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Abstract

We propose a theoretical framework for assessing the reliability of a forecast model, charac-
terized by: (1) in-sample performance being indicative of out-of-sample performance; and (2)
stable performance over time. We accordingly define a forecast breakdown as a situation where
the out-of-sample performance of the model, judged by some loss function, is significantly worse
than its in-sample performance. Our framework, which is valid under general conditions, can be
used to establish the past reliability of the model, and to predict whether the model will break
down at a future date. We show that main causes of forecast breakdowns are instabilities in the
data generating process and relate the properties of our test to those of previous structural break
tests. The main differences are that our test is robust to the presence of unstable regressors
and that it has greater power than previous tests to capture systematic forecast errors caused
by recurring breaks that are ignored by the forecast model. We find evidence of a forecast
breakdown in the Phillips’ curve forecasts of U.S. inflation over the past three decades, and link
the breakdown to changes in the monetary policy reaction function of the Fed.
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1 Introduction

We propose a method for assessing the reliability of a given forecast model, where we characterize
“reliability” as a situation where: (1) the model’s in-sample performance is representative of its
out-of-sample performance; and (2) the forecast performance is stable over time. This definition
of reliability is motivated by two empirical findings that have been repeatedly documented by the
forecast evaluation literature. The first is that, although forecasting models are typically chosen
based on their in-sample fit, a model that fits well in-sample does not necessarily produce good
out-of-sample forecasts (Goyal and Welch, 2004; Campbell and Thompson, 2005). The second
finding is that the out-of-sample forecast performance of many popular models for macroeconomic
and financial forecasting is not stable over different subsamples of a time series (Stock and Watson,
2003a, 2003b). These findings are usually based on informal analyses since none of the currently
available methods for forecast evaluation appears adequate for investigating the reliability of a
forecast model in a systematic and rigorous manner.

In this paper, we fill this gap by proposing formal methods for assessing the reliability of
a forecast model. We do so by defining a forecast breakdown as a situation where the out-of-
sample performance of a forecast model, judged by some loss function, is worse than its in-sample
performance and propose a testing framework for: (1) detecting whether a forecast model broke
down in the past, and (2) predicting whether the forecast model will break down at a future date.

Our notion of forecast breakdown is a formalization and generalization of what Clements and
Hendry (1998, 1999) called a “forecast failure”, described as a “deterioration in forecast performance
relative to the anticipated outcome based on earlier fit” (Clements and Hendry, 1999, p. 1).
We formalize the definition of a forecast breakdown by comparing out-of-sample performance to
in-sample performance computed in one of three ways: (1) over a fixed initial sample ("fixed"
scheme); (2) over a rolling window that includes only most recent observations ("rolling scheme");
and (3) over an expanding window including all observations from the beginning of the sample
("recursive scheme"). We propose a test based on the intuition that for a reliable model the
in-sample and out-of-sample performances should be equal in expectation. We illustrate how to
construct appropriate estimators for the asymptotic variance to be used in the test statistic, that
explicitly take into account the effect of estimation uncertainty in the model’s parameters. Our
tests are valid under general assumptions. In particular, we allow the data to be heterogeneous and
impose only weak restrictions on the loss function used for evaluation and on the type of estimators
used in constructing the forecasts. We show, however, that in the common case where the same loss
function is used for estimation and evaluation (e.g., OLS and quadratic loss), estimation uncertainty
is asymptotically irrelevant and the test is much simpler to compute. A further contribution is an

effort to understand the causes of forecast breakdowns. In particular, we show that our test can



capture forecast breakdowns caused by instability in the model’s parameters as well as by any
other changes in the data-generating process that result in instability of forecast performance (e.g.,
for a quadratic loss, changes in the variance of the disturbances). We also investigate the role of
overfitting - defined as the difference between out-of-sample and in-sample performance induced in
finite samples by the fact that parameter estimates minimize the in-sample loss by construction -
and propose a simple correction to the test statistic that eliminates its effects.

