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1 Introduction

Since the seminal works of Merton (1971) and Black and Scholes (1973), continuous-time models have been used
extensively in financial economics, see the excellent survey by Sundaresan (2000). Econometricians have also
paid close attention to this line of literature. Maximum likelihood, generalized method of moments, simulated
method of moments, and nonparametric approaches have been developed for model estimation, see, for instance,
Singleton (2001), Bandi and Phillips (2003), Hong and Li (2005), and Phillips and Yu (2009a).

As shown in the literature, there exists serious bias in estimating the mean reversion parameter (k) by
almost all the methods, especially when the diffusion process has a linear drift function and the speed of mean
reversion is slow (i.e., small values of k). For example, Phillips and Yu (2005) found that the bias of the maximum
likelihood estimator (MLE) for « in the CIR model (Cox, Ingersoll, and Ross, 1985) can be substantial for data
sets with very long time spans, regardless of data frequency. Recently, Tang and Chen (2009) showed that the
bias of & is up to O(T~!) in the stationary Vasicek model (Vasicek, 1977), where T is the time span. They also
derived the approximate biases of the diffusion and drift estimators, and their simulations demonstrated that
the estimation biases of diffusion and drift parameters are virtually zero, but K could be severely biased. Since
the mean reversion parameter k is of most importance for asset pricing, risk management, and forecasting,
considerable attention in the literature has arisen to improve its estimation accuracy. Recent contributions
include indirect inference (Phillips and Yu, 2009b), bootstrapping (Tang and Chen, 2009), and analytical bias
approximation (Yu, 2012).

In addition to the classical asymptotic analysis under expanding domain (7' — o), asymptotic results under
infill (n — oo, where n is the number of sample observations within a data span 7T') and mixed (n — oo
and T' — oo) domains are also analyzed in the literature. In the context of Vasicek and CIR processes with
unknown drift, Tang and Chen (2009) showed that asymptotic distributions of the MLE are quite different under
expanding and mixed domains. Ait-Sahalia (2002) derived the asymptotic distribution of his approximate MLE
under the expanding domain in diffusions models. A striking observation from his simulations is that under the
stationary case, the asymptotic distribution of the estimated mean reversion parameter deviates more seriously
from its corresponding finite-sample distribution as the true parameter value deceases from 10 to 1, i.e., as the
process is getting closer to a unit root process, even with a very large sample size (n = 1000). Under the mixed
domain, Brown and Hewitt (1975) obtained the limit normal distribution for the MLE of & in the Vasicek model
with a known drift term, see also Bandi and Phillips (2003, 2007), and Phillips and Yu (2009¢) for asymptotic
analysis under mixed domain. In a recent paper, Zhou and Yu (2010) derived the asymptotic distributions of the

least squares (LS) estimator of x in a general class of diffusion models under the three different domains. They



provided Monte Carlo evidence that the infill asymptotic distribution is much more accurate in approximating
the true finite-sample distribution than the asymptotic distributions under the other two domains.

The problems of estimation bias and inaccurate and different distribution approximations floating in the
literature are largely due to the absence of exact analytical distribution results. Moreover, in reality, given the
discretized data (with a given finite data span T and finite sample size n ), we do not really know under which
asymptotic domain our inference about & shall be, but the asymptotic distribution results can behave quite
differently under expanding, infill, and mixed domains. To address these problems, in this paper we investigate
the exact distribution of the estimated mean reversion parameter in the Ornstein-Uhlenbeck process. To the
best of our knowledge, our paper is the first to examine the exact finite-sample distribution of the estimated & in
continuous-time models. Since the MLE of k is a simple transformation of the LS estimator of the autoregressive
coefficient ¢ in a first-order autoregressive (AR(1)) model with discrete data, our study is intrinsically related
to the vast literature studying the finite-sample distribution of the AR(1) coefficient estimator (Ab The Imhof
(1961) technique, in conjunction with Davies (1973, 1980), was typically used to develop the exact distribution
of é, see Ullah (2004) for a comprehensive review. Nevertheless, the Imhof (1961) technique is applicable only
when the process is strictly stationary with an initial random observation included in formulating (Z’), or when the
first observation is discarded. Computational burden of the Imhof (1961) technique also increases tremendously
as the sample size of the AR process increases, since it involves computation of eigenvalues of a matrix whose
dimension is the same as the sample size. In this paper, we take a different approach by first analytically
evaluating the joint characteristic function of the random numerator and denominator in defining (}5, and then
inverting it via Gurland (1948) and Gil-Pelaez (1951) to calculate the exact finite-sample distribution. This
approach is in line with Tsui and Ali (1992, 1994) and Ali (2002). However, note that in Tsui and Ali (1992,
1994) and Ali (2002), no intercept term was included in the AR(1) model. This is equivalent to a known
drift term in the linear diffusion process. In this paper, we consider explicitly the case when the drift term is
unknown. Moreover, Tsui and Ali (1992, 1994) did not include the initial observation in formulating the LS
estimator qAﬁ, whereas Ali (2002) focused on the approximate distribution with the initial observation included.
The initial observation does matter in studying the exact distributions in finite samples; in fact, it also matters
even for the asymptotic distributions under several scenarios.

