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Abstract

Several approaches for predicting large volatility matrices have been developed
based on high-dimensional factor-based Itd6 processes. These methods often impose
restrictions to reduce the model complexity, such as constant eigenvectors or factor
loadings over time. However, several studies indicate that eigenvector processes are
also time-varying. To address this feature, this paper generalizes the factor structure
by representing the integrated volatility matrix process as a cubic (order-3 tensor)
form, which is decomposed into low-rank tensor and idiosyncratic tensor components.
To predict conditional expected large volatility matrices, we propose the Projected
Tensor Principal Orthogonal componEnt Thresholding (PT-POET) procedure and es-
tablish its asymptotic properties. The advantages of PT-POET are validated through
a simulation study and demonstrated in an application to minimum variance portfolio

allocation using high-frequency trading data.
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1 Introduction

The study of volatility using high-frequency financial data is a pivotal area of research in
financial econometrics and statistics. Understanding the dynamics of asset return volatility
is critical for practical applications, including hedging, option pricing, risk management, and
portfolio optimization. The growing availability of high-frequency financial data has spurred
the development of numerous effective non-parametric methods for estimating integrated
volatility. Notable examples include two-time scale realized volatility (TSRV) (Zhang et al.,
2005), multi-scale realized volatility (MSRV) (Zhang, 2006, 2011), pre-averaging realized
volatility (PRV) (Christensen et al., 2010; Jacod et al., 2009), wavelet realized volatility
(WRV) (Fan and Wang, 2007), kernel realized volatility (KRV) (Barndorff-Nielsen et al.,
2008, 2011a), quasi-maximum likelihood estimator (QMLE) (Ait-Sahalia et al., 2010; Xiu,
2010), local method of moments (Bibinger et al., 2014), and robust pre-averaging realized
volatility (Fan and Kim, 2018; Shin et al., 2023).

The use of high-frequency data has greatly enhanced our understanding of market dy-
namics at lower (e.g., daily) frequencies. To capture these dynamics, various conditional
volatility models based on realized volatility have been developed. Examples include realized
volatility-based modeling approaches (Andersen et al., 2003), heterogeneous autoregressive
(HAR) models (Corsi, 2009), high-frequency-based volatility (HEAVY) models (Shephard
and Sheppard, 2010), realized GARCH models (Hansen et al., 2012), and unified GARCH-
[t6 models (Kim and Wang, 2016; Song et al., 2021). Their empirical studies typically focus
on volatility dynamics, given the high-frequency information for a finite number of assets.
However, in practice, we often need to manage large portfolios, which causes the overpa-
rameterization issue due to the excessive number of parameters compared to the sample
size. To address this issue, approximate factor model structures are commonly imposed on
large volatility matrices (Fan et al., 2013). In particular, high-dimensional factor-based 1t6
processes are frequently used under sparsity assumptions on the idiosyncratic volatility (Ait-

Sahalia and Xiu, 2017; Fan et al., 2016a; Fan and Kim, 2018; Kim et al., 2018). Recently,



Kim and Fan (2019) proposed the factor GARCH-It6 model, and Shin et al. (2021) developed
the factor and idiosyncratic VAR-It6 model, both based on high-dimensional factor-based
Ito6 processes. These models assume that the eigenvalue sequence of latent factor volatility
matrices follows either a unified GARCH-It6 structure (Kim and Wang, 2016) or a VAR
structure, which allows the dynamics of volatility to be explained by factors. They restrict
that the eigenvectors of the latent factor volatility matrices are time-invariant. However, sev-
eral empirical studies have shown that eigenvectors are time-varying (Kong and Liu, 2018;
Kong et al., 2023; Su and Wang, 2017). Thus, accommodating the eigenvector dynamics is
essential to better account for the dynamics of large volatility matrices.

This paper proposes a novel prediction approach for a future large volatility matrix.
Specifically, we represent a large volatility matrix process in a cubic (order-3 tensor) form
by stacking large integrated volatility matrices over time to capture interday time series
dynamics. To address the high-dimensionality problem, we impose a low-rank factor struc-
ture (Chen and Fan, 2023; De Lathauwer et al., 2000; Kolda and Bader, 2009) and sparse
idiosyncratic structure on the tensor. The low-rank tensor component represents a con-
ditional expected factor volatility tensor, which follows a semiparametric factor structure
(Chen et al., 2024), and we apply the Projected-PCA (Fan et al., 2016b) procedure to es-
timate the time series loading matrix. To account for the sparse idiosyncratic volatility
structure, after removing the projected factor volatility component, we adopt the principal
orthogonal component thresholding (POET) (Fan et al., 2013) procedure. This method is
called the Projected Tensor POET (PT-POET) procedure. We then derive convergence
rates for the projected integrated volatility matrix estimator and the predicted large volatil-
ity matrix using the PT-POET approach. In an empirical study, we demonstrate that the
proposed PT-POET estimator performs well in out-of-sample predictions for the one-day-
ahead large volatility matrix and in a minimum variance portfolio allocation analysis using
high-frequency trading data.

