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Abstract

This paper introduces a novel 1t6 diffusion process for both factor and idiosyncratic volatil-
ity matrices whose eigenvalues follow the vector auto-regressive (VAR) model. We call it the
factor and idiosyncratic VAR-It6 (FIVAR-It6) model. The FIVAR-It6 model accounts for
the dynamics of the factor and idiosyncratic volatilities and includes many parameters. In
addition, many empirical studies have shown that high-frequency stock returns and volatil-
ities often exhibit heavy tails. To handle these two problems simultaneously, we propose a
penalized optimization procedure with a truncation scheme for parameter estimation. We
apply the proposed parameter estimation procedure to predicting large volatility matrices

and establish its asymptotic properties.
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1 Introduction

Volatility analysis for high-frequency financial data is a vibrant research area in financial econo-
metrics and statistics. With the wide availability of high-frequency financial data, several well-
performing non-parametric estimation methods have been developed to estimate integrated volatil-
ities (Ait-Sahalia et al., 2010; Barndorff-Nielsen et al., 2008, 2011a; Bibinger et al., 2014; Chris-
tensen et al., 2010; Fan and Kim, 2018; Fan and Wang, 2007; Jacod et al., 2009; Shin et al., 2023;
Xiu, 2010; Zhang et al., 2005; Zhang, 2006, 2011). With these non-parametric (daily) realized
volatility estimators, parametric models have been developed to account for volatility dynamics
over time. Examples include the realized volatility-based modeling approaches (Andersen et al.,
2003), the heterogeneous auto-regressive (HAR) models (Corsi, 2009), the realized GARCH models
(Hansen et al., 2012), the high-frequency-based volatility (HEAVY) models (Shephard and Shep-
pard, 2010), and the unified GARCH-It6 models (Kim and Wang, 2016; Song et al., 2021). Their
empirical studies showed that incorporating high-frequency information, such as realized volatility,
helps capture the volatility dynamics for a finite number of assets. However, in financial practice,
we often need to handle a large number of assets, which leads to an excessive number of param-
eters for typical sample sizes. To overcome this problem, the approximate factor model structure
is often imposed on volatility matrices (Fan et al., 2013). For example, high-dimensional factor-
based It6 processes are widely utilized with the sparsity assumption on the idiosyncratic volatility
(Ait-Sahalia and Xiu, 2017; Fan et al., 2016; Kim et al., 2018; Kong, 2018). Recently, Kim and
Fan (2019) developed the factor GARCH-It6 model, based on the high-dimensional factor-based
Ito processes. The factor GARCH-It6 model assumes that the eigenvalue sequence of the latent
factor volatility matrices admits some unified GARCH-It6 model structure (Kim and Wang, 2016)
so that the dynamics of the volatility can be explained by the factors. See also Hetland et al. (2023)
for the low-dimensional low-frequency setting and Kim et al. (2022, 2023) for the high-dimensional

high-frequency setting. We note that when employing the approximate factor model structure, the



existing literature does not model the idiosyncratic volatility and assumes that the idiosyncratic
volatility process is martingale.

However, several empirical studies indicate that idiosyncratic volatility also has a dynamic
structure, and it comprises a large proportion of the total volatility (Barigozzi and Hallin, 2016;
Connor et al., 2006; Herskovic et al., 2016). To provide evidence of the existence of the dynamics
in the idiosyncratic process for the high-frequency financial returns, we estimated the 200 daily
eigenvalues of the idiosyncratic volatility matrix based on the top 200 large trading volume stocks
in the S&P 500 index. The estimation procedure will be described in Section 4.2 and Section
5.2. Figure 1 depicts the distribution of the first-order auto-correlations of the 200 time series of
200 daily estimated eigenvalues as well as the ACF plots for the time series of daily eigenvalue
estimates of the 1st, 50th, 150th, and 200th eigenvalues. We note that other eigenvalues also have
similar time series structures. Figure 1 shows that the lag-1 autocorrelations are quite strong,
which supports a dynamic structure in the eigenvalue processes of the idiosyncratic volatility. In
addition, these estimated eigenvalues exhibit fairly long memories, with significant autocorrelation
of lags of about 1 to 4 weeks. Thus, simultaneously modeling the idiosyncratic volatility as well

as the factor volatility is important to capture volatility dynamics. On the other hand, since the

Box plot 1st eigenvalue 50th eigenvalue 150th eigenvalue 200th eigenvalue
IR T T T L

Figure 1: The box plot of the first-order auto-correlations for the time series of 200 daily estimated
eigenvalues of the idiosyncratic volatility matrix and the ACF plots for the time series of the 1st,
50th, 150th, and 200th eigenvalues.

dimension of the idiosyncratic volatility is large, modeling the factor and idiosyncratic volatilities
simultaneously results in the problem of over-parameterization. To address this issue, the sparsity

of model parameters is often imposed, and high-dimensional estimation procedures, such as LASSO



(Tibshirani, 1996) and SCAD (Fan and Li, 2001), which are usually developed under a sub-Gaussian
tail condition, are employed. However, this sub-Gaussian assumption is at odds with the empirical
observations that the financial market exhibits heavy tails. For example, Figure 2 shows the boxplot
of the 200 log kurtoses for the daily jump adjusted pre-averaging volatility estimators (Ait-Sahalia
and Xiu, 2016; Christensen et al., 2010; Jacod et al., 2009) for 997 trading days in the period
2016-2019. The daily jump adjusted pre-averaging volatility estimators are estimated using 1-min
log-returns of the most liquid 200 assets in the S&P 500 index. Detailed estimation procedure is
presented in (A.1) in the Appendix. From Figure 2, we can see that the volatility processes have
heavy-tailed distributions. See also Cont (2001); Fan and Kim (2018); Mao and Zhang (2018); Shin
et al. (2023). Thus, the high-dimensional estimation procedure developed under the sub-Gaussian
tail condition is inappropriate. These stylized features lead to the demands for developing a

diffusion process for both factor and idiosyncratic volatilities with heavy-tailed observations.
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Figure 2: The boxplot of the 200 log kurtoses obtained from the daily jump adjusted pre-averaging
volatility estimators for 997 trading days in the period 2016-2019. The daily jump adjusted pre-
averaging volatility estimators are estimated using 1-min log-returns of the most liquid 200 assets
in the S&P 500 index. The red dash represents the kurtosis of the ¢5-distribution.

In this paper, we introduce a novel Ito diffusion process to account for the dynamics in the factor
and idiosyncratic volatilities, based on the VAR model with heavy-tailed innovations. Specifically,

it is assumed that the eigenvectors of the latent factor and idiosyncratic volatility matrices do not



vary over a time period. In contrast, we allow the eigenvalues to evolve with time and impose
a parametric dynamic structure. In particular, the instantaneous eigenvalue processes of the la-
tent factor and idiosyncratic instantaneous volatility matrices are continuous with respect to time
and have a VAR structure at integer time points so that it is a form of some interpolation of
the VAR structure. This structure makes the integrated eigenvalues have the VAR structure, and
thus, the dynamics of the volatility can be explained by both the factor and idiosyncratic com-
ponents. We call it the factor and idiosyncratic VAR-It6 (FIVAR-It6) model. When it comes to
estimating model parameters, the high dimensionality of the idiosyncratic volatility matrix causes
over-parameterization. Furthermore, we allow the heavy-tailedness based on the bounded c.-th
moment condition for ¢, > 4. It is assumed that the model parameters are sparse so that an
{1-penalty, such as LASSO, can be employed. The usual ¢;-penalty method does not work under
the heavy-tailedness (Sun et al., 2020) and a Huber loss is employed to address this issue (Huber,
1964). We show that the proposed estimation procedure has robustness with the desirable conver-
gence rate. We also propose a procedure for large volatility matrix prediction and investigate its
asymptotic properties.

The rest of the paper is organized as follows. Section 2 introduces the FIVAR-It6 model,
based on the high-dimensional factor-based It6 diffusion process, and investigates its properties.
Section 3 proposes the robust parameter estimation method for a high-dimensional VAR model
with heavy-tailedness and establishes its concentration properties. In Section 4, we apply the
proposed estimator to large volatility matrix prediction. In Section 5, we conduct a simulation
study to check the finite sample performance of the proposed estimator and apply the estimation
method to high-frequency trading data. The conclusion is presented in Section 6, and the technical
proofs are deferred to the Appendix.

Before closing this section, let us introduce some notations. For a given p; X p, matrix M =

(M,Lj>, let
p1 D2
M|, = max Z [Mijl, Moo = max Z [Mijl, 1M lmax = max | M.
i=1 7j=1
Note that || - ||max IS N0t & matrix norm in general, but can be interpreted as a vector norm. The



matrix spectral norm || M||, is the square root of the largest eigenvalue of MM ' and the Frobenius
norm of M is denoted by |[M||r = /tr(MTM). When M is a square matrix, the spectral radius
p(M) is the largest value of the absolute eigenvalues of M. For any vector x = (zy,...,z,) € RP
and ¢ > 1, the £, norm |[x[|, = (3_7_, |2:])"/?. For any vectors x,y € R?, we set (x,y) = xy. For
a function f : R? — R, its gradient vector is denoted by Vf € RP as long as it exists. We denote
1Z]|, = {E (12" }"* for a random variable Z € R and ¢ > 1. The half-vectorization, vech (M),
of the matrix M is the column vector obtained by vectorizing only the lower triangular part of M.
Also, tr (M) is the trace of M and det (M) is the determinant of M. Diag (M) denotes the square
diagonal matrix with the elements of the main diagonal of M. C’s denote generic positive constants

whose values are free of other parameters and may change from appearance to appearance.

2 FIVAR-Ito6 model

Let X(t) = (X1(t),...,X,(t))" be the vector of true log-prices of p assets at time ¢. To account
for the cross-sectional dependence in financial asset prices, we employ the following factor-based

jump-diffusion model:
dX(t) = p(t)dt + B(t)df (t) + du(t) + J(t)dA(t), (2.1)

where p(t) € RP is a drift vector, B(t) € RP*" is an unknown factor loading matrix, f(t) € R”
is a latent factor process, and u(t) € RP? is an idiosyncratic process. For the jump part, J(t) =
(Ji(t),...,J,(t))" is a jump size vector, and A(t) = (A1(t),...,A,(t))" is a p-dimensional Poisson
process with an intensity I(t) = (Iy(t),..., [,(t))". It is assumed that the factor and idiosyncratic

processes f(t) and u(t) follow the continuous-time diffusion models:
df(t) = 9" (t)dW(t) and du(t) = ®' () dW*(t),

where 9(t) and ®(t) are r by r and p by p instantaneous volatility matrices, respectively, and

W (t) and W*(t) are r-dimensional and p-dimensional independent Brownian motions, respectively.



Stochastic processes X (t), u(t), B(t), f(t), u(t), 9(t), and ®(t) are defined on a filtered probability
space (Q, F,{F,t € [0,00)}, P) with filtration F; satisfying the usual conditions, that is, the
filtered probability space (Q, F,{F;,t € [0,00)}, P) is complete and the filtration F; is right-

continuous. The instantaneous volatility matrix of the log-price X(¢) is

V(1) = (3(1)1<s j<p = BOD ()I(OBT (1) + 7 (1) (1), (2.2)

and the integrated volatility for the dth day is

d
Fd = (deij)i,j:L_,_,p == /d‘ '7(t)dt = \I’d + Ed,

-1

where @, = [* B()9" (1)9(t)BT (t)dt and Sy = [} | ®"(1)®(t)dt for d € N.

Let qfl, o ,qfr and A1 (61),..., A, (0,) be the eigenvectors and eigenvalues of the instanta-
neous factor volatility matrix B(t)9 " (¢)9(t)B" (t)/p, respectively, and Afys- - 9),and A (0r41)
ooy Aiptr (Opsr) be the eigenvectors and eigenvalues of the instantaneous idiosyncratic volatility
matrix ® ' (t)®(t), respectively. We note that in the high-dimensional factor model, the eigenval-
ues of the factor volatility matrix are usually assumed to diverge at the order of the dimension p.
Therefore, to match the sizes of the factor and idiosyncratic parts, we divide the factor part by
p. In this paper, to distinguish notations for the factor and idiosyncratic parts, we use subscript
and superscript of I’ and I to their associated quantities, respectively. In the latent factor model,
to identify the latent factor loading matrix and factors, it is often assumed that the latent factor
loading matrix is orthonormal and the latent factors have a diagonal covariance matrix, which
implies that the eigenvectors and eigenvalues are related to the factor loading matrix and factors,
respectively (Ait-Sahalia and Xiu, 2017; Fan et al., 2013; Kim and Fan, 2019). In this paper,
we also consider the eigenvalues as the latent factor and idiosyncratic associated variables. It is
assumed that the eigenvectors, qf ;» 0 =1,...,r, are constant over time, that is, qf . = ql for
i=1,...,rand t € [0,00). Also, it is assumed that q/, = q/ for i = 1,...,p and t € [0,00).
We note that the constant assumption can be relaxed to the constant eigenvectors for each day.