The remainder of our paper is as follows. In Section 2, we derive the exact distribution of the MLE of the
mean reversion parameter k. We also presents simulation results and compare our exact distribution results
with the asymptotic results under the three different domains. In Section 3 we construct the exact confidence

intervals for the mean reversion parameter x when the linear diffusion model is used to study the real federal



fund rate, and we find strong evidence of the non-mean-reverting behavior. Section 4 concludes. Technical

details are collected in the appendix.

2 Exact Distribution

We consider the Ornstein-Uhlenbeck (OU) process with the initial value x(0),
da(t) = k(p — z(t))dt + odB(t), (2.1)

where Kk € R, p € R, 0 > 0, and B(t) is a standard Brownian motion. We are interested in estimating the

parameter k. When & # 0, the solution to the above process is
t
x(t) = p+ (z(0) — p) exp (—kt) + O’/ exp (k(s —t))dB(s), t > 0. (2.2)
0

Usually « > 0 is assumed, and then as ¢ — oo, the deterministic part of = tends to the mean level u, so we have

a mean-reverting process. When x = 0, the process is no longer mean reverting;:
z(t) = z(0) + o B(t), (2.3)

where the parameter p vanishes.

In practice, the observed data are discretely recorded at (0, h,2h,--- ,nh) in the time interval [0, 7], where
h is the sampling interval and T is the data span. The exact discrete model corresponding to (2.1) is an AR(1)
model:

Tih :a+¢x(i—1)h+5iha 2:0713 )y 1, (24)

where ¢ = exp(—kh), a = u[l —exp(—rh)], and ;5, ~ 4.i.d.N(0, 02). The definition of the error term &;;, depends

on whether & is positive or zero: e;;, = oe;\/(1 — exp(—2rh))/(2k) when & > 0, £;, = ov/he; when & = 0, where

€; ~ i.4.d.N(0,1). Correspondingly, 02 = o%(1 — exp(—2xh))/(2k) when k > 0 and 02 = o%h when x = 0.

Note that the autoregressive coefficient ¢ is always positive by definition. When x =0, ¢ =1, a = 0, so (2.4)

becomes a random walk (with no drift). In the sequel, we suppress h in x;, and ;) for notational convenience.
It is well known that the LS/ML estimator of x based on the discrete data is

In(¢)
h )

f=—

(2.5)



where ¢ is the LS estimator of ¢ in (2.4). When p is known (without loss of generality, u = 0), ¢ =
S wiawi) S a2 for the case of unknown g, ¢ = S\ (xi1 — @)xi) b (wi1 — ©)?, where T =
nt Y it

We are interested in studying the properties of & estimated from the discrete sample via c}S As can be
expected, the exact properties of # depend on how we spell out the initial observation x(0) = x¢. It can be fixed
(at zero or a non-zero constant) or random. In this paper, when z( is random, we assume that the time series
(zo, 21, - ,xy,) is stationary.

Note that (2.5) is defined only if é > 0. However, (;5 can be negative with a non-zero probability. Thus, we
define exact distribution of # — k as Pr(k — x < w) = Pr(k — k < w|¢ > 0). With this definition, we can show
that

A 1— Fy(¢exp (—hw) — )
Pr(k—k <w)= 1= Fy(—9) .

(2.6)

where F ¢() denotes the cumulative distribution function (CDF) of ¢ — ¢.2

As can be seen, with a given sampling frequency h, the distribution of < — k follows from the distribution of
(ES—qb. When £ > 0 and zq is random, we can write (Eb—q’) as a ratio of quadratic forms in the normal random vector
(xo, 21, - ,x,), and the technique of Imhof (1961) can be used to evaluate F{z), and thus F;. For a fixed g, it is
not obvious how to directly apply Imhof (1961).% More fundamentally, Imhof’s procedure requires computation
of eigenvalues of an (n + 1) x (n + 1) matrix, which becomes very cumbersome as the sampling interval h
decreases. Therefore, we proceed to derive the distribution function F' ) by using the results from Gurland
(1948) and Gil-Pelaez (1951) on a ratio of two random variables: Let Y; and Y, have the joint characteristic
function (CF) ¢ (u,v) = BE(exp (iuY; 4 ivY3)). If Pr (Y, < 0) = 0, then the distribution of ¢ — ¢ = Y /Y5 is

given by
Fyy) = Prtp—o <) =3 | T Im (”“;“y)) du. @.7)

Given the CDF (2.6), one might be tempted to evaluate the probability distribution function (PDF) of
# — k (again conditional on ¢ > 0), fa(w) = héexp (—hw) f3(@exp (—hw) — ¢)/[1 — Fy(—¢)], where f,(-)
denotes the PDF of ¢ — ¢ and can be calculated from F(; (y) =71 [;7 Im (0p(u, v) /OV]y=—uy) du. As pointed
out by Hillier (2001), the density function of a ratio of normal quadratic forms (for instance, in the case when

k > 0 and z is random), can be nonanayltic at some points. Thus in this paper we focus on the CDF only.

1Since we are interested in studying the finite sample properties of &, the initial condition zp matters and we include it in the
estimation procedure. This stands in contrast to the convention of Hurwicz (1950). For the case of known p, if u # 0, one can
simply define y; = z; — p and work with y;.

2Note that (2.6) holds regardless of the distribution assumption.

31f we discard zo in formulating (Z), then the Imhof (1961) technique is still applicable, as we can define qAS in terms of quadratic

forms in the random vector (z1,z2, - ,zn)’.



