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ABSTRACT

Economic general equilibrium results when the forces of supply and demand bring market participants into
agreement as to the prices at which good should sedl,the quantities that should be sold. While it has been
shown mathematically, that such exchange prices and quantities can be simultaneously determined for all goods in
an economy, a mechanism that describes how such equilibria are achieved in prastivevhabeen proposed.

This paper demonstrates that such equilibria result naturally from the dynamic interaction of market participants.
The dynamic interaction modeled in this paper can be used to study the interaction of demographic groups, which
drives the evolution of a community. This model should also be useful in studying the effects of public policy and
other external factors on markets.

INTRODUCTION

Since the time olLeon Walras, thetatonnement process by whiaxchange equilibrium is achied has been
modeledas occurring in an imagary marketwhose participants exchanged goods at prices called out by a virtual
auctioneef2, pp.62626]. The first set of prices called owould usuallyresult in unsold surpluses of some ggods
and shortags of others. The auctioneer would then sidfhe prices so as to mduce the surpluses and shortages
before initiating anew roundof exchanges. Through repetitionthis tatonnement, (groping) process allows the
auctioneer to eventuallgrrive at asingle set of prices that would OclearO the market, with no goods unsold or in
short supply.

Such ahypothetical process may Isefficient to show that equilibriaxist, but provide no realinsight as to how
they might be achievedn an actual market. #result, general equilibrium theopan say nothing aboutow
marketsmight behavevhenout of equilibrium, or even guarantee that equilibria would be stable once received.

The dynamianodel presentelleresolves these problems by breaking dlchievemenof equilibria into many small
exchangeghat over time equalize the consumédmarginal prices Marginal Price theory is discussed intaie
elsewhere [B Briefly, the consumer@sarginal pricefor a good is defined as the maximum he wdgdwilling to

pay an additional unit of it, or the minimum price for which he would sell an additional unit of it. The consumerQOs
marginal price for any given good is generally a function of the quantitiak gbods currently in the consumerOs
possessio, and changes predictably with the transactions the consumer makes.

In each step, wyers and sellers seek each other out exzhange a marginal bundle of goodsollowing their
transactions they each move on to different trading partners with whom thensact additional businessthe
process of exchangedistributes goods so as ¢ausethe consumerOs marginal pritesonverganto a common
set of OmarketO priceShis is analogous to the wagndom collisons of gas molecules distributekineic energy
throughout a containeuntil equilibriumtemperature and pressureaéached4, pp. 15360].
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A distinct advantage of the dynanpcocess is that equilibrianconditionally stable. Exchanges stop as socmnas
equilibrium is reached and do thbegin again unless the equilibrium is exogenously disturbed. Should such
disturbance occur, the process begins again and continues until equilibresstablished
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The structure of the propositions (or theorems) describing dynamilibeig is as shown in Figure-D. Thecase of
Multilateral Equilibrium (exchange of many goods among many consumers) is built up from the bilateral case,
which in turn is built on the unilateral or Ofixed priceO cd$® propositions describing the rganal exchanges

show that eacloccurrenceof suchwill increase the use valwehich we shall define momentarilgnjoyed by the
consumersinvolved, as well asappropriately adjustg their marginal prices. The propasits describing the
tatonnementsimpy show that therepeatedadjustmentsof the consumef8marginal priceswill causethem to
converge.

In the unilateral case, a singlensumer exchanges marginal quantities of goods with a Omarket@etepréned

fixed prices. The consumer buys goddswhich his or her marginal price is higher than the fixed paoelsells
goods for which her marginal price is lower. As result of the exchangeptisime®snarginal prices for goods
she hapurchased falls, while her prices for goati®hassoldrises. In both cases, the consumerOs marginal prices
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contract towards the fixed price. In the tatonnement process, such exchanges continue until the consumerOs
marginal prices match the market prices.

In the Bilateralcase two consumers meet and agteeexchange goodst a set ofmutually beneficial prices. Using
the reasoning from the fixed price case, we show tiadt exchange draws the consus@enarginal prices closer to
each other In the tatonnement process, constant exchange of margindéfuatdconstantly renegotiated prices
cawses the consumsbmarginal prices to ultimatelyerge

In the multilateral case, consumers meet in pairs that engage in bilateral marginal exchanges. In additigpn to bein
drawn together, each excharnggrtnerOmarginal prices are drawn closer to thean set omarginal prices for all
consumers.In the tatonnement process, exchanges among different members of the community cause the marginal
prices of all consumers to contract to the (continuously adjustieghnwhichbecomes the set of OmarketO prices.