The rest of the paper is organized as follows. Section 2 establishes the model and in-



troduces the PT-POET method to predict the conditional expected large volatility matrix.
Section 3 develops an asymptotic analysis of the PT-POET estimator. The merits of the
proposed method are demonstrated by a simulation study in Section 4 and by real data appli-
cation on predicting the one-day-ahead volatility matrix and portfolio allocation in Section

5. Section 6 concludes the study. All proofs are presented in the online supplement file.

2 Model Setup and Estimation Procedure

Throughout this paper, we denote by ||A|r, ||A||2 (or ||A]| for short), ||All1, ||A]ls, and
|| A ||max the Frobenius norm, operator norm, /;-norm, l.-norm, and elementwise norm, which
are defined, respectively, as |A|lp = tr'/2(A’A), [|A]| = Ma(A’A), Al = max; ¥, |ai;],
[Alleo = max; 3~ |ai], and [|Amax = max;; |a;;[. We use Apin(A) and Apax(A) to denote
the minimum and maximum eigenvalues of a matrix A. We denote by o;(A) the i-th largest
singular value of A. When a is a vector, the maximum norm is denoted as ||a|| . = max; |a;,
and both ||a|| and ||a||r are equal to the Euclidean norm.

For a tensor A € RI'*2xI3 we define its mode-1 matricization as a I; x II; matrix
M (A) such that [My(A)]i,istis—1)1s = Giyigis for all 43 € [L1],iy € [Ly],i3 € [I3]. For a
tensor F € RF1*R2xRs and a matrix A; € RI*F1 the mode-1 product is a mapping defined
as xp : RECH s o RIRL g RIXB s g F oy Ay = [S1 ) i,y frorars)ineln)raclRalraclRal-
Similarly, we can define mode matricization and mode product for mode-2 and mode-3,

respectively.

2.1 A Model Setup

Denote by X'(t) = (X{(t),..., X}(t))" the vector of true log-prices of p assets at the I-th

day and intraday time ¢ € [0, 1]. To account for cross-sectional dependence, we consider the



following factor-based jump diffusion model: for each [ =1,..., D,
dX!(t) = pl(t)dt + Bl(t)df! (t) + dul(t) + J(t)dAL(t), (2.1)

where p!(t) € RP is a drift vector, B(f) € RP*" is an unknown factor loading matrix,
fi(t) € R" is a latent factor process, and u!(t) is an idiosyncratic process. In addition, for the
jump part, J'(t) = (Ji(t), ..., Jp(t))" is a jump size vector, and A'(t) = (Af(t),..., AL(t))"
is a p-dimensional Poisson process with an intensity vector I(t) = (I1(¢),..., I,(t))". Assume
that the latent factor and idiosyncratic processes f'(t) and u'(¢) follow the continuous-time

diffusion models as follows: for each | =1,..., D,
df'(t) = 9'T (£)dW'(t) and du'(t) = &' (t)dW™ (1), (2.2)

where 9'(t) is an 7 x 7, matrix, o'(t) is a p x p matrix, W'(t) and W () are r;-dimensional
and p-dimensional independent Brownian motions, respectively.

Stochastic processes p!(t), X'(t), f'(t),u!(t), B!(t), o'(t) and 9'(t) are defined on a filtered
probability space (€2,Z,Z;,t € [0,00)}, P) with filtration Z; satisfying the usual conditions.
We note that the time unit in our applications is the day, and high-frequency intra-daily

asset data is observed. The instantaneous volatility of X'(¢) is
V(1) = (7 (0)ij=r..p = B (OO ()" (OB®) + o' (t)o' (1), (2:3)

and the integrated volatility for the [-th day is

!
L= T0)ij=1,.p = / Y (t)dt = ¥, + %, (2.4)

-1

where ¥; = fll—l B!(t)9'T (1)9'(#)B(t)!Tdt and X; = fll—l o'T(t)o!(t)dt. Foreachl=1,...,D,

the integrated volatility matrix I'; has the low-rank plus sparse structure (Ait-Sahalia and



Xiu, 2017; Kim and Fan, 2019; Fan et al., 2008, 2013). Specifically, the factor volatility
matrices W, has the finite rank 1, and the idiosyncratic volatility matrices 3; = (2;)i j=1,...p
is sparse as follows:
| 3 \A=n)/2
mas max Y [V |7 (D13 55) O(s), (2.5)
1<i<p

for some 7 € [0, 1), the sparsity measure s, diverges slowly, such as logp. We note that when
n = 0, s, measures the maximum number of non-zero elements in each row of 3J;.