2.1 Joint Characteristic Function

For us to be able to use (2.7) to derive (2.6) for & — k, an essential task is to evaluate the joint characteristic
function of the numerator and denominator in defining gAé — ¢. To facilitate presentation, we first introduce
some notation. Let 0,, be an n x 1 vector of zeros, I,, be the identity matrix of size n, ¢, be an n x 1 vector
of ones, M,, = I,, — nilbnl,/n, e; » be a unit/elementary vector in the n-dimensional Euclidean space with its
i-th element being 1. Given an (n — 1) x (n — 1) matrix C,,_;, we define AS as an n x n matrix with its lower
left block being C',,_; and all other elements being zero, and Bg as an n X n matrix with its upper left block
being C,,_; and all other elements being zero. When C,,_; = I,,_1, we simply put A, = A,IL and B,, = BfL.

-1

For an n x n matrix C,,, we use ¢y ;; to denote its ij-th element, and cnij) to denote the ¢j-th element of C, ",

whenever it exists. Throughout, V', is an n X n matrix with its ij-th element gi)li_j |

When £ > 0, define z; = (z;—p) /0., i =0,-++ ,n,and z =n"* Y7 | z;_1. Obviously, b= S zic1zi] Yoy 2P

for the case of known p, and ¢ = Y7 (zi1 — 2)z;/ S0, (zi—1 — %)? for the case of unknown .

In the case of k = 0, the parameter p vanishes, and we define Z; = x; /0. and Z = n~1 Z?:l Z;_1. In practice,
we may still proceed to estimate ¢ from the discrete AR(1) model without or with an intercept even when the
parameter 1 is not defined. Correspondingly, ¢ = S0 % 1%/ S0 22 jor =S (Zio1—2)5/ S0 (Zi1—
52,

Denote z,, = (21, -+ ,2n) and €,, ;1 = (20, zn)’- Note that (22, ,2,)" = (0p—1,1n—1) Zn, (21, -+ , 2n—1)" =
(In-1,0p,_1)2zn,and (z0 — Z,+ -+ , 2p—1 — z) = M, A, zp,+2z0M,e1 . (Results pertaining to Z can be obviously
defined.) Thus we can express the following sums in matrix notation:

S zic12 = Zoznern + 2nAnzn = Chi1 A1l

Y1zl =28+ 2,Brzn = (o By G,

Yy (i1 = )z = 2, My Anza + 202, Muern = € Anii o,

S (zic1— 2 =2, A M, Az, + zge’l’nMneLn + 2202, A, M ,e1 , = C;+1B%1§n+1.

Consequently, when « > 0, we can write the numerator and denominator (Y; and Y2) in formulating
¢ — ¢ in terms of quadratic forms in either z, (when zg is fixed) or Cni1 (When zg is random). Define
the following matrices/vectors (note that these matrices and vectors depend on u, v, and model parameters; we
have suppressed their arguments):

R, = I, + (¢* + 2iug — 2iv) B, — (¢ +iu) (A, + Al,),
8, = iu(l, — 20 A )M ey, + 2ivA] M e, + deq n,
S, =1I,+¢*B, — (A, + A) —iu(M,A, + A M,) + 2i(up — v)A' M, A,,

Toi1=(1-¢>)V 1 —iu(AM, + AN) + 2i(ug — v) B 1.



Then we can present the characteristic function ¢(u, v) under the different scenarios as follows (see the appendix

for detailed derivation; when x = 0, R,,, 8, and S,, are defined with ¢ = 1 in their expressions).

Characteristic Function of gES —¢

K p (intercept in AR(1) or not) xg ¢ (u,v)

2
>0 Known (no intercept) Fixed exp [%0 (1 - %)} |Rn|_1/2

Random W (an+1| —¢° |Rn|)_1/2

Unknown (with intercept) Fixed exp [—% —i(up —v)zg (1 - L) + %z(%&;s;lén} |Sn|—1/2

Random V1-¢? |Tn+1|71/2

=0 No intercept Fixed exp [2—28 (1 - %)} |Rn|71/2
With intercept exp [— ¢222§ —iu—v)R (1-1)+ %235;5’;1571 |Sn|71/2

With ¢ (u,v) in hand, we can directly use (2.7) to derive the distribution function of é, which in turn
can be plugged into (2.6) to obtain the distribution function of . Clearly, in this procedure we need to find

» " and T, ;). When n is small, this can be

determinants (|R,|, |Rn+1], |Sn|, and |T,+1]) and inverses (S
done easily numerically. But for a moderately large n, for example, T'= 10, h = 1/252, n = 2520 (daily data
over 10 years), this can be quite time consuming. Instead of numerically evaluating these determinants and
inverses, we proceed to derive direct analytical expressions, presented in Appendix B, by utilizing the special
structures of these matrices.

The essential merit of our approach is computational efficiency based on analytical, instead of numerical,
determinants and inverses. We make no attempt to control computational accuracy when applying numerical
integration in (2.7); instead we rely on Matlab’s adaptive Gauss-Kronrod quadrature integral procedure quadgk
by setting numerical absolute error tolerance (le — 12). The eigenvalue-based approach via Imhof (1961), when
applicable, might be able to manually control the integration error and truncation error, see Davies (1973, 1980),
Ansley et al. (1992), and Lu and King (2002). Our numerical exercise in the next subsection demonstrates that
our numeral integration approach in fact produces very accurate results. Also, as emphasized before, the Imhof

(1961) approach is not always applicable.