The theory of Dynamic General Equilibrium is based on a dynamic theory of consuraeiobeleveloped
elsewhere [B and presented here only briefly. That theory (as well as this one) is built using vedysissa
technique described in]and many texts on multivariate calculus. The theory is built on five assumptions, only
three of which will be needed here. The f{fsrt of) the firsassumption (Assumption 1a) states that For any
bundle of gooda consumer might hold, he or she knows how much of any one good she would be willing to trade
for a single unit of any other. For an economy in whigivods(x,,x, ...x, ) are availablethe quantities of these
making up the consumerOs buradterepresented by the vec(or,, X, ...X, ) £ X. The consumerOs marginal price
for some goodx; is represented by, (x,,X,,E x,)=r.(x). The consumerOs set of marginal pricealfgoods

is thevector functionf (X). In terms of mathematics, Assumption 1a merely stated (¥} exists for all possible
values ofx (i.e. x; ! O for all X;). Thesecond part of the first assumption (Assumption Whjch states what

the consumer does with thegsgces,will be given in the next section.

With each marginal exchange the consumer makes, we define the use value he places on his margigix bsndle
the quantity or each good in the bundle times the consumerOs marginal price for it, or:

dV(X) 2 r,(X)dx +1,(X)dX, +---+ 1, (X)dx, = F(X)e dX (1-1)

The signs of eacklx; can be plus or minus, depending on whether the good is b()dgf)tor sold (~dx; ). Since
with many marginal transactions, the goods in the consumerOs bundle may have been acquired in any order. One
may askif this matters. By Assumption (4), The answemo.

If the consumer begins with some bundleand accumulates marginal bundles until he arrives at bukitjehe
value he places on the total goods acquired is:

xll

V" xh)2 #(f)- dx (1-2)

Since with may marginal transactions, the goods in the consumerOs bundle may have been acquired in any order.
One may ask if this matters. The answer, by Assumption (4) (se®oB]).
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While Assumption (1b) will be functionally similar to the standard assumpfiatility maximization, Assumption
(5) is analogous thieaw of Diminishing Marginal Utility and is slightly stronger than the standard assumption of
Convexity Assumption (5) states that there are no goods for which a consumerOs marginal pricedl de het fa
acquires more of them. Mathematically, this is stated as:

[1,(X+dx)—1,(X)](d%) <O for all goodsx, (1-3)

The standard assumption of convexity is slightly looser but easier to use. It is stated in vector form as

" [rG+do)! r(@)](dx,)=[F(E+dx)! 7(¥)]edi<0 (1-4)

i=1

1) UNILATERAL EQUILIBRIUM

We begin our discussion with the case of a single consumer exchanging goods with a OmarketO that allows him or
her to exchange as much of any good as he or she desires at fixed OmageetO pric

After making the necessary definitions, we begin by showing that whenever the consumerOs margimgiprices

do not equalp , the consumer will benefit by exchanging a differentially small bundle ofigolX . As result of

the exchange, the consumerOs marginal prices will be brought Ocloped3 &hown in Figure 5:1. We then

show that the consumer will continue to make these marginal exchangeB(0)t= P. Finally, we show that the
bundle X, for which F()?) = P is the one that offers the consumer the greatest benefit. This is done by showing
that it the consumer were to continueking marginal exchanges oncé has been acquired, she would begin to
loose the benefit she hadeviouslygained.

FIGURE 1-1
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1.1) Definitions and Assumptions

In chapter 4 wdormally stated onlythe first part of Assumption;Xhat the consumer knows what his marginal
prices are. We now need to state the secart] phich indicated how he woulegtspond to an opportunitypr
exchange. Intuitively, we want to say that the consumer will take advantage of a Ogood deal®y tv gt the
most benefit per unit of numeraire spent.

We begin by defining the ObenefitOOdealthat the consumer seeks to obtain by making a marginal exchange.
This is simply his or her consumerOs marginal surplus, exactly as Popigibnedit (see Section 3)2 It is the
difference between what a consumer wouldWiling to pay for a marginal amount of a good, and what he is
requirecdko pay by an exchange partner.

Definition: ConsumerOs Marginal Surplus (for a single good)

For a consumedescribed by a marginal price functidi(X), and holding a bundleX, the marginal
surplus the consumer would enjoy from purchasing (or selling) a differential quaniitpf some god
X, is given by:

r(X)! p,|dx, (11-1)
[ 1 l] 1

Notice that if the consumer would be willing to pay more for the good than its market price, the consumer would
gain surplus by acquiring the good. In this case, BottX) — p. ] and dx; are positive, and so is the surplus. If

the consumer values a good less than does the market, he gains surplus by selling some of it. In this case both
[r.(X)— p.] and dx are negative, and the surplus is again positive.

We will assume that the consumer will try to maximize the surplus obtained for each transaction. This requires that

he adjust the relative quantities of the goatls bought and sold, which will be reflected in the direction of the
vector dx .

