Kelly and Pruitt, 2015, project ẑτk,t’s relevant-factor loadings onto the column space of

Λ
(k−1)′

f,τ . The residual’s loading vectors are linearly independent of Λ
(k−1)′

f,τ if the differ-
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ence between it and its projection on Λ
(k−1)′

f,τ is non-zero. This difference is then equal to(
I −Λ

(k−1)′

f,τ (Λ
(k−1)
f,τ Λ

(k−1)′

f,τ )−1Λ
(k−1)
f,τ

)
β̄

(k)
f,τ . Because β̄

(k)
f,τ ̸= 0 with probability one (as β̌

(k)

τ

is different from zero), this difference is zero only when Λ
(k−1)′

f,τ (Λ
(k−1)
f,τ Λ

(k−1)′

f,τ )−1Λ
(k−1)
f,τ =

I. But the induction hypothesis ensures that this is not the case as long as k < K∗
f .

Therefore, the difference between the kth automatic proxy loading vector and its projec-

tion onto the column space of Λ
(k−1)′

f,τ is nonzero, which implies that its loading vector is

linearly independent of the rows of Λ
(k−1)
f,τ . Therefore, we have shown that the automatic-

proxies obtained by Qcov3PRF satisfy Assumption 1.2.

Finally, it is left to show that the automatic proxies satisfy Assumptions 1.3, 3.4,

4.3, 4.4 and 4.5 when the remaining parts of Assumptions 1–5 hold. Recall that ẑτk,t =

α
(k)
0,τ + Ψ

(k)
f,t β̄

(k)
τ f t + ω̄

(k)
t , where Ψ

(k)
f,t = (1 +

γ̄
(k)
1,τ

β̄
(k)
1,τ

ξτt+1, . . . , 1 +
γ̄
(k)

K∗
f
,τ

β̄
(k)

K∗
f
,τ

ξτt+1), ω̄
(k)
t = ū

(k)
t +

ν̄k,u(β̌
(k)
τ )

(
−εtΩ(k−1)

τ

(
(H−1

τ βτ )
(k) + d

(k)
τ + op(1)

)
+ σuξt+1

)
,

Ω(k)
τ = JNW

(k)
xr (W

(k)′

xr JNW
(k)
xr )

−1W (k)
rr , W

(k)
xr = X ′JT ẑ1:k,τ , W

(k)
rr = ẑ′1:k,τJT ẑ1:k,τ .

Assumption 1.3 is satisfied as E[ψ(k)
f,jt] = 1 +

γ̄
(k)
j,τ

β̄
(k)
j,τ

E[ξτt+1] ̸= 0 and E[|ψ(k)
f,jt|2] = 1 +

2| γ̄
(k)
j,τ

β̄
(k)
j,τ

|E[ξτt+1] +
γ̄
(k)2
j,τ

β̄
(k)2
j,τ

E[ξτ2t+1] <∞, j = 1, . . . , K∗
f . Fourth and fifth expressions in Assump-

tion 3.4 are satisfied by Assumption 1.3 and Assumption 3.6 concerning the stationarity

and ergodicity of yt+1 (and then of ξt+1).

By similar limiting arguments as those derived in Theorem 1, the error term ω̄
(k)
t

can be expressed as ū
(k)
t + N−1a′εt + bξt+1, where a is an N × 1 vector of order Op(1)

and b is of order O(1). We consider that the term ū
(k)
t is of lower magnitude compared

to εt and ξt+1. As a result, we disregard it and avoid to show whether it satisfies the

remaining assumptions.A.2 Also, by Assumption 3.5, the ξt+1 and εt components of ω̄
(k)
t

are independent and can be handled separately. By Assumption 3.6 and Lemma 1.4

A.2Indeed, it must be the case that ū
(k)
t satisfies the first three expressions in Assumption 3.4 by Assump-

tion 3.6. Assumptions 4.4 and 4.5 are satisfied as ū
(k)
t is uncorrelated with εt and ξt+1. However, we only

have that εt is uncorrelated with F t, and then, Assumption 4.3 is not generally satisfied for this term.
Nevertheless, we do not see unrealistic to consider that this term is independent of F t. Alternatively, in

this case we can relax Assumption 4.3 by replacing it with E|F 2
t (m)ū

2(k)
t | = E|F 2

t (m)|E|ū2(k)t |.
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in Kelly and Pruitt, 2015, the ξt+1 component satisfies the first three expressions in

Assumption 3.4. By Assumption 3.5, the ξt+1 term satisfies Assumptions 4.3, 4.4. By

Assumption 3.6, the ξt+1 term satisfies the fist expression in Assumption 4.5 given that

ψ
(k)
f,jt = 1+ cjξt+1. The second expression in Assumption 4.5 is accomplished by the same

arguments.

By Assumption 3.3, Lemma 1.3 in Kelly and Pruitt, 2015, and the stationarity and

ergodicity of εt in Assumption 3.6, the εt component satisfies the first three expressions in

Assumption 3.4, respectively. By Assumption 3.3, the εt term satisfies Assumption 4.3.

Assumption 4.4 holds as the term E|N−1T−1/2
∑

j,t ajεitεjt|2 is satisfied by Assumption

4.2. The first expression in Assumption 4.5 is accomplished by the independence between

ξt+1 and εit (Assumption 3.5).

Together these results imply that the K∗
f automatic-proxies generated by Qcov3PRF

accomplishes the conditions of Theorems 1 and 2.

A.3 How PLS for conditional quantile prediction and

Qcov3PRF are related

Similar to the Three-Pass Regression Filter (3PRF) and Principal Components, Partial

Least Squares (PLS) constructs a sequence of latent predictive factors as linear combi-

nations of the observed predictors. In the PLS literature, these factors are referred to as

directions. The predictor based on the first j directions, j = 1, . . . , Kf , denoted by ŷ(j),

is obtained by solving the following optimization problem:

ϕ(j) = argmax
ϕ,∥ϕ∥=1

{cov(X(j−1)ϕ,y(j−1))′cov(X(j−1)ϕ,y(j−1))}, (A.12)

where y = (y2, . . . , yT+1)
′, X = (x

′
1, . . . ,x

′
T ), ϕ an N × 1 vector, and

ˆcov(X(j−1)ϕ,X(l−1)ϕ(l)) = 0 for l = 1, . . . , j − 1. This restriction ensures that the

extracted latent factors are mutually orthogonal, mirroring the normalization adopted
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in principal component analysis. The quantities X(j−1) and y(j−1) denote the deflated

predictor matrix and target variable, respectively. Specifically, X(j−1) is the residual

of X containing the remaining j − 1 relevant factors, the Kg irrelevant factors and the

idiosyncratic component. Indeed, at each jth iteration in PLS the residual predictor

matrix X(j) is deflated by the f j factor. The PLS procedure is presented in Algorithm

A.1.

Algorithm A.1 Partial Least Squares (PLS)

Let X = (x1, . . . ,xN ). Standardize each xi, i = 1, . . . , N to have mean zero and variance one.

Set X(0) =X and y(0) = y.
for j = 1, . . . ,Kf do

1. Compute ϕ
(j−1)
i = cov(x

(j−1)
i ,y(j−1)). Then, ϕ(j−1) = (ϕ

(j−1)
1 , . . . , ϕ

(j−1)′

N ).

2. Calculate the score vector (latent factor) as f j = X(j−1)ϕ(j−1), the loading vector (factor

loading) of X as pj =
X(j−1)′fj

f ′
jfj

, and the loading of y as qj =
y(j−1)′fj

f ′
jfj

.

3. Deflat X(j−1) and y(j−1) such that X(j) =X(j−1) − f jp′j and y(j) = y(j−1) − qjf j .

The equivalence between 3PRF and PLS holds under three conditions: (i) the pre-

dictors are standardized; (ii) the 3PRF proxies are defined as y(j) = y − qjf j; and (iii)

the predictor matrix is not deflated, so that X(j) =X(j−1) for j = 1, . . . , Kf . Under this

setup, the only quantity that must be updated across iterations is the target variable.

This illustrates a key feature of 3PRF: consistent estimation requires only the sequential

removal of the contribution of the extracted factor from the target, while the predictor

matrix remains unchanged. As a result, the algorithm relies on constructing Kf deflated

target residuals that are linearly independent and span the space of the Kf relevant

factors.

The deflation strategy adopted by PLS, together with the covariance criterion used in

Step 1 of Algorithm A.1, is what makes Passes 1 and 2 of 3PRF implementable through

ordinary least squares regressions. As 3PRF deflates the target variable but leaves the

predictor matrix unchanged, the latent factors estimated by 3PRF differ from those ex-

tracted by PLS. In particular, whereas PLS produces orthogonal factors by construction,
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the factors estimated by 3PRF are generally non-orthogonal.A.3

With respect to conditional quantile prediction, the method fast Partial Quantile

Regression (fPQR) of Méndez-Civieta et al., 2022 adapts the objective function (A.12)

using qcov (Li et al., 2015). The corresponding objective function is given by:

ϕ(j)
τ = argmax

ϕτ ,∥ϕτ∥=1

{qcovτ (X(j−1)ϕτ ,y
(j−1)
τ )′qcovτ (X

(j−1)ϕτ ,y
(j−1)
τ )}

= argmax
ϕ,∥ϕ∥=1

{cov(X(j−1)ϕτ , κτ (y
(j−1)
τ −Qτ

y
(j−1)
τ

))′cov(X(j−1)ϕτ , κτ (y
(j−1)
τ −Qτ

y
(j−1)
τ

))},

where κτ (z) = τ − I(z < 0), and cov(X(j−1)ϕτ ,X
(l−1)ϕ(l)

τ ) = 0 for l = 1, . . . , j − 1.

Méndez-Civieta et al., 2022 modify Algorithm A.1 by replacing the mean covariance

by the quantile-covariance in Step 1. The resulting procedure can not be extended to

Qcov3PRF if the automatic proxies procedure for 3PRF remains the same. This limita-

tion can be seen by noting that Step 3 of iteration j − 1 and Step 1 of iteration j in PLS

are linked through the following partial (mean) covariance:

cov(y(j),x
(j)
i ) = E

[
(y(j−1) − E(y(j−1)|f j−1))(x

(j−1)
i − E(x(j−1)

i |f j−1))
]

= pcov(y(j−1),x
(j−1)
i |f j) for i = 1, . . . , N,

where xi is a T×1 vector. The deflation mechanism in fPQR differs for the predictors and

the target variable. At iteration j, the predictor matrix is deflated using the standard

covariance criterion, while the target variable is deflated using the quantile-covariance

criterion.A.4 The covariance criterion for the predictors remains appropriate because the

orthogonality restriction on the extracted factors is unchanged. However, the target must

be updated according to its conditional τ -quantile, requiring a quantile-based analogue

A.3An analogous result holds for Qcov3PRF, where the estimated factors are also non-orthogonal; see
Lemma 2.
A.4In PLS, the deflation step ensures that both cov(X(j),f j) = 0 and cov(y(j),f j) = 0. By contrast,

qcovτ (y
(j)
τ ,f j) is generally nonzero, even when the extracted factors are orthogonal.
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of partial covariance. Following Li et al., 2015, this role is played by the partial quantile-

covariance (qpcov), defined as follows:

qcovτ (y
(j)
τ ,x

(j)
i ) = E

[
(κτ (y

(j−1)
τ −Qτ

y
(j−1)
τ |fj−1

)(x
(j−1)
i − E(x(j−1)

i |f j−1))
]

= qpcovτ (y
(j−1)
τ ,x

(j−1)
i |f j) for i = 1, . . . , N.