2.2 Numerical Results

In this section, we conduct Monte Carlo simulations to illustrate the finite sample performance of our exact
distribution in comparison with the “true” distribution and the asymptotic distribution. The data generating
process follows the OU model in (2.4), and the error term is generated from a normal distribution. The
asymptotic distribution results are available from Zhou and Yu (2010).* Note that under the infill asymptotics,
the results are conditional on the initial x.

We set T = 1,2,5,10, h = 1/12,1/52,1/252, k = 0.01,0.1,1, u = 0, 0.1, 0 = 0.1, Zy = p or xg ~
N(p,0?/(2k)). Compared with Zhou and Yu (2010), we have a more comprehensive experiment design, so as
to have a better understanding of the finite-sample distributions. For the fixed start-up case (xg = 0), we also
consider k = 0. As pointed out in Zhou and Yu (2010), the values of 0.01 and 0.1 for x are empirically realistic
for interest rate data while the value of 1 is empirically realistic for volatility.

Tables 1-4 report the cumulative distributions of T (k — k), where the “true” distribution results come from
1,000,000 replications, and we make comparison of the exact (p), true (peqr), and asymptotic results under the
three asymptotics (Pezp, Pmiz, Ping)-> In calculating the exact distribution with the analytical characteristic
function, we still need to implement numerical integration in (2.7). Appendix C discusses how to overcome
the problem of discontinuity of the square root function in the complex domain. The complete experiment
results are available from the corresponding author upon request. To save space, we report only the results for

= 1/12,1/252 in Tables 1-4 (each with two panels corresponding to 7' = 1, 10, respectively). Tables 1 and
2 report the cumulative distributions of T (k — k) under a fixed start-up when x = 0.01, with 2y = u = 0,0.1,
respectively, and Tables 3 and 4 report the results when x( is random.

Several striking features are present in these tables. First, the exact distribution results match to at least
the third decimal place with those obtained by 1 million simulations, in all the cases considered. This indicates
high accuracy of the exact results calculated by our numerical integration algorithm. In consistent with the
asymptotic results in Zhou and Yu (2010), there is no much difference between the results under the expanding
and mixed domains, and the infill asymptotics provide relatively better performance. Yet, the asymptotic
distribution under the infill domain may still provide poor approximation to the true distribution when the

data span is short, especially so in the left tails. While increasing data frequency does not affect much the

4Zhou and Yu (2010) did not give the expanding and infill asymptotic distribution results when & = 0 and pu # 0. This
corresponds to the scenario, in a discrete framework, when no intercept is present in the true model, but a constant term is
included in the regression. The expanding and infill asymptotic distribution results easily follow via the generalized delta method.

5Tn simulating the asymptotic (non-normal) results, 10,000 replications are used and a sample size of 5,000 is used to approximate
the integrals involving the Brownian motion by the discrete Riemann sums, with the exception that the infill asymptotic results
when zo is random are calculated as averaging over 2,000 replications, where in each replication, zo ~ N(u,02/(2x)) and the
discrete AR(1) process is of sample size of 2,000.



asymptotic distributions, it does affect the true distribution, and the remarkable performance of the exact
distribution is robust to data frequency, as well as to data span and other aspects of model specification.

Second, the true distribution of & is highly skewed to the right. Normality is a terrible approximation of the
finite-sample distribution of 4. Moreover, we can infer from these tables the exact/true median of T (£ — k) in
all cases are substantially positive. (A direct calculation of the median is also possible, see the last paragraph
in this section to follow.) This suggests that & can significantly over estimate s in finite samples. This degree
of overestimation does not decrease with a higher data frequency (given a fixed data span). This is in line with
the observations made by Phillips and Yu (2005) and Tang and Chen (2009). On the other hand, increasing
data span might help alleviate this problem, though somewhat marginally.

Third, how the initial observation is spelled out affects significantly the exact distribution of k. For example,
for the fixed start-up case, the exact distribution is less skewed to the right when zy = 0 compared with when
x9 # 0. Comparing the random start-up case versus the fixed start-up case with a known drift term (Table
3 versus Table 1), we see quite a difference in the exact distributions across the two cases and the former one
is less skewed; on the other hand, with a unknown drift term (Table 4 versus Table 2), there is virtually no
significant difference in the exact distributions across the two cases.® This feature is related to the role of initial
observation in the unit-root test literature, see, for example, Miiller and Elliott (2003) and Elliot and Miiller
(2006). Tt also suggests that the conclusions in Tsui and Ali (1992, 1994) with z( discarded should be examined
with more scrutiny.

Given the CDF function (2.7), one might be tempted to calculate the quantile function F;'(t), ¢t € [0,1]
by Newton’s method of interpolation. However, this involves calculation of the PDF function, which requires
another round of numerical integration, in addition to the possible problem pointed out by Hillier (2001).
Instead, we suggest employing a very simple bisection search algorithm. Since it is relatively cheap to simulate
the asymptotic results and we have observed that the infill asymptotic results are more reliable compared with
the expanding and mixed asymptotic results, we start with the ¢-th empirical quantile of the simulated sample
for approximating the in-fill asymptotic results, say co. If Fz(co) < t, we set ¢1 as the min {2¢, 1}-th empirical
quantile of the simulated sample. (Typically, Fz(c1) > t. If not, one can set ¢; as the min {ct, 1}-th empirical
quantile of the simulated sample, ¢ = 3,4,---, until one finds Fz(c1) > t.) If Fz(co) > t, we set ¢; as the
t/2-th empirical quantile of the simulated sample. (Typically, F;(c1) < t. If not, one can set ¢; as the ct-th
empirical quantile of the simulated sample, ¢ =1/3,1/4,--- | until one finds F;(c1) < t.) Given the two initial

points cg and ¢, a bisection search can then be straightforwardly applied to search numerically for F° ! (t). This

6The effects of the initial observation xo can be examined more carefully by looking at the characteristic functions presented
in Section 2.1. For fixed z¢, the characteristic functions behave differently under zero and non-zero xg. When the drift term is
unknown, we see that in the characteristic function, the exponent has terms involving a that dominate the initial value z.



algorithm is in a similar spirit of the algorithm in Lu and King (2002).