Assumption 1b

Given, a consumer described by a marginal price fundtign), and holding a bundl&. Fa all goods

X, (and only for such goods) for which the consumerOs marginal price differs from thg grecer she is
offered, theconsumer will buy quantitieglx; , or sell quantis —dx; as necessary to gain the maximum
total marginal surplus, subject to the budget constrgipdx, + p,dx, +---+ p,dx, = pedx =0

By assumption 1b, the consumer solves the following problem:
Max{(F (%)~ p)e dx} = Max{F(X)e X~ pedx} st. pedx=0 (1.1-2)
X X

We can substitute the budget constraint into the objective function, re writing the problem as:

Max{|F ()| dx| cosd } (1.1:3)
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As can be seen from Figurel3-1, the objective function is maximized when the ar@lé)etweenr (X) and dx

is minimized. This occurs whedlX lies in the intersection of the budget plane, determlneqb%dx 0 and the
plane désrmined by7(X) and p as shown in FlgurI& 1-1. The exchange bundiéX has differential magnitude
|dX| and has direction parallel tb(X) (r(x)o ( ) P)p. The marginal exchange bundle can therefore be written
as:

_ - (r(x) p) 214l
o= (r0¥p) )

(1.1-4)

This of course is simply the projection of the price differel:’u(&)! p into the bulget plane as shown in Figure
1.1-1.

FIGURE 1.1-1

F(X)—(F(X)e p)p
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1.2) Propositions and Proofs

The followingtwo propositiors describe the exchange of a marginal bundle between a consumer and anyone else at

predetermined prices. The first of these propositions states in essaheghenever a consumerOs marginaks

differs from those he is offered, benefit from exchange is possible and the consumer will engage in a marginal
exchange. When benefit from exchange is not possible, the consumer will refrain from exchange. This will be

useful later in proving thieequilibria are stable.

The second proposition indicates that, the consumerOs marginal price will Ocontract(ptavitirésaich marginal
exchangeThe collective difference between the consumerOs marginal pricgs antheasured by the magnitude
of the differencef (X)! P . Before the consumer exchangds the difference between the prices Iis(x) ! p|
while after the exchange it 'ﬁ (X + dX) ! p| as shown in Figure 5.1-2
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Proposition 1.2-1 (Benefit from Marginal Exchange)

Given a consumer who is described by marginal price fungtion) and possesses a bundfe If (and
only if) the consumer is given the opportunity to exchange goods at a price which 7(X) # p, the
following will result

a) The consumewill exchange a small bundldxX constructed sucthat:

[(%)-p,]dx, >0 Vi (1.2-1)
and
pdx, + p,dx, +---+p dx, =pedi=0. (1.22)

b) Such exchange will increase the use value of the consuhuidbgs, i.e.
VX+dx)>V(X). (1.2-3)

PROOF:

By definition, 7(X) and p are of unit magnituddqenclei()?) = Zpi =1.

i=1 i=1
If (and only if)there exists somgood x; for which 7,(x) > p, then there must be at least one gogdfor which
r,(x) < p,. Assuming that goods are divisible, and the consumer already possesses some of the good (or goods)
X, , the consumer is able ttevise an exchange bundié containing only goodghe exchange of which will grant
the consumer a positive surplughile satisfying the budget conditiopedx =0. By Assumption 1b, the
consumer will exchange this bundl@herefore, the consumer will make argiaal exchange whenever his or her
r(x)# p, and will refrain from making an exchange whe@w) = p . This completes the proof of parf(a

The increase in use valuibat a customer holding a bundl# would gainby exchanging a bundlelx is by
definition Equation (12):

V(E+di)-V(3)= Xf?(?c)od?c —j?(sc)od;‘e =7 (X)edx (1.2-4)

0

By Assumption 1b, the marginal surplus the consumer gains from the exchange of all gebdis ipositive,
hence:

0 <’zl|:’;‘(5é)_pi]dxi :[’7(55)—‘5]'&_5: 7()_5)°d)_5—ﬁ0d3c' (1.2-5)
i=1

Since the last term on the right is zero we have:

0<7(X)edx (1.2-6)
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Hencefrom Equation {.2-4) we haveV (X + dx) > V(X) for every exchange. This completes ineof of Part B.
QED.

Proposition 1.2-2 (Price Contraction from Marginal Exchange)

Given a consumer described by marginal price functidey) and possessing a bundfe. If such
consumerwho is given te opportunity to exchange goods at priggsexchanges a marginal bund&
as defined byAssumption 1b, the differences between the consundrdsand p will contract, i.e.:

|7 (%)= p|>|F (3 +dx)— p| >0 (1.27)

PROOF:
From Assumption 5 (Equation4) we have:

[F(E+dx)—7(X)]edi <0 (1.28)

Since dx is very small, ve can assume from Equation4)that 7 (X + dX) e dx is positive whenever (x)e dx
is positive thus:

?(X')Od?c>7()?+d)?)0dfc>0 (1.2-9)
Since p ® dx =0 we can subtract irém all terms in Equation (1-2) without altering the inequality, leaving:
(7()?)—[7)06155>(17(7c+d5c)—f7)0d55>0 (1.2-10)

Substitutingdx from its value given in Equatiori.(l-4) and cancelling thdenominatorwe have:

(F®-p)e(FE®-(FF)e p)p)>

(1.217)
(F(i+dx)—p)e(F(Z+d¥)—(F(3+d¥)e p)p)>0
Multiplying out the dot product and collecting terms leaves
FEN = (F(R)e p) >|F(E +dx) —(F(Z+di)e p)’ >0 (1.212)

From the Pythagorean theorem we know that:

FGE |7 (@)e p’ =|[FG)-FE) e p =|7(F) (sin6,)’

|7 (G +dn)| = |7 +dx)e p|’ =|[FG+dx) - FG+dx)e p|” =|r(x+dx) (sin6, )’
Since|7(?c)| = |7(7c +dx)| =1, from Equatioril.2-12 we have:

sinf, <sinf, = 06,<6, (1.213)
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Since p also hasunit magnitudethe decrease in angle indicates tfigX + dX) is Glose©Oto p thanis 1'(X),
thus|f(7() ! f)| > |F()?+ dx)! f)| > (0 as claimed.This completes the proof.
QED.

FIGURE 1.2-1

F(E+d¥) - p

Budget Plane

The final propositiomodels the tatonnement process as a sequence of marginal exchanges made over time. Since
the difference between the consumerOs marginal price aeduce with each exchange, they muse eventually
reachzero.

Proposition 1.2-3: Unilateral Tatonnement

Given a consumer described by marginal price functi¢r), and at timef,, possesses an initial bundle
X[t,]. Given also thathe corsumeris given the opportunjtto exchange any number of marginal bundles
at a fixed price p. The consumer willat 7, andin future time periodd,, + 1, exchange marginal
bundlesdX[t, +N] , until he attains a bundig[z, + z] for which f (X[t,+Z])= p. Furthermore, the
total usevalue V (X[t, + 2] — X[t,]) gained bythe consumer will be the maximunaadlable to him at

prices P given his wealthw = p¥X[t,] .

PROOF:

For every time period, + N for which the consumerOs marginal prit€X[t, + n]) do not equalp , Proposition
5.1.21 implies that the consumer will exchange a marginal bud®(é, + n]. As result, the use value the
consumer enjoys will have increased, i¥(X[t, + n] + dXt, + n]) >V(X[t, +Nn]). Per Proposition 5.1-2 we
know thatfor every time period we ha\*é'(?c[to +n])! [3‘ >|I7(J_C.[t0 +n]+dx[t, +n])! ]3| >0.
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At the beginning of every time peridg + n +1, the consumerOs bunidlesimply the one he held previously,
adjusted by the bundle exchangeqf, + n+1] " X[t +n]+ dx[t +n]. Per Popositions 5.1.2 and 5.1.2
we thus have:

V(x[t, +n+1]) >V (x[t, +n]) (5.1.214)
[F(X[t, +nD! Pl >|F(X(t, +n+1]! f{>0 (5.1.215)

From Equation 5.1:25 it is apparent that:

limit

Pt +n)# P =0 (5.1.216)

For practical purposes, we will choose samenber € thatis negligibly close to zero. Since Equation 5:16
approaches zero monotonically, there must be some nuthkier <! such that:

(3L, +2D)! pl<” (5.1.217)

Therefore, at least foractical purposesx[#, + z] is the bundle for which the consumerOs marginal prices equal

p-

According to PropositioB.1.1-1 exchange will stop at this pojrtnd will not restart as long gs or X[t, +z]
remain unchanged.

To show thatV (X[#, + z]) provides the maximma use value available at pricgs, we asume for a moment that it
doesnot. By Assumption $Equation 14), the indifference curves o (X) are convex. Thus, iV (X[, + z]) is
not the maximum, there is some margipahdle dxX” the consumer could exchander which

V(X[t, +z]+dx") > V(X[t, + z]). If theconsumer were to make such exchange, his marginal price vector
7 (X[t, + z]+ dxX”) must satisfy Equation 48 (Assumption 5), thus:

[F(xlty + 2]+ dX)— F(E[t, +z]) | e dX’ <O (5.12-18)
Since at equilibriun¥ (X[, +z]) = p, and p @ dx is always zero, Equation (518) becomes:
F(X[t,+z]+dx")edx’ <0 (5.1-19)
If the consumer, who now holdg[ 7, + z]+ dx” were to reverse his exchangedt’ , he would gain a positive
surplus since:7 (X[, + z]+ dx") e (—=dx") >0 . We thus havéd/ (x[z, + z]+ dx) < V(x[t, + z]) which
contradicts our temporary assumption. We have thus show¥{xdtt,, + z]) is the maximum value available to

the consumeflThis complées the proof.
QED.
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2) BILATERAL E QUILIBRIUM

