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Abstract

This paper considers the problem of improving the estimation of a one-way
random effects error component model. A nonparametric estimator is proposed,
its structure is defined and its asymptotic properties are proven. Monte Carlo
shows that the proposed estimator performs almost as well as the parametric
estimator in linear technology, but drastically outperforms the parametric esti-
mator when the technology becomes nonlinear.
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1 Introduction

Economic research has been enriched by the increased availability of panel (longitu-
dinal) data that measure cross-sectional units over a period of time.! The primary
advantage with panel over cross-sectional data is that the researcher has increased
flexibility when modeling differences in the cross-sectional units. The basic framework

for this analysis is the following model:

Yit = o + TS + Ui + Vig,

where ¢ = 1,2,..., N, t =1,2,...,T, y; is the endogenous variable, « is the constant
term, x;; is a matrix of k exogenous variables, § is a k x 1 unknown parameter, u;
is known as the individual effect and v;; is the random error. This is known as the
one-way error component (correction) model.? The individual effect is what separates
the one-way error component model from the classical linear regression model, it is
constant over time and is specific to each cross-sectional unit 7.

There are three basic frameworks used to generalize and estimate this model:
random effects, fixed effects and maximum likelihood estimation. The random ef-
fects approach treats u; as a group specific disturbance.. This framework is most
appropriate when the cross-sectional units are believed to be sampled from a large
population. The fixed effects approach treats the individual effect as a group spe-
cific constant term within the regression model. This approach is most appropriate
when the cross-sectional units are the complete set of the population, meaning the
researcher can be confident that the differences between the cross-sectional units can
be viewed as parametric shifts of the regression function. Maximum likelihood es-
timation treats the u; as random disturbances that follow a particular distribution.
This approach is most appropriate when the distribution of the individual effect is
known. Since most economic data is a sample taken from a larger population, in this

paper we consider the estimation of random effects models where u; is random.3

'For the benefits and limitations of standard panel data and error correction models as well as
econometric estimation, one should consult Baltagi (2001) or Hsiao (2002).

’The term, one-way error component model, comes from the structure of the error terms e;; =
u; + v, as opposed to the two-way error component model in which a parameter only indexed by
time, A¢, is added. Only the one-way error component model will be discussed in this paper and the
two-way model is left for future research.

3For further discussion and tests to detmine which method is appropiate as well as estimation by
the other techniques, see Greene (2002).



In the case of linear regressions, like the one above, a particular concern has been
with the linearity of the functional form connecting the variables of the model. Often
the true technology is unknown and linear regressions are performed without eco-
nomic reasoning due to their straightforward estimation procedures and well-known
properties. This concern initially spawned an interest in transformations of the en-
dogenous and exogenous variables, leading to the use of flexible specifications, such as
the translog functional form. Although approaches such as these have served econo-
metrics well, there has always been some worry that the functional form might be
more complex. Thus, it is worthwhile considering nonparametric estimation if the
functional form is unknown. The basic idea behind nonparametric estimation is to
approximate the technology arbitrarily close. Unfortunately, the literature, up to this
point does not possess a nonparametric kernel estimator for the one-way error com-
ponent random effects model. This paper presents such an estimator, one in which
no functional form is associated with any of the regressors.*

This paper is organized as follows: Section 2 gives the model, notation, proposes
a new estimator and derives the theoretical estimates. Section 3 provides the Monte
Carlo setup and summarizes the results of the experiments. Finally, Section 4 con-

cludes the paper.

2 The Model

Let us consider a nonparametric one-way error component model as

Yir = m(Tit) + €t (1)
where ¢ = 1,2,..., N, t = 1,2,..., T, y; is the endogenous variable, x; is a vector of
k exogenous variables and m(+) is an unknown smooth function. Further, ¢;; follows

the one-way error component specification

€it = U; + Uy, (2)

where w; is i.i.d. (0,02), vy is i.i.d. (0,02) and u; and v;; are uncorrelated for all ¢

and [s, where ¢ is different from [; ¢, € i and s € t.

*For an example of semiparametric methods, (making use of the Robinson (1988) technique and
examining the parametric parameters) see Berg, Li and Ullah (2000).