The predictor matrix is deflated as in Step 3 of Algorithm A.1. Specifically, X(j) is

obtained by removing the linear projection of each predictor x
(j−1)
i onto f j via ordinary

least squares. The target, however, is deflated according to the quantile-covariance cri-

terion by defining y
(j)
τ as the residuals from the τ -quantile regression of y

(j−1)
τ on f j.

Accordingly, the quantile extension of PLS relies on the covariance criterion for the pre-

dictors and the quantile-covariance criterion for the target. This quantile-based deflation

is the key idea underlying the automatic-proxy construction in Qcov3PRF. As shown

in the main text, Assumption 1 requires the recovery of K∗
f ≥ Kf,τ relevant factors,

and Theorem 3 proves that the transformed deflated residuals I(y
(j)
τ > 0) are linearly

independent and span only these factors.

The relationship between Qcov3PRF and the quantile analogue of PLS is most easily

seen in the case of a single predictive index. The resulting quantile PLS algorithm can

then be written as:

1. Set ϕi,τ = x′
iyτ , and ϕτ = (ϕ1,τ , . . . , ϕN,τ )

′, where yτ = I(y −Qτy > 0).

2. Set ft = x
′
tϕτ , and f = (f1, . . . , fT )

′.

3. The forecast for the conditional τ -quantile of yt+1 is obtained from running a quantile

regression of yt+1 on ft.

This forecast is the same we obtain with Qcov3PRF when K∗
f = 1.
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A.4 Additional simulation results

A.4.1 Asymptotic normality in finite samples

We consider two simulation designs based on Eq.(15). For each design, three panels are

reported to illustrate the convergence of the standardized forecast statistic to its asymp-

totic standard normal distribution as the cross-sectional and time dimensions increase.

In DGP(A), the model contains two relevant factors and no irrelevant factors, implying

K = K∗
f = 2. The parameter values are β1,τ = 2, β2,τ = 0, γ1 = γ2 = 0.5, and σu = 2.0,

with the idiosyncratic errors, εi,t, i.i.d. standard normal. DGP(B) extends this design

by including a third relevant factor, so that K = K∗
f = 3. All remaining parameters

and distributions are unchanged, except that β2,τ = 2. Each experiment consists of 5,000

Monte Carlo replications. In both designs, the empirical distributions of the standardized

forecasts closely track the standard normal density, and the approximation improves as

(N) and (T ) increase, consistent with the asymptotic results established in Theorem 3.

In Figure A.1, for the first simulation design (top row), the null hypothesis of stan-

dard normality cannot be rejected for the standardized forecasting statistic at any of

the sample sizes considered. In the second design (bottom row), the null is rejected

except in the largest sample (N = 2500, T = 5000). Inspection of the empirical dis-

tributions indicates that these rejections are largely attributable to finite-sample bias at

N = 100, T = 200 and N = 500, T = 1000, which becomes negligible as both N and T

increase. Taken together, the Monte Carlo evidence supports the theoretical results by

showing that Qcov3PRF consistently estimates the infeasible best conditional quantile

forecasts and that the asymptotic normal approximation becomes increasingly accurate

in larger samples.
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Figure A.1: Simulated distribution of Q̂τ
yt+h|f̂t

with h = 1 and τ = 0.1.

A.4.2 Consistency in finite samples

We also conduct additional simulation experiments to investigate the finite-sample consis-

tency of the infeasible forecast β̂0,τ + β̂
′
τ F̂ t. We report the Mean Absolute Error (MAE),

the Mean Squared Error (MSE), and the standard correlation between the true condi-

tional quantile Qτ
yt+1|F t

and the estimated conditional quantile Q̂τ
yt+1|F̂ t

. Throughout, we

consider the following location-scale model:

yt+1 = −f1,t − 0.5f2,t + (0.5f2,t + f3,t)ξt+1, (A.13)

xt = ϕ′
ff t + ϕ

′
ggt + εt, (A.14)

where εit ∼ N (0, 1), ϕf,i ∼ N (0, 1), ϕg,i ∼ N (0, 1), ξt ∼ N (0, 1) i.i.d. We consider two

DGPs with six latent factors, of which three are relevant (K = 6 and K∗
f = 3). In both

cases, the relevant factors are independently generated as f1,t ∼ U [0, 1], f2,t ∼ U [0, 2],

and f3,t ∼ U [0, 3]. The two DGPs differ only in the distribution of the irrelevant factors.
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Specifically, DGP (A.14.a) assumes gi,t ∼ N(0, 1) independently for i = 1, 2, 3, whereas

DGP (A.14.b) assumes independent skew-normal distributions with location parameter

0, scale parameters σi ∈ {1.25, 1.5, 1.75}, and skewness parameter 100. In both DGPs,

the conditional quantile function is Qτ
yt+1|F t

= β1f1,t + β2f2,t + β3f3,t, where β1 = −1,

β2 = −0.5 + 0.5×Qτ
ηt+1

and β3 = Qτ
ηt+1

.

Table A.1 reports the results for τ ∈ {0.05, 0.10, 0.25}. Across both DGPs (A.14.a

and A.14.b), the MAE and MSE decrease toward zero, whereas the correlation between

the true and estimated conditional quantiles approaches one as both N and T increase.

Although the MAE and MSE when using Qcov3PRF for three relevant factors (denoted as

Qcov3PRF3) are not the highest, they are very close to the highest ones which come from

using PCQR with six factors (denoted as PCQR6). PCQR6 is included as a benchmark

because PCQR has been shown to be consistent (Ando and Tsay, 2011; Giglio et al.,

2016). Although PQR and Qcov3PRF1 also exhibit convergence to zero as N and T

increase, their performance is systematically weaker. Since the true DGP contains three

relevant factors, the superior performance of Qcov3PRF3 and PCQR6 is in line with the

inconsistency of PQR and Qcov3PRF1.A.5

A.5This finding is consistent with the results of Kelly and Pruitt, 2015, who show that forecasts based on
a single relevant factor are inconsistent whenever Kf ≥ 2. Nevertheless, such forecasts can still achieve
in-sample and out-of-sample R2

τ values close to those obtained using the correct number of relevant
factors. Consistency is obtained only under the knife-edge case in which the relevant factors and their
associated loadings have identical variances.
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Table A.1: In-sample MAE, MSE and correlations with DGP (A.13)-(A.14).

DGP (A.14.a) DGP (A.14.b)
T = N τ Qcov3PRF3 Qcov3PRF1 PQR PCQR6 Qcov3PRF3 Qcov3PRF1 PQR PCQR6

MAE 100 0.05 0.843 0.880 0.805 0.857 0.459 0.528 0.509 0.394
MSE 1.187 1.285 1.080 1.257 0.336 0.439 0.410 0.257

Correlation 0.844 0.794 0.840 0.819 0.637 0.406 0.460 0.755
MAE 200 0.05 0.593 0.873 0.796 0.568 0.340 0.476 0.457 0.269
MSE 0.584 1.223 1.024 0.543 0.184 0.359 0.331 0.118

Correlation 0.914 0.770 0.815 0.923 0.824 0.533 0.576 0.892
MAE 1000 0.05 0.272 0.561 0.515 0.240 0.132 0.328 0.303 0.111
MSE 0.120 0.502 0.418 0.095 0.028 0.179 0.154 0.020

Correlation 0.984 0.912 0.929 0.989 0.976 0.789 0.821 0.983
MAE 100 0.10 0.685 0.814 0.769 0.667 0.372 0.428 0.419 0.311
MSE 0.786 1.067 0.960 0.756 0.222 0.290 0.281 0.159

Correlation 0.821 0.693 0.736 0.835 0.701 0.473 0.512 0.792
MAE 200 0.10 0.483 0.667 0.626 0.451 0.265 0.378 0.365 0.212
MSE 0.388 0.716 0.632 0.339 0.113 0.227 0.213 0.073

Correlation 0.915 0.798 0.829 0.928 0.856 0.593 0.631 0.910
MAE 1000 0.10 0.232 0.453 0.426 0.192 0.108 0.242 0.229 0.090
MSE 0.087 0.322 0.283 0.061 0.019 0.099 0.088 0.013

Correlation 0.981 0.912 0.924 0.989 0.976 0.839 0.858 0.985
MAE 100 0.25 0.589 0.580 0.573 0.506 0.295 0.317 0.313 0.231
MSE 0.587 0.544 0.534 0.431 0.142 0.160 0.157 0.088

Correlation 0.739 0.629 0.654 0.789 0.726 0.524 0.553 0.801
MAE 200 0.25 0.409 0.472 0.461 0.348 0.210 0.269 0.262 0.161
MSE 0.279 0.358 0.342 0.202 0.071 0.116 0.111 0.042

Correlation 0.862 0.743 0.764 0.896 0.859 0.650 0.676 0.909
MAE 1000 0.25 0.197 0.331 0.321 0.150 0.095 0.163 0.155 0.068
MSE 0.063 0.170 0.160 0.037 0.015 0.045 0.041 0.007

Correlation 0.963 0.873 0.882 0.982 0.966 0.870 0.884 0.984
Note: MAE and MSE denote the mean absolute error and the mean squared error, respectively. These measures consider the difference between
the true conditional quantile of the target variable and the estimated forecast. Correlation reports the standard linear correlation and considers
the same two time series. We run 1000 simulations. In both DGPs we consider six factors, three are relevant. Qcov3PRF# denotes Qcov3PRF
implementation with # number of factors, similarly for PCQR#.