However, Kim and Fan (2019) shows that the estimation procedures with time-invariant eigenvec-



tors perform better. In light of this, it is assumed that the eigenvectors are constant over time,
and hence the volatility dynamics are driven by those of the eigenvalues. Thus, to capture the
volatility dynamics, we model the latent factor and idiosyncratic variables by the following factor

and idiosyncratic VAR-It0 (FIVAR-It0) model.

Definition 1. We call a log-price vector X(t), t € [0,00), to follow a FIVAR(h)-It6 model if its

associated values satisfy fori=1,... . p+r andt € [0,00),

Ai(0:) = (m—t)x[t11,2-<9i)+2<1,i,j{ /[ ]As,j (ej)ds}+(m—t) /[ Jra(s)dAy(s)

t—1 t—1]
h  ptr [t]—k+1
-0+ 1) (0303 G / Aoy (8,)ds s | + (1] — )72,
k=2 j=1 [t]—k
where 6; = (Crij)i<k<hi<j<p+r 1S the model parameter, [t] is a ceiling function, which is the

smallest integer greater than or equal to t, Jy,;(t) is a jump size process, /N\M(t) 1S a compensated
Poisson process, and Z;; = f(tt—ﬂ 2i 1AW, where Wiy is a standard Brownian motion and z;; is a

continuous process over each integer time interval.

In the proposed FIVAR-It6 model, the instantaneous eigenvalues at the integer time points

(time unit is usually day) satisfy the VAR(h)-type structure as follows:

h  ptr

Mg (0) = i+ 575" G { /d T 0) dt} . (2.3)

k=1 j=1 —k

Thus, under the FIVAR-It6 model, the instantaneous eigenvalue process is an interpolation of
the VAR structure. By introducing the jump process for the instantaneous eigenvalue process,
we can account for the co-jumps with the return process (Bandi and Reno, 2016; Bibinger and
Winkelmann, 2018; Jacod et al., 2017a; Jacod and Todorov, 2010). We note that to guarantee the
positiveness of the eigenvalue process, we need some lower bound condition for the jump process,
such as J,\,,-(t)/l\,i(t) > —c a.s. for any ¢t and some positive constant ¢ that is related with the
lower bound of the continuous part of the instantaneous eigenvalue process (e.g., a;). The random
fluctuation is modeled by Zzt, which is included in integrated eigenvalues. Thus, the volatility

process is not deterministic. Furthermore, we model the heavy-tailedness by the heavy-tailed



random fluctuation Z7,.
The following proposition investigates the low-frequency time series structure of the integrated

eigenvalues, which will be used for statistical inferences.

Proposition 1. Let ¢}, = (Cr,ij)i<ij<pir for all1 <k < h, det(¢;) # 0, and the spectral radius of
¢y, p(¢y) < 1. Then, we have the following iterative relations for the FIVAR(h)-It6 model:

h
Ed =V + ZAkgd—k + ed a.S., (24)

k=1
where €5 = (Eary- - Eaprr) = [ A (0)dt, A (8) = M\t (1), Aipsr (0,1,)) ", and the

specific forms of Ay’s, v, and €4 are defined in (A.2) in the Appendiz.

Proposition 1 shows that the daily integrated eigenvalues &, follow the VAR model. We note
that v is the the vector of the intercepts, (ay, ... ,apw)T of instantaneous eigenvalues in (2.3) and
the expected value, (E [zft} oo, B [z;fﬁ,’t})T, of the random fluctuations, and the coefficient, ¢,
of the first AR order in (2.3) coming from handling the iterative relationship of the integrated
eigenvalue. The coefficients Ay’s are determined by the coefficients, (,’s, of the instantaneous
eigenvalue in (2.3). It is worth noting that we cannot specify all interpolation parameters in the
instantaneous process because some quantities, such as (aq, ... ,aer,«)T and the expected value of
the random fluctuations, are not uniquely defined. Unlike the factor GARCH-It6 model (Kim and
Fan, 2019), the FIVAR-It6 model considers not only the factor component but also the idiosyncratic
component. In the empirical study, we find that the idiosyncratic eigenvalues have a time series
structure, and incorporating the idiosyncratic dynamics helps capture the volatility dynamics.
Details can be found in Section 5. We note that the proposed model is not the unique way to
explain the observed auto-correlation structure in the empirical study (see Bollerslev et al. (2016);
Cipollini et al. (2021); Hansen and Lunde (2014)). That is, the FIVAR-It6 model is one of the
possible solutions, and we find its empirical benefits. However, incorporating the idiosyncratic
component causes high-dimensionality. Furthermore, to account for the heavy-tailedness, we allow
that the martingale noise €; has heavy tails. That is, when it comes to statistical inferences for the

proposed FIVAR-It6 model, we face two problems: the heavy-tailedness and over-parameterization.



In the following section, we propose an estimation procedure which can handle the heavy-tailedness

and high dimensionality.

Remark 1. In this paper, we propose a prediction procedure for integrated volatility matrices based
on the VAR model structure of daily integrated eigenvalues. On the other hand, the intraday dy-
namic structure of the eigenvalues is not used for the prediction procedure. Specifically, since we use
only the VAR model structure for the interday prediction procedure, the intraday dynamic structure
does not affect the prediction method as long as the integrated eigenvalues follow the proposed VAR
model. That is, the intraday dynamics in Definition 1 are proposed to show the existence of the
continuous eigenvalue process that satisfies the VAR model structure of the integrated eigenvalue
process. This enables us to accommodate both a continuous-time Ito process and a discrete-time
VAR model and to conduct a simulation study based on high-frequency simulated data. It is inter-
esting and important to develop a unified model that can explain interday and intraday dynamics

simultaneously. We leave this for a future study.

Remark 2. In this paper, we assume that the rank r is constant over time. However, it may
be more realistic to allow the rank r to vary over time. To handle the time-varying rank r, we
can consider a state heterogeneous structure of the volatility process as in Chun and Kim (2022).
For example, we can assume that the number of common factors is the same under the same state.
Then, we need to extend the one-dimensional case in Chun and Kim (2022) to the high-dimensional
case. However, the extension to the high-dimensional case is not straightforward. Thus, we leave

this for a future study.

3 Estimation procedure for the heavy-tailed VAR model

In this section, we propose a robust parameter estimation method for the high-dimensional VAR
model in (2.4), where €; = (€q1, ... ,edﬁpw)T is 1.i.d. innovation at time d with E(e;) = Opir,
which is independent of §,_; for all [ € N. Our idea is basically to robustly fit this model for each
component. Let 3 = (V A, - Ah> and we denote 3, by the ¢th row of 3. To overcome the

curse of dimensionality, the sparsity of 8, is assumed: the number of nonzero elements in each 3,

10



is bounded by a small number sg > 1. In contrast, for the factor-related parameter, the factor
model usually assumes that the idiosyncratic variables do not affect the factor variable. To reflect
this prior, Ay;; =0fork=1,... h,i=1,...,r, j =r+1,...,p+r is assumed. That is, the
factor-related coefficients 3;’s, ¢ = 1,...,r, have the specific sparse structure. We denote the true
model parameter by 3, and its ith row by 3,,. It is worth mentioning that the sparsity implies
the Granger non-causality between the related variables. In practice, we do not know the number,
r, of latent factors and AR lag h. In this section, it is assumed that r and h are given, and we will
discuss how to choose them in Section 5.1.

To accommodate the sparsity structure, we often employ the penalized regression model, such
as LASSO (Tibshirani, 1996) and SCAD (Fan and Li, 2001). When analyzing data with the
LASSO procedure, we need some sub-Gaussian tail conditions. However, as shown in Figure 2, the
volatilities often exhibit heavy tails in financial applications. To tackle this heavy-tailedness, we
often employ a robustification method (Catoni, 2012; Fan et al., 2017; Minsker, 2018; Sun et al.,

2020). In this paper, we employ the Huber loss [, (Huber, 1964)
L () = 2 /20 (|2] < 7) + (7 |2] = 7°/2)I (|2] > 7),
where 7 > 0 is the robustification parameter, and the truncation (Winsorization) method
Ve (1) = zl(|a] < @) + sign(z)w(|z] > @),

where @ > 0 is a truncation parameter. We denote by (x) = (¥ (21),...,Vw (2,,)) for any
vector X = (x1,...,2,,) € R,

By combining the truncation and /¢;-regularization methods, we can simultaneously deal with
robustness and the curse of dimensionality. Specifically, we estimate the true sparse coefficient 3,,
as follows:

Bi —arg  min  LDL(B) +nr 1B,ll, fori=r+1,...,p+r, (3.1)
B; ER~(PHT)+1 ’

11



where n; > 0 is the regularization parameter, the empirical loss function is

L18) = (=) 3 by (G — (Wi (). B)) (3:2)

d=h+1

~I ~T ~T T ~ ~ ~ T
n is the number of days in the sample, §,; = (1,€d . ,Ed_h+1> ,and §; = (fd,l, e ,§d7p+r>

is a non-parametric estimator for ;. Note that in (3.2), the Huber loss [, is used to handle the
heavy-tailedness of €; and the truncation function v is used to guard against the tail of £,;. In
contrast, since the sparsity structure of the coefficients for the factor part is known, it is a low-
dimensional problem. We do not need the ¢; penalty term. However, we still need the truncation

parts to handle the heavy-tailedness as follows:

8. = 1 i3, fori=1,... .
B, = arg gﬁlgﬂ L(B8;) fori e, T (3.3)
where
Fi -1 - = <F
LELB) = (n=1)" D by (Eai = (Wer Bin). B)) (3.4)
d=h+1

EdF is an (hr + 1) by 1 vector obtained by stacking 1 and the first r elements of each Ed_k, k=
0,...,h — 1. We note that, in financial practice, we cannot observe the true price or volatility
process, so we employ the non-parametric estimator Ed of ;. We discuss the non-parametric
estimators in Section 4.

We investigate the theoretical properties of B\ under the following assumptions.
Assumption 1.

(a) The process (Ed)d:LQ?m is strictly stationary and the spectral radius of A, p(A), is less than
1, where Ed and A are the vectorization of &; and its corresponding coefficient matriz defined

in (A.3) in the Appendiz, respectively.

(b) The number of nonzero elements in each B, is bounded by a number sg.

(¢c) €ai and &g, satisfy maxi<i<pir E(|€qi]%) < 00 and maxi<i<prr E(|€44]%) < 0o for some con-

stant c. > 4.

12



(d) The process (gd)d:m,_n is a-mizing and the a-mixing coefficients satisfy a(k) = O (gpk) for

some @ € (0,1).

(e) The non-parametric estimator /E\d satisfies

= P a T
max max (g, — &gl < b and max max i —&qil < b a.s.
1<d<ni<i<r gd,l gdﬂ = Ym,n,p 1<d<n r4i<i<pir éd,z gd,l > Umnp y
where m represents the number of observations for estimating &4, and bl np and bl np COT-

verge to zero as m, n, and p increase.

(f) There exists a constant k > 0 such that the following inequality holds for some Dp >

(hr +1)np/k and 1 < i <r, where the bound of ng is given in Theorem 1:

inf{w VLI (B)w : [[wlly =1, [18; — Byll, < Dr} > &.

(9) Define the {1-cone W; = {w € Rl . HWSE

L < 3|ws, 1}, where wge is the subvector
obtained by stacking {w; : j € S¢}, wg, is the subvector obtained by stacking {w; : j € S;},
and S; = {j : j-th element of B,y # 0}. Then, there exists a constant k > 0 such that the
following inequality holds for some Dy > 48sgnr/k and 1 < i < p, where the bound of nr is

given in Theorem 1:

inf{w'V2LIL(B)w: we W, |lwll, =1, [IB; = Bill, < Di} = &.