Let €; = [gi1,€i2, - . ., &)’ be a T x 1 vector. Then V' = E(g;e}), takes the form

V = O‘%IT + O‘iiTi,T, (3)

where I is an identity matrix of dimension 7" and i is a T' X 1 column vector of ones.
Since the observations are independent over ¢ and [, the covariance matrix for the

full NT x 1 disturbance vector ¢, Q = E(e¢’) is

Q=VxIy. (4)

We are interested in estimating the unknown function m(x) at a point z and the
slope of m(z), B(x) = Vm(x), where V is the gradient vector of m(x). The parameter
B(x) is interpreted as a varying coefficient. We consider the usual panel data situation
of large N and small T'.

Nonparametric kernel estimation of m(z) and §(x) can be obtained by using local
linear least squares (LLLS) estimation. This is obtained by minimizing the local least

squares or weighted least squares of errors

S = XK (Bt = - XK@ - Xow)  (6)

it

with respect to m(z) and §(x), where y is a NT x 1 vector, X is a NT x (k+1) matrix
generated by X;; = (1 (x4 — x)), 6(z) = (m(z),B(z)) is a (k+1) x 1 vector, K(z)
is an NT' x NT diagonal matrix of kernel (weight) functions K (*4—=) and h is the
bandwidth (smoothing) parameter. Generally kernel functions can be any probability
function having a finite second moment (here we use the standard normal kernel).

The estimator so obtained is

8(@) = (X'K(2)X) ' X'K (2)y (6)

The estimator of m(x) is then given by m(z) = (1 0)3(1‘) , whereas E(w) can be
extracted from 3(1‘) as B(ZL‘) = (0 1)3(30) The estimator in (6) is called LLLS

estimator. Asymptotic normality for the cross-sectional case is proven by Li and



Woolridge (2000) and Kniesner and Li (2002) derive a proof for the case of panel
data.’

The LLLS estimator in (6) however ignores the information contained in the
disturbance vector covariance matrix 2. In view of this we introduce a new estimator,

local linear generalized least squares (LLGLS) estimator, by minimizing

(y = X6(2))' v K (@) 'V K(2)(y — X6(x)) (7)

with respect to 6(x). This gives the estimator d(x)

d(z) = (X'VE(@)2 VK @) X) T X' VE@)Q VK ()y. (8)
The objective function in (7) amounts to doing GLS (linear) fits to the points local
to 2.5 The LLGLS estimator in (8) however depends upon the unknown parameters

02 and 02. An estimator of o2 is obtained by using the within estimator. The exact

form of this 52 is
~ 1 —
Gy = ~NT SN (v — 1) 9)
it

where

SN wa =) =00 (i — 7)) — (i —T) B ()] (10)

% it

. A 1 - 1
in which §; = % >~ vit, Ty = > w4 and
¢ i

B ) = D> (@i =) (e —T) Kt "D Y (wie — ) (yie — 95) Kar, (1)

) it

’For more information on the choices of K and h see Fan and Gijbels (1992) and Pagan and Ullah
(1999).

6We also consider an alternative nonparametric estimator which takes the form: g(m)ANPFGLS =
(X'Q 2 K(X)Q 2X) " {(X'Q 2 K(X)Q 2Y). Although it looks similar, there is an inherent flaw in
the way the Alternative Nonparametric Feasible Generalized Least Squares (ANPFGLS) estimator
transforms the data. By simply looking at the matrix structure it becomes evident. It shows
that in the ANPFGLS setup the variables are first adjusted for heteroskedasticity (i.e. X0 =
X™), and then run through the kernel (i.e. X*'K(X)). The basic idea behind the nonparametric
estimator is to provide a separate estimate for each value of z, the formulation of the ANPFGLS
gives a separate estimate for each value of x*. Therefore it is this process of the variables being
adjusted for heteroskedasticy before they are smoothed which causes the mispecification, whereas
the NPFGLS estimators first transform the data correctly (i.e. X' K (X)) and then proceed to adjust
it for heteroskedasticity.



where K;; = K (ﬁ’th)

One estimate of 02 is obtained as a combination of 52 and 52 being

~2 ~2 1 ~2

o,=0:+ TO’,U, (12)
in which
1 ~2
~2 .
UE_—N—kzz:g“ (13)
where
~2 1 _ _ _ N 2
SE =2 |G- - @ - )] (14)
where

Blz) = ———=— — (15)
h

where 7=+ S 7, and 7= & > 7.
i i

Alternative estimators of 02 and o2 can be obtained by noting that V (g;;) = o2

02 + 02 and
cov(eq, e1p) = o2 for q # 1
and zero otherwise. Thus

7= DI (16)

and

~ 1 OV
Ui = m ZZZ EitEsip (17)

it

where € = vyt — Xitg(mit) is the LLLS residual based on the first stage estimator of
5(z) in (6).7

"Note that estimation of the third variance term is straightforward. Also, it has been noted
by Maddala and Mount (1973) and Taylor (1980) that more efficient esimation of the variance
components does not necessilarly lead to more effecient estimates of m(z) and 8(z).