A.5 Additional empirical results

A.5.1 In-sample analysis

Table A.2 presents the p-values from the Christoffersen conditional coverage tests for the

in-sample predicted conditional 5% and 95% quantiles of IP growth.
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Table A.2: P-values of Christoffersen coverage tests for IP growth in-sample predictions.
unconditional coverage conditional coverage unconditional coverage conditional coverage

Method 5% quantile 5% quantile 95% quantile 95% quantile
quarterly growth, h = 3 months

NFCI 0.703 0.000 0.763 0.034
Risk 0.457 0.000 0.763 0.034
Credit 0.973 0.000 0.763 0.034
Leverage 0.703 0.000 0.763 0.034
Nonfin. Lev. 0.763 0.002 0.763 0.002
Qcov3PRF1 0.763 0.000 0.703 0.592
Qcov3PRF2 0.262 0.210 0.703 0.642
Qcov3PRF3 0.457 0.048 0.703 0.642
Qcov3PRF-CV 0.129 0.087 0.703 0.592
PQR 0.763 0.000 0.457 0.392
PCQR1 0.973 0.000 0.973 0.018
PCQR2 0.457 0.002 0.973 0.018
PCQR3 0.703 0.007 0.457 0.048
PCQR-IC 0.703 0.007 0.262 0.017

annual growth, h = 12 months
NFCI 0.552 0.000 0.903 0.020
Risk 0.329 0.000 0.645 0.003
Credit 0.818 0.000 0.903 0.188
Leverage 0.818 0.000 0.903 0.001
Nonfin. Lev. 0.903 0.000 0.645 0.000
Qcov3PRF1 0.552 0.003 0.168 0.112
Qcov3PRF2 0.818 0.000 0.071 0.036
Qcov3PRF3 0.168 0.112 0.329 0.255
Qcov3PRF-CV 0.168 0.112 0.071 0.036
PQR 0.818 0.000 0.168 0.112
PCQR1 0.818 0.000 0.903 0.000
PCQR2 0.552 0.000 0.645 0.002
PCQR3 0.818 0.009 0.903 0.001
PCQR-IC 0.818 0.009 0.818 0.582

Note: P-values of Christoffersen coverage tests applied to the in-sample predicted conditional 5% and 95% quantiles for IP growth. IP
growth is equal to the log difference of the current IP and IP m months before with m ∈ {3, 12}. The sample period is from 2007M06
to 2023M12. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively.
Qcov3PRF-CV and PCQR-IC take into account a maximum of 5 factors selecting the number of factors using cross-validation and
Akaike information criterion, respectively. P-values lower than 0.05 are in bold.

Figure A.2 displays the factors estimated by the alternative methods defined in Section

6 of the main text. For the conditional 5% quantile, the NFCI exhibits a high standard

correlation with both the first PCQR factor and the PQR factor in cases (i) and (ii). By

contrast, its correlation with the Qcov3PRF factors is considerably lower. This finding

suggests that the financial conditions captured by the NFCI and the first PCQR factor

may differ from those most relevant for predicting certain parts of the conditional dis-

tribution. It therefore provides support for allowing the relevant factors to vary across
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different quantiles and target variables.

The close correspondence between the PQR factor at the conditional 5% quantile and

the NFCI also indicates that PQR may add relatively little information beyond the pre-

determined financial conditions index. This limitation is particularly apparent during the

recession in the COVID-19 episode: the PQR factor closely follows the NFCI and there-

fore exhibits a relatively weak response, consistent with the low predictive performance

documented in Figures 1(b-d). In contrast, the Qcov3PRF factors display substantially

more pronounced troughs during this episode, as shown in Figure A.2(b), resulting in

higher predictive power. The analysis of the conditional 95% quantile leads to simi-

lar insights. While the PQR factors successfully capture the peak associated with the

COVID-19 episode (see Figure A.2(d)), neither the NFCI nor the PCQR factors capture

this pronounced boom (see Figure A.2(a)). By contrast, the Qcov3PRF factors exhibit a

strong response to the episode. Overall, the PQR factor remains highly correlated with

the first Qcov3PRF factor in most cases, except in panel A.2(ii,c).

Figures A.3-A.9 show the loadings (standardized and in absolute value) of the NFCI

and the corresponding factors estimated by PCQR, PQR and Qcov3PRF. To identify

clearly the heterogeneity of the loadings across different quantiles and targets we clas-

sify the financial indicators used into fifteen subcategories, which come from five cat-

egories: (1) Money Markets & Wholesale Funding, which includes Unsecured Bank Funding,

Secured (Repo) Financing, and Corporate Short-Term Liquidity; (2) Equity Markets & Options

Volatility, which includes Implied Equity Volatility (Fear Gauges), Fixed-Income Volatility, and

Cross-Asset Volatility Dispersions; (3) Traditional Banking Sector: Balance Sheets & Surveys,

which includes Qualitative Credit Tightness (SLOOS), Interbank Counterparty Stress, and

Structural Bank Health (Liquidity & Capitalization); (4) Corporate Bond & Non-Bank Credit

Markets, which includes Investment-Grade Corporate Debt, High-Yield & Distressed Corporate

Credit, and Structured Finance & Shadow Banking (MBS/CMBS); and (5) Macro Leverage &
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(i) quarterly growth, h=3 months

(ii) annual growth, h=12 months

Figure A.2: Standarized factors estimated by: (a) PCQR, (b) Qcov3PRF and PQR predicting IP growth
conditional 5% quantile, (c) Qcov3PRF and PQR predicting IP growth conditional 50th quantile, and (d)
Qcov3PRF and PQR predicting IP growth conditional 95% quantile. Some standard correlations between
factors are shown. F̂mk denotes the kth factor estimated by the methodm ∈ {PCQR,PQR,Qcov3PRF}.
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Structural Delinquencies, which includes Non-Financial Corporate Leverage, Household Debt

Accumulation, and Systemic Default Realization.A.6

To facilitate comparisons across factor loadings and provide an interpretation of the

estimated factors, Table A.3 reports the 20 loadings with the largest absolute values

for each factor, classified into the five broad categories. We see that although groups

(1),(2) and (5) are not strongly associated with the NFCI, variables belonging to these

groups frequently appear among those with the largest loadings of the relevant Qcov3PRF

factors. This suggests that the information captured by the relevant factors extends

beyond that summarized by the NFCI.

We also find substantial heterogeneity in the composition of the Qcov3PRF factors

across different quantile levels. For quarterly IP growth three months ahead, the first

factor associated with the left tail places greater weight on groups (1), (3), and (4),

whereas the corresponding factor for the median places greater weight on groups (3)-(5),

and the factor for the right tail places greater weight on groups (4)-(5). The second

factor reinforces the evidence that group (3), Traditional Banking Sector: Balance Sheets

& Surveys, is particularly prominent for the left tail and median, whereas group (5),

Macro Leverage & Structural Delinquencies, is more prominent for the median and right

tail. Furthermore, for annual IP growth twelve months ahead, group (1), Money Markets

& Wholesale Funding, is more prominent among the factors associated with the left tail,

while group (5) plays a larger role for the median and right tail. Overall, these results

indicate that the financial variables underlying the relevant factors vary with the target

variable, forecast horizon, and quantile level. This heterogeneity is accommodated by

Qcov3PRF and represents an important improvement from PQR, which extracts only

one relevant factor.A.7

A.6The details of the corresponding mnemonics, subcategories and the NFCI weights/loadings for each
indicator are summarized in Table A.15.
A.7Although the factor loadings obtained from PQR and those of the first Qcov3PRF factor do not

exhibit a clear similarity, the corresponding factors are highly correlated in the empirical application, as
shown in Figure A.2. Moreover, our simulation results indicate that the two factors are asymptotically
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Figure A.3: Standardized factor loadings in absolute value corresponding to (a) the NFCI, (b) the
first PCQR factor, and (c) the second PCQR factor. The financial indicators underlying the NFCI
are grouped into fifteen subcategories, which are further grouped into five broad categories: (1) Money
Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking Sector:
Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro Leverage &
Structural Delinquencies. The subcategories listed in each row of the legend correspond to the respective
broad category.
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Figure A.4: Standardized factor loadings, expressed in absolute value, corresponding to the relevant fac-
tors for the conditional 5% quantile of quarterly IP growth at a three-month-ahead forecast
horizon (h = 3). Panels (a), (b), and (c) report the loadings obtained from PQR, the first Qcov3PRF
factor, and the second Qcov3PRF factor, respectively. The financial indicators underlying the NFCI
are grouped into fifteen subcategories, which are further grouped into five broad categories: (1) Money
Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking Sector:
Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro Leverage &
Structural Delinquencies. The subcategories listed in each row of the legend correspond to the respective
broad category.
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Figure A.5: Standardized factor loadings, expressed in absolute value, corresponding to the relevant
factors for the 50th conditional quantile of quarterly IP growth at a three-month-ahead
forecast horizon (h = 3). Panels (a), (b), and (c) report the loadings obtained from PQR, the first
Qcov3PRF factor, and the second Qcov3PRF factor, respectively. The financial indicators underlying
the NFCI are grouped into fifteen subcategories, which are further grouped into five broad categories: (1)
Money Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking
Sector: Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro
Leverage & Structural Delinquencies. The subcategories listed in each row of the legend correspond to
the respective broad category.
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Figure A.6: Standardized factor loadings, expressed in absolute value, corresponding to the relevant
factors for the conditional 95% quantile of quarterly IP growth at a three-month-ahead
forecast horizon (h = 3). Panels (a), (b), and (c) report the loadings obtained from PQR, the first
Qcov3PRF factor, and the second Qcov3PRF factor, respectively. The financial indicators underlying
the NFCI are grouped into fifteen subcategories, which are further grouped into five broad categories: (1)
Money Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking
Sector: Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro
Leverage & Structural Delinquencies. The subcategories listed in each row of the legend correspond to
the respective broad category.

44



Figure A.7: Standardized factor loadings, expressed in absolute value, corresponding to the relevant
factors for the conditional 5% quantile of annual IP growth at a twelve-month-ahead forecast
horizon (h = 12). Panels (a), (b), and (c) report the loadings obtained from PQR, the first Qcov3PRF
factor, and the second Qcov3PRF factor, respectively. The financial indicators underlying the NFCI
are grouped into fifteen subcategories, which are further grouped into five broad categories: (1) Money
Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking Sector:
Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro Leverage &
Structural Delinquencies. The subcategories listed in each row of the legend correspond to the respective
broad category.
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Figure A.8: Standardized factor loadings, expressed in absolute value, corresponding to the relevant fac-
tors for the 50th conditional quantile of annual IP growth at a twelve-month-ahead forecast
horizon (h = 12). Panels (a), (b), and (c) report the loadings obtained from PQR, the first Qcov3PRF
factor, and the second Qcov3PRF factor, respectively. The financial indicators underlying the NFCI
are grouped into fifteen subcategories, which are further grouped into five broad categories: (1) Money
Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking Sector:
Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro Leverage &
Structural Delinquencies. The subcategories listed in each row of the legend correspond to the respective
broad category.
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Figure A.9: Standardized factor loadings, expressed in absolute value, corresponding to the relevant
factors for the conditional 95% quantile of annual IP growth at a twelve-month-ahead forecast
horizon (h = 12). Panels (a), (b), and (c) report the loadings obtained from PQR, the first Qcov3PRF
factor, and the second Qcov3PRF factor, respectively. The financial indicators underlying the NFCI
are grouped into fifteen subcategories, which are further grouped into five broad categories: (1) Money
Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking Sector:
Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro Leverage &
Structural Delinquencies. The subcategories listed in each row of the legend correspond to the respective
broad category.
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Table A.3: Summary of the factor loadings.