Bilateral exchange, or the exchange of goods between two indivithiaiedeled as an extension of the of the fixed
price exchangeTwo individualswith marginal different priceg (x ) and r (X ) which are functions of the
bundlesX" and x’ they respectively holdngage in a sequence of bilateral marginal exchangeachround the
individuals agree ta price p that liesObetweenO their marginal prices, at which the bufdke dx' = —dx’ is

to be exchanged. Once the price has been agreed upon, the remainder of the exchange is, to each consumer, no
different from a fixed price exchange. We know thereforeghah marginal exchange benefits each consumer, and
causes his marginal prices to contract towgpds Since p is Obetween® (¥*) and f (X ) , we show that these
marginal prices have contracted towards each other. In the tatonnement process, we show that the contraction
continues until the consuersOmarginal prices merge into the equilibrium price. Finally we show that the use value
enjoyed by each consumer ietmaximum available to them given the bundles they started out with, and the
equilibrium price.

2.1) More Definitions

We begin by defining what it means for a vectolapObetweenO another pair of vectors. There are two different
notions of ObetweemessO that we will have occasion to use. The first applies to a vector that lies in the same plane
as the vectors it is ObetweenO. Such a vector can be described algebraically in terms of the other vectors. The
second notion of ObetwerassO applies sovector whose components lie between the components of the bounding
vectors. Such a vector lies in the hypectangular region of space defined by the vectors it is said to be between, as
shown in Figure 5.2:1.

Definition [A vector that |ies OBetveenO a pair of vectors]
Given Three vectorsox B andC each ol components: VectoB lies Obetweené and C if and
only if B can be expressed in the forr]B C+k(A! C) where.0<k<1 and j>0.

Definition [Box Defined by Two Vectors]
Given pair of vectorsA = A@, + A@, +---+ AP and C= C/O+C,)0,+" +C 10 The Box
defined by these vectors consists of the! sef all vectors ¥ such that for all component; :

A>C=Az2yx=C or C>A=Czy =A (2.1-1)
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FIGURE 2.1-1

Page 12




FIGURE 2.1-2

2.2) More Propositions and Proofs

Proposition 2.2-1 Bilateral Marginal Exchange
Given two consumers who are described by marginal price functions 7'(¥') and 7>(¥°), and who
possess bundles %' and X’ respectively.

If and only if 7'(¥')#7°(¥’), the consumers will agree to exchange a marginal bundle
dx = dx' =—dx* of goods at a price p that lies between 7'(X') and 7>(¥). As result of the
exchange:

a) The use value of both consumers will have increased V'(X¥'+dx')>V'(¥') and
VAR +dx*) > VIR,

b) The marginal prices of the consumers will have contracted together:
7' (EH =72 ()| > [F (3 + dx') - P (7 +di*) > 0
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Proof:

Since ;‘;1()?'1) and 7'2 (¥*) are of unit magnitude and 7'(¥')# ?zg)?z), there exists at least one good X; for
which I"il()'(l) > I-.iz()-(z) and at least one other good X, for which l-,kz()-(z) > fkl(Xl) . Therefore there exists at
least one price P that lies between 7' (X¥') and 7°(X*). Therefore, by Proposition 1.2-1 there is an opportunity
for both consumers to benefit from an exchange.

Per Assumption 1b the consumers will attempt to negotiate the price p and the contents of marginal bundle dX so
as to satisfy:

consumer #1.: d)!cl =}!’1()!cl)— (}I’l(ylcl)¥1|9);7
L, L, 1, Iy
consumer#2. dx°=r"(x )—(r (x )¥p)p (2.2-1)

| | |
dx' =—dx® = dx

This will cause the consumers to choose a price that lays exactly half way between 7' (¥') and 72(¥?) ,i.e. with
k= ]/ 2. To show this, we combine Equations 2.2-1 giving:

di=tyt (iop)b=(i26¥h) b 260
OO0 = (100 + 20O D) p 22
PO PO

HOO) OGP [ +17(C)

!
p =

In the last step of Equation 2.2-2 we have recognized that the denominator is a scalar, hence the direction of p is
given by the numerator. Since p is by definition a unit vector, its dot product with any vector parallel to it is simply
the magnitude of the parallel vector.

By Proposition 1.2-2, the marginal prices of both consumers will contract towards P, i.e.