3 An Empirical Example

The linear diffusion model has been used to study the short-term interest rate in the literature. Even though the
term structure literature has documented that the short-term interest rate is highly persistent, an agreement

has yet to reach among economists regarding whether there is a unit root in the time series.

Figure 1: Real Federal Fund Rate

90 92 94 96 98 00 02 04 06 08 10 12

Figure 1 displays the monthly real federal fund rate from January 1990 to October 2012.7 If we use the
augmented Dickey-Fuller test or Phillips-Perron test, we fail to reject the null of unit root at any conventional
level. If we use the KPSS test, on the other hand, we fail to reject the null of stationarity at any conventional
level. The mixed results are in line with the observation from Bierens (2000).8

If we are willing to use the linear diffusion model for the real federal fund rate, then based on our exact
distribution approach, we can construct straightforwardly the exact confidence intervals of the mean reversion

parameter .° For comparison, we also report the confidence intervals under the infill sampling scheme.

"The real federal fund rate is calculated as the effective H-15 federal fund rate adjusted for the core PCE inflation rate. The
former is retrieved from www.federalreserve.gov and the latter is retrieved from www.bea.gov.

80ne possibility, as discussed in Bierens (2000), is that the series is nonlinear trend stationary.

9The distribution of # depends on the diffusion and drift parameters. We set them equal to the estimated values from the
sample. (Recall from Tang and Chen (2009) that estimation biases of the diffusions and drift parameters are virtually zero.) Also,
we regard the first sample observation as fixed and treat the drift term as unknown.

10



Confidence Intervals of x for Real Federal Fund Rate

99% 95% 90%
Exact [—0.1054, 1.1005] [—0.0531, 0.7940] [—0.0213, 0.6607]
Infill  [—0.1032, 1.0799] [—0.0492, 0.7671] [—0.0210, 0.6327]

It can be seen that the null value of kK = 0 is contained in the confidence intervals. The exact confidence
intervals are wider compared with those from the infill asymptotic distribution. Based on the infill confidence
intervals alone we might not be confident to conclude that x = 0, since we have already seen in the previous
section that the asymptotic distribution under the infill domain in general is good but may still provide poor
approximation to the true distribution in the left tail. (Note that the value of k = 0 lies on the left tail.) With
the exact confidence intervals, we are more confident to believe the non-mean-reverting hypothesis regarding

the federal fund rate.

4 Conclusions

We have investigated the exact finite-sample distribution of the estimated mean-reversion parameter in the
Ornstein-Uhlenbeck diffusion process. We have considered several different set-ups: known or unknown drift
term, fixed or random start-up value, and zero or positive mean-reversion parameter. In particular, we employ
numerical integration via analytical evaluation of a joint characteristic function. Our numerical calculations
demonstrate the remarkably reliable performance of the exact approach. It is found that the true distribution
of the maximum likelihood estimator of the mean-reversion parameter can be severely skewed in finite samples.
The asymptotic results under expanding and mixed domains in general perform worse than those under the infill
domain, though the latter may still perform poorly in the left tails. Our exact approach provides distribution
results of high accuracy, and thus it could be useful for conducting hypothesis testing and constructing confidence
intervals.

We note that the linear diffusion model, although extensively studied in the literature, is simple and re-
strictive in modeling financial time series. Nonlinear diffusion, diffusion-jump, and self-exiting jump models
have been proposed in the recent literature to accommodate hectic scenarios with large drops and recurring
crises. The estimation strategy and inference procedure in these models are more complicated. Typically, no
closed-form solution might be available for the estimator of interest. Therefore, studying the exact distribution
theory for such estimators for both Gaussian and non-Gaussian cases are extremely difficult and challenging,

and they are beyond the scope of this paper. Our efforts in this paper can be regarded as a starting point in

11



studying the exact finite-sample distribution theory in continuous-time models. By no means a simple extension
of our methodology can deliver finite-sample results in the more general nonlinear and non-Gaussian models.
However, this paper provides a message that the crude asymptotics (expanding, mixed, or infill) may give mis-
leading inferences in finite or even moderately large samples. Thus this calls for more caution in interpreting
the existing results, and more need for developing the exact finite-sample results for the more general models.
When the exact finite-sample results are not available, Edgeworth approximations, see Zhang, Mykland and
Ait-Sahalia (2011), might provide better approximations than the asymptotics, and they might be regarded as

standing in between the exact and asymptotic results.

Appendix A: Derivation of ¢(u,v)

When g is known (0) and £ > 0 (with zg fixed or random), or when there is no intercept in the discrete AR(1)
model and ¢ =1 (k = 0), ¢(u,v) can follow from Tsui and Ali (1994) with slight modification. (Recall that we
have the initial observation zy included in formulating the LS estimator ¢, whereas in Tsui and Ali (1994) the
initial observation was discarded.)