Category

Target τ Method 1 2 3 4 5
NFCI −−− − ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ −

PCQR, first factor −−− −− ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗
PCQR, second factor − − −−− ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗

Quarterly IP growth,h = 3 month

PQR − −− ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗
0.05 Qcov3PRF, first factor ∗ ∗ ∗∗ −−− ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −−

Qcov3PRF, second factor −− − ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
PQR ∗ ∗ ∗∗ −−− ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −

0.50 Qcov3PRF, first factor −− −− ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗∗
Qcov3PRF, second factor − −−− ∗ ∗ ∗ ∗ ∗ −−− ∗ ∗ ∗ ∗ ∗ ∗ ∗∗

PQR −− −−− ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ − ∗ ∗ ∗∗
0.95 Qcov3PRF, first factor −−− −− −−− ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗

Qcov3PRF, second factor ∗ ∗ ∗∗ −−− −− ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗

Annual IP growth,h = 12 month

PQR −− −−− −−− ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗
0.05 Qcov3PRF, first factor ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −−− −−

Qcov3PRF, second factor ∗ ∗ ∗ ∗ ∗ −−− ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ −−−
PQR ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗ −

0.50 Qcov3PRF, first factor −− −−− −− ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗
Qcov3PRF, second factor −−− −− −−− ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗∗

PQR ∗ ∗ ∗ ∗ ∗ ∗ ∗ − ∗ ∗ ∗ ∗ ∗ ∗ ∗ −− −−−
0.95 Qcov3PRF, first factor −− ∗ ∗ ∗∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗

Qcov3PRF, second factor −−− −−− −−− ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗

Note: The symbols − and ∗ identify financial variables whose factor loadings are among the 20 largest in absolute value for the corresponding factor. The
symbol − is used when the number of identified variables in a given category and case is at most three, whereas ∗ is used otherwise. The financial indicators
are grouped into five broad categories: (1) Money Markets & Wholesale Funding, (2) Equity Markets & Options Volatility, (3) Traditional Banking Sector:
Balance Sheets & Surveys, (4) Corporate Bond & Non-Bank Credit Markets, and (5) Macro Leverage & Structural Delinquencies. Groups with ∗ are in
bold.

Figure A.10 shows the in-sample ES at the 5th percentile and the EL at the 95th

percentile of the conditional distribution of IP growth for QR with NFCI, PCQR, PQR,

and Qcov3PRF. Consistent with the conditional quantile estimates, Qcov3PRF generates

the greatest asymmetry between downside and upside risk. In particular, the estimated

EL varies only modestly over time, whereas the ES exhibits pronounced fluctuations,

reinforcing the evidence that financial conditions have a considerably stronger effect on

the lower tail of the conditional distribution.

equivalent. Thus, the differences in their estimated loadings may reflect finite-sample variation and are
expected to diminish as the sample size increases.
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(i) quarterly growth, h=3 months

(ii) annual growth, h=12 months

Figure A.10: Conditional expected shortfall (longrise) of the IP growth after the conditional parametric
distribution is determined with the conditional quantiles estimated by: (a) Qcov3PRF with the number
of factors determined by cross-validation, (b) PCQR with the number of factors determined by AIC, (c)
Quantile Regression with NFCI as a regressor, and (d) PQR.

49



A.5.2 Out-of-sample analysis

To evaluate whether the forecasting gains from Qcov3PRF have economic value, we trans-

late improvements in out-of-sample forecast accuracy into a Taylor-rule-type policy re-

sponse. We assume that the central bank intervenes whenever the predicted GaR falls

below a critical threshold, either by injecting liquidity or by reducing the policy interest

rate by a given number of basis points. These interventions are assumed to entail an

economic cost but, when undertaken sufficiently early, to flatten the lower tail of the

conditional growth distribution and prevent a severe recession. We measure the resulting

utility gain as the difference between the loss under the historical-average benchmark,

represented by the unconditional historical quantile, and the loss under the model-based

forecasts. A positive and statistically significant utility gain indicates that the forecasting

improvements of Qcov3PRF are economically significant rather than merely statistical.A.8

To implement the scenario-based policy simulation, we construct a “counterfactual”

measure of realized IP growth, denoted by ŷct+h,
A.9 as follows:

yct+h

(
Q0.05
yt+h|It

)
≡ yt+h − Apolicyt · C + Apolicyt · Acrisist ·B, (A.15)

where yt+h denotes the observed IP growth, while Apolicyt = I
(
Q̂0.05
yt+h|It

< γpolicy

)
defines

the policy trigger rule and Acrisist = I(Q̂0.05
yt+h|It

< γcrisis) indicates the occurrence of an

economic crisis. The vector I t represents the information available to the policymaker

at time t, and γpolicy is the threshold below which policy intervention is triggered. The

parameter C captures the cost of implementing the intervention, whereas B captures

its potential benefit. Finally, γcrisis denotes the threshold defining a crisis episode. We

assume that γcrisis ≤ γpolicy, so that policy intervention occurs before the economy reaches

A.8For this utility-gain evaluation strategy, we follow the approaches of Brandao-Marques et al., 2020,
Suarez, 2022, and Chavleishvili et al., 2026.
A.9This analysis was originally formulated in terms of GDP growth. In our application, we replace GDP

growth with IP growth and adjust the corresponding parameters accordingly.
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the crisis threshold. We set the parameter values of B, C, γpolicy and γcrisis by taking

into account the nature of the target variable. In particular, when the target is IP

quarterly growth we set B = 0.5%, C = 0.25%, γpolicy = −0.5% and γcrisis = −1.0%, and

when the target is IP annual growth we set B = 1.8%, C = 0.8%, γpolicy = −1.5% and

γcrisis = −3.0%.A.10

To quantify the utility gains from the improved forecasts, we consider the following

asymmetric quadratic loss function:

L(et+h) = ω1e
2
t+h · I(et+h > 0) + ω2e

2
t+h · I(et+h ≤ 0) (A.16)

where ω2 = 3ω1, ω1 = 2 and et+h = yct+h − yt+h denotes the forecast error associated

with the counterfactual outcome.A.11 We define the utility gain as the difference in loss

between the benchmark and model-based forecasts:

L(ēt+h)− L(êt+h) ≡ L
(
ȳct+h − yt+h

)
− L

(
ŷct+h − yt+h

)
, (A.17)

where ȳct+h = yct+h

(
Q̄0.05
yt+h

)
and ŷct+h = yct+h

(
Q̂0.05
yt+h|F t

)
. Table A.4 presents the utility

gains associated with conditional 5% quantile forecasts of quarterly and annual IP growth

for the sample periods 2011M08–2023M12 and 2015M10–2023M12, respectively. The

results are reported for Qcov3PRF and the alternative forecasting methods considered

above. All Qcov3PRF specifications generate positive and statistically significant utility

gains after the DM test is applied to the loss function in Eq.(A.16). In many cases, the

Qcov3PRF specifications generate utility gains that are statistically significantly greater

than those achieved by the alternative methods.

A.10The crisis thresholds, −1% and −3%, are inferred from Berge and Jordà, 2011 and Hamilton, 2016,
respectively, while the policy thresholds, −0.5% and −1.5%, follow Caldara et al., 2026 and Adrian et al.,
2019. The parameters C and B are calibrated considering Christiano et al., 1999, Romer and Romer,
2004, and Dedola and Lippi, 2005, respectively.
A.11The results are robust to alternative positive values of ω1 and to alternative asymmetric loss func-
tions, such as the LINEX (linear-exponential) loss function. Results are available upon request.
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Table A.4: Utility gains of 5% quantile expanding window forecasts for IP growth.

quarterly growth, h = 3 annual growth, h = 12

OOS sample 2011M08-2023M12 2015M10-2023M12 2011M08-2023M12 2015M10-2023M12

NFCI 0.082 0.000 1.083 0.000
Risk 0.086 0.013 1.537 0.760
Credit 0.074 0.000 1.214 0.000
Leverage 0.110 0.021 2.222 0.981
Nonfin. Lev. 0.116 0.035 2.215 0.651

Qcov3PRF1 0.106 0.012 1.615 0.177
Qcov3PRF2 0.1238 0.07610 2.2478 0.937
Qcov3PRF3 0.14610 0.10010 2.3978 1.1448

Qcov3PRF-CV 0.1329 0.07310 2.0407 0.611

PQR 0.097 0.005 1.574 0.054

PCQR1 0.081 0.012 1.596 0.177
PCQR2 0.078 0.005 1.380 0.301
PCQR3 0.089 0.021 1.987 0.587
PCQR-IC 0.099 0.009 1.702 0.109

Note: The utility gains from 5% quantile forecasts are reported. It evaluates the forecasts performance using the samples 2011M08-
2023M12 and 2015M08-2023M12. The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that
construct the NFCI and do not overlap. The IP growth is equal to the log difference of the current IP and the IP m months
before, where m ∈ {3, 12}. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors,
respectively. Qcov3PRF-CV and PCQR-IC take into account a maximum of 5 factors selecting the number of factors using cross-
validation and Akaike information criterion, respectively. Highest values for each case are in bold. Superscripts report the number
of non-Qcov3PRF competing methods for which a t-paired test (for the asymmetric loss function (A.16)) rejects equal utility gain
in favor of the corresponding Qcov3PRF2, Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level. Only numbers
greater or equal than 7 are reported.

As a further robustness exercise, we broaden the out-of-sample forecasting analysis

by considering quarterly IP growth at horizons h ∈ {1, 12} and annual IP growth at

horizons h ∈ {1, 3}. We additionally assess the sensitivity of the results to the estimation

scheme by employing rolling windows of 50 observations. The same set of forecasting

methods used in the main analysis is retained.A.12 The corresponding evaluation periods

are 2011M08-2023M12 and 2015M10-2023M12. Tables A.5-A.14 present the resulting

out-of-sample R2
τ values for quarterly and annual IP growth at the horizons considered.