Remark 3. Assumption 1(a) is the strictly stationary and stable conditions for the VAR(1) rep-
resentation of the model (2.4). Assumption 1(c) allows the heavy-tailedness in the VAR model.
Since we consider the high-dimensional VAR model, we need the moment condition for &q;, such as
maxi <j<prr B(|€ai|) < 00. However, under Assumption 1(a)-(b), the condition maxi<;<,i, E(|€44|%) <

oo implies the condition maxy<i<prr E(|&a;

) < 0o when sg is bounded by some positive constant
(see Lemma 1 in the Appendiz). We note that we do not impose the bounded sz throughout the

paper; thus, we need the moment condition for &q;. Assumption 1(d) is required to handle the

13



dependency in the VAR model. Under Assumption 1(a), Assumption 1(d) holds if the process
(Ed)d:1,27.,, is geometric ergodic (see Proposition 2 in Liebscher (2005) and Fact 5 in the online
Appendiz of Wong et al. (2020)). We note that the geomelric ergodicity can be obtained under
the mild condition on €, (see Example 3 in Wong et al. (2020)). Assumption 1(e) represents the
concentration property of the non-parametric estimator Ed. In Section 4, we propose a method for
constructing Ed and show its associated inequality holds with high probability. Assumptions 1(f)—(g)
are the eigenvalue conditions for the Hessian matrices VQEE’;(@) and VQ,CQ;(,BZ.), respectively.
This is called the localized restricted eigenvalue (LRE) condition (Fan et al., 2018; Sun et al.,

2020), which implies strictly positive restricted eigenvalues over a local neighborhood.
The following theorem provides the convergence rate of Bz defined in (3.1) and (3.3).

Theorem 1. Under the model (2.4), Assumption 1, n >3, > 1, Vnd + (1¢ + wp) (logn)* 6 =

logn)26+\/n6]

n

O (n), and np > CbL ,  +75° + w5 + izl , we have, fori=1,...,r, with probability

at least 1 — Ahre™9,
(hr + 1) np

- (3.5)

1B: - Bo

<
2

Furthermore, we assume that sg\/nd+ (1 + w;) (logn)® 6 = O (n) and n; > C[sg (bF oy +0h )+

m?nip

1wy (log n)25+55\/n6]
n

S%TI_Q + Sﬁwf_z + . Then, we have, fori=r+1,...,p-+r, with probability at least

1—4h(p+r)e?,
1252/2771

- (3.6)

1B. - 8.

<
2

Remark 4. Theorem 1 shows the convergence rates for the general setting of the low-dimensional

and high-dimensional VAR models, where the covariates are not observable and observations are

heavy-tailed. Specifically, bﬂm’p and bfn,n,p in Np and n; are the costs to estimate the true co-
variates. When &, is directly observable, b, , = and b}, ,  become zero. Take § = 2logp, Tp =

wp = C(n/logp)1/4, np = C (logn)* /logp/n, 7 = Csg (n/logp)1/4, wr = C(n/logp)1/4, and
nr = Csp (log n)2 dogp/n. Then, Bz for the factor and idiosyncratic parts have a near-optimal

convergence rate of (logn)®+/logp/n and 32/2 (logn)? \/log p/n, respectively (Sun et al., 2020).

The additional (log n)2 term comes from handling the dependency in the process (€;)d=1,2,... When

geee

comparing to the optimal rate for the high-dimensional case, established in Sun et al. (2020), we
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have the additional sz (log n)Q. Usually, the sparsity level is small; thus, the proposed method does

not lose significant efficiency, even for the dependent and heavy-tailed case.

Remark 5. In addition to obtaining concentration inequalities for the model parameter estimation
method, obtaining confidence intervals for the model parameters is also tmportant. To do this, we
need to adjust the bias of the proposed estimator and to obtain a debiased estimator. This bias is
coming from Huber loss, truncation, high-dimensional observation error, and ¢ reqularization. It

is a demanding task to simultaneously handle them. We leave this issue for a future study.

4 Large volatility matrix prediction

4.1 A model set-up

In this section, using the estimation procedure in Section 3, we discuss how to predict the large
volatility matrix, based on the FIVAR-It6 model. Given the observations of n days, the parameter
of interest is the conditional expected volatility matrix E (T, 41]|F,). Recall that the integrated

volatility matrix I'y has the following low-rank plus sparse structure:
T T p T
LFi=%9;+3;= ngd,iqf (Qf) + Zfd,iw(ﬁ (qll) a.s.,
i=1 i=1

where p;;’s are the i-th largest eigenvalues of ¥, for ¢ = 1,...,r and £,4,’s are the i-th largest
eigenvalues of 3y for ¢ = 1,...,p. It is assumed that the rank, r, of ¥, is bounded and the

idiosyncratic volatility matrix X = (X4,;) satisfies the following sparse condition:

ij=1,.p
P
max max Z |Zd7ij|T(Ed,m~2d7jj)(1_r)/2 < M;s; a.s., (4.1)

1<d<n 1<i<p £
Jj=1

where M; is a bounded positive random variable, T € [0, 1), and s; is a deterministic function of p,
which grows slowly in p. This low-rank plus sparse structure is widely employed when analyzing the
large matrices (Ait-Sahalia and Xiu, 2017; Bai and Ng, 2002; Fan and Kim, 2018; Fan et al., 2013;

Kim et al., 2018; Stock and Watson, 2002; Shin et al., 2023). We note that when we directly use the

15



total volatility without decomposition, we cannot explain the sparse structure of the eigenvectors
of the idiosyncratic volatility matrices. This may introduce a lot of parameters and lead to higher
complexity.

Unfortunately, the true log-price X(t) cannot be directly observed since the high-frequency data
are contaminated by microstructure noise. To account for this, it is assumed that the observed

log-price Y;(tx) has the following additive noise structure:

Yi(td,k) :Xi(td,k)+6i(td,k) fori: 1,...,p,d: 1,...,n,k:0,...,m, (42)

where d — 1 = t49 < -+ < tgm = d, and the microstructure noise e;(tqx) is a stationary random
variable with mean zero. The empirical studies have shown that the microstructure noise is se-
rial dependent and endogenous (Ait-Sahalia et al., 2011; Hansen and Lunde, 2006b; Jacod et al.,
2017b; Li and Linton, 2022; Ubukata and Oya, 2009). Fortunately, as long as non-parametric in-
tegrated volatility matrix estimators satisfy (4.3) presented below, the dependent structure of the
microstructure noise does not affect the main results of this paper. There are several estimation
procedures that are robust to dependent structures of the microstructure noise (Barndorff-Nielsen
et al., 2011b; Jacod et al., 2017b; Kim et al., 2016; Li and Linton, 2020). Similarly, the assump-
tions on the jumps do not affect the main results of this paper as long as (4.3) holds. There are
also several estimation methods which can handle jumps when estimating integrated volatilities
(Ait-Sahalia and Xiu, 2016; Shin et al., 2023). Thus, we only require condition (4.3). On the
other hand, for simplicity, the observation time points are assumed to be synchronized and equally

spaced: tgy —tap1 =m 'ford=1,....nand k=1,...,m.

Remark 6. In this paper, we mainly focus on the parametric structure of the volatility process,
so it is assumed that the observation time points are synchronized and equally spaced for simplic-
ity. The conditions for the observation time points can be relaxed to the non-synchronized and
unequally spaced conditions by using generalized sampling time (Ait-Sahalia et al., 2010), refresh
time (Barndorff-Nielsen et al., 2011a), and previous tick (Andersen et al., 2003; Barndorff-Nielsen
et al., 2011a; Zhang, 2011) schemes. See also Bibinger et al. (2014); Fan and Kim (2019); Park
et al. (2016).
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4.2 Large volatility matrix prediction

To predict the large volatility matrix, we first employ a non-parametric integrated volatility matrix
estimator f‘d, which is robust to jumps and dependent structures of the microstructure noise (Aft-
Sahalia and Xiu, 2016; Barndorff-Nielsen et al., 2011b; Bibinger and Winkelmann, 2015; Jacod
et al., 2009; Kim et al., 2016; Koike, 2016; Li and Linton, 2020; Shin et al., 2023). Based on the non-
parametric estimator fd, we estimate the eigenvectors and eigenvalues of factor and idiosyncratic
volatility matrices as follows. For estimating the ‘daily’ integrated eigenvalues &, on the factor
volatility matrix ¥, based on the assumption of time-invariance of eigenvectors, we calculate
r eigenvectors ql,...,q% of the average of the recent ¢ days’ non-parametric realized volatility
matrix estimators, %ZZ:H ™ f‘d, where ¢ is the window length for the eigenvector estimation,
and obtain the estimators of time-dependent eigenvalues gm- = (ﬁf )T fdaf /pford=1,...,nand
i =1,...,r. This provides a part of inputs for (3.2) and (3.4).

To provide the rest of the inputs, namely gd’i for ¢ > r for the idiosyncratic volatility matrix 34,
we apply the principal orthogonal complement thresholding (POET) method (Fan et al., 2013) as
follows. First, we decompose the input volatility matrix

p
T, = Z €k kA
k=1
where &4, is the k-th largest eigenvalue of fd and qq, is its corresponding eigenvector. We then ob-
tain the input idiosyncratic volatility matrix estimator X, = (id,ij)1§i7j§p = fd > 5d,kqd,kqdfk

and apply the adaptive thresholding method to 3,4 by computing

R Yai VO if i = . N
Y = and g = (Zgij)1<ij<ps

gij(id,ij)l(’id,iﬂ >v) ifi#y

where the thresholding function g;;(-) satisfies |g;;(x) — | < v;5, and the adaptive thresholding

level vij = Uy /(Zaii V 0)(Xaj; V 0). For example, we often utilize the soft thresholding function
gij(x) = x —sign(z)v;; and the hard thresholding function g;;(x) = z. The thresholding parameter

v, will be specified in Proposition 2. With the idiosyncratic volatility matrix estimator f)d, we
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calculate p eigenvectors, qf,...,qh, of 3>, 3, and obtain Edw = (a{)T 3q! for d =

1,...,nand i =1,...,p. Again, we here use the time-invariant assumption of the eigenvectors.
With these inputs, we can estimate the true model parameter 3, using the VAR model pa-

rameter estimation procedure in Section 3 and calculate the predicted eigenvalue estimator by

-~ -~ T o~ o~
€1 = (fnﬂ,l, . ,£n+1’p+r> =v+ 22:1 Ay€, 1 using (2.4). Finally, we estimate the condi-

tional expected volatility matrix by

T P
oy =W + X5 = pZ&H,iﬁf (ﬁf)T + Z£n+1,¢+r€1§ (azI)T :
i=1 i=1

We describe the estimation procedure in Algorithm 1 in the Appendix.

Remark 7. To estimate the eigenvectors, the constant eigenvector over time is assumed, and the
window length, £, for the eigenvector estimation can be from 1 to n. In the empirical study, we
investigate the effect of the eigenvector estimation methods, and we find that the volatility matriz
estimator with the previous 22-day observations (one month) shows the best performance. This
shows that the averaging step helps mitigate volatile fluctuations in the volatility process, and by
using the recent 22-day instead of the longer period, such as the whole period, we can explain
the effect of the eigenvector dynamics. On the other hand, in high-frequency finance literature,
the intraday time-varying patterns are often observed (Andersen et al., 2019, 2021; Kong et al.,
2021). We also conducted hypothesis tests for the constant eigenvector, and the constant eigen-
vector hypothesis is often rejected (see Section A.2). Thus, it is more natural to assume intraday
time-varying eigenvectors. However, under this condition, we need to calculate a lot of local eigen-
values and eigenvectors and accumulate the local estimators. Furthermore, the intraday dynamic
structure of the wvolatility process becomes more complex since we need to consider two different
dynamic structures. This complexity may cause large estimation errors and the possibility of over-
parameterization. Thus, it is a demanding task to develop a parametric model that can explain
the intraday and interday dynamics simultaneously and obtain robust prediction performance. We

leave this for a future study.

We investigate the theoretical properties of the POET estimator under the following assump-
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tions. These conditions are often used when analyzing the asymptotic behaviors of the POET

estimator (Fan and Kim, 2018; Shin et al., 2023).
Assumption 2.

(a) For some fized constant Cy, we have 2 maxi<i<, Z;Zl qu < Cy a.s., where q; = (quj, .-, qp;) "

is the jth eigenvector of Wy.

(b) Ford=1,....n, let Dge = min{&;; — &4i41,0 = 1,...,r — 1}, Dge and &, > Cs a.s., and

€a1 < C5 a.s. for some generic positive constants Cy and Cs.