[P p|>[FH (" +dx')! >0

(2.2-3)
[F2(x*)1 p|>[r*(x* +dx*)! p[>0
Since P is between i‘l()'cl) and i‘l()'cl) as shown in Figure 5.2-2 we must have:
7' (&) -7 (@) > | (& +dx') - P2 (F +dx*) > 0 (22-4)

This completes the proof:
QED
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FIGURE 2.2-1

PG+ dx) - (R +dxP)

Proposition 5.22-2 Bilateral Tatonnement

Given two consumers described by marginal price functio(&’), and 7> (¥) respectively. At timef,
they possess respective initial bundlfels[to] and )?z[to]. If, in any time periodf, +n the consumers
are allowed to exchangearginal bundlesix[#, + n], they will do so until a time periog}, + z in which:

a) The consumers arrive at a common OmarketO set of priggg+z] where:
FUE Tty +2D) = F2(X°[t, + 2]) = plt, +2]

b) The consmers will have obtained the maximum use value available to them at pfiget z], given
their initial bundlesx'[#,] and ¥*[¢,].

Proof:

At any timef, +n, where n=0,1,2,...unless the maigal prices of the two consunsemrealready equal
Proposition 5.21 indicates that they will exchange a marginal bundlg?, +n]at a mutually agreed price
plt, +n]. After the exchrge is completed, the consurs®marginal prices will have contracted towards each
other, i.e.:

|7 GE' Lty + D) = P2 [ty + n])| >[F @[ty + n+ 1) = F> (@1, +n+1])[ >0
Where:
X'[t, +n+1]=X'[t, +n]+dx

¥[t, +n+1]=X'[t, +n]—dx

Since this applies to every time periege must have:

Page 15



limit | _,

IRty +n) = F2(F[t, +n]) =0 (2.2-16)

n—eo

As before, wechoose some number > 0 thatis negligibly close toero. Since Equatioh.2-16 approaches zero
monotonically, there must be some numBet z <! such that:

[Pt + ]! PP ) < (2217)

Thus equilibrium is achieved (and exchange stops) at tigé zZ when: ‘Fl(?c'[to +z]) =7 (31, +z])‘ as
claimed. This completes the proof of (a)

To prove part (bwe know from the definition of ues value and from Assumption (#hat the usevalue each

consumer gains through the course of their marginal exchanges does not depend on the exchanges themselves. For
Consumer 1V'(¥'[t, +z])—V'(X'[¢,]) would be the same whether he acquinedt, +Z] through bilateral
marginalexchanges or through fixed price exchanges mad@[@ﬁ Z] . The maximization result follows from the

unilateral tatonnement (Propositidn2-3). This completes the proof of part (b)

QED.

3) MULTILATERAL EQUILIBRIUM

The multilateralcase, where goods are exchanged among many consumers, is broken into many bilateral marginal
exchanges.Eachexchangedrings the marginal prices of the trading partners closer to the averages for the whole
community. The partners to any given marginalh@nge do not necessarily continue making exchanges with each
other. They may meet and exchange only a single marginal bundle before moving on to find other partners. If we
were to plot the marginal price vectors for each member of the community asipant coordinate planehey

would appear as a random cluster that is collapsing ¢mtcenter, as shown in Figugel. With each margial
exchange, the mean shifts to compensdtiee mean to which the points collapséhisreforeconstantly readjusg

S0 as to maintain its central position in the cluster.

Consumers would be expected to Oshop aroundO for partners with whom trade will provide the greatest benefit.
These are of course those individuals whose marginal prices differ the most fromréispiective partners. We

model this by only considering exchanges between consumers whose marginal price vectors define a OboxO that
contains the current mean. This indicates that while one partnerOs marginal price for a given good is at or above the
mean, the otherOs marginal price is at or below the niBams individuals will choose partners whose marginal

prices are somewhat Oacross the clusterO in Figitedsdpposed to nearby neighbors.
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FIGURE 5.3-1

3.1 Ddinitions

DEFFINITION: Mean Marginal Price

Given a community of consumersy € (1,2,...m), able to choose among the same seh gbods

i €(42,...n). Given that each consumgtholds a specific bundl&” and is described by his or her
individual marginal price function:

FH(X) = (x XEE X+ 1 () XGE X))@, + 41 (X XGE X)),

= iriu()!(u)(ﬁ)l

(3.1-1)

The Mean Marginal Price is a yectg_)ir: pl(f)1 + pz(f)2 +--t png?)n , each component ; of which is the
mean of the marginarices " (X") of the consumergt for the goodx; given by:
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p; ! er,-”(x“) (3.1-2)
mi=

DEFFINITION: Deviation from the Mean Marginal Price

Given a community ofn consumerst € (1,2,...m), able to choose among the same set gbods

i €(42,...n). Given that each consumgtholds a specific bundl&” and is described by his or her
individual marginabprice function7*(x"). The Deviation from the Mean Marginal Price by the marginal
price of the it ™ consumer is the vectar = 7*(X*)— p