The two closest literatures to the present papers are the literature on forecast optimality testing
(Mincer and Zarnowitz, 1969, Patton and Timmermann, 2003) and the literature on structural
break testing (e.g., Andrews, 1993, Andrews and Ploberger, 1994, Dufour, Ghysels and Hall, 1994,
Chu, Hornik and Kuan, 1995, Bai and Perron, 1998, Bai, 1999, Hansen, 2000, Elliott and Muller,
2003, Rossi, 2005). Regarding the former, we point out that the same theory developed here
applies to forecast optimality testing (for example, a forecast unbiasedness test can be viewed
as a a special case of a forecast breakdown test that considers the first moment properties of
the forecast errors). Regarding the latter, although the focus of the forecast breakdown test is
different from that of structural break tests (stability of forecast performance vs. stability of
model’s parameters) the two are related since instability in model’s parameters is a chief cause of
forecast breakdowns. In the paper, we shed some light on the properties of our forecast breakdown
test relative to those of structural break tests both analytically and in Monte Carlo simulations.
Our main findings can be summarized as follows: (1) the forecast breakdown test is robust to
the presence of unstable regressors, whereas structural break tests cannot distinguish between
instability in model’s parameters and instability in the distribution of the regressors (see also
Hansen, 2000); (2) the magnitude of the parameter instabilities that cause forecast breakdowns
depend on whether the loss functions used for estimation and evaluation are equal or different;
when the losses are equal, parameter instabilities must be of greater magnitude than those captured
by previous structural break tests in order to cause a forecast breakdown; (3) structural break
tests have greater power when instabilities are permanent, whereas the forecast breakdown test
has greater power when there are recurring instabilities (e.g., a Markov-switching data-generating
processes) and the forecast model fails to capture them (see also Carrasco, 2002). A further
difference with structural break tests is that they only focus on the past stability and provide no
information on the likelihood of future breaks. Furthermore, Elliott (2005) analytically shows, in
the context of a single break, that attempts to forecast based on estimates of the break point are
unlikely to improve forecasts. Instead, an innovation of our approach that has useful practical
implications is the possibility of making predictions about the likelihood that a forecast model will
break down at a future date.

To illustrate the methods proposed in this paper, we investigate whether there is evidence of a

forecast breakdown in the Phillips curve’s forecast of inflation in the United States. The Phillips



curve relationship has been a useful guide for monetary policy in the U.S. in the past few decades.
However, its in-sample stability has been challenged by Staiger, Stock and Watson (1997), and
its forecasting ability further investigated by Stock and Watson (1999) and Fisher, Liu and Zhou
(2002). By using both real-time and revised data, we find striking empirical evidence in favor
of a breakdown in the Phillips curve forecasts. We further investigate whether monetary policy
parameters would have been useful to predict the forecast breakdown and find that changes in the

monetary policy behavior of the Fed and inflation variability played a key role.

2 Theory

2.1 Description of the environment

Let W = {W; : Q — Rl s € N;t = 1,..., T} be a stochastic process defined on a complete
probability space (2, F, P) and partition the observed vector W; as W; = (Y, X)), where Y; :
0 — R is the variable of interest and X; :  — R® is a vector of predictors. We are interested in
evaluating T—step-ahead forecasts of the variable Y ;.

The forecasts are produced using an out-of-sample procedure, where the total sample of size T' is
divided into in-sample and out-of-sample windows. Let m be the size of the first in-sample window
and n = T —m—7+1 be the size of the out-of-sample window. Which data constitute the in-sample
window depends on the forecasting scheme used. We allow for three forecasting schemes: (1) a
fixed forecasting scheme, where the in-sample window includes observations indexed 1,...,m; (2)
a rolling forecasting scheme, where the in-sample window at time ¢ contains observations indexed
t—m-+1,...,t,sothat as ¢ increases older observations are discarded; and (3) a recursive forecasting
scheme, where the in-sample window includes observations indexed 1,...,t, so that all observations
from the beginning of the sample are used.

We let ft(Bt) be the time-t forecast produced by estimating a model over the in-sample window
at time ¢, with Bt indicating the k& x 1 parameter estimate. Each time—t forecast corresponds to a
sequence of in-sample fitted values §; (Bt), with j varying over the in-sample window.

The forecasts are evaluated by a loss L (-), with each out-of-sample loss Ly (8,) = L(Yiir, f+(B,))
corresponding to in-sample losses L; (Bt) = L(Yj,gj(ﬁt)). For example, for the linear model Y; =
X, B+¢; estimated by OLS, the parameter estimate is 3, = (™, X X)) 7N S XY, for the fixed
scheme; Bt = (Zts:t_mH X X)) - Z';:t_mH XY for the rolling scheme and Bt = (22:1 X:X!) -
Z’f;:l XY, for the recursive scheme. The out-of-sample loss corresponding to the forecast at time ¢
is Lir(B) = L(Yigr, X,{HB,:) and the corresponding in-sample losses are L (B,) = L(Y;, X;Bt), where
7 =1,...,m for the fixed scheme; j =t —m 4+ 1,...,t for the rolling scheme and j = 1,...,t for

the recursive scheme.



2.2 Assumptions

1. {W;} is mixing with « of size —r/(r — 2), r > 2; 2. L;() is measurable and twice continuously
differentiable with respect to 5; 3. Under Hy, Bt—ﬁ* = BfH;+o0,(1), where Bt iskx1, Bf is a (non-
stochastic) k x ¢ matrix of rank k, such that max; B} < oo; Hf = m~ 13" | hy(8*) (fixed scheme),
Hf =m™1 Zz:t_m_H hs(B*) (rolling scheme), H; = t~13°_, hs(B8*) (recursive scheme) for a g x 1
orthogonality condition hs(8*) such that E (hs(8%)) = 0; 4. sups>1E||[L(5Y), %Lt(b’*), Ry (B 1P <
00, where %Lt(ﬁ*) is 1xk; 5. T—1 Zle E (%Lt(ﬁ*)) < oo forall T; 6. var <T‘1/2 Zle Lt(ﬁ*)> >
0 for all T" sufficiently large; 7. m,n — oo, &+ — m, 0 <7 < o0.