We can write the integrated volatility matrix process of the model (2.4) in a cubic (order-3

tensor) form as follows:
V=M=, p=Fx1Qx2Qx3V+E:=85+¢€, (2.6)

where Y € RP*P*P F is the r; X 11 X ry latent tensor factor, Q = (Gik, )i=1.. pki=1...m
is the p x r; loading matrix corresponds to the integrated volatility matrix, and V =
(VLky )i=1,...Dko=1...r 18 the D X 7o time series loading matrix corresponds to daily volatility
dynamics. § is the factor volatility tensor, which has a Tucker decomposition such that Q
and V are orthonormal matrices of the left singular vectors of M;(S) and M3(S), respec-
tively. We refer to € = (3;),=1...p as the idiosyncratic volatility tensor. We note that the
time series loading matrix explains daily volatility dynamics, which are often driven by past
realized volatilities (Corsi, 2009; Hansen et al., 2012; Kim and Fan, 2019; Kim and Wang,
2016; Shephard and Sheppard, 2010; Song et al., 2021). For instance, following the HAR
model (Corsi, 2009), we can consider v;; = by+b1(—1 +bzé 25:1 Gj+ bg% 231:1 (;—j, where
(; is the [-th day realized largest eigenvalue. This feature motivates the representation of the
cubic structure in the model (2.6), and we propose a generalized model hereafter.

In this paper, our target is to predict the one-day-ahead integrated volatility matrix. In

general, we assume that vy, is Z;_;-adapted and the idiosyncratic volatility matrices 3J; are

martingale processes such that E(Xp.1|Zp) = Xp a.s. Thus, given the current information



Ip, we can predict the integrated volatility matrix as follows. The conditional expected large

volatility matrix I'p,4 is
ELpulIp) = F x1 Q x2Q X3vVpi1 + Xp as., (2.7)

where vpi1 = (Up411,-.-Upi1k,). Based on (2.4) and (2.6), we consider the following
nonparametric structure on the time series loading components, which is modeled as additive

via sieve approximations (Fan et al., 2016b): for each &k < ry and | < D,

Uk = gk(xl) = gb(xl)’ak + Rk(XZ), (28)

where x; = (x;1, ..., 24) is observable covariates that explain the time series loading vectors,
o(x;) is a (Jd) x 1 vector of basis functions, ay, is a (Jd) x 1 vector of sieve coefficients, and
Ry (x;) is the approximation error term. In this context, for example, x; can be the past
eigenvalues in the VAR model (Shin et al., 2021) or realized largest eigenvalues of yesterday,
last week, and last month in the HAR model (Corsi, 2009). We note that (2.8) can be written
as gr(x;) = an:l Grem (i), where gem(Ty,) = ijl b; km®;(jm) + Rim(z;m). Hence, the
additive component of g can be estimated by the sieve method. We assume that d is fixed,
and the number of sieve terms J grows very slowly as D — oo. In a matrix form, we can

write
V :=G(X)=®(X)A +R(X), (2.9)

where the D x (Jd) matrix ®(X) = (¢(x1),...,0(xp))’, the (Jd)xry matrix A = (ai, ..., a,,),
and R(X) = (Rk(xl))Dxrg-
The true underlined log-price X'(¢) in (2.1) cannot be observed because of the imper-

fections of the trading mechanisms. Hence, we assume that the high-frequency intraday



observations are contaminated by microstructure noises:
Y;(tl,k):Xi(tl,k)+ui(tl,k>a i:1,...,p,l:1,...,D,k‘:0,...,m, (210)

where | —1 =19 < -+ <1, = [, and the microstructural noises are random variables with
a mean of zero.

Several studies have developed a non-parametric integrated volatility matrix that is ro-
bust to jumps and dependent structures of the microstructure noise (Ait-Sahalia and Xiu,
2016; Barndorff-Nielsen et al., 2011b; Bibinger and Winkelmann, 2015; Jacod et al., 2009;
Koike, 2016; Li and Linton, 2022; Shin et al., 2023). We can employ any well-performing
realized volatility matrix estimator that satisfies Assumption 3.1 (v). In the numerical study,
we utilize the jump-adjusted pre-averaging realized volatility matrix (PRVM) estimator (Ait-
Sahalia and Xiu, 2016; Christensen et al., 2010; Jacod et al., 2009) as described in (4.1).

2.2 Projected Tensor POET

To utilize the semiparametric structure outlined in Section 2.1, it is necessary to project the
time series loading vectors onto linear spaces spanned by the corresponding covariates. For
this purpose, we apply the Projected-PCA (Fan et al., 2016b) procedure to the time series
loading matrix with the well-performing integrated volatility tensor estimator. The specific

procedure is as follows:

1. Foreach ! < D, we estimate the integrated volatility matrix, I';, using a non-parametric
estimation method with high-frequency log-price observations and denote them by f‘l.
Let ¥, = Sk 51,151,157i, where {0;;,&},_, are the eigenvalues and eigenvectors of f‘l
in decreasing order. Let JAJ = (fl)l:L._,,D and S = (@5)5117_,_7D, which are p X p x D

tensors.

2. Define the D x D projection matrix as P = ®(X)(®(X)'®(X)) '®(X)". The columns

Q are defined as the r; leading left singular vectors of ./\/ll(g), where S = S x3 P.

8



3. The columns V := G(X) are defined as the ry leading left singular vectors of the

M;3(S). Then, we can estimate A by

A= (ai,...,a,,) = ((I)(X)’(I)(X))ACD(X)’@(X).
Given any x € X, we estimate gi(-) by

0k(x) = ¢(x)"ay, for k=1,..., 79,

where X denotes the support of x;.