A.12The three-factor specification of Qcov3PRF is excluded from the rolling-window analysis, as the
smaller estimation samples occasionally generate multicollinearity problems.
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Table A.5: Out-of-sample R2
τ (%) IP quarterly growth with expanding window and h = 1

month.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 19.9 14.9 3.7 -4.3 -6.1 -3.9 -1.1
QR with Risk 16.3 10.3 -5.5 -9.9 -8.8 -4.6 -2.0
QR with Credit 26.5 19.4 9.3 1.2 -2.7 -3.7 -1.0
QR with Leverage 17.1 12.6 0.1 -6.9 -6.8 -3.5 -5.0
QR with Nonfin. Lev. 18.4 13.1 7.6 2.4 -2.1 -2.1 -2.1
Qcov3PRF1 21.8 16.9 8.9 2.6 4.2 8.2 9.7
Qcov3PRF2 43.38 30.28 17.19 5.0 2.37 10.98 8.7
Qcov3PRF3 52.58 35.09 19.110 12.310 6.89 2.5 21.6
Qcov3PRF-CV 37.6(2.1)8 40.2(2.4)9 16.0(2.9) 8.6(2.7)9 1.3(2.7)7 8.7(2.1)8 4.9(2.1)
PQR 25.1 16.5 8.0 2.2 3.0 8.2 11.0
PCQR1 18.4 16.2 5.1 -1.8 -5.7 -0.6 -0.7
PCQR2 25.5 15.6 3.0 -3.8 -5.3 3.0 1.8
PCQR3 46.8 31.1 11.0 -0.9 -8.5 -6.3 -1.3
PCQR-IC 49.0(4.8) 29.4(4.1) 13.0(4.7) 1.0(4.8) -6.8(4.6) -3.9(3.9) -3.3(4.2)

evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI 12.4 6.7 1.9 1.4 1.8 1.0 0.4
QR with Risk 9.6 3.8 -5.5 -2.6 0.3 0.3 -0.3
QR with Credit 17.6 9.2 5.9 4.8 3.6 0.4 -0.3
QR with Leverage 11.4 6.2 -2.2 -0.4 1.0 0.2 -2.2
QR with Nonfin. Lev. 6.8 0.4 2.1 3.3 1.6 1.4 -0.3
Qcov3PRF1 15.6 8.2 5.5 4.0 5.8 5.7 7.9
Qcov3PRF2 37.28 22.78 16.89 10.2 5.0 9.0 7.5
Qcov3PRF3 47.17 28.78 16.08 14.910 10.27 0.7 22.7
Qcov3PRF-CV 28.3(2.2)7 37.0(2.9)8 13.5(2.8)7 11.3(2.4)9 5.5(2.3) 7.6(2.0) 4.2(2.0)
PQR 20.0 8.6 5.4 5.2 7.0 7.1 9.9
PCQR1 10.5 7.5 2.0 2.4 2.6 3.2 2.1
PCQR2 18.0 6.9 1.7 1.9 2.6 3.2 1.7
PCQR3 44.2 27.5 11.5 4.4 -3.7 -6.2 -1.6
PCQR-IC 45.5(4.6) 23.9(4.6) 10.1(4.6) 4.0(4.7) -2.1(4.5) -3.8(3.7) -3.7(4.4)

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI and do not overlap.
The IP quarterly growth is equal to the log difference of the current IP and the IP 3 months before. Qcov3PRF# and PCQR# denote
Qcov3PRF and PCQR implementation with # number of factors, respectively. Qcov3PRF-CV and PCQR-IC take into account a
maximum of 5 factors selecting the number of factors using cross-validation and Akaike information criterion, respectively. The
number in parenthesis shows the mean the estimated number of factors determined by these criteria for each forecast. The predictors
are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report the number of
non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of the corresponding Qcov3PRF2,
Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level. Only numbers greater or equal than 7 are reported.
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Table A.6: Out-of-sample R2
τ (%) IP quarterly growth with expanding window and h = 12

month.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 9.4 6.6 -0.5 -0.3 0.9 0.1 -2.0
QR with Risk 7.5 5.9 -0.1 0.2 0.2 -2.0 -4.0
QR with Credit 9.7 6.3 -0.9 -0.7 1.6 1.4 0.2
QR with Leverage 13.3 7.0 -5.1 -0.1 1.4 1.1 0.4
QR with Nonfin. Lev. 16.9 12.2 -0.5 -1.2 0.7 2.0 0.8
Qcov3PRF1 16.4 11.5 -1.8 1.3 1.8 -0.7 -0.3
Qcov3PRF2 20.17 16.38 3.57 1.8 0.3 -0.1 1.2
Qcov3PRF3 20.6 17.29 3.0 3.5 2.1 -2.0 -1.4
Qcov3PRF-CV 20.8(2.8) 17.9(2.9)9 0.4(2.1) 4.1(2.5) 1.9(1.8) -2.4(2.1) 0.4(2.0)
PQR 14.9 11.0 1.1 2.6 1.3 -0.5 0.6
PCQR1 9.8 2.5 -4.6 -0.7 0.7 0.3 -0.3
PCQR2 16.5 11.0 -6.0 1.3 0.5 -1.5 -0.9
PCQR3 15.9 11.6 -4.3 1.9 -0.7 -0.6 -2.6
PCQR-IC 17.3(4.0) 14.8(4.5) -1.0(5.0) 3.0(5.0) -2.6(2.7) 0.3(3.5) 1.6(4.1)

evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI 1.6 -2.1 -0.6 -1.2 -1.7 -4.2 -4.2
QR with Risk -1.6 -0.7 -1.4 -1.4 -3.3 -7.1 -6.6
QR with Credit 1.1 -2.9 -0.2 -0.9 -0.4 -2.5 -2.6
QR with Leverage 3.1 -0.1 -1.8 -0.4 -0.4 -2.7 -2.1
QR with Nonfin. Lev. 8.4 7.0 2.7 1.3 -0.5 -2.0 -2.1
Qcov3PRF1 6.4 4.9 -6.9 0.5 -1.3 -4.9 -2.3
Qcov3PRF2 8.0 5.98 -1.4 -1.1 -3.3 -5.7 -1.8
Qcov3PRF3 8.6 6.28 -1.3 1.4 -1.2 -8.2 -6.1
Qcov3PRF-CV 8.8(2.7) 7.0(2.7)8 -3.2(1.4) 4.4(2.4)7 -2.7(1.3) -7.2(2.2) -2.5(1.9)
PQR 5.1 1.6 -2.1 0.5 -1.7 -5.2 -1.3
PCQR1 2.7 -2.0 -1.1 -1.1 -1.3 -3.6 -2.7
PCQR2 5.3 -0.5 -9.0 0.3 -3.0 -7.2 -2.8
PCQR3 3.0 -1.2 -7.7 0.8 -3.4 -6.5 -5.7
PCQR-IC 5.0(3.7) 5.0(4.5) -2.9(5.0) 2.8(5.0) -5.0(2.8) -3.6(3.7) 0.1(4.4)

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI and do not overlap.
The IP quarterly growth is equal to the log difference of the current IP and the IP 3 months before. Qcov3PRF# and PCQR# denote
Qcov3PRF and PCQR implementation with # number of factors, respectively. Qcov3PRF-CV and PCQR-IC take into account a
maximum of 5 factors selecting the number of factors using cross-validation and Akaike information criterion, respectively. The
number in parenthesis shows the mean the estimated number of factors determined by these criteria for each forecast. The predictors
are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report the number of
non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of the corresponding Qcov3PRF2,
Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level. Only numbers greater or equal than 7 are reported.
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Table A.7: Out-of-sample R2
τ (%) IP annual growth with expanding window and h = 1

month.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 38.3 36.6 9.8 -1.9 -17.0 -9.8 -4.6
QR with Risk 28.8 25.4 -6.0 -13.4 -20.8 -12.5 -9.0
QR with Credit 49.2 44.7 23.5 7.4 -10.5 -5.6 0.3
QR with Leverage 48.3 43.0 13.4 -3.6 -13.3 -6.9 -0.6
QR with Nonfin. Lev. 29.7 28.6 15.4 5.8 -3.9 -3.6 0.3
Qcov3PRF1 43.0 38.2 26.1 9.0 6.1 8.2 12.2
Qcov3PRF2 52.2 56.510 40.910 33.910 12.010 9.110 5.5
Qcov3PRF3 55.1 54.410 43.610 34.910 23.410 20.510 22.010

Qcov3PRF-CV 55.6(2.6) 53.5(3.5)10 46.4(3.4)10 37.1(2.9)10 20.5(2.6)10 11.1(2.6)10 9.9(1.3)9

PQR 52.2 46.8 25.4 8.5 0.8 2.8 7.8
PCQR1 47.4 38.6 10.2 0.1 -7.6 -2.6 3.6
PCQR2 43.0 39.4 8.0 -5.2 -17.0 -8.3 -3.5
PCQR3 51.2 46.1 18.0 7.1 -9.2 -3.8 2.6
PCQR-IC 51.1(4.8) 45.9(4.4) 31.8(4.7) 12.4(4.7) -9.7(4.5) 1.8(4.8) 1.7(4.6)

evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI 19.7 13.6 -4.0 7.8 0.1 -1.3 3.9
QR with Risk 10.5 0.9 -21.5 -1.3 -1.7 -4.0 -2.2
QR with Credit 33.0 21.8 10.7 14.9 5.3 5.0 9.1
QR with Leverage 37.7 27.9 1.2 5.3 1.3 -0.6 4.0
QR with Nonfin. Lev. -1.0 -11.4 -6.4 7.3 1.9 1.9 5.5
Qcov3PRF1 30.9 20.3 18.3 16.1 11.2 8.2 9.4
Qcov3PRF2 41.2 46.210 37.910 44.010 18.57 7.0 2.3
Qcov3PRF3 46.3 41.87 39.310 44.810 32.910 23.79 22.58

Qcov3PRF-CV 50.6(2.8) 40.9(3.7)7 42.6(3.6)10 44.8(3.0)10 27.1(2.7)10 11.3(2.0)8 9.8(1.3)
PQR 46.9 36.1 18.9 16.8 12.3 6.2 9.5
PCQR1 37.7 18.4 -7.0 5.7 1.9 3.3 8.8
PCQR2 30.1 23.4 -3.3 7.8 0.6 1.0 3.0
PCQR3 46.1 36.9 13.7 25.7 17.3 14.1 17.0
PCQR-IC 38.1(4.8) 26.1(4.5) 29.6(4.8) 29.7(4.7) 15.8(4.7) 17.7(4.6) 9.7(4.4)

