Moment Approximation for Unit Root Models with

Nonnormal Errors

Yong Bao* Aman Ullahf
Department of Economics Department of Economics
Purdue University University of California, Riverside
Ru Zhang?

Department of Economics,

University of California, Riverside

January 22, 2014

ABSTRACT

Phillips (1977a, 1977b) made seminal contributions to time series finite-sample theory, and then, he was
among the first to develop the distributions of estimators and forecasts in stationary time series models, see
Phillips (1978, 1979), among others. From the mid-eighties Phillips (1987a, 1987b), through his fundamental
papers, opened the path of asymptotic (large-sample) theory for the unit root type non-stationary models. This
has certainly created a large literature of important papers, including many of Phillips’ own papers. However,
not much is known about the analytical finite-sample properties of estimators under the unit root, although
see Kiviet and Phillips( 2005) for the case when the errors are normally distributed. An objective of this paper
is to analyze the finite-sample behavior of the estimator in the first-order autoregressive model with unit root
and nonnormal errors. In particular, we derive analytical approximations for the first two moments in terms
of model parameters and the distribution parameters. Through Monte Carlo simulations, we find that our
approximate formula perform quite well across different distribution specifications in small samples. However,
when the noise to signal ratio is huge, and bias distortion can be quite substantial, and our approximations do
not fare well.
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1 Introduction

The autoregressive (AR) model has been a workhorse model in time series econometrics and applied macroeco-
nomics. There has been a huge literature in studying properties of the least-squares (LS) estimator. Hurwicz
(1950) was the first to investigate the finite-sample bias issue. Sawa (1978) proposed using the moment generat-
ing function approach to numerically evaluating the exact moments. Approximate moments of the LS estimator
were developed by Grubb and Symons (1987), Kiviet and Phillips (1993), Bao and Ullah (2007), among others.
The asymptotic distribution of the LS estimator was analyzed by White (1958, 1959) and Anderson (1959),
whereas the exact distribution was analyzed by Phillips (1977a, 1978), Evans and Savin (1981), and Tsui and
Ali (1994), to name just a few.

Along this line of research over the years, Phillips has made seminal contributions to time series finite
sampling theory. He was among the first to develop the distributions of estimators and forecasts in station-
ary autoregressive models. Phillips (1977a) examined the Edgeworth-type approximation to the finite-sample
distributions of the LS estimator and the associated ¢ ratio, and compared with the Imhof-approach of nu-
merically obtaining the exact distribution, whereas Phillips (1978) compared the Edgeworth and saddlepoint
approximations. Phillips (1977b) provided a general discussion of the validity of the Edgeworth-type expan-
sion to approximate the finite sample distribution of general statistics. In terms of forecasting, Phillips (1979)
emphasized that the unbiasedness result (of forecasts) given in Malinvaud (1970) was an unconditional result,
and the more interesting analysis should center on the conditional forecasts. The argument was that since the
last observation was observed in the sample, then this information should be used in deciding the distribution
of the forecasts. To this end, Phillips (1979) developed an approximation to the distribution of the forecast
error conditional on the last observed sample data and found that the forecasts were biased in almost all cases.
From the mid -eighties, Phillips (1987a, 1987b), through his fundamental papers, opened the path of asymp-
totic (large-sample) properties for the unit root type non-stationary models. This has certainly created a large
literature of important papers to follow, including many of Phillips’ own papers.

We note that among these works, not much attention has been paid to the analytical finite-sample properties
of the LS estimator for the unit root model, though numerically, under normality, the moments and distribution
can be evaluated via the techniques of Sawa (1978) and Imhof (1961), respectively. The exceptions are Abadir
(1993) and Kiviet and Phillips (2005), where analytical approximations to the moments of the LS estimator for
the unit root model were developed with the normality assumption. For stationary autoregressive models, see
Bao and Ullah (2007) and Bao (2007) for moment approximations when the normality assumption is relaxed.

In this paper, we exam the moments of the LS estimator in the first-order AR model with an arbitrary



number of exogenous regressors (ARX(1)) when the true coefficient of the lagged-dependent variable is unity.
We do not make any distribution assumption except the existence of moments of the errors up to order 4.
We also discuss the case when the exogenous regressors may be nonstationary. Our main achievements are as
follows: (i) derive the approximate bias of the estimated autoregressive coefficient up to order T—3 in terms
of model parameters and the skewness coefficient of the error distribution; (ii) derive the approximate MSE
up to order T~* of this estimator also in terms of model parameters and the skewness coefficient; (iii) obtain
approximations to the first two moments of the estimated full coefficient vector for unit root models that contain
an arbitrary number of exogenous and possibly nonstationary regressors; (iv) for the random walk with drift
model, very neat bias and MSE formulae are presented; (v) provide numerical illustrations of the accuracy of
our moment approximations in finite samples.

Our paper proceeds as follows. In the next section, we focus on the moment approximations for the LS
estimator of the AR coefficient, and discuss also the special case of random walk with drift. Section 3 presents
the results for the full coefficient vector estimator. Section 4 investigates the accuracy of the analytical results
developed by comparing the calculated moment approximations with those from simulations under several
symmetric and skewed distributions. Section 5 concludes. The appendix contains detailed derivation of the

main results in the paper.