4. We estimate the latent tensor factor by
F=8x QT X2 QT X3 G(X)T
Then, we compute the principal orthogonal complement tensor as follows:

F-y-8

~

where the factor volatility tensor estimator S=F X1 Q X9 Q x3 G(X).

.....

3 = (Zui)i<ig<p:

3= Cughcij<p, D = ,

where an entry-dependent threshold 7;; = T\/(ilm Y O)(im vV 0) and s;;(+) is a gen-
eralized thresholding function (e.g., hard or soft thresholding; see Cai and Liu 2011;

Rothman et al. 2009). The thresholding constant 7 will be determined in Theorem 3.1.



6. Finally, we predict the conditional expected volatility matrix E [T'py1|Zp] by
fD+1 =F x Q X2 Q X3 8(Xpy1) + §D+1,

where 8(xp41) = (51 (Xp11); - -, Gra(Xp41)) and Spy = 537, 5.

In summary, given the estimated integrated volatility tensor, we apply the Projected-
PCA method (Fan et al., 2016b) to estimate the unknown nonparametric function using
observable covariates, such as a series of past realized volatilities. Based on the projected
tensor data, we then use tensor singular value decomposition to estimate loading matrices
as well as the latent tensor factor. Then, we apply the thresholding method to the re-
maining residual component after removing the factor volatility tensor estimator. Finally,
we predict the one-day-ahead realized volatility matrix by multiplying the estimated tensor
factor and loading components, using the observable covariates xp.1, such as the realized
volatility information on the Dth day. We call this procedure the Projected Tensor Principal
Orthogonal complEment Thresholding (PT-POET). The PT-POET method can accurately
predict the factor volatility matrix by incorporating daily volatility dynamics via the pro-
jection approach based on the tensor structure. The numerical analyses in Sections 4 and 5
demonstrate that PT-POET performs well in predicting a one-day-ahead realized volatility

matrix.

2.3 Choice of Tuning Parameters

To implement PT-POET, we need to determine tuning parameters rq, o, and .J. Several
studies suggested data-driven methods to consistently estimate the number of factors by
finding the largest singular value gap or singular value ratio (Ahn and Horenstein, 2013;
Bai and Ng, 2002; Lam and Yao, 2012; Onatski, 2010). In this context, the rank of each
dimension can be determined based on the matricized tensor (Chen et al., 2024). Specifically,

r1 and 7y can be estimated as follows: for each s € {1,3}, 7y, = argmax;, (op (M (D)) —

10



or (M) or 7, = argmax, % for a predetermined maximum number of

factors rpax. For the numerical studies in Sections 4 and 5, we employed 77 = 3 and 75 = 1
using the eigenvalue ratio method proposed by Ahn and Horenstein (2013) and the rank
choice method considered in Ait-Sahalia and Xiu (2017).

Practitioners can flexibly choose the number of sieve terms, J, and the basis functions
based on conjectures about the form of the nonparametric function (Chen et al., 2024; Fan
et al., 2016b). In this paper, since the daily integrated volatility dynamic is a linear function
of past realized volatilities, we employed an additive polynomial basis with a sieve dimension

of J = 2 for the numerical studies in Sections 4 and 5.

3 Asymptotic Properties

This section establishes the asymptotic properties of the proposed PT-POET estimator. To

do this, we impose the following technical assumptions.
Assumption 3.1.

(i) Let Ds = min{gl’i — ’(i,i+1,i =1,...,m,l=1,...,D}, where gl, is the leading eigen-

values of ¥; and gl,l-ﬂ = 0. For some positive constant Cy, Ds > Cip a.s.

(ii) For some fized constant Cy, we have

— max E L“j < Oy,

™ 1<’L<p

where & = (1115, - . - tiy;) | is the jth eigenvector of ¥, for each | < D.

(i1i) For k1 < ry and ky < 1o, the eigengap satisfies

|0k, (M1(F)) = 04y 41(M1(F))| = Op(pv/D),
|0k (M3(F)) — 0y11(M3(F))| = Op(pv/D).

11



In addition, M,,(F)M] (F) is a diagonal matriz with non-zero decreasing singular

values form = 1,2, 3.

(iv) There exist constants ci,co > 0 such that Apin(2;) > c1 and |2l < cos, for each

[<D.

(v) The estimated nonparametric estimator f‘l satisfies

~ 1 D
Pr{ max [T — Tyl > C M} <p,

1<I<D ml/2
where m is the number of observations of the process X each day.

Remark 3.1. Assumption 3.1(i) and (ii) are the pervasive condition and incoherence con-
dition for daily integrated volatility matrices, respectively. These assumptions are often
imposed when analyzing the approximate factor models or the low-rank matrix inference
(Ait-Sahalia and Xiu, 2017; Bai, 2003; Fan et al., 2013, 2018b; Kim and Fan, 2019; Stock
and Watson, 2002). Assumption 3.1(ii) is the eigengap assumption for the tensor factor F,
which is essential for analyzing low-rank matrices (Candes and Plan, 2010; Cho et al., 2017;
Fan et al., 2018a). Since we have a p X p X D realized volatility tensor, the pervasive con-
dition implies that the eigenvalue for the low-rank component has pv/D order based on the
matricized tensor for each mode. To analyze large tensor inferences, we impose the element-
wise convergence condition (Assumption 3.1(v)). This condition can be satisfied under the
bounded instantaneous volatility condition (Tao et al., 2013). Furthermore, under the locally
bounded condition of the instantaneous volatility process with heavy-tailed observations, we

can obtain the element-wise convergence condition (Fan and Kim, 2018; Shin et al., 2021).
Assumption 3.2.