Substituting the estimators of 02 and o2 from (9) and (12) or (16) and (17) into
(8) gives a feasible linear generalized least squares (FLGLS) or nonparametric feasible

generalized least squares (NPFGLS) estimator as

~

S(x)npraLs = (X'VE(@)Q WK (@) X) ' X /K ()Q 'K (2)y.

Consistency of g(x) is straightforward under the standard regularity conditions,
but asymptotic normality requires somewhat stronger assumptions as stated in Li and
Woolridge (2000, p. 340). Asymptotic normality is established under the following
theorem.

THEOREM:

Under the standard assumptions

D(NT) <Es‘(x) ~ §(2) — <h2%kw>> L N0, %)

(NTh*)z 0
0 (NTh*+2)
_( dxoZ/ fa)W 0 _ / (g2
By = (O e ) o = SR, b = [ K@)
and v, = [ K2(¢)ynp'dyp, where ¢ is defined as #i—%. The proof is given in the
appendix. It loosely follows the method used by Li and Wooldridge (2000) for the

where D(NT) = 1 ) , i = septr(m”(z)), W = tr(Q71),
2

cross-sectional case. Our proof differs by incorporating information about the vari-
ance parameters. Also note that the proof is given for the most general case (LLGLS)

and is easily modified to satisfy the above scenario.

3 Monte Carlo Results

Although asymptotic results give clues as to the performance of the estimators, most
economic panel data is finite. This section uses Monte Carlo simulations to examine
the finite sample performance of the proposed NPFGLS estimator. Following the
methodology of Baltagi, Chang and Li (1992), the following data generating process

is used:

Yit = o + 2B + 12y + ui + vit,



8 The value of « is chosen

where x;; is generated by the method of Nerlove (1971).
to be 5, B is chosen to be 0.5 and 7 takes the values of 0 (linear technology) and
2 (quadratic technology). The distribution of u; and v;; are generated separately as
i.i.d. Normal. Total variance of 02 + 02 = 20 and p = 02 /(02 + 02) is varied to be
0.1, 0.4 and 0.8.

For comparison, we compute the following estimators of 6:

(I) Parametric (linear) Feasible GLS (FGLS) estimator

~

drars = (X'Q7 X)) H(X'QY).

(IT) NPFGLS estimator

onprars = (X'VE@)Q ' VE (@) X)X V/EK(@)Q VK @)y,

Reported are the estimated bias and mean squared error (MSE) for each estima-
tor. These are computed via Bias(m) = M1 3" (m;—m*), and MSE(in) = M~1 Y
J J

(mj —m*)? where M is the number of replications, 7 is the estimated value of m*

at the jth replication and m* = a 4 #3 + T2y. Similarly for the varying coefficient
parameter, Bias(3) = M~ > (B] — 3*) and MSE(3) = M~* > (B] — %)%, where
J J

Bj is the estimated value of §* at the jth replication and 8* = 3+ 2Zy. M = 1000
is used in all simulations, 7T is varied to be 3 and 5, while N takes the values 10, 20
and 50. The simulation results are given in Tables 1 through 4. The smallest M SFE
for each case (for a given N, T, p and ) is shown as a boldface number.?

Tables 1 and 2 report the result for v = 0 (linear technology). In each case, the
parametric estimators outperform the nonparametric estimators in M SE. This result

is expected since the true underlying technology is linear and because nonparametric

8The z;: were generated as follows: xz;x+ = 0.1t + 0.5zi+—1 + wit, where z;0 = 10 + bw;o and
Wit ~ U[*%, % .

