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Abstract

The finite sample theory using higher order asymptotics provides better approximations
of the bias and mean squared error (MSE) for a class of estimators. Rilston, Srivastava and
Ullah (1996) provided the second-order bias results of conditional mean regression. This paper
develops new analytical results on the second-order bias up to order O (N ’1) and MSE up to
order O (N *2) of the conditional quantile regression estimators. First, we provide the general
results on the second-order bias and MSE of conditional quantile estimators. The second-
order bias result enables an improved bias correction and thus to obtain improved quantile
estimation. In particular, we show that the second-order bias are much larger towards the tails
of the conditional density than near the median, and therefore the benefit of the second order
bias correction is greater when we are interested in the deeper tail quantiles, e.g., for the study of
financial risk management. The higher order MSE result for the quantile estimation also enables
us to better understand the sources of estimation uncertainty. Next, we consider three special
cases of the general results, for the unconditional quantile estimation, for the conditional quantile
regression with a binary covariate, and for the instrumental variable quantile regression (IVQR).
For each of these special cases, we provide the second-order bias and MSE to illustrate their
behavior which depends on certain parameters and distributional characteristics. The Monte
Carlo simulation indicates that the bias is larger at the extreme low and high tail quantiles,
and the second-order bias corrected estimator has better behavior than the uncorrected ones
in both conditional and unconditional quantile estimation. The second-order bias corrected
estimators are numerically much closer to the true parameters of the data generating processes.
As the higher order bias and MSE decrease as the sample size increases or as the regression error
variance decreases, the benefits of the finite sample theory are more apparent when there are
larger sampling errors in estimation. The empirical application of the theory to the predictive
quantile regression model in finance highlights the benefit of the proposed second-order bias
reduction.
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1 Introduction

Over the last six decades, Professor Kosaraju Leela Krishna, popularly known as “KLK” among his
students and colleagues at the Delhi School of Economics (DSE), contributed immensely through
his teaching and research interests in the fields of Applied Econometrics, Industrial Economics,
Economics of Productivity, and Empirics of Trade, and wrote research papers on a variety of topics.
In fact, a product of University of Chicago, KLK has been a founding econometrician guiding and
mentoring both Ph.D. and M.Phil. students at the DSE, and has been a charismatic guide showing
how to use econometrics tools for doing high quality practical work and answering deeper economic
and policy questions. All these made him very popular among all scholars. He is amongst the most
distinguished economists in India, which is also reflected in the honors and awards he received from
many organizations, including founding Managing Editor of the Journal of Quantitative Economics,
President of The Indian Econometric Society (1996-1997), PJ Thomas Foundation Economist of
the Year Award (2015-2016), and Distinguished Service Award from University of Delhi, among
others. Our paper contributes to the finite sample behavior of the quantile estimators, which are
robust and in recent years frequently used in applied economics and econometrics work, instead of
estimating only the mean estimator.

It is well known that the large sample properties of an estimator and a test statistic may not
imply their finite sample behavior. In fact, the use of the first-order asymptotic theory for small or
even moderately large samples may give misleading results. There has been significant literature on
analytical “finite sample properties” of econometric estimators and test statistics over the past six
decades.! See, among others, Nagar (1959), Sargan (1974, 1976), Basmann (1974), Phillips (1977),
Rothenberg (1984) for linear models, and Amemiya (1980), Chesher and Spady (1989), Cordeiro
and McCullagh (1991), Newey and Smith (2004), Rilstone, Srivastava and Ullah (RSU, 1996), Bao
and Ullah (2007), and Ullah (2004) for non-linear models.

The finite sample theory has been developed extensively for the mean regression models, which
provides a better approximation of the bias and mean squared error (MSE) and thus improves

finite sample inference. It also enables us to examine quality of instruments and to understand

"We refer the finite sample properties to the higher order asymptotic approximations, in the sense it provides
better approximation in small or even moderately large sample. The finite sample properties in this paper is not the
exact moment or exact distributional properties. See Ullah (2004).



what affects the behavior of estimators and how to improve it from correcting for the higher order
bias. In particular, RSU (1996) developed the second-order bias and mean squared error (MSE) of
a class of nonlinear estimators in conditional mean regression models with i.i.d. samples. Bao and
Ullah (2007) extended the RSU results for time series dependent observations.

However, unlike in the mean regression models for which both the first-order asymptotic theory
and the finite sample (higher-order asymptotic) theory have been fully developed, the quantile
regression literature has been almost entirely based on the first-order asymptotic theory. The
quantile literature has been either on the first-order asymptotic expansion (Koenker and Bassett
1978) or on determining the order of the higher order remainder term in the first-order asymptotic
expansion of the quantile estimators (Bahadur 1966, Kiefer 1967, Jureckova and Sen 1987, 1996,
He and Shao 1996, De Angelis, Hall, and Young 1993, and Chapter 4 of David and Nagaraja 2003).

In this paper, unlike in the existing quantile literature mentioned above, we extend the RSU
results for the quantile regressions focusing on the second-order terms. We derive the analytical
expressions of the second-order bias up to the order O (N *1) and the MSE up to the order O (N *2)
for quantile regression estimators, using the higher-order asymptotic expansions. The challenge to
study the finite sample properties of quantile estimators is due to the non-differentiability of the
objective function for the quantile estimation. While dealing with the non-differentiable problem is
common in mathematics and physics, this has been rarely explored for the finite sample properties
of the quantile regression. Phillips (1991) used the Dirac delta functions for the median regres-
sion estimators. Whang (2006) and Otsu (2008) used moment smoothing for empirical likelihood
quantile regression. The related idea of smoothing non-differentiable objective functions has been
used for quantile regression by Kaplan and Sun (2017) and Fernandes et al. (2017). We also use
the properties of the Dirac delta function and obtain the finite sample properties for the quantile
regression estimators in the second-order bias and MSE. We show that the second-order bias result
enables an improved bias correction and thus to obtain improved quantile estimation and predic-
tion. We also consider three special cases of the general results, for the unconditional quantile
estimation, for the conditional quantile regression with a binary covariate, and for the instrumental
variable quantile regression (IVQR). For each of these special cases, we provide the second-order

bias and MSE to illustrate their behavior which depends on certain parameters and distributional



characteristics. Among many interesting findings, we find that the second-order bias is much larger
towards the tails of the conditional density than near the median, and therefore the benefit of the
second order bias correction is greater when we are interested in the deeper tail quantiles, e.g., for
the study of financial risk management. The higher order MSE result for the quantile estimation
also enables us to better understand the sources of estimation uncertainty.

The paper is organized as follows. In Section 2, we present the notations, the moment condition
of the quantile regression, and the assumptions used in this paper. In Section 3, we develop the
high-order asymptotic expansion of quantile estimators, and derive the second-order bias of condi-
tional quantile estimators. In Section 4, we derive the second-order MSE of conditional quantile
estimators. Section 5 provides three examples for illustrations, which include the unconditional
quantile estimation, the conditional quantile regression with a binary covariate, and the IVQR
estimation. Section 6 presents Monte Carlo simulations. In Section 7, an empirical application is
presented for the predictive quantile regression model for the financial returns. Section 8 contains

the conclusion.

2 Conditional Quantile Estimators

2.1 Check Loss Function

Consider a random variable y from the distribution F'(-). Let f; (-) denote the conditional density,
fori=1,...,N. fi(j)(-) denotes the jth-order derivative of f;(-) for j > 1. The jth-order partial
derivatives of a matrix A(f3) is defined as V%A(ﬁ). If A(B) is a k x 1 vector, V%A(ﬁ) isak x Kk’
matrix. For a matrix A, ||A| denotes the usual norm, [trace (AA’)]2. If A is a k x 1 vector,
according to Appendix A, ||A|| = (A4’ A)l/ % The Kronecker product is defined in the usual way. For
an m X n matrix A and a p X ¢ matrix B, we have A ® B as an mp X ng matrix. The X = E(X)
denotes the expectation of a random vector X.

Given « € (0,1), the a-quantile g, of y with distribution function F(y) is defined as

qo = inf{y : F(y) > a}.

The quantile can be considered as the inverse of the distribution function. The quantile ¢, is the

value such that « percent of the mass of the distribution is less than g,, which can be obtained



from

do = argmin E[L,(q)],
q

where the check loss function is defined as

Lo(q) =la—1(y—q<0)]-(y—q).

For the random variable (y, z) with the conditional distribution function F(y|z), the conditional

quantile function g, is
G (z) = inf{y : F(y|z) > a}.
As a function of z, the quantile regression function can be nonlinear. We consider a simple linear

model, i.e. ¢, (z) = 2’8, where the quantile estimators 3, varies across «. Then the linear quantile

regression model is
Yi = iBq + ui, (1)

where y; is a scalar and x; is a k x 1 vector, u; is the error defined to be the difference between y;
and its conditional a-quantile z}3,,. To simplify the notation, we use § to denote /3, hereafter.

The k x 1 vector quantile coefficients 5 can be obtained by solving
minB [La(F)) = B la —1(y <'B)] - (y —<'5) - (2)

Following Elliott, Komunjer, and Timmermann (2005), we assume that the conditional a-quantile
of y, 2/, is identified on the parameter space O, that is, for any (1,8, € © we have '3, = 2/,
a.s. —P, if and only if 8; = (5. The check loss function L,(5) = [a—1(y < 2/B)] (y — 2'P) is
continuously differentiable on ©\ A, where A = {5 € © : y = 2/8}. Let VéE [Lo(B)] denote the

gradient of E[L,(3)] on ©\A. By the law of iterated expectations,
V5E[La(B)] = E{VLa(B)E[L(B € A°)|} + B{V5La(B)E[1(5 € A)]},

where E[1(8 € A°)] =1, and E[1(8 € A)] = 0. Therefore, E[L,(8)] is continuously differentiable

on ©. Then we can write the population moment condition as

V5E[La(8)] = E[-Vi1(y — 2'8 < 0)(y — «'B)] + El(a — Ly < ') (). 3)



Let 1(y— 2’8 < 0) = ¢(a’8 — y) a Heaviside unit step function. Then by the definition of the Dirac

delta function in Appendix B,

dé(2'8 —y) d(2'B —y)
d(2'8 —y) ds

See Gelfand and Shilov (1964). The first term of the equation (3) can be written as E[z'd(z'f —

Vhi(y— '8 < 0) = Vie(s'5 — y) = = 2'0(s'6 — y).

y)(y — 2'B)], which equals zero.
According to the property of Dirac delta function in Appendix B, we have 6(2'8—y) = 6(y—2'f)

and

El/5('8—y)(y—'B)] = E[/s(y—a'B)(y—'8)
= E[ZE[§(y—2'B)(y—2'B)|z]]
+oo
= E |::13,/_ oy —2'B)(y —2'B) f(y)dy
= E[2'(2'8—2'B)f(«'B)]
= 0.

where f(2'8) = f(2'B|z) is the conditional density of y evaluated at y = 2/g.

Thus, the moment condition can be written as

V5E[La(B)] = El(a — 1y < 2'8))(—=)] = Els(8)] = 0, (4)

where the score function s() = [a — 1(y < 2'8)] (—x). The score function s(8) = [a — 1(y < 2'8)] (—x)
is a special case of the score of the form s(8) = [a — 1(y < 2'3)] (—z) with some instrument variable
z = z for an IVQR. With z = z, the moment condition gives the conditional quantile regression.
With z = 1, the moment condition gives the unconditional quantile regression. The main results
of the paper are of the second-order bias and MSE for various quantile estimators satisfying the

above moment condition (4).
2.2 Assumptions

Denoting s;(3) = [a — 1(y; < «}5)] (—x;), the sample moment condition can be written as

1
N 31(5) (5)

i=1

Un(B) =



A class of estimators B can be written as a solution to a set of moment equations of the form

~ 1 N ~
Un(B) =5 D si(B) =0, (6)
i=1

i
where s;(5) is a known k x 1 vector-valued function of the observable k-dimensional random vectors
x; and a parameter vector 3 € R¥ with true value 3, such that F[s;(3)] = 0 holds only at 8 = f3,
for all 4.

In this paper, we assume the moment condition ¥ N(E) = 0 holds exactly as in Phillips (1991,
Equation 4). Also, following Phillips (1991, Assumption 2(;), we require the conditional density
f (y) to be analytic. These assumptions are usually unimportant for the first-order asymptotic
theory but could matter for higher-order results. Nevertheless there will be gains to make these
strong assumptions. Not only do they help in developing generalized Taylor series but also they
facilitate the derivations of the higher-order results, for example, to demonstrate that the second-
order bias is much larger towards the tails of the conditional density than near the median and
therefore provide useful insights on the finite sample bias when we are interested in the deeper tail
quantiles.

RSU (1996) developed the second-order bias and MSE of a class of estimators. These results
apply for both normal and non-normal errors. The moment equation Wy (-) can be the first-order
condition of some optimization criteria. The estimators can be the maximum likelihood (ML),
least square (LS), or Generalized Method of Moments (GMM) estimators. In RSU (1996), their
Assumptions A-C are sufficient for B to have an asymptotically normal distribution. To obtain
the stochastic expansion of B, the RSU’s Assumptions A-C are assumed to hold along with the
v/ N-consistency of B For the RSU’s (1996) results to hold for the quantile model, we make some

modifications to their Assumptions A-C as follows.

Assumption A. The jth-order derivative of s;(/) exists in a neighborhood of 3, and is continuous
, . 2
with probability 1, and E [HxiHJH fi(J_l)(Ola:i)] < o0, for j > 1, where fi(o) (0]x;) = fi(0]z;) is the

conditional density of u; evaluated at u; = 0.
Assumption B. For some neighborhood of 3, (EV}D)\IIN(ﬂ))_l =0(1).

Assumption C. For any ¢ — 0, 7; (8) = | V5 i(8) = ¥4 "si(80) — Fhs:(80) (8 = Bo)|| /18 = Boll —
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0as 8 — By, B |supjg_g,|<c 75 (B)| < oo, with probability 1, and Nt Zfil V%si(ﬁo) L E [Vési(ﬁo)]
for j > 1, where V%si(ﬁ) = s;(B).

Assumptions A-C are related to the conditions in Komunjer (2005) but include other primitive
conditions. The conditions in Komunjer (2005) are stated to obtain the asymptotic normality of
conditional quantile estimators to handle the non-smoothness of the quantile objective function.
See also Huber (1976), Pollard (1985), Pakes and Pollard (1989), Newey and McFadden (1994),
Andrews (1994), Chen, Linton, and van Keilegom (2003), and Chernozhukov and Hong (2003). In
this paper, Assumption C requires conditions of the higher order stochastic equicontinuity for the
higher order stochastic expansion. Let us discuss these assumptions in some details.

First, we discuss Assumption A. We restrict the conditional quantile model that «}4, the condi-
tional a-quantile of y;, is identified on ©, and E[L(/)] is continuously differentiable on ©. Then the
sample moment condition Wy () is continuously differentiable on ©. In this case, for every g € ©,
Vé\ll ~(0) exists and is continuous with probability 1, so that the second-order and third-order
derivatives of Wy (/) exist and are continuous with probability 1. By the definition of the Dirac
delta function in Appendix B, we have Vél(yi — 2B < 0) = 2Ld(2;8 — y;). Note that S is a k x 1
vector, where x; is a k x 1 vector, s;() is a k x 1 vector, §(x} — y;) is a scalar.