(i) There are Cpin and cmax > 0 so that, with the probability approaching one, as D — oo,

Cmin < Amin (D' @(X) (X)) < Anax (D' (X) ®(X)) < Comax.

12



(11) max,<ji<pa<d E¢j(mld/)2 < 00, and Maxy<y, <D Egr(x;)? < 00.

Assumption 3.2 pertains to the basis functions. Intuitively, the strong law of large num-
bers implies Assumption 3.2(i), which can be satisfied by normalizing commonly used basis

functions such as B-splines, polynomial series, or Fourier bases.
Assumption 3.3. For alld < d, k <r,,

(i) the functions grq () belong to a Hélder class G defined by, for some L > 0,
G={g:19"(s) = g"(t) < LIs —t|"};

(11) the sieve coefficients {a;ka }j<s satisfy for k =2(c+a) >4, as J — o0,
2

J
sup |grar (2) — > ajrads(z)| = O(J"/D),
j=1

ze€Xy
where Xy is the support of the d'th element of x;;
(ZZZ) MaXg<ry,j<J,d <d aikd, = O(l/D)

Assumption 3.3 is related to the accuracy of the sieve approximation and can be satisfied
using a common basis such as a polynomial basis or B-splines (Chen, 2007).
We obtain the following elementwise convergence rates of the projected factor volatility

matrix and sparse volatility matrix estimators.

Proposition 3.1. Suppose that Assumptions 3.1-3.3 hold and J = o(~/D). Let w, =

m*i\/Jlog(pD\/m) +sp\/j/p+<]1%€ and T X Wy,. Asm,p,D,J — oo, we have

1%%% ”‘Ill - ‘I’l”max = OP(wm)a (31)
>, — — > — X = 1
02 || By = Biflmax = Op(win),  max |3 — Xl = Op(spwn, ). (3.2)

13



Remark 3.2. Proposition 3.1 represents that the projected factor and idiosyncratic volatility

K

matrix estimators have the convergence rate m=1VJ + ‘/73 + Jz5 up to the log order and
the sparsity level under the max norm. Specifically, J relates to the sieve approximation,
which accounts for the cost of approximating the unknown nonparametric function g(-). If
gr(+) is known, the rate of convergence is moT 4 p’% up to the log order and the sparsity
level, which is similar to that of Kim and Fan (2019). The term m~'/* reflects the cost of
estimating the unobserved integrated volatility matrix using high-frequency data, which is

the optimal rate for the instantaneous volatility estimator in the presence of microstructure

noise. The term p~1/? represents the cost of identifying the latent factor volatility.

The following theorem provides the convergence rate of the future volatility matrix esti-

mator using the PT-POET method.

Theorem 3.1. Suppose that Assumptions 3.1-3.3 hold and J = o(v/D). Let OmpD =

(m~3J\/log(pD V m) + s,J/p + J*~5) max;<ssup, |¢;(x)|, wm = m~1y/Tlog(pD V m) +
sV T |p + J25 and T = w,,. Asm,p, D, J — oo, we have

IT b1 — E(Tpit|Z0) |lmax = Op(mp.n), (3.3)

S
r = Op (5m,p7D + 2 4 \/ﬁéﬁ%p, o+ spw}n—") , (3.4)

ITp1 — E(Tps|Tp)] 7

o =p ! [TV2AT V25 and T* = E(Tpya|Ip).

where the relative Frobenius norm ||A|

Remark 3.3. Theorem 3.1 shows that PT-POET consistently predicts the conditional ex-
pected volatility matrix under both the max and relative Frobenius norms. As discussed
in Remark 3.2, there are m=/4, /J /P, and J terms. We note that out-of-sample predic-
tions with any covariates x require additional costs such as v/J and the supremum term
max,< s sup, |¢;(x)|, whereas the result in Proposition 3.1 does not require these costs since
it pertains to in-sample prediction. Under the relative Frobenius norm, the additional term
sp/+/D arises from estimating the factor component, while the term s,w, " results from

estimating the sparse idiosyncratic component.