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI and do not overlap.
The IP quarterly growth is equal to the log difference of the current IP and the IP 12 months before. Qcov3PRF# and PCQR#
denote Qcov3PRF and PCQR implementation with # number of factors, respectively. Qcov3PRF-CV and PCQR-IC take into
account a maximum of 5 factors selecting the number of factors using cross-validation and Akaike information criterion, respectively.
The number in parenthesis shows the mean the estimated number of factors determined by these criteria for each forecast. The
predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report the
number of non-Qcov3PRF competing methods for which a DM test rejects equal predictive accuracy in favor of the corresponding
Qcov3PRF2, Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level. Only numbers greater or equal than 7 are
reported.
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Table A.8: Out-of-sample R2
τ (%) IP annual growth with expanding window and h = 3

month.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 29.1 30.0 7.6 0.2 -19.8 -18.1 -7.4
QR with Risk 24.5 22.3 -9.9 -15.9 -26.2 -22.1 -17.7
QR with Credit 35.7 37.2 22.1 9.3 -10.3 -10.6 -1.8
QR with Leverage 42.2 39.7 11.9 -2.8 -15.4 -9.1 -4.1
QR with Nonfin. Lev. 35.8 34.6 18.0 8.2 -2.0 -3.0 -0.2
Qcov3PRF1 36.8 34.7 23.3 10.8 7.8 11.4 15.1
Qcov3PRF2 42.5 41.0 33.510 25.410 11.210 9.99 8.0
Qcov3PRF3 46.07 49.410 34.710 30.210 17.010 12.49 14.38

Qcov3PRF-CV 51.4(3.3)10 50.3(2.8)10 32.4(2.6)10 32.5(2.8)10 14.1(2.3)10 14.5(3.0)9 13.1(1.9)9

PQR 41.0 38.5 21.7 10.4 2.2 8.1 11.7
PCQR1 40.8 38.6 10.7 2.2 -7.6 -6.7 2.7
PCQR2 32.6 32.5 5.3 -1.4 -19.6 -13.0 -2.0
PCQR3 30.7 31.3 8.7 0.5 -14.2 -18.2 -12.5
PCQR-IC 36.1(4.6) 37.0(4.8) 22.4(4.5) 4.1(4.5) -14.9(4.7) -21.3(4.5) -8.3(4.7)

evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI 14.5 11.0 -2.5 12.6 2.7 -4.8 3.3
QR with Risk 10.6 3.3 -20.1 0.6 -1.0 -6.5 -7.4
QR with Credit 17.4 15.3 10.4 19.1 9.7 2.2 8.9
QR with Leverage 32.8 24.4 4.9 9.5 2.0 -2.5 0.7
QR with Nonfin. Lev. 16.8 7.5 2.1 11.1 4.3 2.9 5.5
Qcov3PRF1 24.9 17.6 16.3 18.7 12.0 9.6 10.8
Qcov3PRF2 28.4 24.87 27.110 33.310 15.6 10.9 5.9
Qcov3PRF3 33.4 29.28 24.610 35.310 25.510 13.79 16.8
Qcov3PRF-CV 39.7(3.6)9 29.9(3.0)9 26.0(2.9)10 35.8(2.9)10 17.1(2.1)8 14.4(2.6)9 5.9(2.0)
PQR 30.2 24.6 14.3 18.7 15.6 13.8 13.8
PCQR1 27.0 20.5 -2.8 10.2 5.6 1.5 9.3
PCQR2 22.5 19.1 -2.7 13.0 5.2 2.6 8.6
PCQR3 18.6 17.1 2.4 18.5 13.3 -1.6 -3.6
PCQR-IC 18.5(4.6) 14.3(5.0) 12.5(4.5) 18.4(4.6) 6.8(4.8) -10.8(4.5) -1.8(4.8)

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI and do not overlap.
The IP quarterly growth is equal to the log difference of the current IP and the IP 12 months before. Qcov3PRF# and PCQR#
denote Qcov3PRF and PCQR implementation with # number of factors, respectively. Qcov3PRF-CV and PCQR-IC take into
account a maximum of 5 factors selecting the number of factors using cross-validation and Akaike information criterion, respectively.
The number in parenthesis shows the mean the estimated number of factors determined by these criteria for each forecast. The
predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report the
number of non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of the corresponding
Qcov3PRF2, Qcov3PRF3 or Qcov3PRF-CV specification at the 10% significance level. Only numbers greater or equal than 7 are
reported.
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Table A.9: Out-of-sample R2
τ (%) IP quarterly growth with rolling window and h = 1

month.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 30.1 11.2 -15.4 -13.3 -3.1 -6.7 -24.1
QR with Risk 30.7 8.6 -21.0 -11.3 -2.7 0.4 -12.5
QR with Credit 29.0 12.6 -9.0 -11.3 -3.5 -14.1 -25.7
QR with Leverage 32.9 3.3 -3.1 -4.5 -2.6 -3.7 -20.7
QR with Nonfin. Lev. -33.8 -5.5 0.4 -1.1 -2.0 -4.4 -21.3
Qcov3PRF1 45.3 33.9 4.8 4.3 0.8 8.8 20.9
Qcov3PRF2 49.48 40.49 17.7 -4.4 -0.4 12.9 21.99

PQR 44.6 30.7 12.9 2.3 -0.6 17.2 14.2
PCQR1 34.8 13.5 3.1 -8.6 -12.4 -19.5 -6.2
PCQR2 43.0 30.0 10.3 -4.0 -6.1 -9.9 5.9
PCQR3 34.7 23.8 10.4 1.3 -1.8 -16.4 -8.9

evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI 27.8 3.2 -23.6 -12.7 -0.7 -5.3 -24.7
QR with Risk 28.3 -1.1 -29.0 -9.0 0.9 2.7 -11.7
QR with Credit 24.3 0.8 -18.1 -11.1 -2.3 -14.1 -27.1
QR with Leverage 31.1 -7.8 -9.0 -2.3 0.0 -2.9 -22.2
QR with Nonfin. Lev. -52.8 -23.5 -6.1 -2.2 -1.2 -5.1 -23.7
Qcov3PRF1 42.7 27.0 -0.7 4.5 -1.1 7.4 22.0
Qcov3PRF2 48.17 36.19 15.2 -4.6 -0.8 10.8 22.78

PQR 41.9 23.9 8.7 2.9 -2.6 16.8 14.1
PCQR1 33.9 6.0 -0.4 -6.7 -11.8 -20.1 -3.5
PCQR2 41.3 23.5 8.5 -3.0 -6.1 -11.6 6.4
PCQR3 31.4 16.0 8.2 3.5 -2.2 -19.7 -9.8

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The size of the rolling window is 50. The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that
construct the NFCI and do not overlap. The IP quarterly growth is equal to the log difference of the current IP and the IP 3
months before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively.
The predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report
the number of non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of Qcov3PRF2
specification at the 10% significance level. Only numbers greater or equal than 7 are reported.

57



Table A.10: Out-of-sample R2
τ (%) IP quarterly growth with rolling window and h = 3

months.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI -0.5 1.5 -0.3 -8.1 -15.1 -12.8 -8.7
QR with Risk -39.1 -1.6 -3.0 -6.1 -15.2 -19.6 -7.1
QR with Credit 7.1 2.1 1.9 -5.1 -16.8 -8.2 0.2
QR with Leverage 3.0 9.4 5.7 0.9 -7.2 -19.8 14.1
QR with Nonfin. Lev. -31.8 -10.7 -5.0 -8.0 -3.9 -15.7 -51.7
Qcov3PRF1 34.7 13.9 6.8 4.2 1.4 15.4 16.1
Qcov3PRF2 39.88 26.4 13.28 3.6 7.07 9.47 10.9
PQR 40.5 16.5 -0.5 -1.3 7.1 9.0 10.6
PCQR1 -6.2 -8.6 -4.1 -10.7 -13.4 -22.9 -7.7
PCQR2 6.8 11.6 2.4 -1.7 -10.1 -5.0 -0.3
PCQR3 -7.6 15.5 4.1 -3.4 0.5 -10.1 3.9

evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI -7.6 -8.6 -4.7 -7.9 -17.0 -13.8 -8.0
QR with Risk -54.4 -15.2 -6.6 -3.2 -16.6 -22.2 -5.8
QR with Credit 0.1 -11.4 -4.8 -6.0 -20.1 -9.3 1.0
QR with Leverage -3.8 0.5 4.0 3.3 -5.5 -22.7 16.3
QR with Nonfin. Lev. -45.9 -26.5 -12.9 -10.0 -5.2 -18.4 -58.2
Qcov3PRF1 31.7 0.0 -1.5 2.0 -1.8 14.5 16.0
Qcov3PRF2 34.78 15.7 4.8 2.0 6.0 10.88 12.7
PQR 36.1 3.4 -13.0 -5.6 5.5 6.9 9.6
PCQR1 -15.3 -21.4 -8.2 -9.4 -13.6 -24.3 -5.6
PCQR2 -1.6 -1.1 -7.4 -4.9 -14.5 -8.0 0.4
PCQR3 -20.8 3.1 -4.5 -5.3 -0.5 -11.4 5.4

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The size of the rolling window is 50. The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that
construct the NFCI and do not overlap. The IP quarterly growth is equal to the log difference of the current IP and the IP 3
months before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively.
The predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report
the number of non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of Qcov3PRF2
specification at the 10% significance level. Only numbers greater or equal than 7 are reported.
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Table A.11: Out-of-sample R2
τ (%) IP quarterly growth with rolling window and h = 12

months.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI -30.0 -5.1 -0.8 0.1 -1.2 -2.9 -45.4
QR with Risk -34.8 -12.1 -1.8 -0.6 0.4 -12.4 -49.6
QR with Credit -6.1 4.3 -2.1 -0.3 -1.1 -3.0 -18.5
QR with Leverage -2.2 1.5 -1.7 -0.7 -4.2 -1.0 -3.6
QR with Nonfin. Lev. -32.0 -19.9 -9.4 -10.5 -10.4 -16.0 -43.6
Qcov3PRF1 14.3 -4.5 1.2 2.3 -5.1 -5.1 12.4
Qcov3PRF2 18.3 -5.7 -0.2 5.58 0.3 -12.9 14.3
PQR 30.4 -0.6 -0.8 1.0 -7.0 -22.4 13.8
PCQR1 -2.1 11.0 -0.6 0.7 -5.4 -5.8 -14.5
PCQR2 -12.7 -8.0 -10.5 -9.3 -15.5 -15.0 -30.6
PCQR3 -37.7 -16.0 -11.9 -1.6 -11.3 -42.5 -73.8

evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI -37.5 -10.2 -1.0 0.5 -2.6 -3.2 -51.1
QR with Risk -42.7 -19.2 -3.6 -1.1 -0.8 -14.1 -55.0
QR with Credit -9.2 -0.4 -2.1 0.1 -2.7 -4.2 -21.6
QR with Leverage -4.7 -0.7 -1.0 0.1 -5.5 -0.6 -3.7
QR with Nonfin. Lev. -40.4 -28.4 -10.3 -13.6 -13.7 -17.5 -46.9
Qcov3PRF1 11.5 -14.0 -1.2 -0.5 -7.7 -7.0 13.8
Qcov3PRF2 14.5 -17.6 -5.6 3.1 -2.2 -18.0 15.5
PQR 28.9 -9.6 -4.8 -1.7 -10.5 -25.9 15.5
PCQR1 -6.8 6.4 -2.5 0.6 -8.0 -6.3 -15.9
PCQR2 -18.4 -15.9 -13.5 -10.5 -18.2 -15.6 -30.4
PCQR3 -50.1 -27.5 -17.0 -2.1 -13.5 -48.1 -78.3