(¢c) Ford=1,...,n, {11 1s bounded by some positive constant and &4,+, stays away from zero

almost surely.
(d) s1/\/p+ /logp/m!/? = o(1).
The following proposition derives the concentration properties of the POET estimator.

Proposition 2. Under the FIVAR (h)-1t6 model, suppose that the concentration inequality,

Pr{ max max (4.3)

1<d<n 1<4,j<p

=~ log (pn vV m _
Laij—Lai| =2 C %} <p !

Assumption 2, and the sparsity condition (4.1) are met. Take v,, = CpH,, for some large fized

constant Co,, where H,, = s;/p+ +/log (pn V- m) /m1/2. Then, we have, for a sufficiently large m,

with probability at least 1 — p~1,

o | < )
[ax max (& — &ai| < CHpn, (4.4)
o | < -7 '
max  max  |8a; —&ai| < CsiH,, (4.5)
max || Sq — Sglla < Cs HEY, and (4.6)
1<d<n
max [|2q — Sgllmax < CHyp. (4.7)
1<d<n

Remark 8. Under the locally boundedness condition of the instantaneous volatility process with

the heavy-tailed observations, we can obtain the same asymptotic results (Fan and Kim, 2018; Shin
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et al., 2023). For example, continuous adapted processes are locally bounded, and more generally,
left-continuous adapted processes are almost surely locally bounded on every finite time interval. The
proposed FIVAR-It6 model is continuous; thus, the locally bounded condition is satisfied. Thus, the

concentration tail condition (4.3) is not restrictive.

The concentration inequalities (4.4)—(4.5) show that Assumption 1(e) is satisfied with high

probability. For example, we have bY = CH,, and b’ = CsyH!=Y. Using Theorem 1, we can

m7n7p m7n7p

derive the following result.

Theorem 2. Under the assumptions in Proposition 2 and Assumption 1 (except for Assumption
1(e)), let n > 3, sgv/nlogp + sgn'/* (logn)? (logp)** = O (n), 70 = @wp = C (n/logp)’*, 7 =
Csg(n/ logp)”*, and @w; = C (n/logp)’*. Suppose that Assumption 1(f)—(g) hold with np =

C {Hm + (logn)? \/logp/n} and ny =C {sBSIH,iL_T + 55 (logn)® \/logp/n} . Then, we have,

for a sufficiently large m, with probability at least 1 — 2p~!,

max EZ —Boll <C {Hm + (logn)? \/logp/n} , and (4.8)
<i<r 2

3 _3 3/2 =T | .3/2 2
,pax 1B — B, < C {35 siH, ~ + 4" (logn) \/logp/n} : (4.9)

Remark 9. Theorem 2 shows that the low-dimensional factor VAR has the convergence rate sy /p+

Vlog (pn Vv m) /m1/2+(log n)? \/logp/n. The s;/p term is the cost to identify the latent factor, and

—1/4 —-1/2

the m term comes from estimating the integrated volatility matriz. Finally, the n term s

the usual convergence rate of estimating model parameters in low-frequency time series. In contrast,

the high-dimensional factor VAR has the convergence rate sz/zsIHifT—l—sZ/z (log n)2 Vdogp/n. The

first term, SZ/ % rH=Y s the cost to estimate the latent idiosyncratic volatility matriz with the noisy

high-frequency data. The second term, §3/? logn 2 log p/n, is the convergence rate of the sparse
B

high-dimensional regression. We note that the (log n)2 term is the cost of handling the dependency

in the eigenvalue process.

With the results in Theorem 2, we investigate the theoretical properties of the future volatility
matrix estimator f‘n+1- To study the future idiosyncratic volatility matrix estimator §n+17 we need

the additional condition for the eigen-gap as follows.
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Assumption 3. For some x € (0,1) andi =r+1,...,p+r—1, we have Cyx" < &g —Eqir1 < CsX°

for some positive constants Cy and Cs.

Remark 10. To have the bounded eigenvalues for the idiosyncratic volatility matrices such as
Assumption 2(c), we cannot have that all eigen-gaps are some positive constants. Specifically,
several eitgen-gaps can be constant, but most of them may need to converge to zero. To check the
behavior of the eigen-gaps, we draw the plot of the eigen-gaps of the idiosyncratic volatility matriz
using high-frequency trading data (see Figure 7 in the Appendiz). We find that the eigen-gaps have
an exponentially decaying pattern. Thus, to account for this, we impose Assumption 3. We note
that, even if the finite number of {q;’s do not satisfy this condition, we can obtain the same results

in Theorem 3.
The following theorem establishes the convergence rates of the future volatility matrix estimator.

Theorem 3. Under the assumptions in Theorem 2 and Assumption 3, we have with probability at

least 1 —2p~ 1,
max (&1 — B (Gl )| < C[Hy + (logn)® Viogp/n, (4.10)
max (& — B (GornilF)| < C[ss HLT + 53 (ogn) Viogp/n|,  (411)
r+1<i<p+r L
Hf‘nJrl —E (FnJrl“Fn) ‘ r~ < C p1/2H731 + p1/2 logp (log n)4 /n

+sgsrHy " + 5 (log n)? \/logp/n], (4.12)

where the relative Frobenius norm |[M|3. = p~Y|T*Y2MT* V2|2 and T* = E (T 1| Fn).

Remark 11. The relative Frobenius norm is used in Theorem 8 since the top eigenvalues of T
are diverging (see Fan et al. (2008)). Theorem 3 indicates that the proposed estimator an is
consistent as long as p = o(m A n?) in terms of the relative Frobenius norm. Its convergence
rate is similar to that of Kim and Fan (2019) except for the additional terms, p'/?log p (log n)4 /n
and s% (log n)2 W, which come from handling the VAR model structure in the factor and

idiosyncratic volatility matrices, respectively.
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4.3 Discussion on the tuning parameter selection

To implement the proposed robust estimation method, we need to choose the tuning parameters.

In this section, we discuss how to select the tuning parameters in (3.1)—(3.4). For the factor part,

let op = \/2221 >y Egz/ (nr). We choose

n \/* NG
Wgp = Cp10F (@) and TF = CF20F (@) s (413)

where cp; and cpo are tuning parameters. For the idiosyncratic part, we first standardize the

variables, Ed,i, t=1,...,p+r, to have mean zero and variance 1. Then, we choose
1/4 1/4 1/2
n n log p
e (logp) e <logp) M " < n ) ’ (4.14)

where ¢y 1, ¢r2, and ¢, are tuning parameters. We select ¢, € [0.1,10] by minimizing the corre-
sponding Bayesian information criterion (BIC). In the simulation and empirical studies, we choose
cp1 =4, cpo =1/4, ¢;1 =4, and ¢; 2 = 4. These choices are based on the empirical study (Section
5.2). Specifically, we choose cp 1, ¢p2, ¢1.1, and ¢; o which minimize the corresponding mean squared

prediction error (MSPE). Details can be found in Section 5.2.

5 Numerical study

5.1 A simulation study

In this section, we conducted simulations to validate the finite sample performance of the proposed
estimation methods. We generated the data for n days with frequency 1/m® on each day and
let ty; =d—1+j/m¥ ford=1,...,nand j = 0,...,m*. We considered the jump-diffusion
process with the FIVAR(h)-1t6 model in Definition 1 and generated heavy-tailed and sub-Gaussian
processes. The specific simulation setup is described in Appendix A.1. The noise-contaminated
high-frequency data were generated from model (4.2), where the noise e;(¢; ;) was obtained from

the independent Gaussian distribution with mean zero and standard deviation 0.014/ fol Vi (t)dt.
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This choice is inspired by Wang and Zou (2010) who found that the relative noise level is typically
around 1% for the stock index for high-frequency trading data. We first generated the data for
500 days, and we varied n from 100 to 500. For each n, we obtained the data from the last n days
among the 500 days.

To estimate the integrated volatility matrix I'y = (Ig;) we utilized the jump adjusted

i,j=1,00,p?
pre-averaging volatility matrix (PAVM) estimator (Ait-Sahalia and Xiu, 2016; Christensen et al.,
2010; Jacod et al., 2009) defined in (A.1) in the Appendix. Then, we estimated the conditional
expected volatility matrix E (I',,11|F,), based on the estimation procedure in Section 4.2. Specif-
ically, we first projected fd onto the positive semi-definite cone in the spectral norm to make it
positive semi-definite. Since the eigenvectors are constant over time, we estimated them using the

n period observations. To determine the rank r, we employed the procedure in Ait-Sahalia and

Xiu (2017) as follows:

n Cc2
. ; -l 4 / 1/2 4 1 _
= arg 1§I%Irrtlnax dg_l [p Caj+JxXa { log p/m'/?2 +p logp} } 1, (5.1)

where fdd is the j-th largest eigenvalue of PAVM, r,.. = 30, ¢; = 0.02 x gd730, and ¢c; = 0.5.
For the POET estimation procedure, we employed the soft thresholding scheme and selected the
thresholding level that minimizes the corresponding Frobenius norm. When estimating 3,,’s, we
used the tuning parameter selection method discussed in Section 4.3. To select the lag h, we utilized
the Bayesian information criterion (BIC). We calculated the future volatility matrix estimator with
B; and call it the Huber-LASSO (H-LASSO) estimator.

For comparison, we employ the ordinary least squares (OLS) and LASSO estimators as follows.
The OLS estimator only considers the dynamics of the factor volatility matrix and obtains Ei,
i=1,...,7, using the OLS method. The OLS estimator predicts the future idiosyncratic volatility
matrix by the average of the previous 22-day’s idiosyncratic volatility matrices to smooth random
fluctuations. On the other hand, the LASSO estimator considers the dynamics in both factor and
idiosyncratic volatility matrices. The LASSO estimator uses the same estimation procedure as the

H-LASSO estimator, except for the truncation method. That is, the OLS estimator can explain

only the dynamics from the factor component, while the LASSO estimator can account for the
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dynamics from both the factor and idiosyncratic components. However, they cannot account for
the heavy-tailedness. We also investigated the previous day’s PAVM estimator from the POET
procedure as the non-parametric benchmark. We call it the POET-PAVM. We calculated the
average estimation errors under the Frobenius norm, the max norm, the relative Frobenius norm
(see Theorem 3 for the definition), and the spectral norm by 500 iterations. Note that we conducted
one-day-ahead forecasts for each of 500 iterations.

We first checked the performance of the methods for model parameter estimation. The param-
eter of interest is the true parameter matrix 3,. Table 1 reports the Frobenius, max, and spectral
norm errors of the LASSO and H-LASSO estimators, with n = 100, 200, 500 and m = 250, 500, 2000.
We note that for both heavy-tailed and sub-Gaussian processes, the number of factors r and lag h
are estimated without errors for all n and m. The reason is that the data generation process has
a large eigen-gap between the factor and idiosyncratic volatility matrices and a strong time series
structure. From Table 1, we find that the estimation errors of the proposed H-LASSO estimator are
usually decreasing as the number of low-frequency or high-frequency observations increases. The
exception is the max norm error for n = 500 and m = 2000, while the overall error performances,
such as Frobenius and spectral norm errors, always decrease as n or m increases. An explanation is
that bigger outliers for heavy tails are more frequently observed as the high-frequency observation
increases. For example, when m is small, the relative frequency of outliers may be low due to the
smoothing effect from the subsampling. Furthermore, the max norm measure is highly affected by
the outlier. When comparing two estimation methods, the H-LASSO estimator performs better
than the LASSO estimator for both heavy-tailed and sub-Gaussian processes. One possible expla-
nation for this is that, even if the process is generated by the sub-Gaussian variables, the log-prices
process can still have some heavy tails. The truncation method can reduce the variance of the
estimator, which is larger than that of the increase in estimation bias, even for the sub-Gaussian
case. From this result, we find the benefit of handling the heavy-tailedness. These results support
the theoretical findings in Section 3.

One of the main objectives of this paper is to predict future volatility. Therefore, we checked the

performance of predicting future volatility. Figures 3 and 4 plot the log Frobenius, max, relative
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Table 1: The Frobenius, max, and spectral norm errors of the LASSO and H-LASSO estimators
with n = 100, 200, 500 and m = 250, 500, 2000.