2 The Bias and MSE of the Unit Root Coefficient Estimator

In this section, we discuss the approximate moments of the unit root coefficient estimator when an arbitrary
number of exogenous variables, with at least a constant term, are included. Throughout, define + as a T' x 1
vector of ones and J as a T x T strict lower triangular matrix with all the elements below the main diagonal
being 1.

We follow Kiviet and Phillips (2005) to consider the following model

y=Ay_1+ X8+ o, (1)

where y = (y1,- -+ ,yr)’ contains a T'x 1 vector of observations on the dependent variable, y_1 = (o0, - ,y7—1)
contains the lagged values of the dependent variable, X is a T x k matrix containing all exogenous regressors

that include at least an intercept term, e = (g1,--- ,er)’ is the T x 1 vector of iid disturbances.

Assumption 1: In model (1), the scalar X and the vector 8 are unknown coefficients and further: (i) A = 1;



(i) all elements of 5 are finite and ( # 0; (iii) X is stationary and X'X = O(T); (iv) Z = (y—1,X) has rank
k 4+ 1 with probability one; (v) X is strongly exogenous, that is, X and e are independent, and it contains at
least a constant term; (vi) o is positive and finite, and the disturbances €; are i.i.d., with mean zero, variance
1, and skewness and excess kurtosis coefficients v, and 74, respectively; (vii) the start-up value is yo, either

fixed or random, and when yq is random, it is independent of e.

In Assumption 1, we impose stationarity on X, but later this will be relaxed. Regarding the error term e,
we do not make distributional assumption, except the existence of its first four moments.

The LS estimator of A\, which is also the quasi maximum likelihood estimator under nonnormality, is

. M "M
A= R = o @
Yo My Yy My—
where M = I — X (X'X)~1X’. We may write
y—1 =yot + JXB+ oJe. (3)

Note that if X contains a constant term, then obviously My_; = MJX G + oM Je, so the properties of A does
not depend on the initial value yg.

By plugging My_1 = MJXB + oM Je, we have

51— o' MJX B + o' MJe
 B'X'TMJIXB+ 20 J'MJIXB + o2’ J'MJe'

(4)

Since we assume the regressors are stationary and X’'X = O(T), then immediately, Py = X(X'X)1X’ =
o(1) and PxJ = O(1). Also, X'J'MJX = X'J'JX — X'J'X(X'X)"'X'JX = O(X'J'JX) = O(T?), and
BX'JMJIXE = O(T?). This gives ¢ MJXB = Op(T3/?). Similarly, we can verify that &' M.Je = Op(T),
e JMJe = Op(T?), €T MJXB = Op(T°/?). Thus, the dominating term in our expansion is 3’ X'J MJX}.
By defining p:= (8'X'J’MJXB)~! = O(T~3), we continue to write

Op(T~3/2) Op(T™?)
. _ poe' MJIX B + po?e’ MJe
1+ 2uoe’ I MJIXB + po’e’ I MJe
Op(T-1/2) Op(T-1)
= (uoe' MJIXB+ po?s’'MJe) x [1 — 2uoe’ J'MJIXB — po’e’ J' M Je

+4p202 (€' T MIXB) + 4p20® (6 T MIXB) (6T MJe) — 8120 (/T MJIXB)°] + op(T™)



= (poe’ MJIXPB+ po’c'MJe) [[1 —2uoe T MJIXB — po?e' J'MJe + 4p2o? (/T MJIXB)?
+4pPot (€ MJIXB) (€T MJIXB) (€' MJe) — 8pto*e’ MIXB (T MIXB)® + op(T™?)

= poe MJIXB + poe' MJe — 2u2c?e' MJX BB X' J MJe

Op(T—3/2) Op(T—2)
+4p2038' X T Mee' TMIXBB' X' T MJe — 2033 X' J Mee' J'MJe — 2p203 3 X' J' M. Jee' M Je
Op(T—5/2)
+ 4430 T MJIece’ MIXBB' X' J' MJe — 8utoe MIXBR X' J MJee' I'MIX BB X' J' MJe
Op(T~3)
+4pPote MJe IMIX BB X' T MJe — p*oe MJee' ' MJe + op(T™3). (5)
Op(T~3)

Then taking expectations term by term in (5), collected in Appendix A, and upon substituting these terms

into the expectation of (5), we have the following bias result under nonnormality:

Theorem 1: Under Assumption 1 and M. = 0, the bias of the least squares estimator of A to the order of

T3 is given by

EA—1) = o%u[l +tr(MJ)]
4o 12y B X T MAp(I © JMIXBR X' T M) — (I JMJ)—2J(I o M)

—ot Pt (M) [tr(J' MJ) — 4pB' X' T MJIJ MJIXB] 4+ o(T~3). (6)

We see that A is unbiased up to O(T*?’/ 2), in line with the well-known result that \is superconsistent with

a convergence rate of T3/2. Tt is also unbiased up to O(c). The leading bias term is of order O(T~2), given by
EA—1)= —c?utr(X’X) ' X' JX) + o(T™?), (7)

which is robust to nonnormality. The distribution effect of the disturbance term on the approximate bias comes
through its skewness coefficient «y;, and it is of order 7-3- This stands in contrast to the stationary AR model,
where the LS estimator is v/T-consistent and the “second-order” bias, up to O(T~2), is robust to nonnormality,
as shown in Bao and Ullah (2007).