Comments: 1. Assumption 1 restricts the memory in the data (ruling out, e.g., unit root
processes) but allows the data to be heterogeneous, for example permitting the marginal distribution
of the regressors to change over time. This is a more general assumption than the assumption of
stationarity made in the majority of the structural break testing literature.

2. The assumption of differentiability of the loss function is adopted for convenience and can
be relaxed along the lines of McCracken (2000).

3. Assumption 3 states that under the null hypothesis the pseudo-true values of the parameters
are constant. The assumption is similar to Assumption 2 of West (1996), and it allows for a number
of estimating procedures for the model’s parameters, including OLS, (quasi-) maximum likelihood
and GMM. For example, for OLS estimation of the parameters in the linear model Y; = X/5* + &5,
s=1,...,t, we have B} = (E (t_l St XSX;>>_1 and hs(5*) = Xses. For maximum likelihood
estimation, B} is the expectation of the inverse of the Hessian evaluated at 5* and H} is the score.

4. Assumption 5 can be viewed as restricting the heterogeneity of the means of the loss deriv-
atives. The condition is trivially satisfied when the loss used for estimation is the same as the loss
used for evaluation, in which case E (%Lt(ﬁ*)) =0 for all ¢.

5. Assumption 6 highlights the fact that the asymptotic distribution is obtained under the
assumption that the in-sample and out-of-sample sizes go to infinity at the same rate. This as-

sumption is necessary in order to obtain a non-degenerate asymptotic distribution.

2.3 Forecast breakdown test

We define a forecast breakdown as a deterioration in the out-of-sample performance of the forecast
model relative to its in-sample performance. We formalize this idea by defining a “surprise loss” at
time t + 7 as the difference between the out-of-sample loss at time ¢ + 7 and the average in-sample

loss:
SLir(B,) = Lisr(B,) — Ly(B,) for t =m, ..., T — T, (1)



where l_/t(Bt) is the average loss over the in-sample window implied by the forecasting scheme. We

then consider the out-of-sample mean of the surprise losses

T—7
SLyp=n"" Z SLit+(By),
t=m

and propose a test based on the idea that, if a forecast is reliable, this mean should be close to

zero. Specifically, we test

T—1
Hy: E (nl Z SLHT(ﬁ*)) = 0 for all m,n. (2)
t=m

One can easily see that Hy can be interpreted as saying that the forecast performance, measured
by the expected loss calculated at the stable pseudo-true parameters, is stable over time.

Our test statistic is
tm,n,’r =V nSLm,n/&m,ny (3)

where the expression for the asymptotic variance estimator 6’37%,,1 depends on the forecasting scheme
and on the assumptions. Theorem 2 below gives an estimator that is valid under general as-
sumptions. Corollaries 3 and 4 give estimators that are easier to compute under more restrictive
conditions.

A level «a test rejects the null hypothesis whenever ¢, ,, > 2, where z, is the (1 — «) —th
quantile of a standard normal distribution. The test is one-sided to reflect the fact that decreases
in loss may be desirable and thus do not constitute a forecast breakdown.

The following algorithm shows the steps involved in constructing the general asymptotic variance
estimator. The basic intuition is to acknowledge that the average surprise loss is a weighted average

of in-sample and out-of-sample losses, with weights depending on m, n and on the forecasting
2

scheme. When estimation uncertainty is asymptotically irrelevant, 67, , is simply a (rescaled)
heteroskedasticity- and autocorrelation-robust (HAC) estimator of the variance of the weighted
average of the full-sample losses. When estimation uncertainty matters, 6fnm contains additional

terms, which are also given in the algorithm.

Algorithm 1 (General asymptotic variance estimator) Construct the following: (1) the 1 x

T wvector of in-sample and out-of-sample losses, with element Ly :

L=1Li(Bm)s- s LinBrm)s L1 Brmsr)s - -+ Linr—1 Bonr—1)s Lintr Brn)s - -« L (Br )]

- J/

m 7—1 n

and the corresponding vector L of demeaned losses, where Et =L, —T! Z?:l Lj;l (2) the g x T

'The first m terms of L are in-sample losses from the first estimation window and the last n terms are out-of-
sample losses. For the fixed scheme L = [Ll(Bm), ...,L,,,L(Bm),o, 0, Lm+T([A3m), ...,LT(Bm)];. For the rolling and
N——

m T—1 n
recursive schemes, each of the middle 7 — 1 terms is an in-sample loss from the estimation sample ending at the

corresponding date.



matriz of orthogonality conditions, with element hy :

h= [hl(//ém)v ) hm(ﬁm)v hm+1(Bm+1)7 ) hT—T(BTfT)7O7 e 70 -2

m n—1 T

Let Dyyr = 8Lt” (ﬁt) - %(Bt), t=m,...,T — 7 indicate the sequence of 1 X k derivatives of the
surprise losses, and let By be a consistent estimate of Bf from assumption (iii) that substitutes /ﬁ\t

for 5*.2 Construct the following weights, depending on the forecasting scheme:

T—1 T—1
g oL n n ) B 3 t—m Diir B Zt Dty 7
Fized: w” =[——,...,——,0,...,0,1,1,...,1]; w" =] . ,0,...,0].
—— n T-m
m m
1 non n n-—1 n—1+1 n—T 1
; ool
Rolling (n < m): w” =[——,...,——,——, ., ——, — e ,1— yee, 1 ——,
1xT m m m m m m m m
n m—n T—1 nr‘r
1,...,1];
T
T—1
wh _ [DerTBm Dm+‘er+Dm+T+1Bm+1 Zt Dt—|—7'Bt
1xqT m m T m
n
T—r T—71 T—7
Zt:m Dt+TBt Zt:m Dt+TBt t=m+1 Dt+TBt DTBTf‘r
Stem ST - , - 0,0
T
m—n n—1
1 mom m m—1 1
; . L _ .
Rolling (n > m): wr=[-—,... ——,——, ..., ——, 0,...,0 ,1—-—— .. 1——.1,...,1];
1xT m m m TN, N— m m
g n—m—7-+1 g T
m T—1 m—1
2m—1
wh o [Dm—i—TBm Dm+TBm+Dm+T+1Bm+1 Zt:m Dt+‘rBt
1xqT m ’ m R m ’
m
D B 2m+1 D B T— TD B D B D+ B
i Devr Be 000 Devr By Zt terBi Yoy DirBe TBr—-
m b m b m ) m AR ] m b
n—m m—1

0,...,0].

T

2The first m terms of h are orthogonality conditions from the first estimation window. For the fixed scheme

h = [hi(B,,), .., hm(B,,),0,...,0]. For the rolling and recursive schemes, each of the middle n — 1 terms is the
——

m T—m
orthogonality condition from the estimation sample ending at the corresponding date.

3For example, for OLS estimation of Y, = X.8* +¢es, s = 1,...,t, By = (t*122:1 XXt For maximum

likelihood estimation, B; is the inverse of the Hessian evaluated at the parameter estimate.



Recursive: 1u>)<T = [\_am,()? sy 7m0 —Am,1y - - —Amr—1, 1- Am,r) 1- Am, 415+ 1- am,mn—1, 1,...
m -1 n—r
lle;;T = [bm,0s- -+ 0m,0:0m.1, - s brn—1,0,...,0], where
n‘; n—1 T
S D
e m+j m+j+1 T—r
b [ Dwmtr+iBmtj | Dmtr+j+t1Bmtjtr DypBr_
i = iy , T
m+j m+j+1 T—r
Let
VLL VLh
Vp = ( T r , where (5)
Lh hh
Vit Vg
T
VEL = Z LL)? 42T 1Z'UT g Zwt Liwf ]Lt —j (6)
= Jj=1 t=j
hh  — - h 1 h
yihoo= 1Zwtht Ll T vaz( ol wl k") (T)
t=1 t=
T _ T
V%h = TflsztLLt twt "+ T 1ZUT”]Z( / wt J-i-wt th il w?/)v (8)

t=

with {pr} a sequence of integers such that pp — oo as T — oo, pr = o(T) and {vp; : T =
1,2,...;55 = 1,...,pr} a triangular array such that |vrj| < oo, T = 1,2,...; 5 = 1,...,pr and
vrj — 1 asT — oo for each j =1,...,pr (cf. Andrews, 1991 or Newey and West, 1987).

Theorem 2 (Forecast Breakdown Test) (a) If E (aL”T (B* )) is constant for all t, 6pp =
(T/n)VEE, VEE given in (6). Then, tyn.r <, N(0,1) under Hy in (2). 4
(b) If Vi in (5) is p.d., 6pmn = \/(T/n) (VEL + VIR 42V Ey  VEL VR and VER given in
(6)-(8). Then, tmmr > N(0,1) under Hy in (2).

Comments: Theorem 2-(a) shows that if the loss scores have constant mean under the null
hypothesis, then estimation uncertainty is asymptotically irrelevant and the asymptotic variance
estimator is easier to compute. Theorem 2-(b) gives the correction to the asymptotic variance esti-
mator needed when estimation uncertainty does not vanish asymptotically. Whether the condition
for asymptotic irrelevance in Theorem 2-(a) is satisfied depends in general on the model, the loss
function and the estimation procedure, and its plausibility must thus be verified on a case-by-case

basis. Corollary 3 below shows that an important case in which this condition is satisfied is when

4 A Matlab code computing &, » in the case of asymptotically irrelevant estimation uncertainty can be downloaded

from http:\\www.econ.ucla.edu\giacomin.



the loss function used for estimation is the same as that used for evaluation. This is a common
situation in forecasting applications, since parameters are typically estimated by OLS and forecasts
are evaluated using a quadratic loss. Corollary 4 shows that the asymptotic variance estimator can
be simplified even further if the losses are covariance-stationary under the null hypothesis.?