The first-order derivative of a k x 1 vector s;(/3) with respect to a k x 1 vector § is a k X k
matrix Vési(ﬁ). Then the first-order derivative of s;() exists and is continuous with probability

L,

Vhsi(8) = Vh(a— 1y < }8))(~)]

= z;Vio(ziB —ui)

x,d(ﬁ(w;ﬂ —yi) d(z8 — i)
YAz — i) dp

= z2;0(2;8 — yi)-

We can show that locally at any (3, the difference between the sample mean of the first derivative of

the score function and its expected value converges in probability to zero, i.e., % Zfi L i (2B —



yi) — Ezxlo (28 — yi)] 2, 0. Using the properties in Appendixes A and B, we obtain

E|VisiBo)l[F = B [||wiah]| (=380 — vi)]’

= F _[tr (xzx;xzx;,)] 2 6(yi — x;ﬁo)} 2

(xgxixgxi)lm E [6(yi — x§ﬂ0)|xi]]2

- gl
- o )
~ B [ 6<yi—x;ﬂo>fi<yi>dyi]

—0o0

= B[l flaifo)]

The second-order derivative of a k x 1 vector s;(3) with respect to a k x 1 vector 3 is a k x k2

matrix V%si(ﬂ). The second order derivative of s;(3) exists and is continuous with probability 1,
V%Si(ﬂ) = V,%[%fﬂgfs(xgﬁ —yi)] = (wiz}) ® Véé(:p;ﬂ - Yi),

where the derivative of a scalar §(x}5 — y;) with respect to a k x 1 vector 3 is a 1 x k row vector

Véé(a:;,@’ —yi). We denote

, dé(zB — ;) (=8 — y;

= oW (18 — i),
where 6(1)(:1325 —y;) is a scalar. Then we can rewrite the second-order derivative of s;(3) as
Visi(8) = (zia}) @ V(28 — yi) = (vi2}) @ 246 (28 — yy).

We can show that locally at any 3, the difference between the sample mean of the second derivative
of the score function and its expected value converges in probability to zero, i.e., % sz\i | (@izh) @

20 (2h 8 — ;) — E | (w2}) @ 2,0 ()8 — yi) | 2 0. Using the properties in Appendixes A and B,



we obtain

2
E HV%Si(ﬁo)HQ = FE (fﬂifﬂg) ® 9025(1)(33;50 — i)

= E|(z )®$E[ ) (2 By — yi)lfm}

‘ 2

+oo
= E||(zz}) ® 2 (/ s (2B, — yi)fi(yi)dyi>

—0o0

2

2

+oo
— B (aa}) @4 (— / 6<1><yi—w;ﬂo>fi<yz~>dyi>

—0o0

(vie}) @ ( / " S — o) £ <yz>dy1>

—00

2

I
&=

100 | (wiat) @ ||

10 @80) {r ([(wia) © 2] [(wia) © wi])}l/Q]Q
10 @80) [or (wartiat) © (wia))] 2]

S0 @i8y) [ (whialiatas)] 1/2]

10 a4o) ()]

10 @) i)

|
S I © S € B © S T < I <

The third-order derivative of a k x 1 vector s;(3) with respect to a k x 1 vector 3 is a k x k3

matrix V%si(ﬁ). The third order derivative of s;(3) exists and is continuous with probability 1.
Visi(B) = Vilwais(@iB — yi)] = (wix}) @ V33(2}8 — y2),

where the derivative of a 1 x k row vector Véé(wéﬁ —y;) with respect to a k x 1 vector 3 is a 1 x k?

row vector V38(z}8 — y;). We denote

d(s(l)(l';ﬁ - yz) (x B — yz)
d(xiB — yi) dp

V38(24B — i) = VoW (z}f — y;) = 2} @ ) © 2,63 (8 — i),

where 6 ()8 —y;) is a scalar. Then we can rewrite the third-order derivative of s;(3) as
Visi(8) = (wia}) ® VEO(2iB — yi) = (wia7) ® 2 ® 236P (2} — ).

We can show that locally at any 3, the difference between the sample mean of second derivative

of score function and its expected value converges in probability to zero, i.e. % sz\i | (i) @ =) @

9



0B (et —y;)— E [(:L“m;) @z @ x,6® ()6 — yz)] 2, 0. Using the the properties in Appendixes A

and B, we obtain

BVisB)* = E|(zia}) ® 2} 0 2lo® (B, —yo)||
= B(wat) @} @218 [5O8 — wai] |
+o00 2
= Bl 02l ®a] / 5C) (g — o) fili)dys
(&%) 2
= E(W@®%®%/+5W_%%VP@M%

{1 ai00) | (waat) o 0 2]}
{fi@)(fb‘%ﬁo)tr ([(ziz}) ® 2} @ 2] [(ziz}) @ @3 @ 23] 1/2}2
150 1/2}2

r|
(2)336 Itr [(zizjzix )®xa:z®xa7z]1/2]2
[ 1/2:|

(:le T T ) (33; ® $;) (z; ® xl)]

Fi@ @ Bo)tr [(vhaiaia) a)wiala;)
_ f@.@) (z)8,) (x;xiwg.’ri)} i
£ wl0) ()]
5 wl0) il

mmmmmmmm

A
8

Since the conditional density of y; given z; evaluated at y; = /3 is the same as the conditional
density of u; given z; evaluated at u; = 0. If we use f; (0|z;) to denote the conditional density of u;

given z; evaluated at u; = 0, then the conditions we observe above can be written as

2 2
B|[VhsiB)l* = B[llnil £:0k)] < oo,
2 1 2
BVisiBoll” = Bl £V 0] < oo,
2 2
E|[VisiB)|* = B [leil iP(0))] < oc.
, , 2
Combining the conditions in one single equation, we have E [HxZHJ + fi(j 71)(0]@)] < 00, and it is
easy to show that this condition applies for j > 1, with fi(o)(0|xi) = fi(0]z;).

Next, let us discuss Assumption B. For some neighborhood of j, (EV}j\I/N(ﬁ))_l = 0(1) is

10



required to obtain the stochastic expansion of E — B in Section 3. That is

(EVEUN) " = (B [wald@p - y)])

= (B [z fi(«})]) "
_ o),

Lastly, we discuss the Assumption C. To derive the second-order bias and MSE of the quan-
tile estimators, we use the higher order Taylor expansion of the gradient ¥y (3) around f,, which
satisfies W N(B) = 0. This approach requires ¥ () and the derivatives of Uy (/) to be sufficiently
smooth, which is not the case with the quantile regression. In general, Assumption C requires the
stochastic equicontinuity conditions to handle the expansion of discontinuous and non-smooth ob-
jective function. This problem has been discussed in many papers in the literature, including Huber
(1976), Pollard (1985), Newey and McFadden (1994), and Andrews (1994). The basic insight of
these papers is that smoothness of the objective function can be replaced by smoothness of its limit
if the remainder term is small enough. Therefore, those stochastic equicontinuity conditions do not
require differentiability of the objective function, but require that the remainder term of the expan-
sion can be controlled in a particular way over a neighborhood of 3. Besides of those stochastic
conditions discussed in the literature mentioned above, in this paper we need additional smooth-
ness and dominating conditions for higher moments of the quantile objective function. Assumption
C in this paper extends the conditions in Theorem 7.3 in Newey and McFadden (1994), gives a
version of the stochastic equicontinuity for the Lipschitz moment function, and allows for moments
of the objective function to be Lipschitz at 8, and differentiable with probability 1, rather than
continuously differentiable. Assumption C in this paper restricts the remainder to be well behaved
uniformly near the true parameter 3, and this uniformity property requires that higher moments
of the objective function be Lipschitz at [, with an integrable Lipschitz constant with probability
1.

3 Second-order Bias of Quantile Estimators

Following RSU(1996), we define the second-order bias for a class of estimators in general as follows.

For a class of estimators 3, the second-order bias is the expection of the asymptotic distribution of

11



(B - ﬁ) up to the second-order, i.e., of order O (N_l) .
To obtain the second-order bias for quantile estimator, we implement the Taylor’s expansion of

\IIN(B) = 0 around S, up to the second order,
0= W + VN~ 60) + 5 V2Ux [(B— 60 ® (B~ 0)] +0p (V7). @

where Uy = Uy (8y). The ordinary stochastic expansion of 3 is obtained from equation (7).
However, a difficulty arises from the derivatives of the moment condition. Using the properties of

the delta function in Appendix B or in Phillips (1991, p. 455), we can rewrite (7) as

0 = Un+VINE - B + (VN — V) (B - By) + évm (B B0) ® (B = Bo)| +0p (N7)

= A +As+ A3+ As+o, (N1, (8)

where VU & VU, and V20U 5 V20, that is

N
1 § : p -
V\IIN = N 2 :1:,1:;6(3;;/6’ — yi) - F [:clx;fl(O\a:Z)] = V\I’N,
N

1 JE—
VR = 3 (wal) @ o (@l - ) B E [(wal) @ 40 0l = T,
i=1
To see the order of each of these terms, we first recall the asymptotic distribution of the quantile

regression estimator when the a-quantile is linear in z;,
> d
VN(B = Bo) = N(0,Va), (9)

where
-1 N -1

N
Vo =a(l —a) Jbz:: [fi(Olz)zix}) |  E(mz)) [;;E(ﬂ(o\xi)wixé) ;

and f;(0|x;) is the density of u; conditional on z; evaluated at u; = 0. See e.g. Koenker (2005).
Since the quantile estimator is v/ N-consistent, we can obtain that the orders of both A; = ¥y and
Ay = V\IJN(B — By) are O, (N_l/Q) .

We recall the following result. Let

B— By = a_y/2 + RN, (10)

12



where a_y /5 is a random sequence of O, (N -1/ 2) , and Ry is the remainder term of higher order.

Bahadur (1966) and Kiefer (1967) established the celebrated results on the order of Ry, that is
Ry =0, (n*3/4 (log log n)3/4) . (11)

See Koenker (2005 pp. 122-123), and also Jureckova and Sen (1987, 1996 pp. 196-202), He and
Shao (1996), van der Vaart (1998 p. 310), and Portnoy (2012). Note that (11) implies that

Ry =0, <N_3/4+5) for some small ¢ > 0. (12)

Below we use this result to obtain Lemma 1(b). In the following Lemma 1 and 2, we discuss As
and Ay. Our goal of this section is to obtain the expression of the bias term F <B — 50) up to the

second-order i.e., of order O (N _1) , which will be discussed in Lemma 3.

Lemma 1. Let

A3 = (VU —VIy) (B - B)

— (VUy —VUx)a_ij+ (VUy — Vy) [(B — Bo) —a_1/2

= Az + Ass. (13)
Then,
() Ayt = O,(N~7/9),
(b) Asg is smaller than O,(N 1), i.e. Asy = 0y (N71). O

Proof:

(a) According to Phillips (1991, p. 457), the term Vy = V¥y — VUy = O, (N*1/3). We
obtain that \/Na,l/g = N(0,V,) is bounded and has zero mean. The term VN Ag; will
contribute to v/NAs through the variance of vV Na_; /2, and will produce an adjustment of

O, (N"V3N~1/3) 'that is VNAs; = O, (N~%3) . Then Ag is O, (N~7/9).

(b) By (11), Ry is the remainder term of order smaller than a_;/,. Since Ry is not of zero
mean, because E (Ry) is the high-order bias of quantile estimators, then Ass = VyRy =

O, (NY/33/442) is smaller than O,(N 1), i.e. Agp = 0, (N71). [ |

13



Lemma 2. Let

Ay = %VQ‘I’N [(B — Bo) ® (B - 50)}
= VN [(B- o) e (B Bo)] + 5 (V2 — VP ) [(B - Bo) ® (B - o))

= Ap + Ag. (14)
Then,
(a) A = Op(N7),

(b) Ayg is smaller than Op(N 1), ie. Age = 0y (N71). O

Proof:
(a) By (10), A4; can be written as

An = %Vz‘I’N { [(B —Bo) —a-12+ CL1/2} ® [(B —Bo) —a_yz + a*1/2] }
17
= §V2\I/N (a_1/2®a_y)

0y (ap @ [ 80— aip))

2
%VT’N ([(B —Bo) - a—1/2} ® a—1/2)
+%v27\111\7 ([(B —Bo) — a,1/2} @ [(B —Bo) — a,I/Z]) , (15)

Recall that V2Uy = F [(:cla:;) ® mgfi(l)(()]a:i)} = O(1). Only the first term in equation (15) is
%V2\IIN (a_1/2 ® a_l/g) =0, (N_l) , and the rest three terms in equation (15) are smaller

than O, (Nfl) .
(b) Since V2Wy — V2 is smaller than O, (1), then Ay is smaller than O,(N~1). [
Given the Lemma 1 and 2, the equation (8) can be written as

0 = A1+A2+A31+A41+OP(N71)

. _ l——
= Un+VUNB =By + (VEN — V) a_is+ §v2\1/N (a,l/2 ® a,m) + 0, (N,l) (16)

The term VW in an ordinary Taylor expansion, equation (7), is not invertible, because the deriva-

tive of moment condition, V¥ = SN | @il d (a8 —v;), involves the delta function and (V¥ )~

14



is not bounded. Now in the equation (16), the Taylor expansion of quantile regression, VU y is
invertible, because (m)_l is bounded by Assumption B. In equation (16), we keep the term As;
even though it is Op(N =7/ 6) by Lemma 1, because we found that the “expectation” of A3; become
Op(N~1), which we will discuss in the following Lemma.

Solve for 3 — B in equation (16) to obtain
=1 =1 = le—15o7 _
B-By = —VUy Uy-VUy (VIy—-VUy)a_j— 5V\IJN V32U (a_1/2®a_q/2) + 0, (N71)
1 — _
= —QYy—-QVya_i/; — §QH2 (a_1/2®a_1y2) +o0p (N71) (17)
= Bi+By+Bs+o,(N),
where H; = V/Wy, for j = 1,2, Q = E_l, VN = Hy — Hy. Note that multiplying equation (17)
by V/N gives a generalization of equation (15) of Phillips (1991, p. 457) for general a. In order to

compute the bias of B, that is (B — ﬁo) , we now examine the expectations of the three terms

By, By, By in (17).
Lemma 3.
(a) Bi=a_15=—-Q¥y =0, (N"1/?), and E (By) = 0;
(b) By =—QVNa_1j9 =0, (N"7/%), and E(By) =0 (N71);

(c) B = —%QE (a_1/2 ® a_1/2) =0, (N71),and E(Bs) =0 (N71). O

Proof: Suppose z; and u; both are not identically distributed, but independent across i = 1, ..., V.
Suppose y; has the conditional density function f; (y|z). To simplify the notation, we use f; (y) to

denote f; (y|x).

(a) In equation (17), only the first term, By, is O, (N_1/2) , and it should be that a_,,, = Bj.
Since Wy is the sample moment condition and @ is bounded, then E(B;) = E (a_l/g) =
E(-QUYyn)=—-QF (Yy)=0.