Frobenius Max Spectral
Tail n m LASSO H-LASSO LASSO H-LASSO LASSO H-LASSO
Heavy 100 250 0.805 0.647 0.460 0.286 0.586 0.396
500 0.752 0.584 0.462 0.283 0.569 0.365
2000 0.727 0.559 0.461 0.280 0.554 0.346
200 250 0.708 0.595 0.378 0.236 0.477 0.335
500 0.657 0.530 0.381 0.230 0.459 0.294
2000 0.640 0.510 0.379 0.222 0.447 0.278
500 250 0.604 0.561 0.250 0.187 0.352 0.300
500 0.543 0.494 0.248 0.181 0.312 0.235
2000 0.534 0.475 0.255 0.179 0.309 0.222
Sub-Gaussian 100 250 0.835 0.711 0.482 0.350 0.620 0.467
500 0.782 0.646 0.491 0.344 0.608 0.443
2000 0.758 0.612 0.482 0.325 0.589 0.415
200 250 0.709 0.637 0.361 0.274 0.472 0.374
500 0.647 0.569 0.353 0.265 0.448 0.343
2000 0.621 0.544 0.347 0.256 0.427 0.326
500 250 0.613 0.583 0.249 0.204 0.349 0.307
500 0.546 0.513 0.243 0.194 0.314 0.262
2000 0.528 0.492 0.249 0.197 0.307 0.250

Frobenius, and spectral norm errors of the future volatility matrix estimators with n = 100, 200, 500
and m = 250,500, 2000 for the heavy-tailed and sub-Gaussian processes. From Figures 3 and 4,
we find that the parametric estimation methods show better performance than the non-parametric
POET-PAVM estimator. When comparing the OLS and LASSO estimators, the LASSO estimator
performs better than the OLS estimator in terms of the relative Frobenius norm. One possible
explanation for this is that the OLS estimator can partially explain the volatility dynamics via
the factor component, but fails to explain the whole dynamics. On the other hand, the Frobenius
and spectral norm errors are similar for the OLS and LASSO estimators. This may be because
they are highly affected by the errors in estimating large eigenvalues, such as the eigenvalues of the
factor volatility matrix. Furthermore, the max norm error is also similar for the OLS and LASSO
estimators. This may be because the OLS estimator does not have as many outliers as the LASSO
estimator since the OLS estimator uses the average of the previous 22-day’s idiosyncratic volatility

matrices. Finally, the H-LASSO estimator shows the best performance for the heavy-tailed and
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sub-Gaussian processes. These results are consistent with our notion that the H-LASSO estimator
is robust to the heavy-tailedness, and it can explain the dynamics from the factor and idiosyncratic

components.

5.2 An empirical study

We applied the proposed FIVAR(h)-1t6 model to real high-frequency trading data for 200 assets
from January 2016 to December 2019 (997 trading days). The top 200 large trading volume
stocks among the S&P 500 were selected from the Wharton Data Service (WRDS) system. The
trading volumes were calculated using the data from years 2015 to 2020. To synchronize the
high-frequency data, we used the previous tick scheme (Andersen et al., 2003; Barndorff-Nielsen
et al., 2011a; Zhang, 2011) with equal distance intervals, which helps mitigate the errors from the
irregularity of the observation times. When applying the refresh time scheme for the 200 assets,
we find that the average number of daily synchronized samples is 593.49, which corresponds to
39.42-sec sampling frequency. Hence, we chose 1-min sampling frequency to enjoy the benefit of
large samples, which corresponds to m = 390. We excluded days with half trading hours. The
data of year 2020 was excluded to avoid the effects of extreme market conditions. Specifically,
we performed the structural break test for the eigenvalue process in Section A.3 and found the
non-stationarity when including 2020 data. We note that approximately 10 CPU cores with 2 GHz
and 200 GB of RAM are required to conduct the whole empirical study within 3 days.

To apply the proposed estimation procedures, we first calculated 997 daily integrated volatility
matrices using the jump adjusted pre-averaging volatility matrix (PAVM) estimator in (A.1). We
chose K as 19 and ¢;, as 7 times the sample standard deviation of the pre-averaged variables
m'/*Y; (tax). We projected the daily PAVM estimators onto the positive semi-definite cone in the
spectral norm to make them positive semi-definite. In the empirical study, to predict the future
volatility matrix, we employed the rolloing window scheme with the in-sample period n = 251. For
each in-sample period, we estimated the rank r based on the rank estimation procedure in (5.1)
with n = 251.

To estimate the idiosyncratic volatility matrix 3, we utilized the hard thresholding scheme
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Figure 3: The log Frobenius, max, relative Frobenius, and spectral norm error plots of the POET-
PAVM, OLS, LASSO, and H-LASSO estimators for the conditional expected integrated volatility
matrix estimation with the heavy-tailed process, given n = 100, 200, 500 and m = 250, 500, 2000.
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Figure 4: The log Frobenius, max, relative Frobenius, and spectral norm error plots of the POET-
PAVM, OLS, LASSO, and H-LASSO estimators for the conditional expected integrated volatility
matrix estimation with the sub-Gaussian process, given n = 100, 200, 500 and m = 250, 500, 2000.
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based on the Global Industry Classification Standard (GICS) proposed by Fan et al. (2016). Specif-
ically, the idiosyncratic components for the different sectors were set to zero, and we maintained
those for the same sector. This corresponds to the hard-thresholding scheme with the sector infor-
mation.

To choose the tuning parameters ¢, cp1, cp2, cr,1, and ¢y 2, we defined

T
1 ~ ~
A (€, cpy,cpa) = T D WA, epy, epa) — WEOFT|T,
d=1
1 T
A (Ccry,crn) = T IZYASO era, er0) — SEPET T
d=1

Jy H-LASSO
where W, (

l,cp1,cr2) is the factor volatility matrix forecast from the H-LASSO estimator
with the tuning parameters ¢, cg1, and cgp o for the d-th day, and ig‘LASSO(E, ¢11,¢r2) is the idiosyn-
cratic volatility matrix forecast from the H-LASSO estimator with the tuning parameters ¢, c; 1,
and cy o for the d-th day. Also, \ildPOET and f]dPOET are the factor and idiosyncratic volatility matrix
estimators from the POET-PAVM estimator for the d-th day, respectively. Then, we selected ¢, cp 1,
and cpy by minimizing AT (¢, cry,cpa) over £ € {1,5,22,251} and cpy,cpe € {1/4,1/2,1,2,4}.
Similarly, we chose ¢, c;1, and crp by minimizing AY(¢,cr1,c12) over £ € {1,5,22,251} and
cra1,cr2 € {1/4,1/2,1,2,4} . For the choice of tuning parameters, we chose the in-sample period
as n = 251 and out-of-sample period as day 252 to day 500 (year 2017). The selected parameters
are { = 22, cpy =4, cpa = 1/4, ¢;1 = 4, and ¢;2 = 4. We note that ¢ = 22 was chosen for both
AF (0, cpy,cra) and AL(0, cry,cr2). We also note that the stationarity of the volatility process is a
reasonable assumption, which justifies the above tuning parameter choice procedure. To determine
the lag h, we applied the Bayesian information criterion (BIC) to the VAR model. It leads to
h = 1 for all in-sample period. Then, we estimated the conditional expected volatility matrix
E (T',41|F,) with the POET-PAVM, OLS, LASSO, and H-LASSO estimators.

For a comparison, we employed the DCC-NL estimator (De Nard et al., 2021; Engle et al., 2019;
Ledoit and Wolf, 2015, 2022), which employs the nonlinear shrinkage estimator and the dynamic
conditional correlation (DCC) model (Engle, 2002). Specifically, let AY,; = (AYig4,..., AY%@T

and AY; 4 be the daily return for the i-th asset and d-th day. To obtain the DCC-NL estimator,
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we first employed the following GARCH(1, 1) model:

Uzd:ai-l-bleYd 1+b2zUzd 1

2y

where the conditional variance de = var (AY] 4| F4—1). Based on the GARCH model, we calculated

the conditional variance for the next day, U? ‘w1, and obtained the devolatilized returns

AY 5= (AY14/Urg, .-, AY%"/UP’d)T

With this devolatilized return series {AY35}, we obtained cov (AY?) based on the nonlinear shrink-
age. Then, we applied the DCC model with cov (AY; d) being used for correlation targeting, and
calculated the conditional correlation matrix for the next day, R, 11 = corr (AY,,41|F,) . Finally, we
estimated the conditional covariance matrix for the next day, cov (AY,,41|Fn), as Up1Ryi1 Upya,
where U, 11 = Diag (Ui pnt1,--.,Upnt1). Detailed estimation procedure can be found in Engle
et al. (2019). We also employed the HAR-DRD model (Oh and Patton, 2016) based on the POET-
PAVM estimator. Specifically, we first decomposed the POET-PAVM estimator for the d-th day,

~POET
Ly (FgSET> 1<ij<p nto
- APOET
= v D4Rav/ Dy,
where Dy = (Daj), <, ;<, = Diag <F§?1ET, . ng%ET> is the diagonal matrix of realized volatilities

and Ry is the realized correlation matrix. Then, we applied the following HAR model to each

realized volatility:

Dd+17,7, = q +bday Ddzz+bw66k ZDd —Jit +b(month) ZDd ]zz+ed+lza 1= 1,'--7]7'
j =0

We then obtained the conditional realized volatilities for the next day. To ensure that the volatility
forecasts are positive, we set their lower bound as 10~7. For the realized correlations, we applied

the following HAR-type model:
vech (Ra11) = vech (Ry) (1 —a—b—c)+a-vech(Ry)
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4 21
1 1
+0b- 5 jEO vech (Rd—j) +c- 2 ]EO vech (Rd—j) + €411,

where Ry = éijl R, and (a,b,c¢) € R®. Then, we forecast the next day’s volatility matrix
based on the conditional realized volatilities and correlations. We call it the HAR-DRD estimator.
To predict the future volatility matrix, we also employed the rolling window scheme with the in-
sample period of 251 days for the DCC-NL and HAR-DRD models. We note that for all estimators,
including the HAR-DRD estimator, the logarithm of the realized volatility is not used to check the
effect of modeling idiosyncratic volatilities in linear modeling approaches. In fact, there are some
cases in which the logarithm improves the performance of the volatility estimators. However, it
is difficult to model the log-volatility in the high-dimensional high-frequency set-up. For example,
Kim (2022) introduced the exponential GARCH-It6 volatility model for the one-dimensional case,
but the extension to the high-dimensional case is not straightforward. We leave this issue for a
future study. We note that all estimators except the DCC-NL estimator use the POET-PAVM
estimator as an input. Since the DCC-NL estimator uses the daily total returns, only the DCC-NL
estimator forecasts the total volatility. Thus, we adjusted the jump component in the following
applications. To do this, we obtained the jump volatility matrix estimator by subtracting the jump
adjusted PAVM estimator from the PAVM estimator. The PAVM estimator can be obtained by
setting the truncation parameters as infinity in (A.1).

To investigate the performance of the future volatility matrix estimators, we employed the
high-frequency data from 2017 to 2019. We chose the in-sample period as n = 251 (one year), and
we used three different out-of-sample periods: 2018 and 2019 (period 1), 2018 only (period 2), and
2019 only (period 3). For the period 1, we calculated the average number of non-zero elements
in [Ai'z excluding the intercept term over ¢ = 4,...,203. The results are 2.790 and 2.857 for the
H-LASSO and LASSO estimators, respectively.

To check the performance of the proposed estimation procedures, we first investigated the

following mean squared prediction error (MSPE) and QLIKE (Bollerslev et al., 2018; Laurent
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et al., 2013):

N

. 1 ~  ~POET
MSPE(T) = T [ S
d=1
. 1< ~ ~ _1~POET
QLIKE(T) = 7 " log (det (rd)> Ftr (rd T, ) , (5.2)
d=1

where T is the number of days in the out-of-sample period, f‘d is one of the future volatility matrix
forecasts from the POET-PAVM, OLS, LASSO, H-LASSO, DCC-NL, and HAR-DRD estimators
for the d-th day of the out-of-sample period, and ijET is the POET-PAVM estimator for the d-th
day, which is a proxy of the ground truth. For the DCC-NL estimator, we subtracted the next day’s
jump volatility matrix estimator, which helps improve the performance of the DCC-NL estimator.
We note that MSPE is a form of the mean squared error that is one of the robust loss functions for
volatility comparisons (Hansen and Lunde, 2006a; Patton, 2011; Patton and Sheppard, 2009). Also,
QLIKE is robust to the presence of noise in the volatility proxy (Hansen and Lunde, 2006a; Laurent
et al., 2013; Patton, 2011; Patton and Sheppard, 2009). Table 2 reports the MSPE and QLIKE
results of the POET-PAVM, OLS, LASSO, H-LASSO, DCC-NL, and HAR-DRD estimators for
three out-of-sample periods. We find that the H-LASSO estimator shows good performance in
terms of both MSPE and QLIKE. We note that the LASSO and H-LASSO estimators have similar
performance in terms of the QLIKE. This may be because the QLIKE is highly affected by the
small eigenvalue estimation, and the small eigenvalues are less affected by the heavy-tailedness.
On the other hand, the HAR-DRD estimator shows the best performance in terms of MSPE, but
it did not perform well for the QLIKE loss. These results show the proposed H-LASSO estimator
can help explain the dynamics of the idiosyncratic volatility matrix under the sparsity condition
and the heavy-tailedness of the financial data.