When g is unknown, x > 0, and xg is fixed,

/ /
2, My Anzy + 202, M e,

¢ = 7 7 :
2, Ay My Anzy + 2202, A5, M ey, + 25€) M e,

The density function of z,, (conditional on zg) is

f(zn)

n e 2
(ZW)_% exp [_Zi_l (212 bzi1) ‘|

n ].
= (2m) Fexp {Q[z; (Lo +6°Bn — 20A,) 2, — 20202, €10 + ¢2z£ﬂ} ,

and the joint CF of the numerator and denominator in defining qES — ¢ is

2 2
o (u,v) = (2m)" % exp (—¢2Z0 —i(u¢p — v)z%e’lynMnel)n)

oo 1 / /
. exp —iannzn—i—zoann dz,.

— 00

Note that €} ,M e, =1 —n"". Thus we have

2
]

p(u,v) = |Sn|_1/2 exp [— 5

—i(up —v)z] (1 - i) + ;zgéilsnlé"n] . (A1)
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If kK = 0 and there is an intercept in the AR(1) model, with z fixed, one can inspect that setting ¢ = 1 in (A.1)
and replacing zy with zy yield the corresponding CF.

When p is unknown and zg is random (and x > 0),

/ M
Cn+1An+1 Cn+1

i M ’
Cn+1Bn+1Cn+1

b=

which is invariant to p and ¢2.'© Without loss of generality, assume p = 0 and 02 = 2x/(1 — ¢?), so that

Cop1 ~ N(0ps1, Vg1 /(1 — ¢%)). Mt Then the density of ¢, is

—1/2 -1
1 Vn+1
exp [QC;H (1_(;52) Cn+1] s

n+1

f(Cor) = (2m)~ 25" | Yt

1— ¢?

and the joint CF of the numerator and denominator in defining ngf ¢ is

—-1/2 +00
_n+tl Vn 1 1
2 (u,v) = (27T) 2 1 _-;2 : / exp (_2C/n+1TTL+1Cn+1) dX7L+1'
Therefore,
0 (u,v) = \/1— ¢ |Thyr| /2. (A.2)

Appendix B: Analytical Determinants and Inverses

This appendix first gives the analytical determinants and inverses of various matrices involved in evaluating
©(u,v) and then verifies that these analytical expressions are valid.

First we introduce the determinant and inverse of a tridiagonal matrix. Let C,, be an n x n tridiagonal
matrix with ¢y on its main diagonal and ¢; # 0 on its super- and sub-diagonals. (When ¢; = 0, the results are
trivial.)

From Bernstein (2009, page 235), the determinant of |C,,| is as follows:

(”J;}L)CSL QCTO - 11
|Cn| = o Y ! ) (Bl)
cf sms(i(nn; )0) 25701 7& +1

where § = arccos(co/(2¢1)).*> From Hu and O’Connell (1996), the symmetric C;,* has elements ) =

10(35 is independent of p because A,IXIHIRJH =0p+1, Ar]:/frll 1,41 =0p41 and B%lerl =0p+1.
M This is different from the case when no intercept is included in the AR(1) model.

12When ¢p # +2¢1, Bernstein (2009, page 235) gives |Crn| = (b7 — b2T1) /(b1 — b2), where b1 = (co + 1/c2 — 4c?)/2 and
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(=1)"9 |Ci_1||C oy /(577 |C)) for i < j. Substituting the determinant result (B.1) yields

2i(n—j-+1) (_cio)"’j 4
o = <(n?1+)'co (i6) 261( )0) . s (B.2)
—1)""7 sin(i0) sin((n—j+1 ¢
c1 sin 0 sin((n+1)6) ﬁ 7& +1
With the explicit expression of cgfj ), we can derive the follow results:
n(n+1)(n+2) Lo — _q
6co 2cq
’ =1 _ 2n?+4n+1—(—1)" co _
6, Co ey B =1 (B.3)
n+1 tan?(6/2)[(=1)"+cos((n+1)6)] ¢
4cy 00;2(0/2) - 2c1 sin 0 sin((n+1)0) ﬁ # +1
“ 2o = 1
/ 1 _ 21— (—1)" co _
e, C,tn = HQCO(TI) =1, (B.4)
sin((2n+1)0/2)—(—1)" sin(0/2) c
2c1 sin((n+1)0) cos(6/2) ﬁ # +1
—2n_ £ = 4]
ell,nCr_Llel,n = CO(njH(-) 0) 21 5 (B5)
sin(n C
c1 sin((n+1)0) ﬁ 7& +1
2(=co/(2e1))"H! 0 _ 41
Ot = 4 e T A o
c1 sin((n;kl)e) 26?01 # +1

In the sequel, let co = 14 ¢* + 2i(u¢p — v), ¢; = —(¢ + i), ¢z = 2i(u + v — ue), and c5 = i(2¢u — 2v — u).

Since ¢ > 0, the case of ¢y = 2¢1, corresponding to ¢ = —1 and v = 0, is ruled out.