DEFFINITION: Average Deviation from the Mean Marginal Pr ice

Given a community ofn consumerst € (1,2,...m), able to choose among the same set gbods
i €(42,...n). Given that each consumgtholds a specific bundl&” and is desibed by his or her
individual marginal price functior” (X"). The Average Deviation from the Mean Marginal Pr@ds

the average of the magnitudes of the deviations from the from the mean marginal prideygive

I
2

i(i(i“(i“)— P, )2] (3.13)

3.2) Propositions

For a pair of consumers whose marginal prices define a box that contains the mean, the following proposition
indicates that a bilateral marginal exchange between them will result in bogiraitrginal prices drawing closer

to the mean. We show this in two steps: First we show that the Assumption-@fddamtion in its strongest form

will cause the marginal prices for both consumers to shift into the interior of the box. We do thisiolgiiog the

impact of Assumption (5) on each component of the marginal price vectors individually. As result of the exchange
the shifted marginal prices* (¥* +dx*) and 7' (¥' +dx') will lie in the corner regions of the Rmear7* (")

and 7' (X') respectively.

The second step of the proof will be to show tha(x* +dx") and 7' (¥' +dx') must be closer to any poi
that is nterior to the box, than ae* (¥*) and 7/(¥') . This is apparent frorfigure 3.21.
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FIGURE 3.2-1

",
dxt FEE 4+ ) — P
Pt
PR+t =7 (B +dx)
P -7 (F)
FaE-(F e p)p
D= (7@ p)p
7 +dx")
FUE + di)—F ()
dx_l
ra
PROPOSITION 3.2-1 Marginal Price Contraction towards the Mean |
Given two consumers who are debed by marginal price functions”(x) and r'(X) respectively who
are members of a community of consumershaving mean marginal prico . Given also thatp liesin
the box defined by (¥*) and ' (X). o .
The consumers will exchange a marginal bur@e= dx" = ! dx? after which, their margjnal prices will
have contracted towards the mean, {8(X" +dx*)| <[3*(x*)| and|$' (X' +dx)| <|$'(X')
Proof:

We begin by showing that!tk()!(k + d)!(k) lies within the box defined by!‘ k()!(k) and ;‘l()!cl) .

From the proof of Propositio2.2-1 we know that the pricep at which the cosumers will agree to trade lie
between “(X*) and 7'(x"). Thus, for any goodx, for which 7*(¥*)>r'(¥') it must also be true that
;’ik(?ck) > p,. Consumerk will thereforepurchase gpositive) quantity dxf. After the purchase is completed,
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Assumption 5 implies that Consumer kOs marginal price fow, will have shifted e that
(rik Z* +dx*) - r,.k (ik))dxik <0 since dxﬁc is positive the term in brackets must be negative and:

rf (x> G+ d ) > (R (3.21)

Similarly, for any goodx; for which rl.k(?ck) < rf (') it must be true thar,.k(?ck) < p; . In this case Gnsumerk
will sell a (negative)quantity —dxf.‘ . Again after the purchase is completed, Assumpti¢Bduation 13) implies
that (rik (X" +dx*)— rik(fck))(—dxf) <0 since the exchaye quantity this time is negative we must have:

rr ) <t G+ Xty < (3 (3.22)

From Equations, (3:2) and 8.2-2) we know that by definition7* (¥* + dx*) lies within the box definedy
r*(x*) and7'(x"). By similar reasoning it can be shown ta(x' + dx') lies within the box as well.

We now show that because these vectors lie within the box, they have contracted towards thiatiearitom

Figure 3.2-1 that such box islso defined by the vectors by (x*) and 5'(¥'). Since F*(¥* +dx") and

7'(x' +dx') lie differentially close tof “(X*) and r'(x') respectivly we must havefor all components
ke=k | g=

s;(x" +dx):

sS ) >s(E) = sFEH S SIE +dX) > p > sl () 523
ss G <sI(E) = sSFEH<siE dR) < p, <5 (7 '

Without loss of generality, assurnemponentssf (x)< s; (x") and sl/, (x") < slf (x*) areas shown in Figurs.2
1. Assume thatheonly component ofs* (¥ + dx*) thatdiffers from 5*(X) is the & componenﬁf Z* +dx").
For all points within the box for which* (¥* + dx*) # 5" (¥*) we must haves’ (¥* + dx*) <5 (x") in this
case:

1

\E"(xud@\:((sj(sc"+d55))2+2(sf(xk))2j <[i(sf(xk))2] =[G G2

i#a i=1

Using the same reasmg, we can show that Equati@m2-2 will hold for every componensl.k(?ck +dx*) were it
the only one allowed to deviate from its corresponding composjg’) . Since all vectors* (¥* + dx) contain

at least one component thatsimaller than their corresponding componentgfbﬁk) (and no componentshich
are larger) it must generally be true th%ﬁk(?ck +d)?k)‘ <|§k(?ck)‘ . By similar reasoning, it can be shown that
‘El(?cl +d?c’)’ <|§’(5él)|. Thus, the marginal exchange has caused totisumers@arginal prices taontract
towards the mean as claimed.