Tn the tables only local estimates of 5 are given. The specific form being
5@ nrrars = (X' K@)O K@) X) XK@ K@) %y,

where K(Z) = Int x K (%) These estimates are similar to the global ones, except that rather
than being evaluated at each value of x and then averaged, they are only evaluated at the mean value
of x. Being that these estimates are evaluated at the mean of x, they appear to perform better in
Monte Carlo exercises that evaluate at the mean of x. It should be noted however that this method
rarely outperforms the global measures in empirical data and is usually only used for computational
ease. Further, replacing these with the global estimates does not affect the conclusions of the paper.



estimators are known to have small sample bias. Contrary to the first two tables, the
results of Tables 3 and 4 are in support of the NPFGLS estimators. The NPFGLS
estimators outperform the parametric estimators drastically in both Bias and M SFE.
This table shows the major drawback of the parametric type estimators and the
strengths of the nonparametric type estimators. When the technology is complex,
parametric estimators are often mispecified and the nonparametric estimators, with

their complete flexibility, are better able to adapt.

4 Concluding Remarks

This paper examines the problem of improving the estimation of a one-way random ef-
fects error component model.'0 A nonparametric estimator is proposed, its structure
is defined, asymptotic properties proven and its finite sample results are generated
through a Monte Carlo exercise. The Monte Carlo results of section 3 show that the
parametric estimators provide slightly smaller M SE when the true underlying tech-
nology is linear and correctly specified. Although less efficient in the aforementioned
exercises, the NPFGLS estimators provide acceptable estimation. On the other hand,
when the technology becomes complex, the NPFGLS estimators perform best, with
the MSFE of the linear parametric estimator up to 70 times that of the NPFGLS
estimator. Thus, it is suggested that the NPFGLS estimators be used in practice
because the true underlying technology is usually unknown; and as Tables 3 and 4

demonstrate, the consequences of choosing the wrong estimator may be quite severe.

Y Throughout the paper, the existence of random individual effects is assumed. In practice one
may want to test for the existence of random individual effects.



Appendix

Following Li and Woolridge (2000) we rewrite d(x) as

F Y VRN GuigGr (L) (1 (o))

1#]

ZKquN( ! (1 (z—2))
dlx) =

1 1
(Z KwiiGn <$z B x) Yi+ Z \/E\/KjwijGN (mz B ac) Z/z)

i#]

where

h? 0

I, = GNG,
T;i — T
K, = K
()
and
Qi_le’wij.

Multiplying both the numerator and denominator by W and substituting the Tay-
lor expansion (y; = (1 (z; — )" ) 6(z) + (z; — 2) m" () (x; — 2) /2 + R (2, 2) + &)

into the above equation gives

Nh’“‘*‘2 Z Kiwii (x —x) ( )
hk+2 Z \/_\/_w” (:ch—w) ( 1 (JJ —$), )

Nhk+2 ZK % Ti—x < m”(x) z; —x)/2+R (Z'i,m)‘i‘gi)

(i
(1 (0 2) o)
Nhk+2 Z \/_\/_wU (z —x) ( $ — x) m”(m)(]}l — $)/2 + Rm($z, fl;) + &5 >

After simplifying this expression it becomes obvious that

10



n2 h2(x; — x)’ -
1 YT !
NhFF2 ZZ: Kiwg ( (s —x) (@ —ax)(x; —x)

1 T we h2 h(xz; — @)
Nhk+2 Z K; w”( ) (; ) m"(x)(x; — x)/2 + R (xi, x) + &)

NthZ\/_\/_wm(xh_x) (x; — x)m"(x)(z; — 2) /2 + R (zi, ) + &)

8(x) + (AM) 71 (A2* 4+ 437) + (s.0.)

d(z) = 68(z)+

where
oSk [P h? (s — x)f
Lo _ NRET %: R ( (zi —x) (2 —x)(2; — ) )
AbT = +;Z\/F\/Fw--< h2 h2(z; — z)' ) :
NRETS i#j VI (@i —w) (@ - a) (2 - x)
A DL G [ORE T E E R
b S VEV T (1 Y- e @ - 02
i#]

A> —WZKiwii<xi_ )51 Nhk-i—?Z\/_v w“( —a:)i

i#]
and
1 h?
5.0. = AT Z Kiwy; v Ry (x4, ) hk“ E \/_\/ Kjwj B x> m (i, )
@ i#]

where (s.0.) has smaller order than (A") ! (A%7). We can now rewrite the expression

D(N)(d(z) — 8(z)) = D(N) (A%*) 7 (A" 4 A3*) 4 (s.0.).