14



4 Simulation Study

In this section, we conducted a simulation study to examine the finite sample performances
of the proposed PT-POET method. We first generated the log-prices X'(¢;) for D + 1 days

with frequency 1/m on each day as follows: forl=1,...,D+1,j=0,...,m,and t; = j/m,

Y'(t)) = X/(t;) + €'(t)),

dX'(t) = Y TAW (t) + o' TdW* () + T (t)dA! (),
and we set the market microstructure noise as e'(t;) = (ei(t;),...,eL(t;)), where €l(¢;)
were from i.i.d. normal distribution with mean zero and standard deviation 0.01/%; for
the ith asset, and the initial values Xo = (0,...,0)"; W(t) and W*(t) are r-dimensional
and p-dimensional independent Brownian motions, respectively, J'(t) = (J{(t),..., J)(t))"
is the jump size vector, and A'(t) = (Aj(¢),...,AL(t))" is the Poission process with inten-
sity I(t) = (5,...,5)". The jump size J'(t) was obtained from the independent Gaussian
distribution with mean zero and standard deviation 0.054/ fol Yii(t)dt. ' and o' are the
Cholesky decompositions of W, and ¥J;, respectively, where the integrated volatility process

components S = (¥;);— p+1 were constructed as follows:

..........

y:S+S:FX1QX2QX3V+(9,

where the r1 X 71 X ro latent tensor factor F and the p x r; loading matrix Q were generated
from the first 1 leading eigenvalues and eigenvectors of AA’, respectively, where each element
of A was taken from an i.i.d standard normal distribution; V- = (vq,...,vp41)" was generated
by v = by + bivi_1 + bat Zi:l Ui—s + bsgy 2?:1 v_s + ¢, where (; ~ N(0,1). The model
parameters were set to be by = 0.5,0; = 0.372,by = 0.343, b3 = 0.224. We set ranks r; = 3
and o = 1, p = 200.

We obtained the sparse volatility component € = (3,);=1... ps1 as follows: let d =

-----

15



diag(di, ..., d?), where each {d;} was generated independently from Gamma (a,$) with

a = [ =100. We set s = (s1,...,5p,) to be a sparse vector, where each s; was drawn from
N(0, 1) with probability ¢£i§gp’ and s; = 0 otherwise. Then, we set a sparse error covariance
matrix as 3 = d + ss' — diag{s?,...,s2}, and we let 3; = X for each /. In the simulation,

we generated ¥ until it is positive definite. We first generated high-frequency data with
m = {250, 500,2000} for 200 consecutive days and used the subsampled log prices of the last
D days. We varied D from 50 to 200, and the whole simulation procedure was repeated 500
times.

To estimate the integrated volatility matrices, we employed the pre-averaging realized
volatility matrix (PRVM) estimator T, = (fl7ij)1§i7j§p (Ait-Sahalia and Xiu, 2016; Chris-

tensen et al., 2010; Jacod et al., 2009) for each [-th day as follows:

fl,ij = ¢LK mzK:H {El(tk))_/jl(tk) — %22(%)} 1 {‘Kl(tk” < U}l {)T/j(tk)‘ < Uj,m} ;
= (4.1)
where
Vi) =3 g (72) (! (tia) = ¥ (tia))
V() = ; [{g (%) —g (3;(1> }2

X (Vi (thrs1) = Yi(thrs2)) (V] (trrs—1) = V] (trss2)) |

0235 ig a truncation

where ¢ = fol g(t)?dt, 1{} is an indicator function, and u;,, = ¢;,m
parameter for some constant c¢;,,. We chose the bandwidth parameter K = [m!/?], weight
function g(x) = = A (1 — z), and ¢;,, as 7 times the sample standard deviation for the
pre-averaged variables mi}_fi(td’k).

With the aggregated volatility matrix estimates spanning D days, y = (fl)lzl

.....

examined the out-of-sample performance of predicting the one-day-ahead aggregated volatil-
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ity matrix. For comparison, the PRVM, POET, FIVAR, T-POET, and PT-POET methods
were employed to predict F(T'py1|Zp), given the past D period observation. In particular,
for PT-POET, we utilized the past daily, weekly, and monthly averages of the top eigenval-
ues for X with the additive polynomial basis and J = 2. PRVM and POET represent the
PRVM estimator (i.e., £p) and the POET estimator (Fan et al., 2013) based on PRVM at
the Dth day, respectively. We also employed the FIVAR method (Shin et al., 2021) to model
the factor part dynamics based on the PRVM estimator. Specifically, we used the past D
days’ observations to estimate the model parameters and the previous 21 days to estimate
the time-invariant eigenvectors. We do not model the idiosyncratic dynamics to compare
the performance of the factor modeling. Details can be found in Shin et al. (2021). T-POET
represents the Dth day matrix estimator based on the conventional estimation procedure
for the tensor observation, J/)\, without using additional covariates. The integrated volatility
matrix has a low-rank plus sparse structure. Hence, to estimate the idiosyncratic component
of the POET, FIVAR, T-POET, and PT-POET estimators, we employed a soft threshold-
ing scheme and used the thresholding level \/W as in Kim and Fan (2019). Their
idiosyncratic volatility matrix estimators are the same.