2. The use of a HAC estimator for the asymptotic variance is motivated by the possible presence
of serial correlation in the sequence of forecast losses. This is easy to see for a quadratic loss, in
which case serial correlation in the losses is induced by the presence of GARCH in the data.

3. The same theory outlined in Theorem 2 can be applied to forecast unbiasedness tests, by
redefining the loss as simply being the forecast error. If the estimation procedure is such that the
in-sample errors have zero mean (e.g., when using OLS), the surprise losses (1) coincide with the
out-of-sample forecast errors, and the forecast breakdown test then becomes a test of zero mean of

the out-of-sample forecast errors, that is, a forecast unbiasedness test.

Corollary 3 (Asymptotic variance estimator under equal loss) If 3, = arg ming L¢(f3), then
Gmn =/ (T/n) VEL, VEL given in (6).

Corollary 4 (Asymptotic variance estimator under equal loss and covariance-stationarity)
Given the assumptions of Theorem 2-(a), further assume that I'; = cov (L¢(B*), Li—j(8")) depends
on j but not on t under Hy. Then, 6, = \/ASEL, where

Forecasting scheme A

Fized 14+n/m

Rolling, n <m 1—(1/3) (n/m)? 9)
Rolling, n > m (2/3)(m/n)

Recursive 1

and SEV =n~1 Zf;n; EerT +2n 1 é’ll Un, j Zz:n;_j EHTEHT,j, where

Livr = Lipr(By) — ! ZJT:_;L Lj+T(Bj) and with {pn} a sequence of integers such that p, — oo as
n— 00, pp =o0(n) and {vy; :n=1,2,...;5=1,...,p,} a triangular array such that |v, ;| < oo,
n=12...;7=1,...,pp and v,; — 1 asn — oo for each j = 1,...,p, (cf. Andrews, 1991 or

Newey and West, 1987).

3 Causes of forecast breakdowns

This section analyzes three possible causes of forecast breakdown: parameter instabilites, other
types of instabilities affecting the surprise loss, and overfitting. Define 5} as F (Mé—(g?)> =0,t=

1,2,...,T, where L (f) is the loss used for estimation. Let fj denote the relevant sample averages

°In the case of quadratic loss, this rules out time-variation in the tail fatness of the forecast errors.



depending on the forecasting scheme: ij = % Z;Zl for the recursive scheme, ij = % Z;:t—m 41 for
the rolling scheme, and % Z;”Zl for the fixed scheme. Similar notation holds for the loss used for

evaluation, L; (3). A mean value expansion of SL,, , around the ;s gives the following expression:

Proposition 5
T—1 N
E <n1 > SLt+T<ﬁt)>
t;Tq— 1 T—1 8
= FE (n_l Z SLHT(BI)) +- Z E <%Lt+7 (BIJFT)) (87 — Bisr)

t=m t=m

-

“other instabilities” “parameter instabilities I”

LS (S ) G- (10

“parameter instabilities 17

1= 02
v 2|61 = Bise) P (gt () ) (6 - 91

“parameter instabilities 11”7

e T—7
Z ) <80;2 (ﬁg>> (87 - B;)] +% > E [(%Lt+T (5:)) <Bt - BZ)]
“parameter instabilities 117 — coverfit 17
1 T—1 , 82 _ R
+5;E{[(5t 8;) 257~ Ly(By) — B Lo (B7) + B (@)} (ﬁt—ﬁ:)}
“overfit 117

1 i ~ 82 = 82 _ = —~ .
+%;E[(ﬂt—ﬁt) <%2Lt+f<ﬂ> 6—62Lt(ﬂt>> (m—m)}

“overfit 111"

The expression (10) reveals that our test’s ability to capture parameter instabilities depends
on whether the loss functions used for estimation and for evaluation differ or are equal. If the
losses are equal, the component “parameter instabilities I” disappears, which implies that forecast
breakdowns are not caused by “small breaks” (i.e., those of the type 5; — 8" = O, (Tl/ 2)), but
only by “larger breaks” (i.e., those of the type 5f — * = O, (T1/4)). Note that the former are the
breaks considered in the in-sample structural break testing literature. Further, when the estimation
and evaluation losses are equal, the “overfit II” component reduces to a quadratic form, and is thus
always positive. Intuitively, this is due to the fact that in this case the average in-sample loss
computed at the parameter estimates is minimized by construction, which introduces a positive

difference between the out-of-sample loss and the average in-sample loss in finite samples.

10



The following proposition characterizes the causes of forecast breakdowns in the context of a

linear regression model and for a quadratic loss.