(b) By Lemma 1, A3} = (V\I/N — V\IJN) a_yjp = Vna_i/p = Op(N_7/6). Since @ is bounded,
then By = —QVNa_y/2 = O, (N_7/6) . We have
1 & 1 & 1 &
Hy = V};\I/N = V};N Zsi =N ZV};SZ- = szxgd(méﬁ — Yi),
i=1 i=1 i=1

15
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Uy, s; and a_y/9 are all k x 1 vectors. Hjy, Hi, Q, and Vi are all k x k matrixes, Ho, Ho

and Wy are all k x k? matrixes. Hs and H3 are k x k3 matrixes. Using the the properties in

Appendix B, we have

E (VNCL,l/Q) =

- [(H - ) Quy]

—E(H\QUy) — E(¥y)

1

_E|=
N

1=

&

N
> wiais (@i — ) QN

1

N

% Z v E (0(z}8 — yz’)Q‘I’N’wi)]
=1

AR oo
— e B ot [ ol - (a1 < 918 (o) o)
i=1 -

_ 1 i S —elQuia ST 68 — ui) flw)dy
N2 = | daiQuy [ 6(xi — yi)d(«)B — i) filyi)dys
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( ) By Lemma 2 A41 = *v \IJN (a 1/2@& 1/2) = IE(G 1/2@(1 1/2) = Op (N_l). Since Q
and H are bounded, then Bz = O, (N* ) . We have

N
1
HQ:V%\IJN:NZ ) @ 20D (@B — i),

N
Hy = EViUy=E~ Z[az ) @ 246M (25 — yz)}

L
= NZE( )®x6 (xﬁ yz)}

= 2B [(wiaf) @b (50} — yi)la: )]

1 N i +o00
— 2B | o [ 600 - w ]
i=1 - -0
1 +o0
= NP [(wiwé) waf [ oW - x;mfi(yi)dyi]
i=1 -0
N +oo
B % > F [(%‘xé) ® / o(yi — wéﬂ)fi(l)(yi)dyi}
i=1 —o0

N

=1

Then, E (Bs) = —3QH; (a1 ®a_1/5) = O (N71). [ |

From equation (17), note that the bias of quantile estimators B is

E(B~f) = E(B)+E(B)+E(Bs) +o(N)

= F (—Q\I/N) + K (—QVNa_l/Q) + F <_;QH2 (a_1/2 (%9 a_1/2)> +o0 (N_l)(18)

B(E) —i—o(N_l).

Given the above results in Lemma 3, we define the second-order bias of quantile estimators as

follows.

Definition 1. Let F (B — BO) =B (B) +o0 (N _1) . Then B (B) will be called “the second-order

bias of quantile estimators B up to O(N—1)”.

17



Theorem 1. In the quantile regression model, suppose x; and u; both are not identically distributed,

but independent across i =1, ..., N, the second-order bias up to O(N~1') of the quantile estimators

B (E) = E |:—QVNG—1/2 - %QE (a-1/2® a—l/Q)}

1 1 o /
_ (2 _ a) Q2 ZE (w12 Q; fi(0])]

N
g o ZE () @20 @9 33 3 (@8 QB m), (19

where @ = <% SN E[xlx;fZ(O]a:Z)D and f; (0|z;) is the conditional density of w; given x;

evaluated at u; = 0. ]

Proof: By Lemma 3, the second-order bias of quantile estimators B up to O(N—1) is

B (B) = @ [—VN01/2 1

2F2 (a71/2 @ a1/2)}

1 1 & , ,
_ (2 _ a> Q2 O B [riaQuif (1))
=1

2006 LS bty 0 0l 3 (@ @) (w0 m)
2 N =1 o . Z N2 =1 1 v

-1
where Q = (% Zi\il E[xla:;fz(x;ﬁ)]) ,and f;(z;f) is the conditional density of y; given z; evalu-
ated at y; = x}/3, which is the same as f; (0|z;), the conditional density of u; given z; evaluated at

ui:().l

Corollary 1. When x; i.i.d and u; i.i.d, the expression of the second-order bias of B up to

O(N~Y) can be simplified as
B(5) = 50 [( - a) £ (zQu:) £0) - PV Bl(nal) @ 210 0) Q@) B (2 2 01|
where Q = (E (x;z}) FO)™, and f(0) is the density of u; evaluated at the u; = 0. O

Remark: When ;7 i.i.d and u; 4.i.d, and k = 1, we observe that x;, U, s;, d, H1, H1, Q, Vn,
H,y, Hy, Wy, Hs3, Hs are all scalars, and the second-order bias of 6 up to O(N~1) can be rewritten

as

N - —

- ? o1 —a) B (s) fO0)
B(ﬁ):1<; >[EE'() Lo(l—a) E(f) /00



The quantile estimator B is unbiased if x; follows a symmetric distribution with F (33?) =0. If u;
follows a symmetric distribution, the median estimator is unbiased. The second-order bias of B is
larger at the tails of a distribution. The second-order bias of B goes to zero as the sample size goes

to infinity.
4 The MSE of Quantile Estimators

To derive the MSE up to O (N _2) , we take the high order Taylor’s expansion as

0 = Wy + VI~ fo) + (VU — VI (B Bo) + 52U [(B—60) @ (B~ o)
+VU [(B = B0) ® (B o) @ (B~ o) +0p (N2)
= A1+A2+A3+A4+A5+OP(N_3/2>. (20)

Our goal of this section is to obtain the expression of the MSE FE (B — ﬂ0>2 up to the order
0] (N _2) , therefore, we first need to obtain the stochastic expression of B — B up to the order of
(0] (N_S/Q) . By Lemma 3, B—BO = B1+By+Bs+o, (N7'), where B; = a_y/2 =0y (N_l/Q) ,By =
O, (N*7/6) , B3 =0, (Nfl) . Let B3 = a_1, then B —Bo=a_1pta1+0 (N*7/6) . We discuss

As, Ay, As in equation (20) in the following lemmas.
Lemma 4. Ags = (Vi ~ V) (B2 + 5] 0, (V). g

Proof: According to Phillips (1991), V¥ y — VI = O, (N~Y/3) . By Lemma 1,
Asp = (V\IIN — V\IJN) [(B — Bo) — a_l/g} . By Lemma 3, B—BO = B1+ B2+ B3 +o, (Nfl) . Since
By = a_1/3 = O, (N_1/2), By = 0O, (N_7/6) and Bz = a_1 = O, (N_l) are not of zero mean,

then we have

Az = (VUy—VUy) [(B — Bo) — CL—1/2}
= (VUy —VUy) [Ba+ B3 +0, (N1)]

= (VUy —VUy)[Bs + Bs] + o, (N*4/3> ,
where (V¥ — VUy) By = O, (N7*?) , and (VUy — VUy) B3 = 0, (N~*?). n

Lemma 5.

19



(a) Ay = %V2\I/N (a_1/2 ® a_l/g) + %VQ\IJN [(a_l/g ® a,l) + (a,l ® a—1/2)] + 0p (N—3/2) 7

(b) Ago = % (V2\IJN — V27\11N) (a,1/2 ® a71/2) + op (N—3/2) ) 0

Proof:
(a) By Lemma 2, A4; can be written as

A = 3770 [(B-50)® (B - Bo)]
= U {[B- By e taige @ [(BBo) —ayataiys]}
= %VT’N (a-172 @ a_y2)
+%V27‘I/N (412 (B Bo) —a_1po])

520y ([(B—Bo) —a_yys] @ a_yyo)

—i—%m ([(B — Bo) — CL1/2} ® {(B —Bo) = a71/2]>

- %W (a1/2®a1y2) + %ﬁ [‘Ll/z @ (a‘l O (Nq/ﬁ))}
—i—%VTI/N [(a_l +0p (N_7/6>) ® a_1/2] +0p (N7?)
- %m (a_1/2®a_y/2)

17
+§V2‘I’N [(a—1/2 ® a—l) + (a_l ® a_1/2)] + oy (N_3/2> .

Agp = <V2‘I/N - V2‘I/N> {(B — By) @ (B— 50)}

(2 = F705) [(a-172 + 0y (V1) @ (0 + O, (V)]

NN~

(VQ\I’N — VTI'N) (a_12®a_1ys) +o0p (N_3/2)

Since V2Uy — V2Uy is greater than O, (N_l/z), the first term in Ay is greater than

Op(N—3/2). u

20



Lemma 6. Let

ds = Vux[B- 0@ (B0 e @)
= VU B0 e (B 80 ® (B b

6
+é (V3\11N - W) [(5 ~Bo) @ (B—Bo)® (B — 50)}
- éVTI/N [(a—1/2+Op (N)e (a_1/2+ Op (N 1)) ® (a_1/2+ Oy (N"1))]

2 (V) [B- By @ BBy @ (B - By)]

1

6v3\IfN [a_1/2 & a_1/2 ® a_1/2] + 0p (N_3/2>

= Asi+o, (N7,

U

Proof: Since V3Wy — V3W y is smaller than O, (1), then the results in Lemma 6 follows. [
In Lemma 4, 5, and 6, we have discussed each term in equation (20). Now the equation (20)

can be written as

0 = Un+VUNE—By) + (VUN —VUy) (a_1/s+a_1)
+%V27\IJN (a_1p®a_qy0) + %m [(a_1jp®a 1) + (a—1 @ a_q)s)]
+% (VZ\I/N - W) (a 1o ®ay )
+év37‘1’1\f [a_1/2®a_1/2®a_1/2] +0p (N_3/2> . (21)
The equation (21) is invertible as a higher-order Taylor expansion of quantile regression, because
(m)_l is bounded. Given the results in Lemma 3(b), we have By = —QVya_;/2 = Oy (N*7/6) ,

then ByB) = O, (N~7/3) . However, we found that E (B2Bj) = O (N~2), which we will discuss in

the following Lemma.
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Solve for B — By in equation (16) to obtain

B - Bo = —V‘I’N_I‘I’N - W‘l (VIy — VIy) (Cl_l/z +a_1)

l— 1 —— ) e pu—
_QV\I’N V2o (a1 ®a_q2) — §V\IJN Vi, [(a_1p®a1) + (a—1 ®a_q)s)]

1 .
~5 Vi ! (VQ\IIN — VQ\IJN> (a_1jp @ ay )

17_ -
—EV\I/N 1v3\I/N [a_l/g X a_1/2 ® a_l/g] + Op (N_S/Q)

= {-QUn}+{-QVNna_ipo} + {—;QH2 (a1 ® a—1/2)} + {—QVNal - %QWN (a_12® a_1/2)}

1 1
+ {—2QH2 [(a_1p®a 1) + (a—1 ®@a_yp9)] — EQH?’ [a_1/2®a_1/2 @ a_y 2] }
+op (N_3/2) ,

= By+By+ B3+ Bi+ Bs+o, (N*?’/Q), (22)

where H; = ViWUy, for j = 1,2,3, Q = H, ',Vy = Hy — Hy, Wy = Hy — Hy. Note that the

equation (22) is the same as the expression in RSU (1996 p. 390 Eq. A.17).

Lemma 7.

(a) By = 0,(N7Y%), By = 0, (N77/%), By = O, (N71), By = O, (N"43), and Bs =
Op (N7%2)

(b) BiB; =0, (N7'),and E(B1B}) =0 (N71),

(c) BiBy = ByB} = 0, (N~%?), and E (B1B}) = E (B2B}) = O (N~?),
(d) B1By = B3B, =0, (N~3?), and E (B1B}) = E (B3B}) =0 (N72),
(e) Bi1B) = B4B} = 0, (N~'/%) | and E (B1B}) = E (B4B}) = O (N?),
(f) BoBh =0, (N~7/3), and E (B2Bj) = O (N72),

(g) B1BL = BsB, =0, (N7?),and E (B1B}) = E(BsB;) = O (N?),

(h) B3B, =0, (N?), and E (BsB) =0 (N7?). O

Proof: Suppose k£ = 1, x; and u; are not identically distributed, but independent across i =

LN Let d = QUy = 25N di di = Qsi, Wy = L3N, (vlsﬁvlsi) = LyN v,
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Wn = % Zi\il (V2si — V232-> = % Zf\il W;, then d;, Vi, and W; are not identically distributed,
but independent across i = 1,..., N. The expected values of V;d;, W;d;, and V;W; are all zero for

1 # j. Then we have

£(BB) = 7.
E (B1By + B2 BY) = —2QVid3,
E (B1B} + B3B}) = QHad?,
E (B1Bi+ B,B!)) = 2Q*V2d? + 4Q*ViVid;d; — 9Q*HaVid;d2 + 3QW,d;d?
4 1 i J J J J
2Q?V? &+ 4Q*Vid;” — 9Q*H, Vidid? + 3QW,d;d?
E (ByBb) = 2Q*ViVididz + Q*V2 & = 2Q%Vid;” + Q*V2 &2,
J 7 7 7 7

E(B\By+ BsB;) = 3Q°H; &d] — QHzd2d’

—92—52 — 2
= 3Q%H; d? — QHsd?

[ S S— [ P I
E (BsBj) = ZQ2ngd§d§ ~ 3Q°H,V;did2 = %Q2H22d§2 — 3Q%*H; Vidid2,
@ = QE(s)
1 N
= 3z QB [zia -1 <if))]
=1

- P [(a ~1)’a+a’(l- Oé)} E (a7)
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From equation (22), note that the MSE of quantile estimator E is

E(5-80) (B-50) = E(BuB)+E(BiBy+ BaBY) + E (BiBy + ByBY) + E (BiB, + BaBY)

+E (ByBY) + E (B1BS + BsBY) + E (B3Bj) + 0, (N7?)

M (B) +0, (N72).

(23)

Given the above results in Lemma 7, we define the MSE of quantile estimators up to O(N~2) as

follows.

Definition 2. Let £ (B — 50> (B _ ﬁo), - M (B) + o0, (N~2). Then M (B) will be called “the

MSE of quantile estimators B up to O(N—2)”.

Theorem 2. In the quantile regression model, suppose x; and u; both are not identically distributed,

but independent across i = 1,..., N, when k = 1, the MSE up to O(N~2), of the quantile estimator

B is
M <B> = La(l-a)@PE (2?) — 2L ZN:Q3 0? —a+ 2 ) B et f(0la)] + 25 io‘(l — QB (z7)
= 3 i N3 P 2 e N3 i=1 Z

N

N
el — a)2a — DQUE [a V(0] B (1) + 61k

=1

=1
St (3 ) o

=1
_3% o1 — )Q* (E [22£:(01z:)])? E (22)
=1
N
2l (; _ a) o1~ a)QE [} £ 0la)] B [a3 £:(0]z)]
=1
N
T

e > a1 02Qn [ P 01| (B (23))*,
=1

where ) = (% Zfil E [:c?fz(Olez)])

Proof: For simplicity, we derive the MSE of quantile estimator up to O(

the same procedure obviously to obtain the MSE for & > 1. Suppose x; and

26

G ) a>2 Q* (B [+ £:(0])])?

E (a7)

O

N*Q) for k = 1. It follows

u; are not identically

(24)



distributed, but independent across ¢ = 1, ..., N. Then s;, d;, V;,and W; are all independent across <.

By the results of Lemma 7, the MSE of the quantile estimator B up to O (N_2) can be written as
~ — S I . _
M (5) = dZ-2Q {Vid? - QHQdﬂ +6Q%Vid; +3Q2VE 2
5 v T, A0 o222 Al
+3QW;d;d; — 12Q° Hs Vid;d; + ZQ Hy d; — QHsd;

Since the conditional density of y; given z; evaluated at y; = 2.3 is the same as the conditional
density of u; given x; evaluated at u; = 0. We use f; (0]z;) to denote the conditional density of u;

given x; evaluated at u; = 0. The above results complete the proof of the Theorem 2. |

Corollary 2.1. The MSE of the quantile estimator B up to O (Nfl) equals the asymptotic variance
of 3 O

Proof: From Theorem 2, we observe that the MSE of B up to O(N—1) for quantile estimator for

i.i.d. case when k£ = 1 can be simplified as
MSE (B) =d? = 1 a(l—a)Q’E (IE2) )
" N !