To investigate the out-of-sample portfolio allocation performance, we applied the proposed

estimators to the following minimum variance portfolio allocation problem:

minw Tyw, subject tow'J =1 and |lwll; < co,
w

32



Table 2: The MSPE and QLIKE of the POET-PAVM, OLS, LASSO, H-LASSO, DCC-NL, and
HAR-DRD estimators (period 1, from 2018 to 2019; period 2, 2018; period 3, 2019).

POET-PAVM OLS LASSO H-LASSO DCC-NL HAR-DRD

Period 1 MSPE x10% 3.401 3.056 3.058 2.597 3.002 2.583
QLIKE x1073 -1.050 -1.660 -1.670 -1.669 -1.641 -1.530
Period 2 MSPE x10% 4.522 4.512 4.516 3.682 4.243 3.748
QLIKE x1073 -1.017 -1.638 -1.643 -1.643 -1.615 -1.390
Period 3 MSPE x10% 2.275 1.594 1.594 1.507 1.756 1.413
QLIKE x1073 -1.082 -1.681 -1.696 -1.696 -1.666 -1.670
Portfolio Risk (2018 ~ 2019) Portfolio Risk (2018) Portfolio Risk (2019)
-%- POET-PAVM
-+- OLS S N
LASSO
—— H-LASSO * *
-o-- DCC-NL / A
s | HAR-DRD ¥ K

8.5

Annualized risk (%)
Annualized risk (%)
Annualized risk (%)
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Figure 5: The out-of-sample risks of the minimum variance portfolios constructed by the POET-
PAVM, OLS, LASSO, H-LASSO, DCC-NL, and HAR-DRD estimators.

where J = (1,..., 1)T € RP, ¢y is the gross exposure constraint that changed from 1 to 3, and fd is
one of the future volatility matrix estimators from POET-PAVM, OLS, LASSO, H-LASSO, DCC-
NL, and HAR-DRD. Specifically, for all estimators except the DCC-NL estimator, we added the
previous day’s jump volatility matrix estimator to obtain f‘d. To obtain the out-of-sample risks,
we constructed the portfolios at the beginning of each trading day, based on the stock weights
calculated using each future volatility matrix estimator. The portfolios were maintained for one
day, and we calculated the realized volatility using the 10-min portfolio log-returns to mitigate
the microstructural noise effect. We measured the out-of-sample risk using the average of their

square root for each out-of-sample period. Figure 5 depicts the out-of-sample risks of the port-
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folios constructed using the POET-PAVM, OLS, LASSO, H-LASSO, DCC-NL, and HAR-DRD
estimators. From Figure 5, we find that the POET-PAVM and DCC-NL estimators become unsta-
ble as the gross exposure constraint increases. This may be because the POET-PAVM estimator
cannot explain the dynamics of the volatility process, and the DCC-NL estimator only uses the
low-frequency information. On the other hand, the H-LASSO estimator has a stable result and
has the smallest risk overall. These results indicate that considering both dynamic structures in
idiosyncratic volatility and heavy-tailedness in financial data helps account for the dynamics of

large volatility matrix processes.

6 Conclusion

In this paper, we develop a novel factor and idiosyncratic VAR-1t6 (FIVAR-It6) model to account
for the dynamic structure of the large volatility matrix, which has the low-rank plus sparse struc-
ture. Under the FIVAR-It6 model, we show that the daily eigenvalues of the factor and idiosyncratic
volatility matrices have the VAR model structure. To further allow the heavy-tailedness in finan-
cial data, we use the bounded moment condition for the VAR model. Then, we propose a robust
estimation procedure for the VAR model parameters, which employs the truncation method and
{1-penalty to deal with the heavy-tailedness and explore the sparsity. We show that it can handle
the heavy-tailedness, observation error, and high dimensionality with a desirable convergence rate.
We also propose the large volatility prediction procedure and investigate its asymptotic properties.

In the empirical study, in terms of the prediction error and portfolio allocation, the proposed
estimator shows the best performance overall except for the MSPE measurement. We note that
for MSPE, H-LASSO shows the second-best performance. It reveals that, when predicting large
volatility matrices, the proposed estimation method helps handle the heavy-tailedness of financial
data and explain the dynamic structure of factor and idiosyncratic volatility matrices. On the other
hand, one of the key assumptions in the proposed model is the sparsity condition of the model
parameters. Thus, it would be interesting to construct a test procedure for the sparsity condition.
To do this, we may need to debias the biased H-LASSO estimator and to derive its asymptotic

distribution under the sparsity hypothesis. This is a theoretically demanding task. It would
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be interesting and important to develop a tuning parameter choice procedure that has rigorous
theoretical properties and works well in practice. However, developing a tuning parameter selection
procedure that works well from both practical and theoretical perspectives may be challenging. We

leave these topics for future studies.
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A Appendix

A.1 A simulation setup

We considered the following jump diffusion process with the FIVAR(h)-1t6 model in Definition 1:

dX(t) = QrAL (AW () + QA ()W (t) + J()dA(t),

p+r

Mt (8) = ([1] = )i +Zcm{/ Wxs,jwj)ds}ﬂm—t) /f Ina(8)dRai(s)

t—1]

h ptr [t]—k+1
+(t—[t] +1) (al+ZZQ€”{/1 ) As,j(ej)ds}> +([t] = )22,
k=2 j=1 tl—

where Ap(t) = Diag(pAi1(601), ..., pAer(6:)), Ar(t) = Diag(Aer1(0r41), -y At pir (Opsr)), and W(2)
and W*(t) are r-dimensional and p-dimensional independent Brownian motions, respectively,
J(t) = (Ji(t),...,Jp(t))" is the jump size vector, and A(t) = (A(t),...,A,(t))" is the Poisson
process with intensity I(¢) = (5,...,5)". The jump size J;(t) was obtained from the independent
Gaussian distribution with mean zero and standard deviation 0.054/ fol vi(t)dt. For t € [d—1,d),
i=1,...,p+r,and d = 1,...,n, we set Jy;(t) = Jr;(d — 1), and J,,(d)’s were generated from
independent unif(—a; /100, a;/100). Also, the compensated Poisson process Ay ;(£) has the intensity
I,.;(t) = (10,...,10)". To obtain the eigenvector matrix for the factor part, Qr, we first generated
the symmetric p by p matrix whose elements were obtained from i.i.d. unif(0, 1). Then, we chose
its first r eigenvectors as Qr. We chose the eigenvector matrix for the idiosyncratic part, Q;, as
the p-dimensional identity matrix. For t € [d — 1,d), it = 1,...,p+r, and d = 1,...,n, we set
Zit = Zig—1. Let vy =06, v; =03 fori =2,...,r,and v; =01 fori =r+1,...,p+r. For
the heavy-tailed process, z; 4's were obtained from v; times independent t-distribution with degrees
of freedom 9, while for the sub-Gaussian process, z; 4's were generated from v; times independent
unif(—2,2). We chose p = 200, » = 3, h = 1, m® = 2000, and we varied m from 250 to 2000.

The model parameters are chosen as follows. We set a; = 0.8, as = a3 = 0.6, a; = (14 — 7)/10 for
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4<i<13,a;=0.1for 14 <i < 203,

05 0.15 0
0.19 — 0.02& 0.02
(CLz‘,j)lgi,jg:s = 0 045 0.11], (Cl,i,j)2k§i,j§2k+1 =
0.02 0.18 — 0.02&
0 0 04

for 2 < k <6, and (1,4,5)14<ij<203 as 0.05 times 190-dimensional identity matrix. Other elements

of (¢1,;) were set as zero. We took X(0) = (0,...,0)" and \;(0;) = E(\1.:(6:)).
We calculated the jump adjusted pre-averaging volatility matrix (PAVM) estimator (Ait-Sahalia

and Xiu, 2016; Christensen et al., 2010; Jacod et al., 2009) as follows:

R 1 m—K+1 - - 1~ - -
Puo = o O (V0 ) tar) = 57 () b {I¥ taa)| < i} 1T ta0)] < 1},
= (A1)
where

Y (tay) = Kﬁlg (%) (Yi(tak+t) = Yiltapri-1)) .

Yij (ta) =D [{9 (%) Y (1_71> }

X (Yi(tapti—1) = Yiltapri—2)) (Yi(tapri—1) — Y(tapsi—2)) |,

P = folg(zf)2 dt, 1{-} is an indicator function, and u;,, = ¢;,m *** is a truncation param-

eter for some constant ¢;,. We chose the bandwidth parameter K = |[m!/%], weight function

g(z) =xA(l —x), and ¢;, as 7 times the sample standard deviation for the pre-averaged variables
m1/4}7i (td,k>-

A.2 Empirical study for the constant eigenvector hypothesis

In this section, we conducted a hypothesis test for the constant eigenvector assumption based on

the procedure in Fan et al. (2024). For each day, we first splited the return data into two groups
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as follows:

AYY L AYR and AYP, . AYE,

_ _ W\T :
where AYZ@ = <AY1(§), . ,AY;?) : AYk(i.) is the i-th return for the k-th asset and j-th group,
and T} and T5 are the numbers of returns for each group. With these return data, we obtained the

sample covariance matrices as follows:
_ 1 T
= =3 AYPAYD)T forj=1.2
J =1

Then, we decomposed the above sample covariance matrices and obtained eigenvalue and eigenvec-
tor estimates for the two groups. With these estimates, we conducted the hypothesis test for the
constancy of the eigenvector process. The null hypothesis is that the eigenvectors of the two groups
are the same. Detailed test procedure is presented in Section 4.3 in Fan et al. (2024). The tests
were conducted for three principal eigenvectors over 1498 days from 2015 to 2020. In this paper,
to mitigate the effect of noises, we used 5-min log-returns and chose T} = T, = 38. As shown in
Figure 6, we found that the constant eigenvector hypothesis is often rejected at 5% significance

level.