For the special case of X = ¢, we observe that M JX = Ju—T~1/Ju with the t-th element t —1—0.5(T — 1),

JMJIX = J'Jo— T~ JuJ't with the t-th element 0.5[T(T —1) —t(t — 1) — (T = 1)(T —t)], MJ = J =T~ ' J



with the t-th diagonal —T~1(T —t), and J'MJ = J'J —T~1J'w/'J with the t-th diagonal T —t — T~Y(T —t)2.

Upon simplification (see Appendix B), the bias result reduces to the following:

Corollary 1: If in the model of Theorem 1 we have X =, then the bias simplifies to

2 2 3 4
E(A-1)=-6 (;) % +18 (;) % + 67, (;) % - % (;) % +o(T™3). (8)

From this, we observe that up to 72, for the random walk with drift model, the bias of the unit root esti-

mator is negative, and this bias is proportional to the squared noise to signal ratio o/8. One might immediately

predict that in the case of extreme values of o/, this bias expression may give poor approximation to the true

bias. We might also predict that when the disturbance term is positively skewed, it tends to pull down the

magnitude of the bias. (Keep in mind that the leading bias term is negative.)

To approximate the MSE of A up to order O(T~%), we can directly utilize the expansion of A — 1, and put

(A—1)?

(poe’ MJIXB)? 4 2(poe' MJIXB)(puo’e’ M Je — 2u*0?e' MIXBR' X' J M Je)
+(uo?e' MJe — 2pPa*e' MIX BB X' J M Je)?

+2(uoe’ MIX B) 4o B X' J Mee' ' MJIX BB X' J' MJe

— 1233 X T Mee' ' MJe — 2120 B X' J' M Jec' M Je] + op(T™%)

22 MJIXBB' X' T Me + 20312 B X" J' Mee' M Je — 4po3 8’ X' J Mee! MIXBB' X' J MJe

Op(T—3) Op(T~7/2)
+otp?(eMJe)? — 8ot P! MJee! MIX BB X' J' M Je — 20 e’ J' M Jee’ MIX BB’ X' J' Me
Op(T—*4)
+120% (€' MIX BB X' T M Je)* + op(T™H). (9)
Op(T4)

So by substituting the expectations (see the appendix) and ignoring terms of smaller orders, we obtain the

following results.

Theorem 2: In the model of Theorem 1, the MSE of the least squares estimator of X to the order of T—% is

given by

E[(A=1)? = o*u+ o p®{ftr(MJI))? +tr(MJIMJ) — tr(J' MJ)}



+40* 3B X' T MIJMIXB — X' T MIMIMJIXJ3)

+20° 12y, B X' T M[(I o MJ) —2u(I @ MIXBB X' T MJ)e+ o(T™4). (10)

We see that the leading term of the MSE is of order T~2. The skewness coefficient contributes to the

approximate MSE at order 773.

Corollary 2: If X = in the model of Theorem 2, then the MSE and the variance simplify to

R o\ 1 48 [o\*1 336 /o\'1 _
and

. 21 48 3 156 4
Var(A) = 12 (;) T3 + T (;) % + % (;) % +o(T™%). (12)

From this corollary, we see that the leading term 12773 (o/3)? gives the asymptotic variance of T3/2(A—1).
Apparently, it suggests again that for the random walk with drift model, the approximate moments of A depend
crucially on o/8. For a given sample size T, the quality of the approximation will go down as |o/8| goes up.
The distribution affects the approximate MSE through its skewness coefficient ;. In Bao (2007), it is found
that for the stationary AR model with an intercept, the second-order MSE depends on not only the skewness

but also the kurtosis of the disturbance distribution.

3 The Full Coefficient Vector Estimator

Now we consider the full coefficient vector a := (\,3’). Define Z := (y_1, X) and the LS estimator is & =
(Z'Z)"1Z'y. We relax Assumption 1 (iii) so that X may contain a linear trend. As A and 3 might have
different convergence rates, we follow Kiviet and Phillips (2005) to define a nonstochastic diagonal matrix
D =diag(T%,--- ,T%+1), where §; <=0, i=1,--- ,k + 1, such that DZ'ZD = Op(T).

Let Z =E(Z), Z = Z—Z, W = ZD, W =E(W) = ZD, W = W — W = ZD. Conditional on X and
Yo, we can write y_1—E(y_;) = oJe and thus Z = oJee, where e; = (1,0,---,0) is (k + 1) x 1. Then
W = ZD = oJee,D. One can verify that W'W = O(T), W'W = Op(TY?), W'W = Op(1), W'e = Op(T'/?),
and W'e = Op(1).