Proposition 6 (Special case: linear model and quadratic loss) Consider a quadratic loss :

L(e) = L(e) = €2, a fized forecasting scheme, and a linear and correctly specified model:
Y, = X{B, + &1, & ~i.i.d. (0,07),

where the k x 1 vector Xy is i.i.d. Let E (XyX]) = J. Suppose there are two breaks: a permanent
break in the parameters and a permanent break in the variance of the disturbances, so that B, =
B4g1-1(t>m)T* and 0 = 0 + go1 (t > m) /VT. We have:

— 1 k
E(SLmn) = 92/NT + §ging/\/T —1—202% : (11)
" G N — N —
other instabilities “parameter instabilities II”  “overfit 11"

Therefore, a forecast breakdown can be caused by a "small" positive break in the variance of the
disturbances and/or a "large" break (positive or megative) in the conditional mean parameters.
Querfitting is present only in finite samples and depends on the ratio of the number of parameters

to the sample size.

In the following example, we analyze the “parameter instabilities I” component in (10) for
the different forecasting schemes, in order to gain some insight into the ability of each forecasting

scheme to detect forecast breakdowns due to parameter instability, .

Example 7 (Comparison of different forecasting schemes) Suppose that E [%Lj (ﬁ;‘)} =

D is constant over time, so that the “parameter instabilities I” component is
1 T—T -
Dy (#e-2,).
t=m

Let 62‘ — B* = g(s), where g(s) = 1(s< ), s = [t/T], so that %; (6}‘ —B*) ~ g(s), where
fo (U )dv for the recursive scheme, G(s) = f887(1+ﬂ_)—lg('0) dv for the rolling scheme,
§( ) f(HW) g (v) dv for the fized scheme. For each scheme we calculate

%Z <Bt+T Z B; ) g () =7 (s)]ds (12)

(14m)

11



Letm= ] =(1+ ™) and = 2] =7(1 + )7L Then (12) becomes:

Fized scheme : 1(m < )\) u % A) +1(m>A\)- %; (13)
Rolling scheme : 1(m <)) L min@iﬁl’l) A — (s —m)]
nm =
(> A) — mm%m) A= (s — )]
nm =

1 1
Recursive scheme : 1(m < \) = [—AInA] —1(m > \) = [Alnm]

Figure 1 plots these expressions for the case where g (s) = 1(s < \) for various values of \.5 The
magnitude of the deviation from the null changes across the different schemes and depends upon .

This magnitude is mazimum for breaks happening at time (14 7).

When m =1, more weight is
given to breaks in the middle of the sample. While a fixed scheme gives symmetric weights before
and after the middle of the sample, the recursive and rolling schemes give more weight to breaks

occurring after the middle of the sample.

[FIGURE 1 HERE]

4 An overfitting-corrected forecast breakdown test

We propose a simple correction to the forecast breakdown test (3) that eliminates the overfitting
distortion introduced in finite samples by the use of the same loss function for estimation and
evaluation. Specifically, we propose subtracting from the numerator of our test statistic an esti-
mate of the “overfitting II” component in (10). Using similar reasonings to those in the proof of
Proposition 6, we obtain an estimate of the overfitting correction in the context of a linear model
with k regressors - Y; = X8 + & - with quadratic loss used for estimation and evaluation. For
computational ease, we also assume here that the X/s are covariance-stationary. The test statistic

is modified as follows:

tinr = VU(SLinn = €)/Gmn

X'X =
c = 2-'y-tr( T -Vﬁ),

where: v = 1/m for the fixed and rolling schemes and v = In(1 4+ n/m)/n for the recursive scheme;

X = [X1,..., X}; ‘779 is a consistent estimator of the asymptotic variance of the full-sample

parameter estimate 17TB = asyvar(vV/T BT); Gm.n 1s as in Theorem 2-(b) or Corollary 3.

®Note that D only rescales this component, but the shape will remain the same.
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It is interesting to note that, for cases where the asymptotic variance of the parameter estimates

can be consistently estimated by Ve =2 (X'X/T)~1, the overfitting correction simply becomes

¢ = 2vo’k, (14)

2

where 0 = var(e;). Direct calculations further show that in this case ¢

m.n,r May be equivalently

obtained by re-defining the surprise losses as the difference between the out-of-sample loss and the

average in-sample loss penalized using the Akaike’s information criterion (AIC).

5 Predicting future forecast breakdowns

The previous section proposed a test for detecting whether a forecast method broke down in the
past. A question that may be of further interest to real-time forecasters is whether the forecast
method will break down in the future. This is of course related to finding past breakdowns: if the
surprise losses had non-zero mean in the past, we expect them to continue to be positive in the
future. However, it is possible that one could find additional information available at the time of the
prediction - besides a positive mean - that the forecaster could exploit in order to predict whether
there will be a forecast breakdown at a specific date in the future. For example, the surprise losses
may be persistent (this is easy to see for a quadratic loss function, where the presence of GARCH in
the data will induce serial correlation in the surprise losses) or they may be correlated with leading
indicators of the state of the economy.

The key idea is to find variables that predict the difference between in-sample and out-of-sample
performance by regressing the surprise losses on a number of explanatory variables.

We propose the following method for predicting a forecast breakdown at the target date T4 7.