Determinant of R,

Note that R, is a tridiagonal matrix with its main diagonal elements r,, ;; = co, 1 = 1,--- n—1, 1, = 1,

i = n, and sub- and super-diagonal elements c¢;. Expanding along the last row of R,, leads to
|Rn| = |Cn—1‘ - C? |Cn—2| , (B?)

where the determinants of C,,_; and C,,_» follow from (B.1).

ba = (co — 1/()3 - 4C§)/2. This can be numerically unstable when by is close to ba. Using polar representation, we write by =

c1 (cos@ +isinf), by = c1 (cosf —isinf). Then it follows that when co # £2c1, |Cn| = [} sin((n + 1)0)]/sinf. We thank
Raymond Kan for pointing out this result and the results (B.3)—(B.6) to follow.
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Determinant of S,

Note that
AfnLn[,;LAn _ Ln—lLIn_1 On—l 7 Ln[,ann _ Ln—ll';l_l 0’!L—1
0,1 0 b1 0
So
Sn = In+¢°Bn -0 (A + A}) —iu(M,A, + A, M,) + 2i(up — v) A, M, A,
= I,+¢’B, — ¢ (A, +A)) —iu(A, + Al,) + 2i(up —v)A, A,
+n " Huept! A, + 17 HuA Ll — 207 i (ug — v) AL, Ay,
= R,+ % [utnt), Ay, + wAltnt), — 2(ug — v) Al nt;, Ay
i 2Uu+v—ud)n_1t,_ 1 Uln_1
n
uLl,_4 0
o An—l Qp—1
al,_, 1
where

ca , iu
Anfl = Cnfl + ;Lnflbnfh ap_1 = glfnfl + C1€n—1,n—1-

Then immediately,

1Sul = [An | (1—a, A @, ), (B.8)
where
1Ap_1| = [Cr_i] (1 + %L;_lcgil%,l) : (B.9)
and
Al =0l - " Cz%?cilbnil C it ,CL,. (B.10)

Keep in mind that (B.8) is valid only if A,,_; is nonsingular; (B.9) is valid only if C,,_; is nonsingular; (B.10)
is valid only if C,,_; is nonsingular and n + cot),_Cr_1tn_1 # 0.

From (B.1), we see that |C,,_1| # 0. From (B.3), we also see that n + cat),_Ch_1tn_1 # 0 for any positive
integer n. Further, these two conditions ensure that |A, _1| # 0 so that the expression for |S,| given by (B.8)

is valid. With |C,,_1| from (B.1) and ¢, _,C} 1,1 from (B.3), we can easily calculate |A,_;| in (B.8) via
n—1~n—1
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(B.9). Note that the remaining term

u2

!/
——t
n2

—1 _ / -1 2/ -1
an—lAnfla'fL—l - n—lcnfll‘"—l +01617TL_1CH,16177L_1

2iciu
/ -1
n el,n—lcvnfll’"—1

2icicou
/ —1 / -1
- o1 b 1Crlitn€] , 1€ tn1
n(n+62bn—1 nfll”ﬂ—l)
2
C2U ’ -1 2
+ 2 ’ C_l (Ln—lcnfll’n—l)
n (n—’_CQLnfl n—ll’nfl)

C%CQ

— e _C 1) B.11
n+02L/7L_1CT:i1Ln—1( 1,n—1%n—-1%n 1) ( )

where ¢/, AL 4,1, e’l_’n_ngill,n_l, and el1,n—1C;i1el,n—1 follow directly from (B.3), (B.4), and (B.5),

respectively.

Inverse of S,

With A;il given by (B.10), the inverse of S, is straightforward:

Alian , 1
a, 1A, —1

1 A;il On,1 -1
St = + . : (B.12)
" / l1—-a A7l a
Onfl 0 1%n-1

n—1=‘n—

if A,,_1 is nonsingular and 1 — a;_lAgilan,l # 0. We have already showed that A,,_; is nonsingular. From
(B.11), we can verify that 1 —a/, ;A a,_1 # 0 for any positive integer n.
Note that we need S,' as 8,8, ', appears in the CF (A.1). Given 8, = iu(I, — 20A.)M,e;, +

2ivA;1Mnelyn + ¢ey n, we partition it as follows:

. 2i(¢u—v
iu(ern_1 — 2tn-1) + %Lnfl + ¢e1,n—1
0, =
iu
n

61:11—1771

_iu
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So

n— n—1

Ala,
621 ' ' < G/ 1A71 -1 )671

+ /

—1
11— an—lAnflan—l

_ / -1
- l:n—l,nAn—lal:n—l,n
/ -1 2 2iu 8§/ -1 u?

( 1:n—1,nAn—la’n—1) +T 1:n—1,nAn—la"—17 nZ

(B.13)

/ )

—1
1- a’n—lAn—la’n*1

where a/, A ' a,_; follows from (B.11) and

1 C% 1 2cic3 1
! — _ ! — 1 —
tn—1,0Bn-101m-1,n = ﬁl‘nflcn—ll‘nfl + B €1n-1Cn 1tn1

2 7 —1
+Clel,n—1cnflelﬂl—1
2
C2C3 / -1 2
) B Cil (l‘nflcn—ll’ﬂfl)
n?(n+catl, _1C 2 1tn_1)

C%CQ

/ —1 2
- o1 (el,n—lcn—ll‘n—l)

n+ c2l’n—1 n—1tn—1

2616203 ’

— e

n(n+ cat) 10_111, 1) lcnflbn_ldﬂ—lcnflbn—la (B14)
n— n— n—

’ -1 _ fucs / -1 2 1 -1
An—la”ﬂfl - ?Lnflcn—lbnfl - Clel,nflcn—lenflfﬂfl

1in—1,n

Gc2 , -1
- n 617"_1Cn71Ln_1

2

cie
162 / -1 2
(el,n—lcnfll’"—l)

/ -1
n+cat, _1C. - 1tn—1

- = (U1 Crtytn)?