The rescaled estimation error may be written as

D& — ) o(DZ'ZD)"'DZ's

oc(W'W +W'W +W'W + WW)" YW +W)e

ORI+ P+ S) Y (W 4+ W),

where R = (W'W)™ 1 =O(T~1), P=W'WR+WWR=0p(T~?), S = WWR = Op(T™"). Thus, for the

rescaled estimator, up to order Op(T 1), we have the following expansion,

D~ Y& —a) oR(I — P)(W 4+ W)e

= oRW's +0RW's — cRPW'e 4+ op(T7Y). (13)
OP(T—1/2) Op(T‘l)

Obviously, by substituting W = oJee| D, we put W'e = oD'eje’J'e and PW'e = (W'W + W'W)RW'e =
oW'Jeey DRW'e+0D'e1e’ J'W RW'e, where the random terms have expectations E(¢'J'e) = 0, E(eef DRW's) =
W RDey, and E(e'"J'WRW'e) =tr(J'W RW'), regardless of the distribution of ;. Thus, Theorem 3 of Kiviet
and Phillips (2005) regarding the bias of &, up to order O(T~1%%), is robust to nonnormality. For completeness,

we reproduce here.

Theorem 3: In the first-order dynamic regression model, where the coefficient of the lagged dependent variable
X is equal to unity, the regressor matriz Z = (y_1,X), and the scaling matriz D =diag(T°" --- , T° 1) such
that conditional on X and yo, DZ'ZD = Op(T), the bias of the the least squares estimator of the coefficient
vector o = (\, B, conditional on X and yo, can be approzimated, provided that Z = (yor + JX 3, X) has full

column rank and ( is finite and non-zero, as follows:

=
=
|
=
|
|
q
o
t
N
Sl
|
N
N
+
|
=
|
o~
|
=
~
N
\N]

) ler +o(T o), (14)

and

B —1) = —%(T k)02 (2 2) ey + o(T1H), (15)

One can check immediately that E(A — 1) in (15) corresponds to (7).To approximate the MSE of &, we can



further expand

D Ya—a) = oR(I—P—S8+PP)W'e+oR(I—P)W'e+op(T3?)

= oRW's +0RW'e — cRPW'e + 0R(PP — S)W'e — cRPW'e + 0p(T~%/2).  (16)

Op(T~1/2) Op(T™1) Op(T-3/2)

So the MSE of D~1(& — a), up to O(T~2), can be written as

E[D7 (& —a)(@—a)D™Y = o*R+0?RE[(W'e — PW'e)(W'e — PW'e)'|R
+0*RW'E[e(W'e — PW'e)'|R + 0 RE[(W'e — PW'e)e'|WR
+0?RW'e[R(PP — S)W'e — sRPW'e]'
+0%[R(PP — S)W'e — cRPW'ele'WR + o(T~2)

= 0’R+ 0?RE[W'ec'W + PW'ee' WP — PW'ee' W — W'ee' WP’
A W'ee'W — Wee' WP + Wee' W — PW'ee' W
+W'ee' WP'P' —W'ee' WS — W'ee' WP

+PPW'ee'W — SW'ee'W — PW'ee' WIR + o(T~2), (17)
By by substitution, simplification, and omission of terms of smaller orders, see Appendix A, we obtain

E[DYa—-a)(@—a)D™ '] = o*R+o*'R{[~tr(J'J) + tr*(WRW'J) + tr(W'JJ'WR)
+tr(WRW'JW RW'J) — 2tr(W RW'J' J')|Deye) D
+W'(JJ —J'J —J J)WRDee| D
+Der ey DRW'(JJ' — J'J — J J)W
+eiDRDe W' (JJ' — J'J' — J J)W
+ei DRDey (W' JW RW' JW + W' JWRW'J'W)
+[e) DRW'JW RDe; + tr(WRW'.J)e} DRDe \W'(J + J )W }R

—03y RIW' (WRDey/ © 1) J'W + W'J (WRDey' ® I) WIR + o(T~?),

which leads to the following theorem:

Theorem 4: In the model of Theorem 8, the elements of the MSE(&) matriz, that is, E[(&; — a;) (&, — a;)],



i,7=1,---,k+ 1, are given by

o?eiQe; + ot tr(QZ'JT' Z) — 2t0(QZ' I Z) — tr(J' )
+t1(QZ'JZQZ' I Z) + tr*(QZ' J Z))€} Des €} De;

+otel Qe elQZ' I — J T —J I+ JZQZ' T+ JZQZ' T ZQe;

+otelDe;elQZ' (JJ — J'J — J J)ZQe

+ote Qe QZN(JJ — J' T — J'J)ZQe;

+0*efQZ' T ZQer + tr(QZ' T Z)e) Qer)eiQZ' (J + J') ZQe;

—0*,€iQZ'[(ZQert ® 1) I + J (ZQer @ I)]ZQej + o T390, (18)
where Q = (Z'Z)~Y, Z =E(Z), and e; is the i-th unit vector.