We will prove the theorem if we prove the following four statements:
(i) D(N) (AL=) 7! (422 4 A3) = D(N)M~L(A2% + A3%) + 0,(1)
(ii) D(N)M~Y(A%® + A3T) = RD(N)(A%® + A3%) + 0,(1)

11



1
(111) D(N)AZ,QC — ((Nhk+4) QOMkf(x)W) + Op(l)
(iv) D(N)A3® — N(0,V) in dist

where
M= ( fle)W 0 )
cuf (@)W epf(x)WI, )
Further
R = diag(M ™)
and

vV _ dyof(z)W 0
- 0 oo f(e)WI, )

Proof of (i). Note that D(N) (Al’x)fl (A%*  A3%) = D(N)M~1(A%® 4 A7) 4
D(N) ((Alv“””) - M_l) (A%* 4+ A3%). Thus, we only need to show that D(N) ((Al’x) - M_1> (A%74
A3®) = 0p(1). This can be shown by first examining the asymptotic behavior of each

element in A%®. Defining

1,z 1,z

AL — ( A%l A%Q )
x x
Ayp Ay

yields

1, 1 2 1 g2
Anx = W Z szzzh + W Z Ki KjU)z’jh ;
i i

T 1 1
A = NRFF2 Z Kiwii(wi = ) + 570e ; V EKi/Kjwij(z; — o),
i it]

L 1 1
A12 = W Z Kiwiih2(azi — $)/ + W ; \/ Ki\/Kjwijh2($z‘ — a:)’,
7 7]

and

. 1 1
Ay = NRFZ E  Kiwgi(xi — ) (2 — ) + e %é V Ki/ Kjwij (@i — x)(; —x)'.
) 1#£]

By taking the first element we achieve

12



E(Ahm) = Nhk Z wm Nhk Z (\/E\/FJ> Wi

i#£]

= %/K(wz;'x) f(g;z-)dxi% Zwu

U p (e o |
ﬁ/K <m - 9:) f(wi)dfti/K (w]h x> f(xj)dffjﬁ ;wij
— @)y X it op()

= f(x)tr (Q_l)—i-op(l)
= f(z)W + o0p(1).

_l’_

l,x . o
A5y is decomposed similarly as

E(A) = g5 [ flat b @i >

‘o / K (2 ‘””) e, [ K (22) fladey g > v

i#]

h
— cpf'(z ( )+
= Ckf( )W+0p<)

Next, the term A%’Qm = h? (A;’l‘r)’ = O,(h?). Finally, A22 can be shown as

B(A) = f@ [Kowodig Y w
1 T; — % ] % 1
+ﬁ/K< h x) f(xi)dxi/K (xjh m) Sai)deiyy D v

— cpf(@)tr (Q71) I + op(1)
= crpf(x)Wii+ o0p(1).

Thus we have

e [ oW 0 )
Al = < f (@W e ()W > +op(1).

13



By inverting this matrix (through the method of the partitioned inverse) we achieve
(o= (T e O
— T
f%(x)_l/% +op(1) Z7tw + op(1)
and thus
- _ 1) O,(h?)
AI,IZ 1—M 1:<0:D< P
(4 (1) o1}k
which completes the proof of (i).
Proof of (ii). This holds because the off diagonal elements of M~ are o,(1).

Specifically,

(Nhk+2>% A = (Nhk“)% 0,(h?)
= 0, <<Nhk+6> %>
= op(1)

and

<Nhk+2>% AB® = <Nhk+2>% o} ((Nhk> %>
= Op(h)
= op(1).

Proof of (iii). Premultiplying A%* by D(N) gives

(NIF)? AP
Nhk+2)2 Agm>

Xi: Kiwih*(z; — x)'m/ () (z; — x)/2
( + ;:j \/E\/Fjwijhz(mi —z)'m"(z)(x; —x)/2 )

( Z Kiwih?(x; — x)'m" (z)(z; — x)/2 ))

D(N) = ((

N

(NRF)

X

(NRF+2)

SIS

+ ; Z\/E\/Fjwijhz(xi —x)m"(z)(z; —x)/2

((Nh’f) h2 . f(x)W + op(1)>
(Nhk:+2)% Op(hQ)

M3 B2 f(x

Nl

14



which proves (iii).
Proof of (iv). This proof will examine the variance of each component of D(N)A%*

as well as the covariance between the two components. First,

VAR <(Nhk>% A?””) - E <Nh’c (Ai’vf‘ff)
= fa)? [ K@) 3w+ o)
= dpf(x)o®W +o(1).