A.3 Empirical study for the structural break test

In this section, we conducted the structural break test for the eigenvalue process based on the
procedure in Bai and Perron (2003). Specifically, we considered the following linear regression

model with L breaks:
~T
1=bk£d+€d, d=dg_1+1,....dx, k=1,...,L+1,

where k denotes the segment index, by is the regression coefficient for the k-th segment, Ed =
~ N T

(fd,l, e ,fd,p+r) is a non-parametric integrated eigenvalue estimator for &, whose estimation

procedure is presented in Section 4, ey is a error term for the d-th day, dy = 0, and dj, 1 represents

the end date of the data. The dependent variable was set as 1 to investigate the break in the mean
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Figure 6: The box plots of the p-values for the constant eigenvector hypothesis for three principal
eigenvectors over 1498 days from 2015 to 2020. We used 5-min log-returns of the top 200 large
trading volume assets in the S&P 500 index. The red dash represents the 5% significance level.

of the eigenvalue process. For each L = 1,... 5, we estimated the breakpoints, dy, k = 1,..., L,
by minimizing the residual sum of squares (RSS). Then, we chose L € {0,...,5} that minimizes
the corresponding Bayesian information criterion (BIC). Details can be found in Bai and Perron
(2003). The result is L = 1 with the breakpoint d;=1035 that corresponds to March 10, 2020.
This may be due to the covid sell-off in 2020. Thus, in the empirical study, we excluded the year
2020 to avoid the non-stationarity. We note that the proposed FIVAR-It6 model is based on the

stationary condition and it is hard to apply the parametric model to the non-stationary period.
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A.4 Proof of Proposition 1

Proof of Proposition 1. For non-negative integer | € Ny, let
T T (d—t)
R(l) = (R:i(]),...,Ryrr(l)) with R;(I) = / 7 — M\ (0;)dt
d—1 :

and R(0) is the quantity that we would like to obtain. Using the Itd’s lemma and (2.3), we have

. a; Ad—1,i (0;) A /d (d_t)lﬂ
Rl = (l+2)!Jr Ni+2) +;Q“ a1 ([(+1) A (85)

J, 0. wa—-4vy
+ZZ )] / A ( )dt+/d1 019 22,dt
t>l+2

k (d_t)HQJ dA G t AW, o2 ,dW,
+ o hilt it+2/ —/ Zi,sA Wi 524 i
/d_1 (il +2) silB)dhai(0) L +2) [y e

— s Ckz] <k+17,] -k
N +ZZ<Z' [+2) l+2).)/d_ A (65) dt

k—1

p+r Ch'j d—h d (d_t)lJrZ )
" A (05)dt 27 dt
+;Z!U+2>/d W@t [ iy

—h—1
. t)l+2

d (d _ t)l+2 d (d .
+2/d m /d Zi7sdm7szz‘7tdm7t + /d X WJ,\J‘ (t)dA)\J‘(t)
71 . 71 . .

ptr

+ZC11] l+1

Thus, we have

a h—1 C C ) d—k C d—h
RO = oot ; (z! (SR fz)!) /d_k_l A (O)di + gy /d_h_l Ac(8) dt

d (d - t)l+2 ) d (d . t>l+2 N
/d_1 IN(l+2) “it /d—l (1 +2) () dAN ()

d 42 T
(d—1) /
w2 [ N [ Wz d W
/dll!aw) ay e

+

+¢,R(I+1) as
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00 1 St l
™ = Z &1 | = ¢l (e —Ly) and  my= Z St | = ¢ — Ty —Cy),

where I, is the (p + r)-dimensional identity matrix and e$ = >°7° ¢! /Il. Then, iterativing the

above formula, we have

R(0) = /d dl A (0)dt

h—1 d—k d—h

= ma+ ((m—m)cﬁngckﬂ)/ At(e)dt+(7r1—7r2)ch/ X (0) dt
—1 d—k—1 d—h—1
o0 d +2 d I+2
(d—1)"" , / (d—1) 3
+§ l/ 22 dt+ L Ja(t)dAy(t

2 o me A e gy OO

d 42 T
(d—1) /
+2 / [ dW ez dW

a1 D(+2) Jaa ' ' 1t

h
= v+ Z A&, . +e as.,

k=1

where

Ap = ((m —m2)Cp +m2Cppy) for 1 <k < h—1,

Ah = (71'1 - WQ)Cha T
_ [t (=" @-n"\
y_ma+§d[/d ( G+ (+2) )E[zi,t}dt]. . and

-1

— > ! d (d — t)l+2 (d — t)l+2 ) , d (d— t>l+1 B
€= ; Cl /d—l (l + 1)! o (l + 2)] (Zi,t —E [Zz‘,t]) dt + /d_l mz]/\,i(t)d/\)\,i(t)
d (d o t)l+2 (d _ t)l+2 t T
+2 /d_1 < = — (52 /Ul_1 23,6 AW s2; 1 dW; 4 B mp+r. (A.2)
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A.5 Proof of Theorem 1

We note that the model (2.4) can be written in a VAR(1) form as follows:

gd =v+ ;&Ed—l +Ed7

where

&q v
~ a1 I
gd = . ) v = . )
Sd*h“ h(p+r)x1 0 h(p+r)x1
A Ay A Ay
€4
I, O 0 0 0
~ N 0
A=1 0 1., 0 0 , €= (A.3)
0
0 0 ce Ierr 0 h(p+r)x1

h(p+r)xh(p+r)

Lemma 1. Under the model (2.4) and Assumption 1(a)-(b), suppose that sg is bounded by some

positive constant and maxi<;<pir E(|€q;

) < 0o. Then, we have maxi<i<pir E(|&ai

) < o0.

Proof of Lemma 1. Since p(A) < 1, by Gelfand’s formula, we have

lim || A v
=p(A) < 1.

l—o00

Thus, there exists a positive integer k£ such that HK"“’H < 1. Note that for any fixed matrix
[e.e]

M € RP1*P2 gand multivariate random variable x € RP2, we have

sup || (M), 11, < M| sup ()], -

J<p1 Ji<p1
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where for any vector x, (x); is the j-th element of x. Hence, by the fact that

k
E=AR  +> AT (D +E),

=1

we have

w [@)
J<h(p+r) I Le,
k
HAkH sup <£d_k> ' + Z HAk_i sup ||(v+ Ed_kﬂ»)j
& j<h(p+r) JIL — o j<h(p+r) ce
Then, we have
N SUD;<h(p+r) ‘(5 +€d); LENTIOR
sup <£d) ‘ < — ‘ Z HAk_’ <C, (A.4)
j<h(p+r) illL,, 1— HA’“H i=1 >

where the first inequality is from the stationarity and the last inequality is due to the boundedness

Of 85. [ ]

Proposition 3. Under the assumptions in Theorem 1, we have fori € {1,...,r}, with probability
at least 1 — 3(hr +1)e~?
“Vﬁz’;(ﬁio)”m < nr/2. (A.5)

Also, we have fori € {r +1,...,p+r}, with probability at least 1 —3 (h(p+7r)+1)e~?
VL, (B, < mi/2. (A.6)

Proof of Proposition 3. For the simplicity, we assume that A = 1 and omit the intercept
term v. Due to the similarity, we only provide the arguments for HVEQ;(@O)HOO. Note that

~I ~ —~
€,= (a1, Caprr)". Foreach 1 < j <p-+r, we have

85%_0, (Bio)

V2B = |

< (I); + (1), (A7)
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where

1 n

(D; = — [2_ ¥ (61 = (Wi (€ar): Buo)) Yo (§a-15))
d=2

(II)] = n — 1 [¢T} <g\d,z - <77Z)w1 (52—1)7/61‘0)) ¢w1 (éil—l,j>
d=2

—r (gdvi — (Y, (£d71)7/6i0>> Vo, (fd—Lj)] |

We first consider (I);. Let yg = (Ya1,-- - Ydpsr) s Yok be the k-th element of &, — 1), (€,) for k €
Si, and ygp = 0 for k € S, where S is defined in Assumption 1(g). Also, let €);; = €4+ (ya—1,B)-
Then, we have

< (I)(l) + (I)@)

J

(1); =

1 n
D () Yy (€ary)
d=2

where

9

1 n
(0 = —— DB {n () Yy (€a-1)}
d=2

n

[Ur, (€1s) Veop (Eam15) — E{Wr, (€) Yoy (Ea-14) }] |-

For (I)g-l), we have
E{tn (€4:) Yoy (Ca-15)} = E{Va-1, Bio) ¥y (Ca-1)} — E{[€hs — ¥ry (€03)] Yy (Ea1) } -
Let v3 = maxj<p<pir E(]ed,k]?’), Ky = maxi<g<pir E(\fd,k|2), and Ky = maxj<p<pir E(]fdk\‘l). Since

a1k < 1€kl 1 (|€amk] > @1) < @72 [€amri]” ass.
for k € {1,...,p+r} and
’3

|e;ﬂ- — U, (eih)| < |e:1ﬂ-’ 1 (}eih{ > 7']) <772 |6:“ a.s.,
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we have

B {0 () Yy (Ea-15) }]

< E{(ya-1,Bi0)Vw; (Ea-1,)} + 77 °E { RN (éd_m)l}

< Biolly K7 + 7B { el [y (€101

< NBiolly Kasl 72 + 4772 [B {leasl” 1w, (€a1)[} + 1Bll3 B {Iyatlld [, (€a1)I}]

< 118all Kisy w7 + 4772 {us 6y + 1B Kus?} (A8)

Thus, we have

(I)g.l) < C (sgwy” + sim7 7). (A.9)
For (I)f), note that the process (Ed)dzl,zy,” is geometrically a-mixing and €; = Ed — :&Ed_l.
Since each 1y, (€;) Yo, (€a1,5) — B [Ur, (€;) Ve, (€4-1,5)] is a measurable function of £,and €, |,
{0r; (€) Veop (Camr) — B [Ur, (€3) Yoy (€a-15)] } is also geometrically a-mixing with the coeffi-
cients satisfying Assumption 1(d). Therefore, by applying Theorem 2 in Merlevede et al. (2009),

we have, for t > 0,

Pr {([);2) > t} < exp {— Cnt” } : (A.10)

V2n 4 t2w? + trroom (logn)®

where

V? = Var |:,I7DTI (6/21) (o (510')} +2 Z ‘COV [77le (6/21) Yoy (5173‘) s Y,y (dl,z‘) (U (fd—l,j)] ‘ .

d=3

Since the %-th moment of ¢, (€);) ¥, (§4-1;) is bounded by C’sf;/z, by the inequality (2.2) in

Davydov (1968), we have

V2 Csh Y ol Wedlk < Oy (A.11)
k=1
which implies
2
Pr {([)9 <C (Wf (logn)”0 + spv "‘5> } >1—e° (A.12)
n
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Combining (A.9) and (A.12), we obtain that with probability at least 1 — (p +r)e~?,

max ([); <C (SBTI + sgw; (A.13)

1<5<p+r

2 | TI®r (logn)® 6 + Sg\/n5> ‘

n

Now, consider (/7);. Note that for any z,y € R,

|¢w1 (.1') - wm (y)’ < ‘l‘ - y‘ :

Hence, by Assumption 1(e), we have

T/Jn (gd,l - <ww1 (Eé—l)a B10>> - 2/jTI (fd,i - <ww1 (gd—l)a ﬁzO))‘
< ffus = i = (b Cams) = ¥, (€, B
<O (b, + sﬁb,[n’mp) a.s.

m,n,p

Thus, by using the fact that

|z1y1 — waya| < |(v1 — x2) (Y1 — v2)| + [(21 — 22) ya| + |22 (41 — ¥2)|
for any x1, z2,y1,y2 € R, we have

(ID); < C[(bF +Sﬁbfnnp)max<bF o)

mnp m,n,p’ “m,n,p

2 Sﬁ ”Z{ww, ()}

n —

max (bF

m,n,p mnp Z{‘wn i — Q/le sd 1 Bio )l}}

n—1
< O[(bgw+sﬂb;np)max(mnp, D)
(U + 358hp) { TS + (1D}
o max (b s Uh) { (IDS + (1D} ], (A.14)
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where

() = —— [ [y (Ga1.)] = Bty (6a1,)] | ‘ ,

(0 = 5 DB e, ),

(e = dz_; [ (60 = Wy (€0 1)s Bd) | = B[t (€ = (6 (61, B0)) | |
(IS0 = 25 3Bl (= (). 80|

Consider (II) and (I])( ). Similar to the proofs of (I)( we can show

2
Pr {(u)g” <C (wl (logn)”0 + Sﬁm) } >1—¢ (A.15)
n
and
2
Pr {(n)gﬁ") <C (TI (logn)”0 + 55\/%) } >1— e (A.16)
n
Also, we have
(INY < ¢ and (11 gn_lzmgd,— (Vy (€4_1), Bio)| < C'sp (A.17)
By (A.14)-(A.17), we have
Pr{lgr?ggir(ll)j < Csg ( mnp+b,lnnp)} >1-2(p+r)e. (A.18)

Combining (A.7), (A.13), and (A.18), we obtain that with probability at least 1 — 3 (p + 1) e™°,

VLBl < C |35 (s + Vo) + 55777

+spw7 2 + (A.19)

n

ey (logn)? d + sﬁx/n_cS]
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Proof of Theorem 1. By Proposition 3, we prove the statements under (A.5) and (A.6).

B — Bu

First, we consider ‘ for i € {1,...,r}. Suppose that
2

By the optimality of BZ and the integral form of the Taylor expansion, we have

~ hr + 1)Y/2

2

0 > LFL(B) — LI (By)
= <V£$’;(ﬁio>n@i_6io>

1 ~ . ~ o~
" /0 (1= 1) (Bi — Bro) "V2LEL (B + t(Bs — Bo))(Br — Bio)il.