From this theorem we can obtain, for example, when k& = 2 with the first column of X being the constant
and the second being a linear trend, the approximate MSE of 3, up to O(T~2), that of 3, up to O(T~%), and
that of A\ up to O(7%) (if By # 0 and up to O(T~*) otherwise). For a model with stationary X, the orders of
approximations to the MSE of A and By, j=1,--,k, are O(T~*) and O(T~?), respectively. Compared with
Kiviet and Phillips (2005), we see that the in (18) the approximate MSE has an additional term that involves

the skewness coefficient ;.

4 Approximation Accuracy

In this section, we investigate how our moment approximations fare under different distributions, sample sizes,
and the noise to signal ratio. We focus on the random walk with drift model y} = Ay;_; + 8" + &, where
ys =0, A =1, 8% = 8/0 # 0. Recall that the approximate moments are invariant to the starting value. Since
the approximate moments are related to the ratio /o, but not to 8 and o separately, we rescale the model so
that the error term has unit variance. We consider five nonnormal distributions for ¢, including both symmetric
and asymmetric case. These five nonnormal distributions are: standard normal, uniform on [0, 1], exponential
distribution exp(1), student-¢ distribution with 5 degrees of freedom, mixture of two normals of N(—3,1) and
N(3,1), with probability equal to 0.2, 0.8 respectively, and log normal distribution InN(0, 1). The corresponding
v, are 0, 2, 0, —1.1798, and 8.1073, respectively. For comparison purpose, we also include the results under

a standard normal distribution. Our estimates of the true bias, MSE, and variance are based on 10,000,000

10



simulations and we also provide the estimated standard errors of our Monte Carlo estimates, denoted by MCSE.

We experiment with 7' = 10, 15, 20, 40, 80, 8* = 10,5,2,1,0.5,0.2,0.1. As indicated in the previous sections,
for small values of 3* (equivalently, large values of the noise to signal ratio), the accuracy of our approximations
is expected to deteriorate. Similar to Kiviet and Phillips (2005), we employ an expansion in the orders of 8*

and the approximate bias can be defined as
E(A=1) = go(T) = g1/2(T)B" = g1 (T)5" + 0(8*%) (19)

where

e’ J Ae VI AJee' J' Ae
QO(T) =E (5’J’AJE> s 91/2(T) =2E [(S,J,AJE)Q} )
(T) = E JI'AJe' J Ae + 26" AJu' J' Ade B 4’ J' Aee’ JTATu' J' Ade
A= (e'J' AJe)? (e'J'AJe)? ’

in which A = It — T~1./. Under normality, go(T), ¢ s2(T), and g1(T) might be numerically calculated via
the moment-generating function approach of Sawa (1978). With a general nonnormal distribution, neither
analytical nor numerical approach can be straightforwardly applied. So we follow Kiviet and Phillips (2005) to
obtain them by simulations.

To save space, we report only the results pertaining to 8* = 5,1, 0.2, presented in Tables 1-6, whereas the
results under other values of 8* are available upon request from the corresponding author.

We observe that in general our analytical formulae (6), (11), (12), (14), and (18) capture well the true
moments of the LS estimator for large and moderate /o, across different distributions. However, on occasions
where there is substantial bias, and these are the cases when the signal to noise ratio is small (0.2), our formulae
approximate poorly the true moments, and sometimes the order 72 bias approximations are even worse than
the order T2 approximations. For large values of 3/0, the higher-order approximations are typically better.
The difference between O(0?) (O(c?)) and O(T2) (O(T~3)) bias approximations is in general small. Under
small T and small 8%, the bias in A can be quite substantial, and only the O(ﬂ*Q) approximation captures the
bias well.

The bias of the estimated intercept increases when the intercept decreases and it is very substantial when
B/o is small. And it seems to decrease with 7" not as quickly as the bias of \. When B/o is not small, even for
a small T' = 10, our analytical formulae perform reasonably well in approximating the true moments of A and
B , regardless of the disturbance distribution.

Note that the effect of nonnormality on the finite-sample moments of the LS estimator is not as strong as

11



other aspects of the model, especially the value of 8/c. In particular, the bias, variance, and MSE approximations
developed under normality seem quite robust to the distributions we have experimented with, though we see
more variations in those for 3. Of course, a more comprehensive conclusion regarding the effects of nonnormality

has yet to be drawn, given that in reality there are countless possibilities of nonnormal distributions.

5 Concluding Remarks

We have derived analytical moment approximation for the LS estimator in ARX(1) with unit root, where
an arbitrary number of possibly nonstationary exogenous regressors may be included. In this framework, no
distribution assumption is made except that we assume the existence of moments of the errors up to order
4. In the special case of random walk with drift, very neat bias and MSE formulae are presented. Numerical
illustrations of the accuracy of our moment approximations in finite samples are also provided.