The asymptotic distribution of the quantile regression estimator when the a-quantile is linear in
x;, is given by equation (9). We can prove that V,,, the asymptotic variance of B equals N times

the MSE of 3 up to O(N~1). Since 1(u; < 0) is Bernoulli with mean o and variance a(1 — «), then

(v2) (+22%)
_ % f:E [5:5]]

1 N
= 32 2 E (@~ 1w < 0)aa]

we can have

E[UnB)ENB)] = E




The MSE of B up to O(N~1) can be derived by substituting the result above,

MSE(B) = Bla_ipa.,p) = EQUNYNQ) = QE [¥n(8)¥n(8)]
-1

LN
N ZE(f(miUi)wi%)

=1

Q
/ 1 n—
N E(zix;) [NZE(f(0|$i)xixi) 1]

1

a(l —a) al

2|

The asymptotic variance is

N
Vo, =N x MSE (B) —a(l-a) [}V ZE(f(om)x,-x;)

Corollary 2.2. When z; 4.i.d. and u; i.i.d., and k = 1, the expression of the MSE of B up to

O(N~2) can be simplified as

MB) = roll-a)QB () ~255Q" (07— a s 1) B () 1O) +2 0501 - @)@ ()
el - )2 - Q0 (B () + 6% (3 -a) Q07 (B )’
+3570(1 - a) <; - a> Q' () TVO0)B (1) 35001~ 0)@* (B (a3))’ (7(0))?
“12a(1-a) (3 - a) @ () (£ ()’ 10
F et (- @SN 0) (B (o))’ (B (+2))°
1= aPQSPO)E (o) (B ()

where @ = (E (:U2) f(()))_l. When x; i.i.d. and w; i.i.d., the asymptotic variance of B 1§ Vo =

()

N x MSE(B) = a(1 — a) (E(z;21)) " /(£(0))2. U
5 Illustrations

In this section, we consider three special cases of the general results on the conditional quantile
regression from the previous section: namely, (1) the unconditional quantile estimation, (2) the
conditional quantile regression with a binary independent variable, and (3) the instrumental variable
quantile regression (IVQR). For these cases we illustrate the second-order bias and MSE with several

different distributions to highlight the merits of using the higher-order terms in bias and MSE.
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5.1 Unconditional Quantile Estimator

We consider a special case of the model with x; = 1, i.e., the model without any covariate, which

gives the unconditional quantile estimator.

Proposition 3. In the quantile regression model with x; = 1, the second-order bias up to O(N~1),

of the unconditional quantile estimators E 18

5(3) =5 (3-0) @- Y0 (29)
and the MSE up to O(N~2), of the unconditional quantile estimators B is
M (B) = —a(l- a)Q2 N2 <7a2 —Ta — ;) Q2 — 7%(1(1 —a) ( - a> Q4f 1)(5)
g et (£0) 0t - Q7P (5), (26)

where Q@ = [f(0)]7Y, £(0) is the unconditional density of w; evaluated at u; = 0, f1(0) and
f(Q)(O) are the first and second derivatives of the unconditional density of w; evaluated at u; = 0,

respectively. O
Proof: See Appendix C. |

Corollary 3.1. In the quantile regression model with x; = 1 and y; following the normal distri-

bution N(u,0?), the second-order bias up to O(N~1Y), of the unconditional quantile estimators B

S04 St (2.

and the MSE up to O(N~2), of the unconditional quantile estimators B 18

() - 1a(1_0‘)Q2+N12<70‘2—7a >Q2—71a(1—a)(1_a)Q3_5+M

18

N 2 o2
Ei 21 2 [ Bt _L 201 _ 2 2 (=B +p)?—o?
Hape-aPQt (TE) - et - ap@ ST ey
-1
where Q) = [W exp (— (62_0,;)2” . O

Proof: 1If y; follows normal distribution N(p,0?), then the unconditional density, the first and

second derivatives of the unconditional density are

L 2
fyi) = ! exp (—(y’”)>

o2ro 202
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Thus,

V2o 202
Based on Proposition 3, the second-order bias ofB up to O(N~1) and the MSE up to O(N~2) can

QZ[f(B)]‘1=[ ! exp<—<5‘“) )] |

be obtained. ]

Remark: We discover several other interesting properties from the expression of second-order bias:

(i) when ’%‘ is high, @ is large; (ii) when o is high, B(B)

5(7)

Corollary 3.2. If y; follows a symmetric distribution, then the median estimator is unbiased.

is large; (iii) when |8 — u| is large,

is large.

When vy; follows the normal distribution N(u,o?), the MSE up to O(N~2) at the median, of the
unconditional quantile estimators [A3 18

2 2 2 2

~ To 1370 ™o
M( ): _ . 29
p 2N 2N2 + 4N?2 (29)

and non-negative MSE requires N > 13 — /2. O

Proof: Since at the median of y;, we have § = pu. It is obvious that the bias is zero at the median.

At the median, we also have f(8) = f (1) = —~—. Then the MSE at the median is

V2ro®
-~ 1 1 3 1 (=84 p)? — o2
M(@B) = Noz(l—oz)QQ—i-W(?a?—?a—§)Q2—W0¢2(1—a)2Q4 o
11, 5, 113, , 11, ,,1
= —= —_ 79 — 1 —
S I IR R TR

Corollary 3.3. In the quantile regression model with x; = 1 and y; following the exponential
distribution with density f(y;) = Nexp (=A\y;), A > 0, the second-order bias up to O(N~1Y), of the

unconditional quantile estimators B i

B (B) - % <1 - a) Q+ %MAQQ, (30)
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which is always non-positive, and the MSE up to O(N~2), of the unconditional quantile estimators

~

0 is

M (B) = %a(l—a)Q%—%(?aQ—?a—g)Q2+7$a(1—a) <; — a) )\Q3+%$a2(1—a)2)\2624.
(31)
where Q = [Xexp (=A8)] ', 0

Proof: 1f y; follows the exponential distribution exp()), then the unconditional density, the first

and second derivatives of the unconditional density are

flyi) = Xexp(=Ayi),
FO) = —Nexp(=y) = =M (yi),
FOw) = Nexp (=) = A f ().
Thus,
Q=[f(B) " =[Nexp(-AB)] ",

Based on Proposition 3, the second-order bias ofB up to O(N~1) and the MSE up to O(N~2) can

be obtained. ]

Corollary 3.4. When y; follows the exponential distribution exp(A\) with A > 0, at the median,

the second-order bias of the unconditional quantile estimator is

5(3) = )

and the MSE up to O(N~2), of the unconditional quantile estimators is

~ 1 13 11
M (6) SN N2 AN

Proof: Since at the median of y;, we have 8 = }1In(2), f(8) = Aexp(—In(2)) = 2, then the

second-order bias and the MSE at the median can be obtained. [ |
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5.2 Conditional Quantile Estimator with Binary Independent Variable

We consider the conditional quantile regression in Section 2, but now with x; following the Bernoulli

distribution Bernoulli(p).

Proposition 4. In the quantile regression model with x; following the Bernoulli distribution

Bernoulli(p), the second-order bias up to O(N~1), of the conditional quantile estimator B is

5(3) =y (5-o) - 5 i) 39
and the MSE up to O(N~2), of the conditional quantile estimators B is
~ 1 1 1 1 1
M(3) = goll-a@r- gy (el ) +3) @~ Tyzati-a) (5 -a) @ 100)
o201 = @@ (F0(0))” — 50?1 - Q7P 0), (3)

where Q@ = [pf(0)]~'. f(0) = f(us|z;i =1) evaluated at u; = 0, fN(0) = fO (ug|lz; = 1) and
f(Q)(O) = f(Z) (uj|z; = 1) evaluated at u; = 0. 0

Proof: See Appendix C. |

Remark: The second-order bias of B is large at tails of a distribution. The second-order bias
ofB goes to zero as N — oo. When p is small, the second-order bias of B is large at tails of a

distribution. If u; follows a symmetric distribution, the median estimator is unbiased.

Corollary 4.1. In the quantile regression model with x; following the Bernoulli distribution Bernoulli(p)
and y;|z; following the normal distribution N(u,0?), the second-order bias up to O(N~1Y) of the
conditional quantile estimators B is

5(0) =5 (oo "y e 5

and the MSE up to O(N~2) of the conditional quantile estimators B 18

M(B) = %a(l )@ - = (a(l o) tp)+ > Q- 7La(1 o) (1 - a> g3, =Bt

N2 2
1 — —o?
+WOC( )Q42[ ( B{;;M) _( B+:2 ],
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where Q) = [ﬁpexp (—(’82;‘;)2)] - . O

Proof: If y;|z; follows the normal distribution N(u,0?), then

1 (yi —p)°
f(yl|$l = 1) = \/%O' eXp <_W> 5

f(l)(yi‘l'i =1)= 1 ( yz;"ﬂ) exp (_ (yi — 1) ) _ y;;”f(yz\:cz — 1),

V2ro o 202
FO (il = 1) = — (yitm’—o®\ o wi—m’) _ (—y¢+u)2—02f( s = 1)
yz 1 T - 27T0' 0_4 p 20_2 - 0_4 yl (2 — .

Based on Proposition 4, the second-order bias ofB up to O(N~1) and the MSE up to O(N~2) can

be obtained [ |

Remark: We discover several other interesting properties from the expression of the second-order

o ()

is large.

is high, @ is large; (ii) when o is high, is large; (iii) when |5 — p| is

bias: (i) when ‘
5(9)

Corollary 4.2. If y;|z; follows a symmetric distribution, then the median is unbiased. When y;|x;

is large; and (iv) when p is small, ’B (B)

large,

follows the normal distribution N(u,o2), the MSE up to O(N~2) at the median, of the conditional
quantile estimators B 18

2 2 2 2 2

~ o o 3ro T
M( ) =T - , 38
p 2Np 2N2p  N2p? + AN2pt (38)
and non-negative MSE requires N > & — 5 O

2p3°

Proof: Since at the median of y;, we have f(8) = f (u) = ﬁ, then the MSE up to O(N~2) is

-~ 1 1 _5 + ,LL 2 _ 0.2
M(ﬁ) = Na(1—a)Q2p—m(a(1—a)(4+p) >Q2+a( )Q42[—( 04)
_112m0* 1 (p 3\ 2702 N 1 1 4r%0*
N4 p N2 \4 2) p? N216 pt o2
_ o2 o2 3o n w252
~ 2Np 2N2p N2p2  4AN2pd
[ |
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Corollary 4.3. In the quantile regression model with x; following the Bernoulli distribution
Bernoulli(p) and y;|x; following the exponential distribution, f (yi|x;) = Xexp(—Ay;) with A > 0,

the second-order bias up to O(N—1) of the conditional quantile estimators B 18

B(5) =y (5-o) @+ 5205 e (39)

which is always non-positive, and the MSE up to O(N~2) of the conditional quantile estimators B

18

M(B) = %au —a)Q% - Ni (a (1—a)(d+p)+ ) Q%+ 7ia< —a) (; - a) Q’pA
_‘_%% 21— a)2Q%p?\2, (40)
where Q = [phexp (—A8)] L. O

Proof: 1f y;|z; follows the exponential distribution, then

fyiles =1) = Xexp(=Aui),
FOilei=1) = =Nexp(=Ayi) = =Af(yilzs = 1),
FPyilei =1) = Nexp (=Ayi) = N (yilwi = 1),
and
Q= (Bl f@B)) " = BB = pf(B) " = [prexp (=A8)] !
Based on Proposition 4, the second-order bias of 3 up to O(N~1) and the MSE up to O(N~2) can

obtained [ |

Corollary 4.4. When y;|x; follows the exponential distribution, f(yi|x;) = Aexp(—Ay;) with

A > 0, at the median, the second-order bias of the conditional quantile estimator is

~ 1
B ( ) - 41
B SN (41)
and the MSE up to O(N~2) of the conditional quantile estimators is
~ 1 1 13
M( ) - _ _ : 42
& NpA2  N2pX\?  4N2p2)? (42)
and non-negative MSE requires N > 1+ i—;. O

Proof: Since at the median of y;, we have 8 = %111(2), f(B) = Aexp(—AIn(2)) = %, Q=[pfB)) =

]%, then the second-order bias and the MSE at the median of y; can be obtained. |
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5.3 Instrumental Variable Quantile Regression

Consider the quantile model where the explanatory variable z; is endogenous and z; is the instru-

mental variable

yi = xf+ ui, (43)

x;, = Tz + v, (44)

where y; is a scalar, x; is a k x 1 vector, and z; is an [ x 1 vector. E (x;u;) # 0, E (u;|z;) = 0. We
consider the case when [ = k below. When [ = k = 1, the £ x [ matrix I" becomes a scalar . The
k x 1 vector quantile estimators E can be written as a solution to a set of moment equations of the

form

Wn(B) = 5 Yosi(B) =0, (15)
where s;(5) = [a — 1(y; < 2,0)] (—2).

Proposition 5. In the instrumental variable quantile regression (IVQR) model, suppose x; i.i.d.

and u;~i.i.d., the second-order bias, up to O(N~1), of the quantile estimators B 18

B(3) = @ [(; - a> 2 [2iQu1(0)] - "V E [(zal) 024 00)] Q0 Q) E (50 2)|

(46)
where QQ = (E[zlx;f(O)D_l When k =1, the MSE up to O(N~2) of the quantile estimator 3 is

M (B) - %a (1-a)Q%E (2) — 2%@3 <oz2 —a+t ;) E [23] £(0) + 2$a(1 — 0)Q2E (22
(- ) (20~ 1) QE [50?) E (=) F0(0) + 61 @ - a> S (B 2] 1)
#3za (=)@t (5 -a) B2 B () 10
—3%& (1— a)Q* (E [2] (0))° E (2) (47)

1

~1245 (; - a) a(l — a)Q°E[zad|E 222 E (22) £(0) £ (0)

P22 (- a2 (B[] 100) (B ()7
0?1 0 QB[] (B (2))” 120) (18)
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where Q = (E[zix] £(0))". O
Proof: See Appendix C. |

Remark: When k = 1, we observe that x;, ¥, s;, d;, Hi, Hi, Q, Vi, Ho, Ho, W;, H3z, H3 are all

scalars, and the second-order bias of B up to O(N 1) can be rewritten as

B0) = (5 - ) @B s 0] - 05 QB /001 ().

where Q = (E[ziz:f(0)]) " .
The second-order bias of B is larger at the tails of a distribution. When the instrumental variable
is weak, the second-order bias of /B\ is larger. If u; follows a symmetric distribution, the median

estimator is unbiased. The second-order bias of 3 goes to zero as the sample size goes to infinity.