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The size of the rolling window is 50. The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that
construct the NFCI and do not overlap. The IP quarterly growth is equal to the log difference of the current IP and the IP 3
months before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively.
The predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report
the number of non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of Qcov3PRF2
specification at the 10% significance level. Only numbers greater or equal than 7 are reported.
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Table A.12: Out-of-sample R2
τ (%) IP annual growth with rolling window and h = 1

month.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 32.3 32.5 16.2 -9.8 -10.8 -5.5 1.5
QR with Risk 31.8 27.0 2.5 -17.3 -13.8 -8.9 -5.5
QR with Credit 36.1 33.2 23.2 -5.3 -9.5 -2.5 7.8
QR with Leverage 38.6 28.3 20.7 -3.6 -22.4 -16.3 -0.7
QR with Nonfin. Lev. 7.3 20.7 18.1 -3.9 -10.1 -11.4 -2.7
Qcov3PRF1 39.5 55.5 48.4 17.7 8.8 9.8 22.8
Qcov3PRF2 57.17 61.87 54.57 32.27 20.38 15.1 23.2
PQR 50.6 52.2 47.3 28.8 20.2 11.7 23.2
PCQR1 37.9 33.7 25.3 10.8 -0.7 -4.5 8.6
PCQR2 60.0 59.0 51.5 22.1 11.7 8.0 1.0
PCQR3 55.2 59.8 51.1 28.0 14.8 6.4 10.5

evaluating over the OOS sample 2015M08-2023M12.
QR with NFCI 27.4 23.3 8.4 -2.6 -6.1 -6.3 1.0
QR with Risk 25.9 13.7 -10.2 -8.3 -6.3 -10.0 -6.8
QR with Credit 26.2 20.1 15.8 -0.4 -6.2 -1.6 7.1
QR with Leverage 41.2 25.1 18.4 2.0 -20.2 -17.5 -0.5
QR with Nonfin. Lev. -23.2 -9.5 -1.1 -3.6 -1.1 -9.0 -2.6
Qcov3PRF1 29.5 52.3 51.7 29.4 11.5 4.7 18.8
Qcov3PRF2 53.3 60.17 56.77 44.3 31.2 14.2 21.1
PQR 49.2 47.1 49.3 42.3 28.9 11.4 21.7
PCQR1 40.5 31.9 23.5 21.5 8.7 -2.4 10.6
PCQR2 62.0 59.8 57.5 43.1 28.5 14.1 4.2
PCQR3 53.4 59.5 56.8 48.7 34.4 12.2 12.1

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The size of the rolling window is 50. The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators
that construct the NFCI and do not overlap. The IP annual growth is equal to the log difference of the current IP and the IP 12
months before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively.
The predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report
the number of non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of Qcov3PRF2
specification at the 10% significance level. Only numbers greater or equal than 7 are reported.

60



Table A.13: Out-of-sample R2
τ (%) IP annual growth with rolling window and h = 3

months.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 16.0 23.3 12.2 -9.0 -12.2 -6.2 -11.4
QR with Risk -9.2 14.3 4.4 -16.8 -10.9 -7.3 -5.4
QR with Credit 24.4 26.6 20.3 -0.2 -5.4 -2.3 -0.7
QR with Leverage 25.6 33.2 22.6 -0.1 -11.0 -2.8 0.2
QR with Nonfin. Lev. 4.4 17.6 9.1 -5.6 -10.2 -10.9 -2.7
Qcov3PRF1 45.9 39.5 40.2 21.6 12.4 7.9 12.3
Qcov3PRF2 51.29 52.48 48.88 30.59 23.09 7.9 15.3
PQR 41.6 41.2 38.7 22.9 12.0 7.7 0.0
PCQR1 10.8 15.1 11.4 -11.2 -12.5 -20.5 -23.9
PCQR2 41.0 45.1 36.6 13.2 3.7 -9.0 -3.4
PCQR3 28.1 47.9 45.2 20.5 7.7 -0.5 4.3

evaluating over the OOS sample 2015M08-2023M12.
QR with NFCI 1.7 7.0 4.1 -2.0 -4.4 -4.4 -11.8
QR with Risk -36.2 -3.4 -4.3 -6.5 -1.2 -4.8 -4.4
QR with Credit 2.5 2.5 10.1 4.8 1.9 -0.6 -2.2
QR with Leverage 22.6 29.1 20.2 6.5 -8.0 -2.1 -1.9
QR with Nonfin. Lev. -30.2 -14.1 -12.5 -4.9 -2.5 -10.4 -3.5
Qcov3PRF1 35.3 24.8 38.2 32.4 12.6 0.9 5.0
Qcov3PRF2 43.98 44.07 46.38 39.38 31.29 9.2 17.5
PQR 37.3 30.5 33.3 33.9 19.0 4.8 -7.6
PCQR1 -0.4 0.3 4.0 -3.4 -5.8 -21.7 -29.7
PCQR2 32.1 37.1 34.1 28.4 16.9 -8.0 -5.6
PCQR3 9.9 38.9 44.9 36.4 22.4 1.7 3.6

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The size of the rolling window is 50. The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators
that construct the NFCI and do not overlap. The IP annual growth is equal to the log difference of the current IP and the IP 12
months before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively.
The predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report
the number of non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of Qcov3PRF2
specification at the 10% significance level. Only numbers greater or equal than 7 are reported.
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Table A.14: Out-of-sample R2
τ (%) IP annual growth with rolling window and h = 12

months.

τ=0.05 τ=0.1 τ=0.25 τ=0.5 τ=0.75 τ=0.9 τ=0.95
evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI 1.0 11.2 5.4 -5.8 -10.6 -6.5 1.1
QR with Risk -5.2 11.3 5.2 -2.1 -11.9 -8.4 -4.4
QR with Credit 6.8 10.2 4.4 -4.5 -10.4 1.4 7.3
QR with Leverage 5.6 11.5 7.2 -5.1 -2.3 -10.0 12.8
QR with Nonfin. Lev. -13.2 10.7 -8.1 -28.6 -17.7 -14.1 -30.5
Qcov3PRF1 32.9 20.0 20.4 5.8 3.7 15.4 21.7
Qcov3PRF2 39.28 34.67 34.39 10.78 13.47 21.47 13.9
PQR 36.2 35.8 25.5 6.0 9.7 10.1 17.1
PCQR1 21.4 19.5 5.6 -7.4 -7.4 -9.8 -9.5
PCQR2 8.3 15.0 -4.8 -19.7 -1.4 6.0 -0.9
PCQR3 19.8 30.2 18.1 -0.4 10.5 14.1 1.0

evaluating over the OOS sample 2015M08-2023M12.
QR with NFCI -13.3 0.9 3.7 -4.5 -14.8 -13.5 -5.9
QR with Risk -22.5 -1.3 1.2 0.5 -16.5 -15.1 -12.0
QR with Credit -1.4 -0.9 3.1 -3.7 -15.6 -4.3 1.3
QR with Leverage -8.9 -3.3 1.4 -2.4 -1.4 -13.3 13.4
QR with Nonfin. Lev. -36.0 -7.1 -25.4 -40.9 -30.1 -26.9 -48.2
Qcov3PRF1 22.3 0.1 9.2 3.0 -1.9 8.6 16.9
Qcov3PRF2 30.8 19.8 28.49 2.6 4.7 16.47 5.6
PQR 27.8 24.1 16.3 2.5 4.5 1.2 10.3
PCQR1 13.9 9.5 0.0 -4.4 -10.3 -16.4 -17.1
PCQR2 -7.4 -2.3 -22.3 -32.6 -11.9 -2.6 -11.4
PCQR3 9.2 19.5 10.4 -5.6 3.1 6.4 -7.3

Note: The out-of-sample R2
τ is reported. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12.

The size of the rolling window is 50. The variables Risk, Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators
that construct the NFCI and do not overlap. The IP annual growth is equal to the log difference of the current IP and the IP 12
months before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively.
The predictors are standardized. Highest values greater than zero for each quantile in each panel are in bold. Superscripts report
the number of non-Qcov3PRF competing methods for which the DM test rejects equal predictive accuracy in favor of Qcov3PRF2
specification at the 10% significance level. Only numbers greater or equal than 7 are reported.
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A.6 NFCI components

Table A.15: Financial Indicators and NFCI Subindexes

Mnemonic Subcategory Financial Indicator Weights-NFCI Subindex

A2P2 1.1 1-mo. Nonfinancial commercial paper A2P2/AA credit spread 3.19 Credit

CTERM 1.1 3-mo./1-wk AA Financial commercial paper spread 2.02 Risk

LIBID 1.1 3-mo. Eurodollar spread (LIBID-Treasury) 1.69 Risk

TED 1.1 3-mo. LIBOR/CME Term SOFR-Treasury spread 2.12 Risk

TERM 1.1 1-yr./1-mo. LIBOR/CME Term SOFR spread 0.58 Risk

CBILL 1.2 3-mo. Financial commercial paper/Treasury bill spread 0.67 Risk

FAILS 1.2 Treasury Repo Delivery Fails Rate 0.27 Risk

FAILSA 1.2 Agency Repo Delivery Failures Rate 0.25 Risk

FAILSC 1.2 Corporate Securities Repo Delivery Failures Rate 0.09 Risk

FAILSMBS 1.2 Agency MBS Repo Delivery Failures Rate 0.46 Risk

REPO 1.2 Fed Funds/Overnight Treasury Repo rate spread 0.63 Risk

REPOA 1.2 Fed Funds/Overnight Agency Repo rate spread -0.21 Risk

REPOGR 1.2 Repo Market Volume (Repurchases+Reverse Repurchases of

primary dealers)