QED.
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PROPOSITION 3.2-2 Multilateral Tatonnement

Given a community ofm consumersft € (1,2,...m), with each consumell described by a marginal
price functionf *(X) and holding a bundle”[#, + n] attimez, +n. Given also thaatany time period
the community is described by a mean marginal pﬁcteo +n] and average deviation of marginal prices
o[t,+n]. Given thatin any e period in which the consuns®marginal price are not all equal, a pair
of consumersk andl, whose marginal pricefk(?ck[to +n]) and F’(?c'[to +n]) enclose the mean, are
allowed to exchange a marginal bundldx[t,+n]. Therefore the following will occur

a) Marginal exchanges will commence and continue until a time pdfidez at which time all consumers
arrive at a common set of OmarketO prjeles + z] where: 7" (X" [t, + z]) = plt, +z] Vu

b) The use valueif"[tO + z] of each consumer will be the maximum available to that consumer at prices
plt, +z], given their initial bundles at timg, .

Proof:

Exchange of the marginal bundiéxX is implied by Proposition2.2-1, as is the contaion of the consumed
marginal priced toward each othétroposition 5.3.2L implies that the marginal prices of both consumers will
contract towards the mean, i.e.:

|54 (X411, + 1+ dx“[t, + n])| <[5 (@[t +n])
3.25
|§'®[t, +n] +dx'[t, +n])| <[s' &'[t, +nD)] (329

Since none of the other consurs@marginal prices will have deviated we must have:

o'lt, +n]2 lUE" ("Lt + )+ dx* L1, + )| +[5" (x'L1y + 1+ dx'[1, + n]))| + 3 5 (11, +n])\]

m u#k,l

<_( Z\ ﬂ[to+n])|]=o[to+n] (3.2-6)

u#k,l
The shift in the marginal prices for the two consumers will in general shift the mean gcallisihthe deviations to

changeslightly. At the beginning of the next time period the new mean Wi|fiﬁ% +n+1]. For the consumers
who were not engaged in the exchange, the new deviations will be:
sEt, +n+1]) =FH (X" [t, + n])— plt, + n+1] u#k,l (3.2-7)

For the consumsrinvolved in the exchange:

$E(F 1t +n+ 1) =F* (X411, + nl+ dx*[t, + nl) - plt, +n+1]
(3.28)
§' (%'t +n+11 )=F" (¥'[t, +nl+dx'[t, +n] )— plt, +n+1]

Recalculation of the mean may decrease the average deviation but cannot increase it, therefore:
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Flt,+n+1]1" I #t,+n]<! [t, +n] (3.29)
We know therefore, that in every time period the average deviation decreasedstduexchanges, hence:

mt olt, +n]=0 (3.2-10)
Using the! " z reasoning as was done in Proposition 52L\@e know that there is some time perifg+ Z at
which ! [, +z] differs from zero by a negligible amount. Wil’h[tO + 2] =0we know that allconsumersO
marginal prices will have converged to the mean, which becomes the market price as claimed, i.e.:

Pt +2 = [t +2)" p " u (3.211)
This completes the prbof (a)

To prove part (bwe know from the definition of use value and from Assumption (4) that the use value each
consumer gains through the course of their marginal exchanges does not depend on the exchanges themselves. For
Consumer i V*(x"[t,+z])— V*(x"[#,]) would be the same whether he acquirgd[z,+z] through

multilateral marginal exchanges or through fixed price exchanges mab[atdaﬂ- Z]. The maximization result

follows from theunilateral tatonnement (Proposition 5:BR This completes the proof of part (b)

QED

4) CONCLUSION

The dynamic theory of exchange equilibrium presented here characterizes it as merely a social process that brings
about agreement as to what pricesudtidbe. In all cases considered here, the tatonnement processes are highly
robust, capable of bringing about equilibria for nearly every possible initial distribution of goods and for any set of
consumers.

From the analysis presented, there fame waysin which any policiescan impacthe tatonnement processes: The
most obvious of courseould be artificially fixng prices. This is the only intervention that actually conflicts with
the market mechanism. While some such actions are necessary, takyagecostly. Attempts to prevent the sale
of contraband goods, gives rise to black markets that are extremely difficult to curtail.

The important interventions to consider come in the form of goods redistribution, through taxes, transfers and
governmehpurchases; or in the form of regulations that impact the sellerOs marginal prices, which are driven by his
marginal costs. The tatonnement processes are fully capable of coping with these interventions. Such interventions
merely shift the equilibria.There is nothing in this analysis (or in current neoclassical theory) that establishes any
one equilibrium associally @ette©than any another. The ability to determine which equilibria maynbee
desirablewill require the additionahnalytic tools pesenteclsewhere3].
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