Note that we have restrained ourselves from deriving moment approximation for the random walk model
y = M\y_1 + oe, A = 1. One can show that A\ — 1 = o(yot'e + o’ Je) /(YT + 20yot' Je + 02’ J' Je), where
yot'e = Op(TY?), e'Je = Op(T), /Je = Op(T?/?), and €'.J'Je = Op(T?). Thus, a possible expansion may be

as follows:
-1
5.1 = oyot'e 0% Je 2010t Je y3T
N o2’ J'Je o2’ J' Je o2¢' J'Je = o2e'J'Je
—_— —_—
Op(T=3/2)  Op(T~1) Op(T=1/2)  Op(T1)
B e'Je Yyol'e L 20/ Je 3T 2ot Je 3T 2+0 (1)
N g J'Je  oe'J Je oe'J'Je o2’ J Je oe'J'Je o2’ J Je P

e'Je Yo Ve oY% JVJee' Je
gJ'Je  oelJJe o (/] Je)?
N——

Op(T—1) Op(T-3/2)
yo\2 &' Jee' J'u' Je yo\2 Te'Je Yo\2 €&'u'Je 9
g (P edeed it de  (Jo)T _2EE o (Y0 _cHUe T7-2).
(%) C2PBE () (@ JJ2)? (%) @z TorT)
Op(T-2)

Under nonnormality, it is not obvious how to evaluate directly the above expectations of ratios. We may attempt

to implement further expansions for the random ratios. But unfortunately,

g'Je g'Je e JJe—E(JJe)] "

e J'Je  E(e'J Je) E (e'J'Je) ’

is not going to work, as E(¢’J'Je) = O(T?) and €'J' Je—E(e'J' Je) = O(T?), and we are not aware of straight-
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forward expansions that allow us to calculate analytically the moments under nonnormality, although Phillips
(2012) derived bias expansions under normality with the help of moment generation function of ratio of normal
quadratic forms.

One area of future research is to explore the finite-sample properties of predictive regressions, where the
lagged regressor follows a unit-root process. Phillips (2013) considered the asymptotic results when the regressor
has local-to-unit behavior and Phillips and Lee (2013) generalized this to the multivariate framework.

Given the analytical bias and MSE formulae developed in this paper, one might follow Phillips (2012) to
consider the indirect inference estimator and Abadir (1995) to consider the minimum MSE estimator. We leave

these for our future research.
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Appendix A: Expectations of Quadratic Forms

To evaluate the expectations of quadratic forms under nonnormality, we can use the following results (see, for
example, Ullah (2004)):

E(ee’Ae) = 7, (I ® A), E(e'Ajee’ Ase) = tr(Ap)tr(Az) + tr(A; Ag) + tr(A1 AY) + yotr(A; @ Ag). (20)

In addition,
E(ee’ Aee’) = [tr(A) ] + A+ A" + v, (A I)). (21)

Based on (20) and (21), and observing that MJ = O(1), JJ' = O(T), MJX = O(T), JJMJ = O(T),
JMJX =O(T?), and J + J' = 0.5(1/ — I), we collect the following:

E(e'MJe) =tr(MJ) = 0.5tr(M(J + J')) = 0.5tr (M (u/ — I)) = —=0.5(T — k) = O(T),
E(eMJIXBR X' T MJe) =B X'JMIMJXB =058 X'"T'MJXB =—0.5u"1 = O(T?),
B'X'JME(ee' I'MJXBB' X' J'MJe) =y, X' JMI©JMIXBEX'JMJ) = O(T),

B' X' ME(ee' J'MJe) =7, X' T M(I® J' MJ) = O(T?),
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B'X' I MJE(ee' MJs) = 7,8 X' J'MJ(I ® MJ) = O(T?),

E(e'J MJee! MIXBBR X' J' MJe) =tr(J' MJ)tr(MJIXBR X' T MJ) + 2tr(J' MJIMJIXBE X' J' M.J)
Fyotr(JMJT @ MJIXBR X' J' M.J)
=tr(J'MJ)B' X' J MIMJIXB+28 X' J' MJJ MIMJIXB + +y,te(J'MJ © MIXBB X' J M.J)
= 0(T?),

E(e/MJXBB'X'J MJee! MJIX BB X' M Je) =tr(MJIX BB X' T MJ)tr(J' MJIX B X' T M.J)
F2tr(MIXBE X' T MIT MJIXBB X' T MJ) + yotr(MJIXBB' X' T MJ & J MJIXBE X' T M.J)
=38 X' I MIMJIXBB X' T MJJ MIXB + v tr(MJIXBB X' J'MJ @ J MJIXBB X' J' M.J)
= 158 X' I MJIXBB X' T MJIJTMJIXB +vtr(MIXBEX'J'MJ © J'MIXBB X' J MJ)
= 0(T%),

E(e'MJee! ’MJIXBB'X'J' MJe) =tr(MJ)tr(J' MIXBB'X' T MJ) + 2tr(MJJ MJIXBB' X' T MJ)
+yotr(MJ © S MJIXBBE X' J MJ)
=tr(MJ)B' X' T MJIJ MIXB 428 X' T MIMJIJ MJIXB + v tr(MJ @ J MJIXBBE X' J M.J)
=tr(MJ)B' X' T MJJ' MJXS+ o(T),