-1.44 Risk

REPOMORT 1.2 Fed Funds/Overnight MBS Repo rate spread -0.23 Risk

RTERM 1.2 3-mo./1-wk Treasury Repo spread -0.23 Risk

SWAP10 1.2 10-yr Interest Rate Swap/Treasury yield spread 2.03 Risk

SWAP2 1.2 2-yr Interest Rate Swap/Treasury yield spread 2.97 Risk

SWAP3M 1.2 3-mo. Overnight Indexed Swap (OIS)/Treasury yield spread 1.01 Risk

ABCP 1.3 1-mo. Asset-backed/Financial commercial paper spread 2.23 Risk

CG 1.3 Commercial Paper Outstanding -0.48 Risk

MCAP 2.1 S&P 500, NASDAQ, and NYSE Market Capitalization/GDP -0.11 Leverage

OEQ 2.1 S&P 500, S&P 500 mini, NASDAQ 100, NASDAQ mini Open

Interest

0.93 Leverage

SPOVX 2.1 CBOE Crude Oil Volatility Index, OVX 1.71 Credit

VIX 2.1 CBOE Market Volatility Index VIX 2.88 Risk

W500 2.1 Wilshire 5000 Stock Price Index -0.05 Leverage

STKGR 2.1 New US Corporate Equity Issuance (Relative to 12-mo. MA) -0.05 Leverage

D10 2.2 10-yr Constant Maturity Treasury yield -0.03 Leverage

RATELIQ 2.2 CME Eurodollar/CBOT T-Note Futures Market Depth 2.47 Leverage

SPR210 2.2 10-yr/2-yr Treasury yield spread -0.8 Risk

SPR23M 2.2 2-yr/3-mo. Treasury yield spread -0.11 Risk

VOL1 2.2 1-mo. BofAML Option Volatility Estimate Index 2.2 Risk

VOL3 2.2 3-mo. BofAML Swaption Volatility Estimate Index 2.41 Risk

MLIQ10 2.2 On-the-run vs. Off-the-run 10-yr Treasury liquidity premium -0.45 Risk

MSWAP 2.3 Bond Market Association Municipal Swap/State & Local Gov-

ernment 20-yr GO bond spread

0 Credit

OINT 2.3 3-mo. Eurodollar, 10-yr/3-mo. swap, 2-yr and 10-yr Treasury

Open Interest

-0.98 Leverage

COMMODLIQ 2.3 COMEX Gold/NYMEX WTI Futures Market Depth -0.08 Leverage

EQUITYLIQ 2.3 CME E-mini S&P Futures Market Depth -0.07 Leverage

USD 2.3 Advanced Foreign Economies Trade-weighted US Dollar Value

Index

0.1 Risk

CILARGE 3.1 FRB Senior Loan Officer Survey: Tightening Standards on

Large C&I Loans

2.95 Credit
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Table A.15 Financial Indicators and NFCI Subindexes (continued)

Mnemonic Subcategory Financial Indicator Weights-NFCI Subindex

CISMALL 3.1 FRB Senior Loan Officer Survey: Tightening Standards on

Small C&I Loans

3.11 Credit

CRE 3.1 FRB Senior Loan Officer Survey: Tightening Standards on

CRE Loans

2.99 Credit

CWILL 3.1 FRB Senior Loan Officer Survey: Willingness to Lend to Con-

sumers

-0.75 Credit

RRE 3.1 FRB Senior Loan Officer Survey: Tightening Standards on

RRE Loans

2.96 Credit

SMALL 3.1 NFIB Survey: Credit Harder to Get 0.33 Credit

SPCILARGE 3.1 FRB Senior Loan Officer Survey: Increasing spreads on Large

C&I Loans

2.9 Credit

SPCISMALL 3.1 FRB Senior Loan Officer Survey: Increasing spreads on Small

C&I Loans

2.93 Credit

MG 3.2 Money Stock: MZM -0.02 Credit

MMF 3.2 Total Money Market Mutual Fund Assets/Total Long-term

Fund Assets

0.38 Risk

ITA 3.2 Fed funds and Reverse Repurchase Agreements/Total Assets

of Commercial Banks

-0.01 Leverage

CITA 3.3 Commercial Bank C&I Loans/Total Assets 0.06 Leverage

CONTA 3.3 Commercial Bank Consumer Loans/Total Assets -0.07 Leverage

DCOMM 3.3 Commercial Bank Total Unused C&I Loan Commitments/To-

tal Assets

-0.17 Leverage

GVL 3.3 FDIC Volatile Bank Liabilities -0.07 Risk

NCL 3.3 Commercial Bank Noncurrent/Total Loans 0.21 Credit

RTA 3.3 Commercial Bank Real Estate Loans/Total Assets 0 Leverage

STA 3.3 Commercial Bank Securities in Bank Credit/Total Assets -0.06 Leverage

FINS 3.3 S&P 500 Financials/S&P 500 Price Index (Relative to 2-yr

MA)

-2.87 Leverage

LIG 4.1 Markit Investment Grade (IG) 5-yr Senior CDS Index 2.96 Credit

BAA 4.1 Moody’s Baa corporate bond/10-yr Treasury yield spread 2.44 Credit

CTF 4.1 ICE BofAML Financial/Corporate Credit bond spread 2.93 Risk

LHY 4.2 Markit High Yield (HY) 5-yr Senior CDS Index 2.64 Credit

HY 4.2 BofAML High Yield/Moody’s Baa corporate bond yield spread 3.01 Credit

NACMM 4.2 NACM Survey of Credit Managers: Credit Manager’s Index -3.06 Credit

CPH 4.2 FRB Commercial Property Price Index 0 Leverage

CPR 4.2 Counterparty Risk Index (formerly maintained by Credit

Derivatives Research)

-2.12 Risk

FC 4.3 Total Assets of Finance Companies/GDP 0 Leverage

FCORP 4.3 Total Assets of Funding Corporations/GDP 0.01 Leverage

GSE 4.3 Total Agency and GSE Assets/GDP 0.08 Leverage

INS 4.3 Total Assets of Insurance Companies/GDP -0.02 Leverage

PENS 4.3 Total Assets of Pension Funds/GDP 0 Leverage

REIT 4.3 Total REIT Assets/GDP -0.01 Leverage

SBD 4.3 Total Assets of Broker-dealers/GDP -0.01 Leverage

TABS 4.3 Total Assets of ABS issuers/GDP -0.05 Leverage

ABSI 4.3 Nonmortgage ABS Issuance (Relative to 12-mo. MA) -0.2 Leverage

ABSSPREAD 4.3 BofAML Home Equity ABS/MBS yield spread 2.83 Risk

CMBS 4.3 BofAML 3-5 yr AAA CMBS OAS spread 3.53 Risk

CMBSI 4.3 CMBS Issuance (Relative to 12-mo. MA) -0.25 Leverage

CTABS 4.3 ICE BofAML ABS/5-yr Treasury yield spread 3.52 Risk
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Table A.15 Financial Indicators and NFCI Subindexes (continued)

Mnemonic Subcategory Financial Indicator Weights-NFCI Subindex

CTMBS 4.3 ICE BofAML Mortgage Master MBS/10-year Treasury yield

spread

1.09 Risk

FG 4.3 Finance Company Owned & Managed Receivables 0.03 Credit

MBSI 4.3 Total MBS Issuance (Relative to 12-mo. MA) 0.01 Leverage

BDG 4.3 Broker-dealer Debit Balances in Margin Accounts -0.11 Leverage

BONDGR 5.1 New US Corporate Debt Issuance (Relative to 12-mo. MA) -0.17 Leverage

MBONDGR 5.1 New State & Local Government Debt Issues (Relative to 12-

mo.h MA)

-0.09 Leverage

NFC 5.1 Nonfinancial business debt outstanding/GDP 0.02 Leverage

STLOC 5.1 Federal, state, and local debt outstanding/GDP 0.01 Leverage

CARSPREAD 5.2 UM Household Survey: Auto Credit Conditions Good/Bad

spread

-0.33 Credit

CBCAR 5.2 Commercial Bank 48-mo. New Car Loan/2-yr Treasury yield

spread

-0.39 Credit

CBPER 5.2 Commercial Bank 24-mo. Personal Loan/2-yr Treasury yield

spread

-0.52 Credit

JINC 5.2 30-yr Jumbo/Conforming fixed rate mortgage spread 3.1 Credit

MINC 5.2 30-yr Conforming Mortgage/10-yr Treasury yield spread 0.75 Credit

CCG 5.2 Consumer Credit Outstanding -0.03 Credit

CCINC 5.2 S&P US Bankcard Credit Card: Excess Rate Spread -0.27 Credit

CRG 5.2 S&P US Bankcard Credit Card: Receivables Outstanding -0.17 Credit

DNET 5.2 Net Notional Value of Credit Derivatives -0.25 Leverage

DURSPREAD 5.2 UM Household Survey: Durable Goods Credit Conditions

Good/Bad spread

-0.39 Credit

HH 5.2 Household debt outstanding/PCE Durables and Residential

Investment

0.04 Leverage

HOUSSPREAD 5.2 UM Household Survey: Mortgage Credit Conditions

Good/Bad spread

-0.41 Credit

LPH 5.2 CoreLogic National House Price Index -0.07 Leverage

DBC 5.3 ABA Value of Delinquent Bank Card Credit Loans/Total

Loans

0.29 Credit

DCLOSE 5.3 ABA Value of Delinquent Consumer Loans/Total Loans 0.2 Credit

CCDQ 5.3 S&P US Bankcard Credit Card: 3-mo. Delinquency Rate 0.21 Credit

DHE 5.3 ABA Value of Delinquent Home Equity Loans/Total Loans 0.24 Credit

DOTH 5.3 ABA Value of Delinquent Noncard Revolving Credit Loans/-

Total Loans

0.05 Credit

MDQ 5.3 MBA Serious Delinquencies 0.02 Credit

Note: The table reports the financial indicators included in the NFCI and their corresponding weights. The subindex classifications follow
the definitions used in the construction of the NFCI. The subcategories correspond to the following:

1. Money Markets & Wholesale Funding:

1.1 Unsecured Bank Funding

1.2 Secured (Repo) Financing

1.3 Corporate Short-Term Liquidity

2. Equity Markets & Options Volatility:

2.1 Implied Equity Volatility (Fear Gauges)

2.2 Fixed-Income Volatility

2.3 Cross-Asset Volatility Dispersions

3. Traditional Banking Sector: Balance Sheets & Surveys:

3.1 Qualitative Credit Tightness (SLOOS)

3.2 Interbank Counterparty Stress
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3.3 Structural Bank Health (Liquidity & Capitalization)

4. Corporate Bond & Non-Bank Credit Markets:

4.1 Investment-Grade Corporate Debt

4.2 High-Yield & Distressed Corporate Credit

4.3 Structured Finance & Shadow Banking (M MBS/CMBS)

5. Macro Leverage & Structural Delinquencies:

5.1 Non-Financial Corporate Leverage

5.2 Household Debt Accumulation

5.3 Systemic Default Realization
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