Figure 1 presents the average log Frobenius, max, Spectral, and relative Frobenius
norm errors of the future volatility matrix estimators with D = 50, 100, 150,200 and m =
250, 500, 2000. We note that for each simulation, the target future volatility matrix is the
same for each different pair of D and m. Figure 1 shows that the PT-POET method performs
best. This is because PT-POET can accurately predict the future integrated volatility ma-
trix by leveraging the HAR-based interday volatility dynamics and time-varying eigenvector
in addition to eigenvalue. In addition, the matrix errors of PT-POET tend to decrease as D

and m increase. This finding supports the theoretical results in Section 3.
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Figure 1: The log Frobenius, Max, Spectral, and relative Frobenius norm error plots of the
PRVM, POET, FIVAR, T-POET, PT-POET estimators for the conditional expected inte-

grated volatility matrix estimation against D = 50, 100, 150, 200, given m = 250, 500, 2000.
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5 Empirical Study

We applied the proposed PT-POET method to large volatility matrix prediction using real
high-frequency trading data for 200 assets from January 2018 to December 2019 (503 trading
days). We selected the top 200 large trading volume stocks in the S&P 500 in the Wharton
Research Data Services (WRDS) system. We used the previous tick scheme (Andersen et al.,
2003; Barndorff-Nielsen et al., 2011a; Zhang, 2011) to synchronize the high-frequency data
to avoid the irregular observation time error issue, and we chose 1-min log-returns.

We need to choose the ranks r; and ry to employ the proposed estimation procedure and
other comparison methods. We first calculated 503 daily integrated volatility matrices using
the PRVM estimation method in (4.1). Then, we estimated the rank r using the procedure

suggested by Ait-Sahalia and Xiu (2017) as follows:

<J<rmax

503 e
= arg _min [p_lam +jixae {\/% +p—110gp} ] —1, (5.1)
where EM is the j-th largest eigenvalue of PRVM estimator, ry.. = 20, ¢; = 0.15 X Edgo, and
co = 0.5. The above method suggests 71 = 3. In addition, Figure 2 represents the scree plot
using the first 50 eigenvalues of the sum of 503 PRVM estimates. Figure 2 confirms that
this choice is reasonable. To estimate the rank 7o, we employed the largest singular value
gap method as discussed in Section 2.3. From those results, we set r; = 3 and r, = 1 for the
empirical study.

To predict the conditional expected volatility matrix F(I'py1|Zp), we employed the PT-
POET, POET, FIVAR, and T-POET methods as described in Section 4. Additionally, for
robustness checks, we included PT-POET2, which is based on r; = 3 and r, = 2. We also
considered FIVAR-H, which incorporates a HAR structure instead of a VAR structure to
predict one-day-ahead leading eigenvalues. For PT-POETSs, we utilized the ex-post daily,
weakly, and monthly realized volatility based on the first eigenvalues as covariates for X and

used the additive polynomial basis and J = 2. We used the rolling window scheme, where the
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Figure 2: The scree plot of the first 50 eigenvalues of the sum of 503 PRVM estimates.

in-sample period was one of 63, 126, or 252 days. We presented the best-performing results
for FIVAR, T-POET, and PT-POETs across the range of in-sample periods. Specifically,
the FIVAR method, utilizing observations from the past 252 days observations to estimate
the model parameters and the previous 21 days to estimate the eigenvectors, performed best.
Following Shin et al. (2021), the AR lag h = 1 was chosen based on the Bayesian information
criterion (BIC). For PT-POET and T-POET, an in-sample period of 63 days yielded the best
performance. We used three different out-of-sample periods: from 2019:1 to 2019:6 (period
1), from 2019:7 to 2019:12 (period 2), and from 2019:1 to 2019:12 (period 3).

For all estimators except PRVM, we estimated the idiosyncratic volatility matrix using
the hard thresholding scheme based on the 11 Global Industrial Classification Standard
(GICS) sectors (Ait-Sahalia and Xiu, 2017; Fan et al., 2016a). Specifically, we set the
idiosyncratic components to zero across different sectors while retaining them within the
same sector.

To measure the performance of the predicted volatility matrix, we first utilized the mean

squared prediction error (MSPE) and QLIKE (Patton, 2011):
1
MSPE = 737 [F, ~ BRI,
d=1
1 - SN
QUIKE = 1 3" log <det (rd>> ttr (r;lrdPOET) ,
d=1
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Table 1: MSPEs and QLIKEs for the PRVM, POET, FIVAR, FIVAR-H, T-POET, and
PT-POETs.

PRVM POET FIVAR FIVAR-H T-POET PT-POET PT-POET2

MSPE x 10*
Period 1 1.300 1.269 0.942  0.971 0.951 0.878 0.880
Period 2 3.184  3.163  2.035  2.047 2.704 2.025 2.039
Period 3 2.242 2216 1.488  1.509 1.827 1.452 1.459
QLIKEx10~3
Period 1 - 0.535 -0.030 -0.031 8.343 -0.050 -0.044
Period 2 — 0574 -0.024 -0.024 10.184  -0.041 -0.041
Period 3 — 0.554 -0.027 -0.027 9.264 -0.046 -0.043