E(eMJee' I'MJe) =tvr(M J)tr(JMJ) 4+ 2te(MJJ M J) + yotr(MJ © J MJ)
—te(MJ)te(J M) —tr(J M) + votr(MJ & J'M.J)
=tr(M J)tr(J'MJ) + o(T?),

B(eMJXBAX'J'Me) =B X'JMIXB =pt =0(T?),
B'X'JME(ee' M Je) = v, 8' X' JM(I ® MJ) = O(T?),
B'X' T ME(ee’ MIXBB X' JMJe) =58 X' JMI®MIXBBX'JMJ)=O(T?),

E[(e’M J¢g)?]| = [tr(M J)]?+tr(MJMJ)+tr(J' MJ) + yotr(MJ @ M.J)
= [tr(M )2t (M JIM.J)+tr(J' MJ) + o(T?),

E(e'MJee! MIX BB X' J' MJe) =te(MJ)B' X' J' MJIMJX B+tr(MJIMJIX BB X' J' MJ)+tr(J' MJIXBB X' J' M.J)
Fyotr(MJ © MJXBB X' J M.J)
= 050~ Wr(MJ) + B X' T MIMIMJIXB + B X' T MJIJMIXB + votr(MJ © MJIXBB' X' J' M.J)
=B X' JM(JMJ + JJ)YMJIXB + o(T5),

E(e'J MJee! MIXBBR X' J' Me) = p~tr(J'MJ) + 28 X' J' MJI MIMJIXB + vy te(J' MJ @ MIXBE X' J' M)
=~ YWr(J'MJ) + 28’ X I MJI MJIMJIXB + o(T?),

El(eMJIXBB'X' T MJe)?| = (BX' T MIMJIXB)?+tr(MJXBB' X' I MIMJIXBB X' J MJ)
+tr(MJIXBE X' T MIJT MIXBB X' T M)+ vyotr(MJIXBB X' JMJ© MJIXBE X' J MJ)
=28 X' T MIMJIXB)*+B' X' T MJIJMIXBB X' J MIX+v,tr(MJIXBE X' T MJIOMJIXBE X' J M.J)
=05u 2+ pu 1B X' I MITMIXB+ yotr(MJIXBB' X' T MJ®MIXBE X' T MJ)
=pu X' T MITMJIXB+ o(T?),

E(W'ee'W) = 02D'e E(e' J'ee’ Je)e}y D = o*tr(J'J)Deye) D,
E(PW'ee'WP') = 0*W'JE(ee) DRW'ee'W RDeye').J'W + 0? De E(e' J'W RW'ee'W RDeqe’ ) J'W
+0W'JE(ee) DRW'ee'W RW' Je)e, D + 0?De E(e' J'W RW'ee' W RW' Je)e) D

= o°W'JE(ee'W RDe e} DRW'ee’) J'W + 0 Deie) DRW'E(ee’ J'W RW'ee’) J'W
+0*W'JE(ee'W RW' Jee"\W RDeyei D + o*E(e' J'W RW'ee'W RW' Je) De e D
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= 02! DRDeyW'JJ'W + 20*W'JW RDe ey DRW' J'W + ?y,W'J(W RDe1ey DRW' & I)J'W
+o2tr(WRW'J)Deret DRW'J'W + o?Derey DRW' J'W RW' J'W + o?Deiey DRW'JJ'W
+02v,De1ey DRW'(WRW'J © I)J'W + a*tr(WRW'J)W'JW RDe e} D
+0?W'JWRW'JW RDey€y D + o®>W'JJ'W RDeyey D + o2y, W' J(WRW'J © I)W RDey e} D
+02tr2(WRW'J)Deye D + o*tr(W RW'JW RW'.J)Deye, D + o*tr(W'JJ'W R)Dey e}y D
+02y,tt(WRW'J © WRW'J)Dey€) D,

E(PW’&E_’W) = 0°W'JE(ee) DRW'ee' Je)el D + 0® De E(e' J'W RWee’ Je)e) D
= 0°W'JE(ee' Jee')W RDeye) D + o*E(e' J'W RW'ee’ Je) De ey D
= o?W'J(J + J )W RDe1€y D + o*tr(J'WRW'(J + J'))De1ey D,

E(W'ee'W) = eW'E(ee' Je)e) D = 0,

E(W'ee'WP') = oW'E(ee'WRW'Je)ey D + oW'E(ee'W RDeye') J'W
= oy W' (I ©WRW'J)e, D + oy,W' (WRDey// © 1) J'W,

E(PW'ee'W) = 0*W'JE(ee} DRDee' J'ee’ W + 02 DeE(e' J'W RDeye’ J'ee! )W
= 0’ DRDe; W' JE(ee' J'ee' )W + 0?Deiey DRW' JE(ee’ J'ec’ )W
— 02, DRDey W' J(.J + J'\W + 02Dere, DRW'J(J + J)W,