Since HVﬁf;(ﬁlo)Hm < nr/2, we have

(VEEL(B): B~ Bud| < VLB ||B: — B,
(hr +1)*np ‘ =
< 5 B — Bio .
By (A.20), we have
h 1 1/2
yo e )Py
K ‘ B — ﬁio
2
Then, for any 0 <t < z, we have
- ~ hr +1
(18 -+ 1B, ~ )] — B <ttt + 17 B, - g, < P10

Hence, we have

1 ~ . ~ o~
/0 (1= 1) (Bi — Bro) "V2LEL (Bio + 1B — Bo))(Bs — Bl
Z/O (1_t)"f)ai_,6i0

= (hr + 1)1/277F ‘ Bz — B

2
dt
2

(b + 1)n%
2 2K

9
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where the first inequality is due to Assumption 1(g). Combining (A.21)-(A.23), we have

12y 118, — 3,
0> (hT+ 1) Uia ‘ /61 IBlU s (hr+ 1)/)7%_,

2 2K ’

which contradicts to (A.20). Thus, (3.5) is showed.
Bi — Bio

Proposition 3, we can show (3.6). W

Now, consider forie {r+1,...,p+r}. By Proposition 1 in Fan et al. (2019) and
2

A.6 Proof of Theorem 3.

Proof of Proposition 2. Similar to the proofs of Theorem 3 in Fan and Kim (2018), we can

show (4.6) and (4.7) under the event

E= { max max Fd,ij - Fd,ij

1<d<n 1<i,j<p

< C\/log (pn VvV m) /m1/2} :

By Weyl’s theorem, (4.6) implies (4.5). Thus, it is enough to show (4.4) under the event E.
Without loss of generality, we assume that sign ((ﬁf .ql )) =1fori=1,...,r. We have for each

de{l,...,n}and i€ {1,...,r},

€ — €
—1 AT (x F 1| (aF\TR_R ~F _( F\T 1" _F T F ¢
<p ’ (a]) (Fd Fd) a |+p ’ (@) Tuq; — (af) Taq; (af) Tual —&ay

= (1) + (1) + (I11). (A.24)

+pt

For (I), we have

(I)<p™

T, — I‘dHF < C\/log (pn VvV m) /mt/2. (A.25)

For (II), we have

n

S (fk - \Ilk> /e

k=n—(+1

la” —arll, < cp

2

Cp~ e Zn: (HIA“k — FkHF + HEkH1>

k=n—_0+1

IN

o4



<i<lp
Jj=1

p
= ¢ <\/10g (pn v m) /mA/? 4 p~* max » ’Zd,ijVT(Ed,iiZd,jj)(l_T)ﬂ)

< C \/log(anm)/m1/2+81/p>,

where the first inequality is by Theorem 2 in Yu et al. (2015). Hence, we have

(1
<p| (o~ @) Tuaf —an) |+ (af ~@) Tual
<y Tl llaf = @ + 207 [Tl flal” - @,

< C’\/Iog (pn vV m) /ml/2. (A.26)

+p‘1( (@) Ta(af — ") ‘

For (III), we have

p

(1) = p(af) Seal <p7 Sl <p7Zall, <27 112%2 Sl (BaiZaz)

Jj=1

< Csi/p. (A.27)

Combining (A.24)—(A.27), we have

‘gd,i - gd,i

<C (\/log (pn Vv m) /ml/? + Sf/p) :

which completes the proof. B

Proof of Theorem 3. We show the statements (4.10)—(4.12) under (A.5)—(A.6) and (4.4)-
(4.9). For simplicity, we assume that h = 1 and omit the intercept term v. Note that BZ =
(A\ul, . ,A\l,ir>T for 1 <i<rand ,@Z = (glﬂ-l, . ,El,i(pw))T forr+1<1i<p+4r. First, we

consider (4.10). By (4.4) and (4.8), we have for any 1 < <r,

r

Z <A\1,z’j€n,j - A1,ij§n,j>

i=1

5[ 4) - 5.)

j=1
+ ‘Al,ij (fn,j - fn,j) + ’ (A\l,ij — Al,ij) n,j

Eniri — B (Ensril Fr)

IN

|
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< C|H,, + (logn)? \/logp/n].

Consider (4.11). Similar to the proofs of Proposition 1 in Fan et al. (2019), we can show

B@' — By €W, for any r + 1 <i < p+r, where W, is defined in Assumption 1(g). Thus, we have

ptr
max E ’Al ij — Al ij S max 4 E ‘Al ij — Al ij
r+1<i<p+r 4 ’ ’ r+1<i<ptr 4 ’ ’
j:l ]Gsi

< C {sgsIH};T + 5% (logn)? v/ 10gp/n} :

where the last inequality is due to the Cauchy—Schwarz inequality and (4.9). Then, by (4.5), we

have, for any r+1 <7 <p+r,

En—&-l,i - E (§n+1,i|Fn) = i_f <‘A\l,ijgn,j - Al,ijin,j)
j=1
< i [‘(A\lm — Al,ij) (gnj - fn,j)
j=1

+ ‘Al,ij <gn] - fn,j> + ‘(21” - Al,ij) &n.j
< C [S%SIH},;T + 53 (log n)? \/logp/n} :

|

For (4.12), we have

IThis — E@uit|Fo) e < [ Woi1 — E(®,04]F)

-
+Hin+1 — E(Zn1]Fn) |-
= (I)+1). (A.28)

Consider (I). We have

|%—E@alz)| = p| Y {Gnal @) - BGmndF) e (@)}
| i=1 F
<0 Z {gnJrl,i —E (fn+1,i\-7:n)} q; (af)T
L I =1 F

+

Z E (&nt1.ilFn) {@F (azF)T —q; (qf)T}
i—1

|
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< p[i Eniri — B (EnrralFo)| |[@f (af)T"F
F3 G |(a @ o @Y,
< Cp[Hm—l—(logn)2 logp/n + T f-df (qf)THF]’
=1

where the last inequality is due to (4.10). For the last term, by Theorem 2 in Yu et al. (2015), we

have

n

> (f‘d— ‘I’d> /t

d=n—_{+1

Ja

q (@)’ —qf(qf)THF < Cp™!
2

et 3 ([Fa=r] + 1)

d=n—{+1

C (\/log (pn vV m) fmi/? + s; /p) .

IN

IN

Thus, we have

“\/I\ln+1 —-E (‘Iln—l-llfn)

< Cp|Hy + (logn)? v/log p/n].

Then, similar to the proofs of Theorem 4.1 in Fan and Kim (2018), we can show

(I < C [ {p*3/2 +p71§n+1,1} H‘i’nﬂ — E(¥,11|Fn) -

|

< C [Hm + p'/2H? + (logn)* \/logp/n + p*/*log p (log n)* /n} . (A.29)

+p_3/2§z+1,1 H‘i’nﬂ — E(¥,41]|Fn)

Consider (I7). We have

(11)*

IA
’Bl

{Sni — B (Sl F) T

~ 2
St = B(EnalF)|| T,

~ 2
Z:n-i-l —E (En+l|"rn) P
p

= p_l Z {En-i-l,i-i-raif (‘Al{r)T —E (gn-i-l,i-i—r"’rn) qzl (qZI)T}

i=1

A
'Bl

I
’El

2

F
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2

P T
Z {fnJrl i+r T E £n+1 z+r’F )} I (azl)

o

F

solF){al @) —al ()"}

|

= (III)+ (IV) (A.30)
For (II1), we have
(II7)
= Cpfl Z Z tr ({gnJrl,iJrr —E (€n+1,i+r|fn)}{§n+1,j+r —E (6n+1,j+r’}—n>}a{ (@)T (Alf (qj)T>

i=1 j=1

= Cp Y tr (i — BlGurnin PVl @)
i=1

»
=Cp! Z{£n+1,i+r — B (&nrrirel Fn)}’
i=1
2
<C (s%sIHnlfT + 53 (log n)? Vlogp/n) : (A.31)

where the last inequality is due to (4.11). For (IV'), we have

(V) )
= Oy | AB i) = B G 0@ @) - af (a)) "
=1 F
<Cp 'y [{E (nsritrlFn) = E (Enrprrl Fa) Y { @) - (qf)T}Ql
=1
+Cp Z Z tr [{E (Enstitr|Fn) — E (Entrpir] Fu) HE (Ent1jar| Fn) — E (Ens1 pr | Fn)
i=1 j=i+1

{al @) —of (@) }a @) o <q§>T}]

2
a (@) ~al ()7,

p
<Cpt Z {E ({ns1i401Fn) — E (Ent1 ptr
i=1

where the first equality is due to the fact that > 7 G/ (g Z) =>" d(q )T and the last in-

equality is from the positiveness of E (&,11,i4r|[Fn) — E (§ni1p4r| Fn) for 1 <i < p—1 and (A.32)

58



below. For i # j, we have

m«[{ag @)"-d (@) Ha @) - <q§>T}]

= —tr

= —tr

= —tr

Thus, we have

(IV)

IN

p
Cp_l Z XZ(H—T)
=1

p
Cpfl Z X2(z+r)
=1

2 17227
OSIHm )

T 1

T ~1
q;

T 1
q;

~T
q;

q;

d' @) d (@) +da (@) a @)
(o

@) of (a) @+ (a) § @)

{(a{)%;}ﬂ{(qffajf}z] <.

2

a @) —af ()]

F

i (i:d - zd) /0

d=n—¢+1

2

2

(A.32)

/X2(i+r)

(A.33)

where the first inequality is due to Assumption 3, the second inequality is from Theorem 2 in Yu

et al. (2015), and the last inequality is due to (4.6). By (A.30), (A.31), and (A.33), we have

(I11)<C (s%s;Hﬁ;T + 55 (logn)” \/logp/n) :

Combining (A.28), (A.29), and (A.34), we have

(A.34)

IT0i1 — E(Ton]Fo) o= < C|p'2HZ + p"*logp (logn)* /n

+s5srHy " + % (log n)?
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A.7 Miscellaneous materials

Algorithm 1 Parameter estimation procedure
Step 1 Decompose the input volatility matrix:

p
T o= =T
ry= E §a.kQd, kg k>
k=1

where £, is the k-th largest eigenvalue of f‘d and Qg is its corresponding eigenvector.

Step 2 (factor components) Calculate r eigenvectors, qf , ..., qf, of % > vien_1+1 L and obtain
the eigenvalues gu = (af)T T.qf /pford=1,....nandi=1,...,r.

Step 3 Obtain the input idiosyncratic volatility matrix estimator:

T
_ _ . _
Sa = (Saijh<ijep = La— Y Lanariy
k=1

Step 4 Threshold the input idiosyncratic volatility matrix estimator:

and 3y = (Xa4j)1<ij<p

- Yaij VO ifi=j
Ydij = _ - e,
Gij(Xaij)1(|Xa;] > vij) ifi#j

where g,;(-) satisfies |g;;(z) — | < vy, and v;j = Uy /(Zaii V 0)(Ba 5 V 0).

Step 5 (idiosyncratic components) Calculate p eigenvectors, q!, . .. 761{,, of %Z’C}:n_l 41 2q and
obtain é\’d,iﬂ, = (af)Tidaf ford=1,...,nandi=1,...,p.

Step 6 Estimate the factor coefficient:

3 . Fi .
B, = aurgﬁa min | Lo2(B;) fori=1,...m,
)

where LI (3;) is defined in (3.4).
Step 7 Estimate the idiosyncratic coefficient:

Bi=arg  min  LYL(B)t B, fori=r+l...ptr,

B, ERM(p+r)+1

where 7); > 0 is the regularization parameter, and £I? (/3;) is defined in (3.2).
Step 8 Calculate the future eigenvalue and conditional expected volatility matrix:

-~ ~

h
—~ T ~ o~
€n+1 = (€n+1,17 cee afn—i—l,p-&-r) =V + Z Ak€n+17k and
k=1

~ A~

T p
L1 =Woyr + X1 = pZﬁnH,z‘@F (af)T + Z§n+1,¢+raf (G{)T
i=1 i=1

60



[Te]
g
]
©
] o
wn
g
[
o <
[
o
c ]
(O]
2
] . ° o o
o o
Cll)_ o
N
o
n o
o
o o ° o °°° °
8 o ° 0o 09,%0 o ©° ° ° o o
T I o o°| ° o © 0° c00n 0.00..%0,% o 0900 1000002909000, aan 000n%0
[
o
0 20 40 60 80 100

Index

Figure 7: The plot of the first 100 differences between the consecutive eigenvalues of the average
of 997 idiosyncratic volatility matrix estimators. We estimated the rank r based on the rank
estimation procedure in (5.1) with n = 997. The result is 7 = 4. We used 1-min log-returns of the
top 200 large trading volume stocks among the S&P 500 from January 2016 to December 2019.
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