1. Select a r x 1 information vector Z; from the information set at time ¢ and estimate the

predictive regression

SLiir = Z,0+er4r, (15)
over the out-of-sample period ¢t = m,...,T — 7. Let gn denote the parameter estimate that

minimizes the same loss function used in constructing the surprise losses.® Z; can include
a constant; lagged surprise losses; economically meaningful variables such as business cycle

leading indicators, measures of stock market volatility, interest rates etc.
2. Test whether ¢ is significantly different from zero by a Wald test

Winnr = 0,0l 5, (16)

n°"*mymn

"To sce this, note that (for the fixed scheme) the AIC penalizes the in-sample log-likelihood as log L, + 2k/m,
which corresponds to penalizing the in-sample loss as L, (1 + exp(2k/m)) ~ Ly, (1 + 2k/m). The claim then follows

from redefining SLitr as Liyr — Lim (1 + 2k/m).
¥We make this assumption for simplicity, since in this case estimation uncertainty is asymptotically irrelevant.
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1/2
m

where () n is an estimator of the asymptotic variance of \/ﬁgn Reject the null hypothesis

that § = 0 if Wi > X214, Where X2, is the (1 — a) — th quantile of a x? distribution.

3. In general, one can plot the fitted values from the regression (15) together with a one-sided
(1 — p)% confidence interval: {Z;0, — ZPZKZ%?H T=7 in order to analyze the behavior of the
surprise losses over time. One could further use (15) to construct a (1—p)% prediction interval
for S Ly, ,for example as (Z}gn — 2,0¢, +oo) ,where 6. is an estimator of the standard error
of g4y, from (15). If the prediction interval does not contain 0, conclude that the forecast

method will break down at time 7"+ 7 with probability (1 — p)%.

6 Monte Carlo evidence

This section analyzes the size and power properties of our forecast breakdown test in finite samples,
relative to the properties of in-sample structural break tests (Elliott and Muller, 2003) and forecast

unbiasedness tests.?

6.1 Size properties

We investigate the size of our test, in particular with regards to its robustness to the presence of
time-variation in the marginal distribution of the regressors and to the presence of conditionally

heteroskedastic disturbances. To this end, we let the data-generating process (DGP) be

Kg = 273 — 0.44114571 + 0E¢, (17)
07 = l4+axelq, g ~iidN(01).

We consider two experiment designs. The first (MC1) has i.i.d. regressors and conditionally
homoskedastic errors: u; ~ 4.i.d.N(0,1) and o = 0. The second design (MC2), inspired by our
empirical application to the Phillips curve model of U.S. inflation, lets u; be the actual time
series of monthly U.S. unemployment and a = .5.10 The DGP parameters and conditional mean
specification are from Staiger, Stock and Watson (1997). We use an actual time series in order to
generate data that exhibit realistic heterogeneous behavior. Throughout, we restrict attention to
the one-step-ahead forecast horizon and use a quadratic loss for both estimation and evaluation.
For each pair of in-sample and out-of-sample sizes (m,n) and for each of 5000 Monte Carlo
replications, we generate T' = m +n data as in (17). In MC2, we use the last T data in the u; time

series, up to 2005:08. We obtain sequences of out-of-sample forecasts and of relative forecast errors

 Andrews’ (1991) and Andrews and Ploberger’s (1995) test results were qualitatively similar to those obtained by

using the Elliott and Muller’s (2003) test in the case of a single break, and are therefore not reported.
'"The unemployment series is the seasonally adjusted civilian unemployment rate from FRED II
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by estimating the model Y; = 3 4+ Bou;—1 + e by OLS using either a fixed, a rolling or a recursive
forecasting scheme.

We consider the following tests: our forecast breakdown test for the three forecasting schemes,
where the test statistic (3) is computed using either the general asymptotic variance estimator of
Corollary 3 or the estimator of Corollary 4, valid under the assumption of covariance-stationary
1/3

losses (the truncation lag for both estimators is pr = p, = 0 in MC1 and pr = p, = n/° in

MC2).We denote the two tests by tp, nr and ti}fﬁw, respectively. We further consider the test
proposed by Elliott and Muller (2003) (denoted EM) and a forecast unbiasedness test (denoted
UNB), obtained as a t-test of zero parameter in a regression of the out-of-sample forecast errors
(from the recursive scheme) on a constant.

Table 1 contains the rejection frequencies of the above tests for various (m,n) pairs.
[TABLE 1 HERE]

The table reveals that our forecast breakdown test has good size properties for large enough
in-sample and out-of-sample sizes (m,n > 100). This is particularly true for the tfﬁ'ﬁn test, which
is generally well-sized, if conservative. Both tests (in particular t,, , -) tend to over-reject when the
in-sample size is small (m = 50), partly due to the effects of overfitting. To verify this claim, we
report in Table 2 the rejection frequencies of the overfitting-corrected test of Section 4, using the

simple correction (14) in both MC1 and MC2.
[TABLE 2 HERE]

As expected, the use of the overfitting correction substantially improves the size properties of the
test. The overfitting-corrected test appears well-sized in all cases except for the fixed scheme when
the in-sample size is small (m = 50). Regarding the different forecasting schemes, the recursive
scheme appears to be the most robust whereas the fixed and the rolling schemes can suffer size
distortions for small sample sizes (the size distortions for the rolling scheme disappear once using
the overfitting correction)..