E(PPW'ee'W) = o?W'JE(ce, DRW' Jee\ DRW'ee\W + 0?De E(e' J'W RW' Jee) DRW'ee" )W

+0?W'JE(se) DRDee' J'W RW'ee"\W + 0?Dey E(e' J'W RDeye' J'W RW'ee" )W

= 0?W'JE(ee' J'W RDeye, DRW'ee" YW + 0% Deye} DRW'E(ee’ W RW' Jee )W
+02ef DRDey W' JE(ee' J'W RW'ee" YW + 02 Dere) DRW' JE (e’ J'W RW'ee \W

=02y DRW'JW RDey W' JW + o*W'JJ'W RDeye} D + o*W'JW RDe ey DRW' JW
+02y, W' J(J'W RDe1ey DRW' ® D)W + o*tr(WRW'JJ')Deye} D + 202 Deyey DRW' J'W RW' JW
+0%y,Derey DRW'(JWRW'J & D)W + o*tr(WRW'J)ey DRDeyW' JW + 0%y DRDeyW' JJ'W
+o2ef DRDey W' JW RW' JW + 0%y,ei DRDeyW'J (W RW'J ® )W + o?tr(W RW'J)Deie) DRW' JW
+02De1e, DRW' JJI'W + 62 Dery, DRW'JW RW'JW + 02y, Dere, DRW'J(WRW'J & )W,

E(W'ee'WS') = 0?W'E(ee’'WRDeye' J' Je)ei D = 0*W'E(ee’ J' Jee')W RDes e} D
= o%tr(J'J)Derey D + 20?W'J' JW RDeye| D + a2y, W'(J'J © I)W RDe €} D.

Note that since W = ZD contains a constant term, then W/ (W'W)~'W’, = 1. Also, ¢ is the second col-
umn of W, so (W'W)~'W'L = ey, where e3 = (0,1,0,---,0) is (k + 1) x 1. We can verify that Deje}D =
O(T*1) = O(T~2), e,DRDe; = O(T~'*2%) = O(T~3), W'J = O(T), WR = O(T~Y), W' J'W = O(T?),
W'JJ = O(T?), W JJ'W = O(T?), WJ'JW = O(T?), W JWR = O(T), WRW'J = O(1), W'JJ'WR =
O(T?), tr(WRW'J) = O(T), tt(WRW'JWRW'J) = O(T?), and tr(W'JJ'WR) = O(T?). We further ob-
serve that o2y,W'J(W RDe1e} DRW' © I)J'W, a*y,De1ey DRW'(WRW'J & I)J'W, oy, W' J(WRW'J ®
I)W RDeye), D, o?y,tr(WRW'JOW RW'J)Deyey D, oy, W' (I6W RW' J) ey D, o2y, W' J(J'W RDeye) DRW'®
DW, 0%yyDere DRW'(J'WRW'JOIW , 6%y,ey DRDey W' J(W RW' JOI)W , a2y, Derey DRW' J(WRW'J®
DWW, and o2y,W'(J'J ® )W RDe e} D are all of order o(1).

Appendix B: Special Case of X =

When X =, we collect the following results:

BX'TMIOJIMIXBEX T M) =32 [t —1—0.5(T — 1){0.5[T(T — 1) — t(t — 1) — (T — 1)(T — t)]}2

3
= _ﬁTo(Ts - T)7

BX'TMIOIMI) =81 [t—1-05T ][I —t—T"YT —1)% =-2(T? 1),
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BX'TMIIOMI)e=BY1 05[T(T —1) —t(t — 1) — (T — 1)(T = )|[-T~Y(T — t)] = —Z(T% — 1),
BX'TMIXB=BYE [t—1—05(T—1)2=257(T2-1),

tr(MJ) = T~ 3 (T —t) = —3(T — 1),

(M) =S, [T =t =TT = )?] = §(T? - 1),

BX T MJIJMIXB =825 {05[T(T — 1) —t(t — 1) — (T — 1)(T — t)|}2 = £-(T° - T),

tr(MJMJ) =te(JJ) — 20T+ 25 (T2 = = A5 (-1t —2) + A St —1) = -T2+ 17— 3

BXTM(IOMI)=8YT [t—1- 05T —1)|[-T-HT —t)] = £(T2 - 1),

BX'TM(I®MIXBEX JMJIy =S [t —1—05(T — D))2{0.5[T(T — 1) — t(t — 1) — (T — 1)(T — )]}

3
= ;%O(Ts _T)7

BX'TMIMIMJIXB =BT JJJu— %/ T Ju! JJu— &/ Ju! JTJo — & Ju! T T Ju+ 25 (T2 (T J0)
+%(L’JTL)Q(L’J’JL)*T%(L’JL)‘*] =63 ZL(tfl)(tTf?)(t*l)(T;%)*% 1o (=120, (= 1) (t—2)
—ar e (= D) (T =) = 1)(¢ = 2) — 57 30, (= 1) 2y (t = 1)t~ 2)

iz (T (= D) Ty (6= D= 2) + 72 (S, (0= D) T2, (= DT~ 1) = (S, (6~ 1))

— — 2 (T5 + 1073 — 117).
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