Next

VAR ((Nh’“) : AS’””) = o [ St R g 3w
— e f(x)o W, + o(1).

The covariance is shown to go to

cov ((wi¥)* ape (wik)* age) = () B (e, a37)
= O(h)
= o(1).

Hence, VAR (D(N)A*®) =V 4 o(1) and since A** has a zero mean
D(N)A>* — N(0,V).

Finally, by proving the four statements, we can show that

D(N) <d(x) ~ §() — (hQ‘B’fW» —  RD(N) (A% 4 A3%) — (h2’“gkw> +o,(1)
= RD(N)A>* 4 0p(1)
— R(N(0,V)) + 0p(1)
— N(O,RVR)
— N(O,%).

15



Now we note that { is a consistent estimator of Q, the proof of it follows from the re-
sults of Amemiya (1971) for the parametric model. Thus the asymptotic distribution
of D(N) <5(:p) - 6(1‘)) is the same as that of D(N) (d(x) — 6(x)). m

16



Table 1 - Linear Technology (v = 0) - Estimates of m

T=3 p=0.1
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSFE
MFGLS 0.02461 | 0.81206 | -0.00294 | 0.263450 | 0.00101 | 0.152292
mypraLs | 0.03227 | 1.18472 | -0.00918 | 0.358010 | 0.02481 | 0.334819
T=5 p=0.1
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSE
MFGLS -0.00415 | 0.62618 | 0.00701 | 0.262428 | -0.01735 | 0.12318
myprcaLs | 0.03685 | 1.14297 | 0.00230 | 0.580311 | -0.01315 | 0.25352
T=3 p=04
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSFE
MFQLS 0.09199 | 1.29724 | 0.02132 | 0.68479 | -0.00176 | 0.23748
mypraLs | 0.04473 | 1.62509 | 0.02872 | 0.95959 | 0.00232 | 0.54860
T=5 p=04
N =10 N =20 N =50
Bias MSFE Bias MSE Bias MSE
mrarLs | -0.00965 | 1.08460 | 0.00787 | 0.56886 | 0.00764 | 0.22496
myprarns | -0.00925 | 1.62514 | 0.01551 | 0.81964 | -0.02416 | 0.34916
T=3 p=0.8
N =10 N =20 N =50
Bias MSE Bias MSFE Bias MSFE
mrars | -0.01835 | 1.58223 | 0.01502 | 0.89115 | 0.00918 | 0.37374
myprarLs | 0.01257 | 2.40996 | 0.04550 | 1.20262 | -0.01792 | 0.53778
T=5 p=0.38
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSE
MFQLS 0.06109 | 1.64919 | -0.03037 | 0.76996 | 0.00668 | 0.28034
mypraLs | -0.01066 | 2.40569 | -0.01820 | 1.08072 | 0.00536 | 0.44972

17




Table 2 - Linear Technology (v = 0) - Estimates of 3

T=3 p=0.1
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSE
BraLs 0.04717 | 0.43331 | -0.03045 | 0.26559 | 0.00498 | 0.08858
Byprrcrs | 0.09091 | 1.30399 | -0.02208 | 0.74755 | 0.03207 | 0.54615
T=5 p=0.1
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSE
BrarLs -0.00855 | 0.25194 | 0.01213 | 0.17773 | -0.00236 | 0.04905
Bnprars | 0.06144 | 2.61958 | -0.00354 | 1.48246 | -0.00432 | 0.74635
T=3 p=04
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSFE
BraLs 0.03625 | 0.46752 | -0.00015 | 0.18585 | -0.00420 | 0.06197
Byprcrs | -0.03703 | 1.32680 | -0.02840 | 0.79431 | 0.00041 | 0.48636
T=5 p=04
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSE
BrarLs 0.00386 | 0.17615 | 0.01756 | 0.08143 | 0.00871 | 0.03467
Byprars | 0.00991 | 1.96978 | -0.00893 | 1.08968 | -0.04652 | 0.55036
T=3 p =038
N =10 N =20 N =50
Bias MSE Bias MSFE Bias MSFE
Brars 0.02128 | 0.20419 | -0.01315 | 0.08525 | -0.01586 | 0.03017
Byprars | 0.01243 | 0.77846 | -0.00564 | 0.43128 | -0.03533 | 0.23332
T=5 p=0.8
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSE
BrarLs 0.00467 | 0.05750 | -0.00071 | 0.02854 | 0.00137 | 0.01069
Bnprars | -0.04696 | 0.92974 | 0.01424 | 0.52818 | -0.00487 | 0.24382
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Table 3 - Quadratic Technology (v = 2) - Estimates of m