O

Corollary 5. The MSE of the quantile estimator B up to O(N~1Y) equals the asymptotic variance
of B. O

Proof: From Theorem 2, we observe that the MSE of B up to O(N~1) for the quantile estimator

for the i.i.d. case when k = 1 can be simplified as
M (B) = 38 = +Qa(1—a) ()
N*' N v

Under the i.i.d. assumption, the asymptotic distribution of the quantile regression estimator when

the a-quantile is linear in x;, is as follows,
VN(B - B) % N(0,Va),

where

Vo = a1 = a)[E(f(0)za})] ™ (Bziz) [E(f(0)zi2)] ™",

and f(0|z;) is the density of u; conditional on x; evaluated at u; = 0. See Chernozhukov and Hansen

(2006). We can prove that V,, the asymptotic variance of B, equals the NV times the MSE of E up
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to O(N~1). Since 1(u; < 0) is Bernoulli with mean o and variance a(1 — «), then we can have

() G2
= % 2: E [sis;)

= S B (o 1w < 0))5:2]
i=1

E[Un(B)¥N(B)]

- ¥z ZE zlz 'El(a — 1(u; < 0))? |$z]]

_ 1—O[ ZEZZ

Under the i.i.d. assumption, the MSE of B up to O(N~1) can be derived by substituting the result

above,

MSE(B) = Bla-1palyp) = EQUNYNQ) = QE [¥n(8)¥n(8)] Q

- a(l —a) al 1 &
ZE Olai)ziay) | = D Blziz) | 2 B(F(0]z)ziaf) ™
i=1 i=1
= B0z M B B0z
Vo
= ﬁ’

where f(0) is the density of u; evaluated at u; = 0. The asymptotic variance V,, = N x M SE (B) =
a(l — a)[E(f(0)zi2])] " E(ziz)[E(f(0)ziz])] . u

6 Monte Carlo Simulation

6.1 Simulation Design

Now we give some numerical calculation to the second-order bias and MSE. In the quantile regres-
sion model y; = x; + w;, the error term w; satisfies F [a — 1(y; < «}f)|x;] = 0. The a conditional
quantile of u; given z; is zero. We consider two data generating processes (DGP).

In the first DGP (DGP1), the error term w; is normally distributed with the CDF F'(-), whose

standard deviation is o, and mean is set to be —®~1(a)o,, with ® () denoting the standard normal
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CDF. Then we note that

0 0 u— (— _1aau 2
F0) = /_ f(u)du:/ ! [—{ (=07 e)ou)} | g,

exp
—o0 V27O, 203

> 1(a)oy 1 52
= exp |———=| dz
/—oo V2moy, p[ 205}

d1(a) 1 ’LU2 q
T e Ve’ [‘2} v
— B(® (a))

Therefore, we generate the error term u; from the normal distribution N(—®~!(a)o,, 02). To allow
hetroskedasticity, u; can be set depending on z;.
In the second DGP (DGP2), the error term wu; is uniformly distributed with the CDF F(-) on

[a,b] with a = -25b. Then we note that

0 0 a
F(O)—/ f(u)du—/ biadu:—b_a:a.

Therefore, we generate the error term u; from the uniform distribution on [a, ], where a = —aR,

b= R(1— «), and the range R = b — a. Also to allow hetroskedasticity, u; can be set depending on
Zi.

We simulate z; from several different distributions. Then, y; is simulated from y; = x;6 + u;.
We consider a € {0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.95} , 5 = 0, N € {60,100} . We use
the Matlab package by Roger Koenker to estimate the models. The results are presented with the
averaged values across 10,000 simulations. Note that when k = 1, z;, Yy, s;, d, H1, Hy, Q, V, Ho,
H,, W, Hs, Hj are all scalars. In all the tables, for each «, the first row is for bias and the second
row is for the MSE of the quantile estimator. For each panel, the first column presents the second-
order bias and MSE derived by theorems, propositions, and corollaries, the second column presents
the bias and MSE of B, and the third column presents the bias and MSE of the bias-corrected
estimator B = B —B (B)

Tables 1-8 present the results for DGP1. We use the Matlab package by Roger Koenker to
estimate the model. Table 1 shows the results in Theorems 1 and 2 when there is hetroskedasticity,

owi = 0.1z;,0.5z;,. Tables 2-5 show the results in Corollary 1, when x; 4.7.d. and wu; 4.i.d.. Tables
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2 and 3 compares the results when o, € {0.1,0.5}. In Tables 1, 2, 3, z; is generated from the
exponential distribution with f(x;) = exp(—z;). Tables 4 and 5 show the results when z; is
generated from two different normal mixture distributions in Marron and Wand (1992): in Table

4, z; is generated from the Skewed Unimodal Density %N(O 1)+ lN (1 (7) ) 3N B (3)2) ,

while in Table 5 z; is generated from the Strongly Skewed Density Z 3 ( [(%)l — 1] , (%)2l> .

See Marron and Wand (1992, page 717, Fig 1, #2 and #3) for shapes of these two normal mixture
densities.

Table 6 shows the simulation results for Proposition 3 with unconditional quantile regression.
Table 7 shows the results in Proposition 4 with binary independent variable with p = 0.3. Note
that the unconditional quantile estimation is a special case of the conditional quantile estimation
with binary independent variable with p = 1.

Table 8 presents the results for IVQR for which we use the Matlab package by Chernozhukov and
Hansen (2006) to estimate the IVQR model. In the simulation of IVQR, w; is generated from DGP1
(normal); v; is simulated from v; = w; + cu; such that v is contaminated by the structural error u
and thus v becomes endogenous, where w; is from N(0,0.25), ¢ = 0.5; z; is from the exponential
distribution, f(x;) = exp(—z;); z; is simulated from x; = z7y + v;, where v € {0.5,0.9}; y; is

simulated from y; = x;8 + u;, where § = 0.
6.2 Simulation Results

From the results for DGP1 reported in Table 1-8, we find that the analytically derived second-order
bias is numerically close to the Monte Carlo simulated bias, the estimator B = B - B (B) with
the second-order-bias-correction is numerically close to the true parameter value 8 = 0 of the data
generation. The Monte Carlo simulation results show that the second-order bias corrected estimator
has better behavior than the uncorrected estimator B The results for DGP2 are qualitatively similar
to those for DGP1. The results for DGP2 are made available in the Supplemental Appendix (Tables
10-13) on the authors’ website. From the simulation results, our conclusions are summarized as

follows:

1. If z; is generated from the standard normal distribution, the bias is close to zero. That

is because the expressions of the second-order bias contain the third-moment of x;. If the
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distribution of x; is symmetric, the second-order bias will go to zero. Therefore, we simulate
x; from several asymmetric distributions. Since the exponential distribution and the two
mixture normal distributions are all asymmetric, the bias-corrected estimator E is closer to

the true 3, than the uncorrected estimator E

2. The first column for each sample size N shows that the bias is zero at the median, and the

bias is larger at deeper tail quantiles.

3. When the sample size is increasing, the bias becomes smaller. The quantile estimators are

asymptotically unbiased.
4. When o, is larger, the quantile estimator has larger bias.

5. In the IVQR, the bias is larger with weaker instruments.
7 Empirical Application

In this section, we demonstrate the benefit of the second-order-bias-correction in the predictive
quantile regression model for financial returns. We predict conditional quantiles of the stock re-
turns conditioning on the lagged dividend yields. There is extensive literature on the stock return
prediction. See Lewellen (2004) and Zhu (2013) among many others. To examine the effect of the
second-order-bias-correction in the predictive quantile regression, we consider a linear predictive

quantile model for the h-period ahead portfolio return g4,
yt+h:$:€5+ut+hv t= 17"‘7T (49)

where g is the return, and z; is a k x 1 vector of predictor variables such as dividend yield or the
T-bill rate. We consider k£ = 1 here. Given « € (0, 1), the predictive quantile regression estimator

3 (a) is obtained by solving

minB[La(8)] = El(a — Lonsn < 48)) (sren — 745)). (50)

The data are monthly from Amit Goyal’s website. Welch and Goyal (2008) provide detailed
descriptions of the data. ;.5 is the future h-period returns on the S&P 500 Index, defined as
Yien = (Pign — Pt)/Pi, where P, is the the S&P 500 Index. The dividend yield z; is the ratio of
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the previous 12-month sum of dividends paid on the S&P 500 Index. Following Ang and Bekaert
(2007), Paye and Timmermann (2006) and Goyal and Welch (2003), we use the data after the
1951 Treasury Accord period, from January 1952 to December 1989 (total 456 months). The
application uses a rolling window sample of T" = 100 observations. We predict future h-period
returns using the dividend yield. We consider three different horizons h € {1,3,12}. Table 9
presents the predictive quantile results for A = 1 in the out-of-sample average over the 344 rolling
windows (344 = 456 — 100 — 12, with 12 observations used for taking lags for h = 12). The results
for h = 3,12 are made available in the Supplemental Appendix (Tables 14, 15) for space reason as
they are very similar to Table 9.

For each level of «, the first column presents the quantile estimator of @ The second column
presents the second-order bias B (B) derived in Theorem 1, where the conditional density and
derivative of density are estimated by nonparametric approach. The third column presents the
second-order bias corrected quantile estimators B = B - B (B) The fourth column presents
the the mean squared error M </B\> up to O(N~1) (which is the asymptotic variance) obtained
by the first term in Theorem 2. The last column presents the the mean squared error M (3)
up to O(N~2) derived in Theorem 2, where the conditional density and derivatives of density
are estimated by nonparametric approach. There are literatures discussed ways to estimating
the distribution function. A whole methodology known as kernel distribution function estimation
(KDFE) has been explored since Nadaraya (1964). An improvement of this kind of method can be
found in Sheather and Jones (1991).

From these results our findings are summarized as follows:

1. The magnitude of the second-order bias and MSE are larger towards the tails of the stock

return distribution.
2. There are upward bias at lower quantiles and downward bias at upper quantiles.

3. The MSE up to O(N~!) is smaller than the MSE up to O(N~2). Hence, the statistical
significance of the predictive ability of the predictor (dividend yield) can be over-stated if the

(first-order) asymptotic variance is used.

41



8 Conclusions

This paper develops analytical results on the second-order bias and MSE of the quantile regression
estimators. The results show that while the median is unbiased for a symmetric distribution, and
the other quantiles are biased, with larger bias at deeper tails of any distribution. The higher order
MSE gives further insights on how the efficiency of quantile estimators behave. The Monte Carlo
simulation indicates the improvement of quantile estimation and quantile prediction by the second-
order-bias-correction. The theoretical results are applied to the predictive quantile regression model
for financial returns. We find that the quantile estimators with the second-order bias correction
behave better than the uncorrected ones, and the bias is larger at extremely low and high quantiles of
stock returns. It is shown that the second-order-bias-correction improves the accuracy of estimation

and prediction of the conditional quantiles, especially in tails.

9 Appendix

9.1 Appendix A. Properties of a vector norm

Let A be a k x 1 vector.
1. ||A|| = [tr (AAN)Y? = (47 4)Y2
2. ||AA|| = [tr (AAAANY? = [tr (A AL A)Y? = (A AN A2 = 44 = ||A.

3. |[(A4") ® A'|| = {tr ([(AA") @ A" [(AA") @ A]) Y2 = [tr ((AA'AA") @ (A'A))]Y? = [tr (A/AA'AAA)Y?
= (A'A)*? = ||Al]*.

4. ]|(AA) @ A @ A|| = tr([(AA)) @ A' @ A [(AA) @ A® A)Y? = tr[(AAAA) @ (A @ A') (A® A)]Y?
= tr[(AAAA) @ AA® A AY? = tr[(ATAA'A) A AN AP = (A AA'A) = (A A)? = || A|*

9.2 Appendix B. Properties of the Dirac delta function

The Heaviside unit step function is defined as ¢(z) = 0 for z < 0, ¢(z) = 1 for z > 0. The Dirac
delta function is defined as §(z) = d¢(z)/dz, where §(z) = 0 for z < 0, §(z) = o0 for 2 =0, §(2) =0

for z > 0. The Dirac delta function ¢ (z) has the following properties.
1 [T2§(z)dz = 1.
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2. fj;o d(z —a)f(z)dz = f(a), where f : R — R is a real function differentiable around a € R.

w

[T (2 —a)f(2)d D" [726(z — a) f)(2)dz = (=1)"fM)(a), for n = 1,2,....
4. 6(2) = 8(—2), 6W(=2) = =6W(2), 6@ (=2) = 6@ (2).
5. ¢(2)d(z) = 56(2). See Raju (1982).
6. ¢(2)61(2) = 501 (2) — ((2))*.

9.3 Appendix C: Proofs

Proof of Proposition 3: 1f the linear quantile regression model is y; = S+u;, where y; is a scalar, u; is
the error defined to be the difference between y; and its a-quantile 3, we call E as the unconditional
quantile estimators. Given the definition of the check loss function, the quantile estimators B can

be obtained by solving

mﬁinE[La(ﬁ)] = El(a— 1y < B))(yi — B)].

We can show that E[L(S)] is continuously differentiable on ©. Then can write the population

moment condition as
VEE[La(B)] = E[=Vi1(yi — 8 < 0)(y: — B)) — Elor = L(ys < B)].
By the definition of Dirac delta function in Appendix B, we have 1(y; — 8 < 0) = ¢(8 — v;). Then
Vil(yi — B < 0) = 6(8 — i)
According to properties of the Dirac delta function in Appendix B, we have §(8—y;) = d(y; — ) and

E6(B—yi)(yi —B)] = E[0(yi — B)(yi — B)]

+oo
z/_ 0(yi — B) (i — B) f (yi)dy;
= (Bo—B)f(B)
= 0.

Thus, the moment condition can be written as
V5E[La(B)] = —Bla — 1(y; < 8)] = Els:(8)],
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where s;(8) = — (v — 1(y; < 8)) . The sample moment condition can be written as

1 N
Un(B) = 5 D_si(8). (51)

The second-order bias up to O(N~1) is

where

Hy = Vs = Vi(1(y: < 8)) = 6(8 — vi),
Hy = Vs = =0 (8 - i),
Hy = Vis; = 62 (8 — u),

Hy = EVhsi = E[5(8 — )] = / :O 5(yi — B)F(i)dyi = £ (B).
Hy = EVs; = —F 008 - )] = -1V (8).
Hy = EVysi = B 008 - )| = 1 (8),
Q= (/)" =[f®N",
V= Hy ~H =65 y) — f(B),
W =Hy — Hy = -3 (8 —y;) + f(B),
di = Qsi = —[f(8)] (o — 1(si < B)).

f(B) is the unconditional density of y; evaluated at y; = 5. f(V(8) and f?(B) are the first and
second derivative of the unconditional density of y; evaluated at y; = 3, respectively. Since Wy, s;,

d;, Hy, H1, Q, V;, Hy, Hy, W;, H3, H3 are all scalars, then

Vidi = E[(Hi— H)Qsi)
= QE (H18i> —F (81)

- ol-/ - w1 < O]

- ol-/ o —wasidu+ [0 -1l < D
= (3-a)eum)
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d1®d1:Q2E[5?] =Q? {(a71)2o¢+a2(170¢)] =a(l-a)@*

Therefore, the second-order bias of @ up to O(N~1),of the unconditional quantile estimators B can

be written as

B(3) = ve[va-im@en)]

N
- & (3-o)@uer- 25 e
= 5 (5-0)e- 5,

where @ = [f(8)]~!. Since the unconditional density of y; evaluated at y; = 3 is the same as the
unconditional density of u; evaluated at u; = 0, if we use f (0) to denote the unconditional density
of u; evaluated at u; = 0, then the second-order bias of B up to O(N~1) of the unconditional
quantile estimators B can be written as

5(0) =y (3-o)e- 325 e o),

where Q = [£(0)] L.
If z; = 1, the MSE up to O(N ~2) of the unconditional quantile estimators B can be simplified

as
M (B) - %a(l — ) Q? —2% (a2 —a—i—;) Q3f(,3)+2%a(1—a)Q2
~ (- @) o= DQYIE) + 0 (5 - a)2 Q' (757
+3za -0 Qt ((5-a) 196 - (10)2) - 1235 (5 - @) a (1= ) 1V 8)
P (1= 0 Q8 (FO(8)) 5507 (1 - ) Q£ (9)
= Sa(l-a)Q? -2, <a2 —a+t 2) Q@ +2550(1 — )@ ~ 101~ a) < - a> Q£ M (p)
+3$ <3a2 — 3o+ ;) Q* - 12% @ - a) a(l —a)QfM(B)
$2 15020 - aQ° (F0(9)) ~ 150201~ QP FO(5)
— ol @)@+ g5 (10 - Ta= 1) @~ Tl =) (5 -a) QU0
$2 2021 aPQ8 (FU(8)) — 150201 — Q7 FO(9),



where @ = [f(8)]7!. Since the unconditional density of y; evaluated at y; = 3 is the same as the
unconditional density of u; evaluated at u; = 0, if we use f (0) to denote the unconditional density

of u; evaluated at u; = 0, then we observe the MSE with the expression in Proposition 3. |

Proof of Proposition 4: If z; follows the Bernoulli distribution Bernoulli(p), then E(x;) = E(x;z};) =

E(x;zlz;) = E ((z;2}) ® o)) = p,where j = 1,2,3,--. Thus,
Q = (Bleaif(@8)) " = GEF BN = bfB)

Elziaia; f(2}8)] = pE[f(B8)] = pf(B),
E[(z}) ® 2 fY(2}8)] = pE[fM(B)] = pfV(B).