—1 n—1
n?(n+ oty 1 C 7 1)

C1 C%

n(n+eat), 1 Crlitn1)

e'l,rﬁlC;ilbn,lL;LflC,_Lilbn,l. (B.15)
which can be calculated by substituting (B.3)—(B.6).

Determinant of T,

Note that
Tor1 = (1-¢*)V 1 —iu(AM, + AM) + 2i(ug — v) BN,
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= (1-¢)Voi —iu(Api1 + Al ) + 2i(udp — v)Bpya

w | [0, 0 On wnty || _2iug—v) [ ath
+= + o
n tut!, 0, 0 ()/n " 0;1
= R, — ¢261,n+1ell,n+1
2(v — ug) (u+2v —2up)L;, u

i
+g (U420 —2u)tn—1 2V +u—ud)en_1th, 1 Ulp_1

u uLl,_4 0
1+ 2i(ugp —v) — W b, e
= b, 1 Ap_1 apn_
o al,_ 1

* *
_ An a,
== 9
a’l 1
where
. 2i(ugp—v) /
. 1+ 21(u¢ — v) - b, 1
An — bl
bn—l An—l
iu
* / li
a, = (g’ a’nfl) )
C3
b,—1 = Cl€1,n—1 — ;Ln—l

Following the same strategy as before,

Toia] = A5 (1 - af A ay) |

n

where

2i(u¢ — v)
n

AL = Ay (1 T 2i(u—v) - - bzlA;ilbnl) ,

and
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-1
) ( -1 b, AL )
A;—lbnfl

: . (B.18)
1+ 2i(ug —v) — 2= g AZLb,

For (B.16) to be valid, A’ needs to be nonsingular; for (B.17) to be valid, A,,_; needs to be nonsingular;
for (B.18) to be valid, A,,_; needs to be nonsingular and 1 + 2i(u¢ —v) — 2i(u¢ — v)/n —bl,_ AL b, 1 #0.

We have already shown that A,,_; is nonsingular. Note that

2 2
/ -1 _ Gy -1 i3 -1
b, 1A, b = ﬁl’n—lcnfll‘"—l T el,n—lcnqbn—l

2/ -1
+Clel,nflcn—lel,n*1
CQC%

_ U C e )?
n2(n+021//n_1c7:i111n71)( n—1-~n—1% 1)

C% C2 2

/ -1
- , C_l (617,“7107171[,7171)
n+caty, 1 Cpqtn_

2c1caC3

+ ell,nflc;ill’nfll’nglCgill'nflv (B.19)

n(n+cat!, Cttn1)

which can be evaluated with analytical expressions from (B.3)—(B.5), and we can verify that 1 + 2i(u¢ —v) —

2i(u¢ —v)/n —bl, A1 b, 1 # 0 for any positive integer n.

*/

For us to use (B.16), we still need expression for @/ A*~'a’. By substitution,

/

*/ *—1 % _ —1
a, An a, = a’n—lAnflan—l

2 3 /
—u® — 2inua,,_,

A by 0P (el AL b, )?
+ ;
n2 + 2in2(u¢ — v) — 2in(ug — v) — n2b,,_ A b, 4

n—1

(B.20)

where a/, A ' a,_; is given by (B.11), b/, ;A b, is given by (B.19), and

, 4 B iucs , _1 c1c2 -1
anflAn—lbnfl - = n2 Lnflcn—ll’nfl + n el,nflcn—ll’nfl

2 _/ —1
+erey 10l en_1n-1
iucocs
/ —1
Tl2(’l’L + CQl’n—lcnfll‘n—l)

2
Cy C
162 / C*l 2
- (el,n—l nfll"’l—l)

’ —1
n+cat), 1C 7t

+ (th 1 Colytn—1)?

2
€163 / -1 ’ -1
- €1, 1C, 1tn1ty, 1C, ity 1, (B.21)

n(n+cat,_1Colien1)

which can be evaluated with analytical expressions from (B.3)-(B.6).
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Appendix C: Numerical Integration

Given the characteristic functions in Section 2.1, we need to implement numerical integration to calculate (2.6)
via (2.7). This can be straightforwardly implemented using Matlab’s quadgk command. One caveat to note
is that the square root function in the complex domain is not continuous. Omne choice is to follow Perron
(1989) to identify explicitly the discontinuous points by grid search and then integrate by parts. The search,
however, might be inefficient and time-consuming. Instead, we use the following algorithm so that the integrand
function for quadgk is always continuous. Let g (t) = \/m denote the integrand function in question
with ¢ € [I,u]. quadgk requires the integrand function to accept a vector (t1,t2,- - ,t,) and returns a vector of

output. Let 6; = arg (a(t;) +1b(¢;)) € [, 7] and denote a; = a (¢;), b; =b(t;), and g; = g (t;) .
1. Start with ¢; and set g1 = sqrt (a3 +ib1). Set k = 0.

2. Beginning with to, if a; < 0, a;—1 < 0, and b;b;_1 <= 0, set k = k + 1; otherwise, k is unchanged. Set
gi = \/a? +b? (cos (07 /2) +isin (0] /2)), where 0] = 0; + 2k.
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