where T is the number of days in the out-of-sample period, fdp OET i5 the POET estimator for
the d-th day, which is a proxy of true volatility matrix, and f‘d is one of the one-day-ahead
volatility matrix estimates from PRVM, POET, FIVAR, FIVAR-H, T-POET, PT-POET,
and PT-POET?2 for the d-th day of the out-of-sample period. In addition, since the true
conditional expected large volatility matrix is unknown, we conducted the Diebold and
Mariano (DM) test (Diebold and Mariano, 1995) using MSPE and QLIKE to assess the
significance of differences in predictive performance. We compared the proposed PT-POET
method with other methods. Table 1 reports the results of MSPEs and QLIKESs, and Table
2 shows the p-values for the DM tests. We note that the QLIKE results for the PRVM
estimator are omitted, as its determinant is close to zero. The results indicate that the
PT-POET estimators demonstrate the best overall performance, and PT-POET and PT-
POET2 show statistically similar performances. This may be because incorporating the
tensor structure and projection method, along with additional covariates such as ex-post
realized volatility information, enhances prediction accuracy. We note that PT-POET does
not statistically outperform FIVAR-H based on the DM test using MSPE. This outcome is
due to the higher variance of prediction errors with FIVAR-H compared to FIVAR and PT-
POET. That is, FIVAR-H is relatively volatile. To further evaluate the proposed method’s

performance, we implemented the minimum variance portfolio allocation, as described below.
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Table 2: The p-values for the DM test statistic based on MSPE and QLIKE for the PRVM,
POET, FIVAR, FIVAR-H, T-POET, and PT-POET2 with respect to the PT-POET.

PRVM POET FIVAR FIVAR-H T-POET PT-POET2

MSPE
Period 1 0.000%%* 0.000%** 0.035%*  0.242 0.012%*  0.845
Period 2 0.004%%%  0.005%**  (.902 0.810 0.044**  0.265
Period 3 0.001%%* 0.001%** 0.062*  0.372 0.043%*  (0.284

QLIKE
Period 1 — 0.000%**  0.000%** 0.000%**  0.000%** 0.124
Period 2 - 0.000%** 0.005%** 0.005%**  0.000%** 0.102
Period 3 — 0.000%**  0.000%** 0.000%*  0.000%** 0.190

Note: *** ** and * indicate rejection of the null hypothesis at significance levels of 1%, 5%, and 10%,
respectively.

To analyze the out-of-sample portfolio allocation performance, we also considered the

following constrained minimum variance portfolio allocation problem (Fan et al., 2012):
minw’ Tyw, subject to w1 =1, |lw|; <,

where 1 = (1,...,1)" € RP, the gross exposure constraint ¢ varies from 1 to 3, and fd is
one of the one-day-ahead volatility matrix estimators obtained from PRVM, POET, FIVAR,
FIVAR-H, T-POET, and PT-POETs. At the beginning of each trading day, we obtained op-
timal portfolios based on each estimator and held these portfolios for one day. We calculated
the realized volatility using the 10-min portfolio log-returns to avoid the microstructural noise
effect. We then measured the out-of-sample risk by averaging the square root of the realized
volatility for each out-of-sample period. Figure 3 illustrates the out-of-sample risks of the
portfolios constructed by the PRVM, POET, FIVAR, FIVAR-H, T-POET, and PT-POET
estimators. As shown in Figure 3, the PT-POET and PT-POET2 estimators demonstrate
stable performance and consistently outperform the other estimators. Interestingly, while
T-POET performs well in terms of global minimum risk, it becomes unstable as the gross

exposure constraint increases. Additionally, PRVM and POET do not perform well. This
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Figure 3: The out-of-sample risks of the minimum variance portfolios constructed by the
PRVM, POET, FIVAR, FIVAR-H, T-POET, PT-POET estimators.

may be because they cannot capture the dynamics of the volatility process. By considering
the vector auto-regressive structure on eigenvalues of the volatility matrix, FIVAR shows
improved performance compared to POET. However, FIVAR underperforms PT-POET be-
cause it does not consider the time-varying eigenvector. When comparing PT-POET and
PT-POET2, PT-POET2 shows a more stable performance. This may be because adding
an additional dimension of time series helps account for the eigenvector dynamics. Overall,
these results indicate that the PT-POET method can efficiently predict the large integrated
volatility matrix by incorporating interday time series dynamics based on both time-varying

eigenvector and eigenvalue structures.

6 Conclusion

This paper introduces a novel procedure for predicting large integrated volatility matrices
using high-frequency financial data. The proposed PT-POET method leverages daily volatil-
ity dynamics based on the semiparametric structure of the low-rank tensor component of the
integrated volatility matrix process. We establish the asymptotic properties of PT-POET
and its estimator for the future integrated volatility matrix.

In the empirical study, PT-POET outperforms conventional methods in terms of out-
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of-sample performance for predicting the one-day-ahead integrated volatility matrix and
portfolio allocation. This finding confirms that generalizing the low-rank structure and
incorporating the HAR model structure into interday volatility dynamics improves the pre-
diction of future volatility matrices. We note that, in this paper, we developed a generalized
model for large volatility matrix processes and utilized the past leading eigenvalues as co-
variates for projecting the dynamics of singular vectors. However, exploring other possible
covariates, such as trading volume, with alternative basis functions would be an interesting
direction for future research. This study requires extensive empirical research. Thus, we

leave this for future research.
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