Based on Theorem 1, the second-order bias up to O(N 1), of the conditional quantile estimators

() = § (5-) @8 uins@s)] - 3205 Elwal) 2 O pIE ()
_ L1 Noo Loal=a) 000
= 5 (5-9)e- 3 e )

where @ = [pf(3)]!. Based on Theorem 2, the MSE up to O(N~2), of the conditional quantile
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estimators [ is

M(3) = yol-a@p-25,0° (o a )pf<6>+2]§2a<1—a>cz2p

7$ (1—a)( QA2 fI(B) + 6m <; — a>2 Q' (pf(8))°
+gzalt - )@ ((3 - o) 2106) - 3

12l (; - a> o1 - )@ FO(B)(8)

$2 02— Q% (F0(9)) ~ 5021 — )@ O (5)

1

DA P T | SR DS

1 42 (1) 11V
ol = )20 = QD) + 6 (5 —a) Q

+3 5zl — )@ (; - a> P0(E) - 35501 - )@

2l (; _ a> a(l - a)Q'p? 1V (B)

i3 — Q% (F0(8)) - 50201~ QP (5)
= to(l- )@ o (a (1—a)(d+p)+ ;) Q@ 7a(l - a) (; - a) Q' ()
a1 — Q% (F0(8)) - 50201 - QR (),

where Q@ = [pf(8)]~!. Since the conditional density of y; given z; evaluated at y; = z}3 is the
same as the conditional density of u; given z; evaluated at u; = 0. If we use f (0|x;) to denote the
conditional density of u; given x; evaluated at u; = 0, then we observe the second-order bias and

MSE with the expression in Proposition 4. |

Proof of Proposition 5: The moment condition is

L
=% > silB (52)
i=1
where s;(3) = (a — 1(y; < x}))(—2;). Since x; are assumed to be i.i.d., then s; and d; are i.i.d. as

well. Similarly, V; and W; are i.i.d. matrices. We have
Hy = Visi = Vi[(a — 1y < 2}8))(—2)] = zizid (8 — yi),
=Vis, = — (2.7 IS ('3 _ o
Hy = Visi = — (zi) ® 230" (238 — vi),
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Hs = Visi = (ui2]) @ o} ® ;0@ (2]8 — y1),

H = EV%;SZ- =F [zmé&(miﬂ — yz)] =F [zzx;E (5($;5 — i) |zi, Zz)]

- 5l | S - )1 )| = E [z (w19)].

—0o0

= BVsi = —F [(s2]) © 2100 (@ — y1)| = F [ (2s0) @ af sV (@5)]
H; = EVs; = E [(zm;) ® o} ® /6@ (2} — yi)} = E[(za}) @ 2} ® £ (a8)],
Q= (M) = (Blaaif@iB)) ",
Vi =Hy — Hy = z@;0(zi8 — yi) — B[ (2i8) 2],
W; = Hy — Hy = — (2i2}) @ 2}6W (28 — ;) + B[(ziz}) @ 2 f D (2})],
di = Qs; = Q(a — 1(y; < 38))(—2),

where f(z) ) is the density of y|z, z, at the point y; = 2 3. We observe that ¥y, s; and d; are all
k x 1 vectors. Hy, Hi, @, and V; are all k x k matrices, Ho, Hy and W; are all k x k? matrices. Hs

and Hs are k x k® matrices. Then we have

Vid; = E[(Hi— Hi)Qs]
= E(H:1Qsi) — E(s))
= E [z76(x}8 — y:)Qsi)
= F [ ( LL’ /B y%)Q3$|$ )]
- o
— B |ua / 3(atf — )Qe — 1 < a5
- o +oo 400
= F —Zﬂ«“;ina/ (3B — yi) f (yi)dy; + ZZUCQQZ@/ 6(xiB — yi)p (@i — i) f (yi)dys

— B|-salQuafWif) + usiQuf (i)

_ (; . a) E [2)Qzf(25)]
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di®di = E[(Qsi®Qsi)]
= Fl(Q®Q)(si®s)
= (RQ®Q)E[(s; ®si)]
= (Q®Q)EIE (s ® si|z;)]
= Q®Q)E[(z®2)E ((a—1(y < 2.8))%2)]
_ (Q@Q)E(zi@@zi)[(a—1)2a+a2(1—a)]
= al-a) QR Q) E(5®2).

Therefore, the second-order bias of B up to O(N 1) can be rewritten as

B(3) = o[V -y @ad)

= —Q [( - a> E [z2iQzi f(2}B)] — O‘“QO‘)E [(zix;) @zl fD @] (Q®Q)E (2 @ )|,

where Q = (E[zi@! f(«}8)])”" . When z; i.i.d. and w; i.i.d., f(0|z;,2) = f (0). Since the density of
y; evaluated at y; = x}( is the same as the density of u; evaluated at u; = 0, we use f (0) to denote
the conditional density of u; evaluated at u; = 0. Then the second-order bias of B up to O(N—1)

can be rewritten as

B (B) 7@ [( - a) E [zim;inf(O)] - 04(12_05)]5 [(szi) Q ng(l)(O)] Q®Q)E (% ® )|,
where Q = (E[ziz,f(0)])".
When [ = k = 1, the MSE up to O(N~2) can be written as

o~

M(ﬁ) — —dQ—Q—Q [Vd2 Hgd?]+6Q2Vd +3N2Q2V2d2

1
+3*QWd Widid? — 127Q2H2Vd a2 + 15 SQ*H 2 —Qﬂgd

7 )

where we have

Vit = B [(H: - ) Q7] = QF (His?) — QB (<2),

49



22w f(iB)] + E [(1 - 20‘)521' :vl-f(:mﬁ)}

et ;) E [ f(5)] .

& = QE(s})
= QE [z} (a— 1(y; < 7B))?]

= Q? [(a—1)2a+a2(1—a)}E<z'

= a(l-)Q*E (),

@} = QB(s))

= Q’E[z(a—1(y; < 2}B))]

2
)

1

- Q3 [(a_1) a+a (1—00}1‘3(23

= a(l—a)2a-1)Q*E (),
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)
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Wid;, = E|[(Hy— Hy)Qsi]
= QE(Hzs;) — QH2E (sy)
- [z 2260 (w8 — i)si]
= QF [22?B (W(@iB — i) (o - 1y < 2B)) ()| )|
= QE[ E (8018 ~ yi) (o = 6 (w8 — y) | ) |

+oo

+oo
_ _aQE {sz% JRRELEE dyz]wE[ D@l — ) (238 — i) Fi)dys

— 00

+o0
= —aQE [ﬁﬁf(l)(xéﬁ)} +QE [—z2w2/ (5(a48 — u))* £ (v dyz]
+oo
+QFE [212%2/ 8(x}B — yi)o (z:3 — yi) 1 )(yi)dyi:|

- (3-o)oB[atrOwi)] - a2 [

— 00

2
(6(ziB — i) f(yi)dyz] -
Therefore, the MSE up to O(N~2) can be written as

v (B) = el - @@ B 20" (o et ) B R S8 gl - @@E ()

+ia(1 —a)(20 — VQ'E [22?] E (3) fV (28) + 6i <1

N2

ve (3-0) @ (0] o)

3]&2 (1—a)Q* (1 a> E [zfmlz] E (zf) f(l)(mgﬁ)

_12$ (; - a) a(1 - a)QElzaf|E [#x:] E (27) f(«8) fY («]8)
5 ot - 0@ (B [aat] f00) ()’
_$a (1 - 0)2QPElza?) (E (:2)) £ (23),

where Q = (E (zx;) f(xiﬁ))_l Since the density of y; evaluated at y; = /5 is the same as the
density of u; evaluated at u; = 0, if we use f (0) to denote the density of u; evaluated at u; = 0,

then we observe the MSE with the expression in Proposition 5. |
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Table 1: Bias correction and MSE with z; generated from exponential distribution, DGP 1, allowing
hetroskedasticity

Jm':O.l.’EZ',N:fSO Uui:0.5$i,N:60

o /Bformula B ﬁ /Bfw’mula B ﬁ
0.05 | 0.0027  0.0023 -0.0004 | 0.0135 0.0203 0.0067
0.0000  0.0018 0.0018 0.0002  0.0447 0.0443
0.1 | 0.0016 0.0018 0.0002 | 0.0080  0.0087 0.0008
0.0006  0.0012 0.0012 0.0155  0.0291 0.0290
0.2 | 0.0008 0.0013 0.0005 0.0042  0.0081  0.0039
0.0006  0.0008 0.0008 | 0.0162  0.0205 0.0204
0.3 | 0.0006  0.0002 -0.0003 | 0.0023  0.0025 0.0002
0.0006  0.0007 0.0007 | 0.0151  0.0169 0.0169
0.4 | 0.0002 0.0003 0.0001 0.0011  0.0014  0.0003
0.0006  0.0007 0.0007 | 0.0145 0.0159 0.0159
0.5 | 0.0000 -0.0001 -0.0001 | 0.0000  0.0005 0.0005
0.0006  0.0006 0.0006 0.0143  0.0155 0.0155
0.6 | -0.0002 -0.0001 0.0001 | -0.0011 0.0002 0.0013
0.0006  0.0006 0.0006 | 0.0145  0.0160 0.0160
0.7 | -0.0005 -0.0005 -0.0001 | -0.0023 -0.0018 0.0006
0.0006  0.0007 0.0007 | 0.01561  0.0174 0.0174
0.8 | -0.0008 -0.0012 -0.0003 | -0.0042 -0.0038 0.0003
0.0006  0.0008  0.0008 0.0162  0.0207  0.0207
0.9 | -0.0016 -0.0017 -0.0001 | -0.0080 -0.0093 -0.0014
0.0006  0.0012 0.0012 | 0.0155  0.0302 0.0301
0.95 | -0.0027 -0.0034 -0.0007 | -0.0135 -0.0208 -0.0072
0.0000  0.0017 0.0017 | 0.0002  0.0434 0.0430

Notes: This table present the simulation results, when u; is generated from normal distribution,
x; is generated form exponential distribution, when allowing hetroskedasticity. For each level of
«, the first row is for bias and the second row is for the MSE of the quantile estimator. For each
panel, the first column presents the second-order bias and MSE derived by Theorem 1 and 2, the
second column presents the Monte Carlo simulation bias and MSE of quantile estimators B, the
third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators B where [;’ = B - B (B) We set § = 0 and N = 60, and the results are computed from
10,000 Monte Carlo replications.
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Table 2: Bias correction and MSE with x; generated from exponential distribution, DGP 1, ¢, = 0.5
oy =0.5,N =60 oy = 0.5, N =100
- Bformula p B Bformula g p

0.05 | 0.0086 0.0092  0.0005 0.0052 0.0060  0.0009
0.0038 0.0102 0.0101 0.0036 0.0059  0.0059
0.1 | 0.0051 0.0051  0.0000 0.0031 0.0032  0.0002
0.0044 0.0067  0.0067 0.0030  0.0038  0.0038
0.2 | 0.0027  0.0039 0.0013 0.0016 0.0023  0.0007
0.0037  0.0046  0.0045 0.0024  0.0026  0.0026
0.3 | 0.0015 0.0009 -0.0006 | 0.0009 0.0017  0.0008
0.0033 0.0039  0.0039 0.0021 0.0023  0.0023
0.4 | 0.0007  0.0000 -0.0007 | 0.0004  0.0010 0.0006
0.0031 0.0036  0.0036 0.0019 0.0021  0.0021
0.5 | 0.0000 0.0000  0.0000 0.0000 -0.0002 -0.0002
0.0031 0.0035 0.0035 0.0019 0.0020  0.0020
0.6 | -0.0007  0.0002 0.0009 | -0.0004 0.0006 0.0010
0.0031 0.0036  0.0036 0.0019 0.0021  0.0021
0.7 | -0.0015 -0.0012 0.0003 | -0.0009 -0.0002 0.0007
0.0033 0.0040  0.0040 0.0021 0.0023  0.0023
0.8 | -0.0027 -0.0025 0.0001 | -0.0016 -0.0021 -0.0005
0.0037  0.0045 0.0045 0.0024  0.0027  0.0027
0.9 | -0.0051 -0.0051 0.0000 | -0.0031 -0.0040 -0.0009
0.0044 0.0065  0.0065 0.0030  0.0038  0.0038
0.95 | -0.0086 -0.0094 -0.0008 | -0.0052 -0.0063 -0.0011
0.0038 0.0101  0.0100 0.0036 0.0059  0.0058

Notes: This table present the simulation results, when u; is generated from normal distribution
with o, = 0.5, x; is generated form exponential distribution, u; and x; both are i.i.d.. For each
level of «, the first row is for bias and the second row is for the MSE of the quantile estimator. For
each panel, the first column presents the second-order bias and MSE derived by by Corollary 1 and
2.2, the second column presents the Monte Carlo simulation bias and MSE of quantile estimators B ,
the third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators 3 where 3 = 8- B(B) We set 8 = 0 and N = 60,100, and the results are computed
from 10,000 Monte Carlo replications.
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Table 3: Bias correction and MSE with z; generated from exponential distribution, DGP 1, o, = 0.1
0y, =0.1,N =60 oy =0.1, N =100
o Bformula B 5 Bformula B ﬁ

0.05 | 0.0017  0.0021 0.0004 0.0010  0.0009 -0.0002
0.0002 0.0004  0.0004 0.0001 0.0002  0.0002
0.1 | 0.0010 0.0011  0.0001 0.0006 0.0008  0.0002
0.0002 0.0003  0.0003 0.0001 0.0002  0.0002
0.2 | 0.0005 0.0007  0.0002 0.0003 0.0004  0.0001
0.0001 0.0002  0.0002 0.0001 0.0001  0.0001
0.3 | 0.0003 0.0003  0.0000 0.0002 0.0002  0.0001
0.0001 0.0002  0.0002 0.0001 0.0001  0.0001
0.4 | 0.0001 0.0001  0.0000 0.0001 0.0003  0.0002
0.0001 0.0001  0.0001 0.0001 0.0001  0.0001
0.5 | 0.0000 -0.0002 -0.0002 | 0.0000  0.0001 0.0001
0.0001 0.0001  0.0001 0.0001 0.0001  0.0001
0.6 | -0.0001  0.0000 0.0002 | -0.0001  0.0000 0.0001
0.0001 0.0001  0.0001 0.0001 0.0001  0.0001
0.7 | -0.0003 -0.0003 0.0000 | -0.0002 -0.0002 0.0000
0.0001 0.0002  0.0002 0.0001 0.0001  0.0001
0.8 | -0.0005 -0.0005 0.0001 | -0.0003 -0.0003 0.0000
0.0001 0.0002  0.0002 0.0001 0.0001  0.0001
0.9 | -0.0010 -0.0010 0.0000 | -0.0006 -0.0007 -0.0001
0.0002 0.0003  0.0003 0.0001 0.0002  0.0002
0.95 | -0.0017 -0.0020 -0.0003 | -0.0010 -0.0010 0.0000
0.0002 0.0004  0.0004 0.0001 0.0002  0.0002