T=3 p=0.1
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSE
MFGLS 3.75215 | 13.95897 | 3.78125 | 14.36996 | 1.38247 | 13.83682
mypraLs | 1.25748 | 2.259489 | 1.01324 | 1.487497 | -0.64823 | 0.69626
T=5 p=0.1
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSE
MFGLS 3.19402 | 11.45857 | 3.21542 | 11.81433 | 3.27112 | 11.80253
mypraLs | 0.60992 | 1.52437 | 0.45886 | 0.80338 | 0.329321 | 0.42009
T=3 p=04
N =10 N =20 N =50
Bias MSFE Bias MSE Bias MSFE
MFGLS 3.59057 | 13.24741 | 3.73497 | 14.14550 | 3.69340 | 13.72657
mypraLs | 1.45033 | 2.18517 | 0.85695 | 1.08555 | 0.60328 | 0.67794
T=5 p=04
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSFE
MFQLS 3.21889 | 12.00314 | 3.28223 | 11.51401 | 3.30367 | 11.18568
mypraLs | 0.70980 | 1.92347 | 0.43402 | 0.98756 | 0.25790 | 0.41860
T=3 p=038
N =10 N =20 N =50
Bias MSFE Bias MSE Bias MSE
MFGLS 3.75286 | 14.88077 | -2.35830 | 14.53756 | 3.67594 | 14.25223
mypraLs | 0.96821 | 2.66539 | 0.75107 | 1.43185 | 0.44664 | 0.64704
T=5 p=0.8
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSE
MFGLS 3.39286 | 13.66158 | 3.27061 | 11.75863 | 3.25525 | 11.04261
mypraLs | 0.54470 | 2.216837 | 0.26445 | 1.12261 | 0.13944 | 0.45376
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Table 4 - Quadratic Technology (v = 2) - Estimates of

T=3 p=0.1
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSFE
BraLs 2.76221 | 8.66174 | 2.90400 | 8.97976 | 2.89316 | 8.53274
ByprcLs | -0.26873 | 1.69491 | -0.26373 | 0.85174 | -0.36253 | 0.53852
T=5 p=0.1
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSFE
BraLs 5.87036 | 35.40215 | 5.93808 | 35.62152 | 6.05484 | 37.40021
Byprcrs | 0.12010 | 2.86717 | -0.23052 | 1.61403 | -0.51341 | 1.21027
T=3 p=04
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSE
BrcrLs 3.03288 | 10.38349 | 3.06586 | 9.88796 | 3.12776 | 10.00722
Byprars | -0.05755 | 1.43259 | -0.30976 | 0.88407 | -0.28894 | 0.48019
T=5 p=04
N =10 N =20 N =50
Bias MSFE Bias MSFE Bias MSFE
BraLs 5.68197 | 33.21481 | 5.92401 | 35.38354 | 6.02191 | 36.17050
Byprrcrs | 0.22978 | 2.18748 | -0.24992 | 1.28177 | -0.54674 | 0.96792
T=3 p=038
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSE
BrarLs 3.31846 | 12.05829 | 3.44486 | 12.29401 | 3.51921 | 12.52890
Byprcrs | 0.03322 | 0.98089 | -0.08389 | 0.51563 | -0.12502 | 0.25223
T=5 p =028
N =10 N =20 N =50
Bias MSE Bias MSE Bias MSE
BrarLs 5.79115 | 34.09982 | 5.91963 | 35.26351 | 5.96645 | 35.51767
Byprcrs | 0.09283 | 0.96495 | -0.23768 | 0.72277 | -0.51123 | 0.57375
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