Notes: This table present the simulation results, when u; is generated from normal distribution
with o, = 0.1, x; is generated form exponential distribution, u; and x; both are i.i.d.. For each
level of «, the first row is for bias and the second row is for the MSE of the quantile estimator. For
each panel, the first column presents the second-order bias and MSE derived by by Corollary 1 and
2.2, the second column presents the Monte Carlo simulation bias and MSE of quantile estimators B ,
the third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators 3 where 3 = 8- B(B) We set 8 = 0 and N = 60,100, and the results are computed
from 10,000 Monte Carlo replications.
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Table 4: Bias correction and MSE with z; generated from mixture normal distribution (skewed
unimodal), DGP 1, o, = 0.5

oy, =0.5,N =60 o, =0.5,N =100
o ﬁformula B 6 /Bformula 6 ﬁ

0.05 | 0.0058  0.0046 -0.0012 | 0.0035  0.0027 -0.0007
0.0119  0.0174 0.0173 | 0.0079  0.0105 0.0104
0.1 | 0.0034 0.0018 -0.0016 | 0.0021  0.0014 -0.0006
0.0089  0.0111 0.0111 0.0055  0.0065 0.0065
0.2 | 0.0018 0.0018 0.0000 | 0.0011  0.0017 0.0006
0.0065  0.0077 0.0077 | 0.0040  0.0047 0.0047
0.3 | 0.0010 0.0013 0.0003 | 0.0006  0.0000 -0.0006
0.0057  0.0067  0.0067 | 0.0034  0.0039 0.0039
0.4 | 0.0006  0.0015 0.0011 0.0003  0.0010 0.0007
0.0053  0.0061  0.0061 | 0.0032  0.0036 0.0036
0.5 | 0.0000 -0.0014 -0.0014 | 0.0000 -0.0006 -0.0006
0.0052  0.0060 0.0060 | 0.0031  0.0035 0.0035
0.6 | -0.0005 -0.0013 -0.0008 | -0.0003 -0.0002 0.0001
0.0053  0.0061 0.0061 0.0032  0.0036 0.0036
0.7 | -0.0010 -0.0005 0.0005 | -0.0006 -0.0004 0.0002
0.0057  0.0067 0.0067 | 0.0034  0.0040 0.0040
0.8 | -0.0018 -0.0020 -0.0002 | -0.0011 -0.0016 -0.0005
0.0065  0.0077 0.0077 | 0.0040  0.0047  0.0047
0.9 | -0.0034 -0.0032 0.0003 | -0.0021 -0.0018 0.0002
0.0089  0.0113 0.0113 | 0.0055  0.0067 0.0067
0.95 | -0.0058 -0.0055 0.0003 | -0.0035 -0.0029 0.0006
0.0119  0.0175 0.0174 | 0.0079  0.0103 0.0102

Notes: This table present the simulation results, when u; is generated from normal distribution
with o, = 0.5, z; is generated form mixture normal distribution, u; and x; both are i.i.d.. For each
level of «, the first row is for bias and the second row is for the MSE of the quantile estimator. For
each panel, the first column presents the second-order bias and MSE derived by Corollary 1 and
2.2, the second column presents the Monte Carlo simulation bias and MSE of quantile estimators [3’ ,
the third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators B where B = B - B(B) We set 8 =0 and N = 60,100, and the results are computed
from 10,000 Monte Carlo replications.
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Table 5: Bias correction and MSE with z; generated from mixture normal distribution (strongly
skewed), DGP 1, o, = 0.5

oy, =0.5,N =60 o, =0.5,N =100
o ﬁformula B 6 /Bformula 6 ﬁ

0.05 | -0.0030 -0.0023 0.0006 | -0.0018 -0.0027 -0.0009
0.0033  0.0070  0.0070 | 0.0021  0.0040 0.0040
0.1 | -0.0017 -0.0012 0.0005 | -0.0010 -0.0010 0.0000
0.0024  0.0043 0.0043 | 0.0015  0.0026  0.0026
0.2 | -0.0009 -0.0008 0.0002 | -0.0005 0.0001 0.0007
0.0017  0.0030 0.0030 | 0.0010  0.0018 0.0018
0.3 | -0.0005 -0.0013 -0.0008 | -0.0003  0.0000 0.0003
0.0015  0.0025 0.0025 | 0.0009  0.0016 0.0016
0.4 | -0.0002 -0.0002 0.0001 | -0.0001 -0.0005 -0.0003
0.0014  0.0024 0.0024 | 0.0008  0.0014 0.0014
0.5 | 0.0000  0.0003 0.0003 | 0.0000  0.0001 0.0001
0.0013  0.0023 0.0023 | 0.0008  0.0014 0.0014
0.6 | 0.0002 0.0010 0.0008 | 0.0001  0.0000 -0.0001
0.0014  0.0024 0.0024 | 0.0008  0.0014 0.0014
0.7 | 0.0005  0.0001 -0.0004 | 0.0003  0.0011 0.0008
0.0015 0.0026 0.0026 | 0.0009  0.0016 0.0016
0.8 | 0.0009 0.0003 -0.0006 | 0.0005 -0.0001 -0.0007
0.0017  0.0030 0.0030 | 0.0010  0.0019 0.0019
0.9 | 0.0017  0.0021 0.0004 | 0.0010  0.0005 -0.0005
0.0024  0.0044 0.0043 | 0.0015  0.0027  0.0027
0.95 | 0.0030  0.0010 -0.0020 | 0.0018  0.0015 -0.0003
0.0033  0.0069 0.0069 | 0.0021  0.0040 0.0040

Notes: This table present the simulation results, when u; is generated from normal distribution
with o, = 0.5, z; is generated form mixture normal distribution, u; and x; both are i.i.d.. For each
level of «, the first row is for bias and the second row is for the MSE of the quantile estimator. For
each panel, the first column presents the second-order bias and MSE derived by Corollary 1 and
2.2, the second column presents the Monte Carlo simulation bias and MSE of quantile estimators [3’ ,
the third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators B where B = B - B(B) We set 8 =0 and N = 60,100, and the results are computed
from 10,000 Monte Carlo replications.
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Table 6: Bias correction and MSE in unconditional quantile model, DGP 1, o, = 0.5
oy =0.5,N =60 o, =0.5,N =100
- Bformula p B Bformula g p

0.05 | 0.0058 -0.0166 -0.0223 | 0.0035 -0.0149 -0.0183
0.0183 0.0177  0.0179 0.0110  0.0114 0.0115
0.1 | 0.0034 0.0117  0.0083 0.0020  0.0039 0.0019
0.0126 0.0105 0.0104 0.0075 0.0068  0.0068
0.2 | 0.0018 0.0141 0.0124 0.0011 0.0080  0.0070
0.0090 0.0082  0.0081 0.0053 0.0050  0.0050
0.3 | 0.0010 0.0104 0.0094 0.0006 0.0054  0.0048
0.0078 0.0070  0.0070 0.0045 0.0043  0.0043
0.4 | 0.0005 0.0073  0.0069 0.0003 0.0053  0.0050
0.0072 0.0066  0.0066 0.0042 0.0040  0.0040
0.5 | 0.0000 0.0002  0.0002 0.0000  0.0006  0.0006
0.0070 0.0060  0.0060 0.0041 0.0036  0.0036
0.6 | -0.0005 -0.0087 -0.0083 | -0.0003 -0.0045 -0.0042
0.0072 0.0067  0.0066 0.0042 0.0040  0.0039
0.7 | -0.0010 -0.0083 -0.0073 | -0.0006 -0.0064 -0.0058
0.0078 0.0070  0.0070 0.0045 0.0043  0.0043
0.8 | -0.0018 -0.0148 -0.0130 | -0.0011 -0.0087 -0.0077
0.0090 0.0083  0.0083 0.0053 0.0050  0.0050
0.9 | -0.0034 -0.0100 -0.0066 | -0.0020 -0.0045 -0.0024
0.0126 0.0108 0.0108 0.0075 0.0066  0.0066
0.95 | -0.0058 0.0147 0.0205 | -0.0035 0.0133 0.0167
0.0183 0.0177  0.0179 0.0110  0.0112 0.0113

Notes: This table present the simulation results for unconditional quantile regression with
x; = 1, when u; is generated from normal distribution with o, = 0.5, u; is i.i.d.. For each level
of «, the first row is for bias and the second row is for the MSE of the quantile estimator. For
each panel, the first column presents the second-order bias and MSE derived by Proposition 3, the
second column presents the Monte Carlo simulation bias and MSE of quantile estimators B, the
third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators 3 where 8 = 8- B(B) We set 8 = 0 and N = 60,100, and the results are computed
from 10,000 Monte Carlo replications.
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Table 7: Bias correction and MSE with binary independent variable, DGP 1, p = 0.3, g,

oy, =0.5,N =60

0w = 0.5, N = 100

o Bfm"mula B 5 Bformula B ﬁ

0.05 | 0.0192 -0.0138 -0.0330 | 0.0115  0.0169 0.0054
0.0402 0.0656  0.0665 0.0294  0.0364 0.0362

0.1 | 0.0113 0.0116  0.0003 0.0068 0.0099 0.0031
0.0337  0.0414 0.0413 | 0.0219 0.0246 0.0246

0.2 | 0.0069 0.0115 0.0056 | 0.0035  0.0075 0.0040
0.0260 0.0286  0.0285 0.0162 0.0168 0.0168

0.3 | 0.0033 0.0058  0.0025 0.0020  0.0036  0.0016
0.0228  0.0253 0.0253 | 0.0140  0.0150 0.0150

0.4 | 0.0015 0.0064 0.0048 | 0.0009 0.0033 0.0024
0.0214 0.0233  0.0232 0.0130 0.0136  0.0136

0.5 | 0.0000 0.0012  0.0012 0.0000  0.0003 0.0003
0.0209 0.0204 0.0204 0.0128 0.0124 0.0124

0.6 | -0.0015 -0.0091 -0.0076 | -0.0009 -0.0028 -0.0019
0.0214 0.0229  0.0228 0.0130 0.0136  0.0136

0.7 ] -0.0033 -0.0052 -0.0019 | -0.0020 -0.0051 -0.0031
0.0228 0.0248  0.0247 0.0140  0.0146  0.0146

0.8 | -0.0059 -0.0109 -0.0050 | -0.0035 -0.0096 -0.0060
0.0260  0.0291 0.0290 | 0.0162  0.0174 0.0174

0.9 | -0.0113 -0.0146 -0.0033 | -0.0068 -0.0090 -0.0022
0.0337  0.0405 0.0403 0.0219 0.0250  0.0249

0.95 | -0.0192 0.0140 0.0332 | -0.0115 -0.0160 -0.0045
0.0402  0.0668 0.0677 | 0.0294  0.0366 0.0364

=0.5

Notes: This table present the simulation results when u; is generated from normal distribution

with o, = 0.5, z; is binary and z;=1 with probability 0.3, u; is i.i.d.. For each level of «, the first

row is for bias and the second row is for the MSE of the quantile estimator. For each panel, the

first column presents the second-order bias and MSE derived by Proposition 4, the second column

presents the Monte Carlo simulation bias and MSE of quantile estimators B, the third column

presents the Monte Carlo simulation bias and MSE of the bias corrected quantile estimators /B
where 3 = B — B(B) We set 8 = 0 and N = 60,100, and the results are computed from 10,000

Monte Carlo replications.
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Table 8: Bias correction for IVQR, o, = 0.5, N = 60

v=0.5 7 =109
- Bfm"mula p B Bformula g p
0.05 | 0.0155  0.1260 0.1105 | 0.0094  0.0215 0.0121
0.1 | 0.0093  0.0700 0.0607 | 0.0055  0.0070  0.0015
0.2 | 0.0050 0.0355 0.0305 | 0.0029  0.0025 -0.0004
0.3 | 0.0029 0.0235 0.0206 | 0.0017  0.0015 -0.0002
0.4 | 0.0014 0.0220 0.0206 | 0.0008  0.0020 0.0012
0.5 | 0.0000  0.0255 0.0255 | 0.0000  0.0005  0.0005
0.6 | -0.0014 -0.0176 -0.0162 | -0.0008 -0.0041 -0.0033
0.7 | -0.0029 -0.0084 -0.0055 | -0.0016 -0.0107 -0.0091
0.8 | -0.0043 -0.0425 -0.0383 | -0.0028 -0.0102 -0.0074
0.9 | -0.0014 -0.0499 -0.0485 | -0.0046 -0.0177 -0.0131
0.95 | -0.0255 -0.0859 -0.0604 | -0.0052 -0.0380 -0.0328

Notes: This table present the simulation results for IVQR, when u; is generated from normal

distribution with o, = 0.5; v; is generated by v; = w; + cu;, where w; is from N(0,0.25), ¢=0.5; z; is

from exponential distribution with mean 1; xz; is generated from z; = z;y + u;, where v = 0.5,0.9;

y; is generated from y; = ;6 + u;, where § = 0. For each level of o, the numbers are bias

of IVQR estimator. For each panel, the first column presents the second-order bias derived by

Proposition 5, the second column presents the Monte Carlo simulation bias IVQR estimators B,

the third column presents the Monte Carlo simulation bias of the bias corrected IVQR estimators
B where B = B - B(B) We set N=60, 100, and the results are computed from 1,000 Monte Carlo

replications.
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Table 9: Application of second-order bias reduction to the predictive quantile regression, h = 1

o 3 B(B) 3 AsyMSE MSE(p)
0.05 | 21.4330 0.0418 21.3912  0.0806 0.6401
0.1 | 22.6019 0.0254 22.5765  0.0652 0.3325
0.2 | 24.2561 0.0133 24.2428  0.0550 0.2426
0.3 | 25.4255 0.0075 25.4180  0.0529 0.2550
0.4 | 26.4911 0.0033 26.4878  0.0499 0.2494
0.5 | 27.4588 -0.0001 27.4589  0.0497 0.2756
0.6 | 28.4041 -0.0037 28.4078  0.0498 0.2975
0.7 | 29.5814 -0.0078 29.5891  0.0557 0.4831
0.8 | 30.7923 -0.0139 30.8062  0.0585 0.9343
0.9 | 324173 -0.0239 32.4412  0.0667 2.7309
0.95 | 33.4169 -0.0363 33.4532  0.0648 3.1295

Notes: For each level of «, the first column presents the quantile estimators B The second

column presents the second-order bias B (E) derived in Theorem 2. The third column presents the

second-order bias corrected quantile estimators E = B - B (B) The fourth column presents the
MSE up to O (N_l). The last column presents the MSE up to O (N_Q) derived in Theorem 2.
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10 Supplemental Appendix

This appendix is not intended for publication and will be made available on the authors’ webpage.
It presents additional results that are not reported in the paper for space concern. Included in the

Supplemental Appendix are:

1. the simulation results (Tables 10, 11, 12, 13) for DGP2 as described in the Monte Carlo

section (Section 6), and

2. the empirical results (Tables 14, 15) to predictive quantile regression for forecast horizons

h = 3,12 as discussed in the application section (Section 7).

10.1 Additional Monte Carlo results for DGP2

In DGP2, the error term wu; is uniformly distributed with the CDF F(-) on [a, b], then a = —2<b.

a1
We have 0 0o .
F = = = — =
(0) /_Oof(u)du /a b—adu g O

Therefore, we generate the error term w; from uniform distribution on [a,b], where a = —aR,

b= R(1 — «), and the range R = b — a. The simulation results for DGP2 are presented in Tables
10, 11, 12, 13.

1. Tables 10-11 show the results with the range R = 4,10, respectively. For these two tables,
x; is generated from exponential distribution, f(z;) = exp(—=z;). These two tables are to be
compared with Tables 2-3 in the paper. As we see from Tables 2-3 that the quantile regression

estimator has larger bias when o, is larger (o, = 0.5 in Table 2 is larger than o, = 0.1 in
Table 3), the same is observed from Tables 10-11 (o, = 4/ %2 = % ~ 2.89 in Table 11 is

larger than o, = /% ~ 1.15 in Table 10).

2. Table 12 shows the results with R = 4 when z; is generated from the Skewed Unimodal

Density %N (0,1) + %N (%, (%)2> + %N (%, (g)2>, one of mixture normal distributions in

Marron and Wand (1992). This table is to be compared with Table 4 in the paper.

3. Table 13 shows the results with R = 4 when z; is generated from the Strongly Skewed
7

Density Z %N <3 [(%)l — 1} ,(%)m), another mixture normal distribution in Marron and
=0

Wand (1962). This table is to be compared with Table 5 in the paper.
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Table 10: Bias correction and MSE with z; generated from exponential distribution, DGP 2, R =4
R=4,N =60 R=4,N =100

- Bformula p B Bformula g p
0.05 | 0.0450 0.0384 -0.0066 | 0.0270  0.0226 -0.0044
0.0063 0.0114  0.0100 0.0038 0.0054  0.0049
0.1 | 0.0400 0.0342 -0.0058 | 0.0240  0.0221 -0.0019
0.0105 0.0156  0.0144 0.0066 0.0086  0.0081
0.2 | 0.0300 0.0256 -0.0044 | 0.0180  0.0176 -0.0004
0.0173 0.0228  0.0222 0.0114  0.0132 0.0129
0.3 | 0.0200 0.0197 -0.0003 | 0.0120 0.0120 0.0000
0.0222 0.0279  0.0275 0.0147  0.0164 0.0163
0.4 | 0.0100 0.0089 -0.0011 | 0.0060  0.0064 0.0004
0.0251 0.0304 0.0303 0.0167  0.0188  0.0188
0.5 | 0.0000 -0.0008 -0.0008 | 0.0000 -0.0002 -0.0002
0.0261 0.0310 0.0310 0.0174  0.0189 0.0189
0.6 | -0.0100 -0.0090 -0.0010 | -0.0060 -0.0048 0.0012
0.0251 0.0303  0.0302 0.0167  0.0185 0.0185
0.7 | -0.0200 -0.0174 0.0026 | -0.0120 -0.0122 0.-0002
0.0222 0.0273  0.0270 0.0147  0.0166 0.0164
0.8 | -0.0300 -0.0266 0.0034 | -0.0180 -0.0171 0.0009
0.0173 0.0223  0.0216 0.0114  0.0138 0.0135
0.9 | -0.0400 -0.0341 0.0059 | -0.0240 -0.0224 0.0016
0.0105 0.0156  0.0145 0.0066 0.0088  0.0083
0.95 | -0.0450 -0.0364 0.0086 | -0.0270 -0.0245 0.0025
0.0063 0.0107  0.0094 0.0038 0.0058  0.0053

Notes: This table present the simulation results, when u; is generated from uniform distribution
with the range R = 4, z; is generated form exponential distribution, u; and z; both are i.i.d.. For
each level of «a, the first row is for bias and the second row is for the MSE of the quantile estimator.
For each panel, the first column presents the second-order bias and MSE derived by Corollary 1 and
2.2, the second column presents the Monte Carlo simulation bias and MSE of quantile estimators ﬁ ,
the third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators 3 where 3 = B— B(B) We set 8 = 0 and N = 60,100, and the results are computed
from 10,000 Monte Carlo replications.
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Table 11: Bias correction and MSE with z; generated from exponential distribution, DGP 2, R = 10
R=10,N =60 R =10,N =100

o Bfm"mula B 5 Bformula B ﬁ
0.05 | 0.1125 0.0967 -0.0158 | 0.0675 0.0583 -0.0092
0.0394 0.0712  0.0621 0.0237  0.0342 0.0309
0.1 | 0.1000 0.0873 -0.0127 | 0.0600  0.0574 -0.0026
0.0654 0.0989  0.0915 0.0416 0.0544  0.0512
0.2 | 0.0750 0.0680 -0.0070 | 0.0450  0.0426 -0.0024
0.1082 0.1426  0.1380 0.0710  0.0847 0.0829
0.3 | 0.0500 0.0477 -0.0023 | 0.0300  0.0290 -0.0010
0.1388 0.1766  0.1743 0.0920  0.1018 0.1009
0.4 | 0.0250 0.0192 -0.0058 | 0.0150 0.0164 0.0014
0.1571 0.1882  0.1879 0.1046 0.1115 0.1112
0.5 | 0.0000 -0.0003 -0.0003 | 0.0000 -0.0051 -0.0051
0.1632 0.1960  0.1960 0.1088 0.1208  0.1208
0.6 | -0.0250 -0.0314 -0.0064 | -0.0150 -0.0083 0.0067
0.1571 0.1886  0.1877 0.1046 0.1155 0.1155
0.7 | -0.0500 -0.0464 0.0036 | -0.0300 -0.0324 -0.0024
0.1388 0.1721  0.1700 0.0920  0.1040 0.1030
0.8 | -0.0750 -0.0671 0.0079 | -0.0450 -0.0369 0.0081
0.1082 0.1445 0.1401 0.0710  0.0818  0.0805
0.9 | -0.1000 -0.0903 0.0097 | -0.0600 -0.0550 0.0050
0.0654 0.0984  0.0904 0.0416 0.0544 0.0514
0.95 | -0.1125 -0.0947 0.0178 | -0.0675 -0.0605 0.0070
0.0394 0.0695 0.0608 0.0237  0.0356 0.0319

Notes: This table present the simulation results, when u; is generated from uniform distribution
with the range R = 10, x; is generated form exponential distribution, u; and z; both are i.i.d.. For
each level of a, the first row is for bias and the second row is for the MSE of the quantile estimator.
For each panel, the first column presents the second-order bias and MSE derived by Corollary 1 and
2.2, the second column presents the Monte Carlo simulation bias and MSE of quantile estimators B ,
the third column presents the Monte Carlo simulation bias and MSE of the bias corrected quantile
estimators B where B = B - B(B) We set § =0 and N = 60,100, and the results are computed
from 10,000 Monte Carlo replications.
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Table 12: Bias correction and MSE with z; generated from mixture normal distribution (skewed
unimodal), DGP 2, R =4

R—4,N =60 R—4,N =100

o Bformula B ﬁ /Bformula B ﬁ
0.05 | 0.0303  0.0276 -0.0027 | 0.0181  0.0159 -0.0022
0.0088  0.0159 0.0152 | 0.0056  0.0081 0.0078
0.1 | 0.0269 0.0246 -0.0023 | 0.0161  0.0151 -0.0010
0.0173  0.0228 0.0222 | 0.0109  0.0132 0.0130
0.2 ] 0.0202 0.0196 -0.0006 | 0.0121  0.0095 -0.0025
0.0314  0.0388 0.0384 | 0.0197  0.0219 0.0218
0.3 | 0.0135  0.0100 -0.0034 | 0.0080  0.0072 -0.0009
0.0414  0.0479 0.0478 | 0.0259  0.0292 0.0292
0.4 | 0.0067  0.0060 -0.0007 | 0.0040  0.0030 -0.0010
0.0474  0.0547 0.0547 | 0.0296  0.0344 0.0344
0.5 | 0.0000 -0.0014 -0.0014 | 0.0000  0.0011 0.0011
0.0494  0.0569 0.0569 | 0.0309  0.0349 0.0349
0.6 | -0.0067 -0.0033 0.0034 | -0.0040 -0.0016 0.0024
0.0474  0.0537 0.0537 | 0.0296  0.0326  0.0326
0.7 | -0.0135 -0.0121 0.0014 | -0.0080 -0.0085 -0.0005
0.0414  0.0478 0.0476 | 0.0259  0.0286 0.0286
0.8 | -0.0202 -0.0225 -0.0023 | -0.0121 -0.0095 0.0025
0.0314  0.0379 0.0374 | 0.0197  0.0220 0.0219
0.9 | -0.0269 -0.0249 0.0020 | -0.0161 -0.0145 0.0016
0.0173  0.0234 0.0228 | 0.0109  0.0135 0.0133
0.95 | -0.0303 -0.0258 0.0045 | -0.0181 -0.0173 0.0008
0.0088  0.0155 0.0148 | 0.0056  0.0080 0.0078

Notes: This table present the simulation results, when u; is generated from uniform distribution
with the range R = 4, x; is generated form mixture normal distribution, u; and x; both are i.i.d..
For each level of «, the first row is for bias and the second row is for the MSE of the quantile
estimator. For each panel, the first column presents the second-order bias and MSE derived by
Corollary 1 and 2.2, the second column presents the Monte Carlo simulation bias and MSE of
quantile estimators B , the third column presents the Monte Carlo simulation bias and MSE of the
bias corrected quantile estimators 3 where 8 = B— B(B) We set 5 =0 and N = 60,100, and the

results are computed from 10,000 Monte Carlo replications.
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Table 13: Bias correction and MSE with x; generated from mixture normal distribution (strongly
skewed), DGP 2, R =4

R—4,N =60 R—4,N =100

o ﬁformula B 6 /Bformula 6 ﬁ
0.05 | -0.0153 -0.0128 0.0025 | -0.0092 -0.0081 0.0011
0.0029  0.0062 0.0061 0.0017  0.0031 0.0030
0.1 | -0.0136 -0.0110 0.0026 | -0.0082 -0.0085 -0.0003
0.0050  0.0091  0.0090 | 0.0030  0.0050 0.0049
0.2 | -0.0102 -0.0105 -0.0002 | -0.0062 -0.0053 0.0009
0.0085  0.0156  0.0155 | 0.0052  0.0087  0.0087
0.3 | -0.0068 -0.0051 0.0017 | -0.0041 -0.0027 0.0014
0.0110  0.0192 0.0192 | 0.0068  0.0116 0.0116
0.4 | -0.0034 -0.0035 -0.0001 | -0.0021 -0.0008 0.0012
0.0125  0.0222 0.0222 | 0.0078  0.0133 0.0133
0.5 | 0.0000  0.0001 0.0001 | 0.0000 -0.0009 -0.0009
0.0130  0.0226  0.0226 | 0.0081  0.0138 0.0138
0.6 | 0.0034 0.0026 -0.0008 | 0.0021  0.0015 -0.0005
0.0125 0.0222  0.0222 0.0078 0.0131 0.0131
0.7 | 0.0068  0.0067 -0.0001 | 0.0041  0.0024 -0.0017
0.0110  0.0194 0.0194 | 0.0068 0.0116 0.0116
0.8 | 0.0102  0.0087 -0.0015 | 0.0062  0.0064 0.0002
0.0085  0.0151 0.0150 | 0.0052  0.0088  0.0087
0.9 | 0.0136 0.0130 -0.0006 | 0.0082  0.0070 -0.0012
0.0050  0.0090 0.0089 | 0.0030  0.0052 0.0051
0.95 | 0.0153 0.0139 -0.0014 | 0.0092  0.0082 -0.0010
0.0029  0.0059  0.0057 | 0.0017  0.0031 0.0030

Notes: This table present the simulation results, when u; is generated from uniform distribution
with the range R = 4, x; is generated form mixture normal distribution, u; and x; both are i.i.d..
For each level of «, the first row is for bias and the second row is for the MSE of the quantile
estimator. For each panel, the first column presents the second-order bias and MSE derived by
Corollary 1 and 2.2, the second column presents the Monte Carlo simulation bias and MSE of
quantile estimators B , the third column presents the Monte Carlo simulation bias and MSE of the
bias corrected quantile estimators 3 where 8 = B— B(B) We set 5 =0 and N = 60,100, and the

results are computed from 10,000 Monte Carlo replications.
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10.2 Additional results in empirical application of predictive quantile regres-
sions for h = 3,12

In Section 7 for the empirical application on the predictive quantile regression for stock returns, we

present the results only for forecast horizon h = 1 (one month ahead) to save space in the paper.

See Table 9. Here in this appendix, we present additional results for forecast horizon h = 3 (three
months ahead) in Table 14 and for h = 12 (12 months ahead) in Table 15.

Table 14: Second-order bias reduction in predictive quantile regression, h = 3

o 3 B(p) 3 AsyMSE MSE(p)
0.05 | 21.6167 0.0421 21.5746  0.0796 0.5784
0.1 | 22.7921 0.0257 22.7665 0.0656 0.3275
0.2 | 24.4771 0.0136  24.4636  0.0558 0.2485
0.3 | 25.6484 0.0076  25.6408 0.0539 0.2628
0.4 | 26.7110 0.0034 26.7076  0.0512 0.2596
0.5 | 27.6863 -0.0002 27.6865 0.0510 0.2873
0.6 | 28.6523 -0.0038 28.6562  0.0510 0.3198
0.7 | 29.8833 -0.0079 29.8912 0.0567 0.5243
0.8 | 31.1202 -0.0139 31.1341 0.0597 0.9344
0.9 | 32.6784 -0.0240 32.7024  0.0663 2.6087
0.95 | 33.7131 -0.0367 33.7499 0.0665 3.1980

Notes: For each level of «, the first column presents the quantile estimators B The second

column presents the second-order bias B <3> derived in Theorem 2. The third column presents the

second-order bias corrected quantile estimators E = B - B (B) The fourth column presents the
MSE up to O (N_l). The last column presents the MSE up to O (N_Q) derived in Theorem 2.
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Table 15: Second-order bias reduction in predictive quantile regression, h = 12

o 3 B(B) 3 AsyMSE MSE(p)
0.05 | 22.5823 0.0443 22.5380  0.0847 0.5048
0.1 | 23.9541 0.0254 23.9287  0.0684 0.3481
0.2 | 25.6044 0.0137 25.5907  0.0559 0.2746
0.3 | 26.7643 0.0078 26.7565  0.0534 0.2974
0.4 | 27.7779  0.0035 27.7744  0.0522 0.3282
0.5 | 28.7469 -0.0003 28.7472  0.0522 0.3738
0.6 | 29.7894 -0.0039 29.7932  0.0526 0.4567
0.7 | 30.9788 -0.0079 30.9868  0.0560 0.6295
0.8 | 32.3023 -0.0141 32.3164  0.0666 1.1107
0.9 | 33.9143 -0.0247 33.9390  0.0676 2.5825
0.95 | 34.9662 -0.0375 35.0037  0.0677 3.0623

Notes: For each level of «, the first column presents the quantile estimators B The second

column presents the second-order bias B (E) derived in Theorem 2. The third column presents the

second-order bias corrected quantile estimators E = B - B (B) The fourth column presents the
MSE up to O (N_l). The last column presents the MSE up to O (N_Q) derived in Theorem 2.
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