Comparing the results from MC1 and MC2, we see that the forecast breakdown test is robust
to the presence of heterogeneous regressors and of ARCH disturbances. In MC2, our test correctly
concludes that the forecasting model is reliable, as there are no changes in the model’s parameters
or in the distribution of the disturbances. This is in stark contrast with the EM test, which
has correct size when the regressor is i.i.d., but (similarly to the majority of existing structural
break tests, as documented by Hansen, 2001) erroneously detects instability in model’s parameters
when the regressor is as heterogeneous as the time series of U.S. unemployment has been over the
past 25 years (the EM rejects 100% of the time!). Finally, the forecast unbiasedness test seems
to be characterized by good size properties, with a tendency to under-reject in the presence of

heterogeneous regressors and ARCH disturbances.
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6.2 Power properties

In this section we consider various sources of forecast breakdowns and analyze the power of the tests
considered in Section 6.1. Figure 2 shows rejection frequencies over 5000 Monte Carlo replications
for the various tests in the following DGPs. Unless otherwise specified, we let T' = 300, estimate
the model Y; = a + e¢; by OLS and use a quadratic loss for evaluation. The in-sample size m used
for the forecast breakdown and the unbiasedness tests is specified in each design.

Design 1: Changes in mean. We consider either permanent or transitory changes in mean. The

permanent change DGP is

Y, =fB4-1(t>T/2) +¢, & ~ii.d.N(0,1), (18)

and we choose an in-sample size m = 150. We consider both a quadratic and a linex loss. In the
transitory change DGP, we let
)/t = M + Et,

where 1, switches between 0 and 34 every 50 periods and we choose m = 50.

Design 2: Permanent change in variance. The DGP is
Yi=ey, e~iidN(O,1+8,4-1(t>1T/2) (19)

We choose m = 150.
Design 3: Other DGP changes. Here we consider a case where the true conditional mean
undergoes a permanent change but the two specifications are not nested, so that the tests developed

for structural breaks are not optimal in this context. We let

Y, = By 1(t<T/2)+ X, 1(t>T/2)+er, (20)
Xy = 6Xi1+mn, e, ~i.i.d.N(0,1) independent.

We let m = 150.
Design 4: Owerfitting. The DGP is

Y; = ¢y, & ~ii.d.N(0,1), (21)

and the model is Y; = X/a + e;, where X; is a (k x 1) vector of .i.d.N(0,1) random variables.
Here, as k increases, the model used by the researcher progressively contains more insignificant

parameters, which may deteriorate its forecasting ability.

[FIGURE 2 HERE]
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Figure 2 shows that the forecast breakdown test has power in all four designs. In the case of a
permanent break in mean (Design 1, first panel), the forecast breakdown has lower power than both
the EM and the UNB tests, but its power grows when the losses used for estimation and evaluation
differ (Design 1, second panel). When the permanent change in DGP is as in Design 3, the power
loss of the forecast breakdown relative to the EM and UNB test is substantially lower. In the case
of transitory breaks in mean (Design 1, third panel), we see that the forecast breakdown test with a
rolling scheme has the highest power. The forecast breakdown test for all three forecasting schemes
is also the only test to have power against a permanent break in variance (Design 2) and against

overfitting (Design 4).

7 Application: the Phillips curve and inflation forecast break-

downs

The Phillips curve inflation forecasting model has traditionally been a useful guide for monetary
policy in the United States, and its forecasting ability is thus of practical relevance. The model
relates changes in inflation to past values of the unemployment gap (the difference between the
unemployment rate and the NAIRU) and past values of inflation. However, the in-sample stability
of the Phillips curve relationship has been challenged by Staiger, Stock and Watson (1997), and its
forecasting ability further investigated by Stock and Watson (1999) and, more recently, by Fisher
et al. (2002). The latter show that the forecasting ability of the Phillips curve depends upon the
period. In particular, it appears to forecast well one year ahead during the 1977-1984 period, but
its predictive power breaks down in the 1993-2000 period. Thus, as an empirical application of the
methods proposed in this paper, we investigate the usefulness of the Phillips curve in forecasting
inflation at various horizons. We put a particular emphasis on the 12 months horizon considered by
Stock and Watson (1999), and consider whether the Phillips curve experienced forecast breakdowns
over that horizon over the past three decades.

Following Stock and Watson (1999), let " = (1200/h) In (P;/P;_1,) denote the T-period inflation
in the price level P; reported at an annual rate, m; denote monthly inflation at an annual rate at
time ¢ (m; = 7} = (1200)In (P;/P;—1)), and u; denote the unemployment rate. Then the Phillips

curve can be expressed as:
772-_7775:90"’_91 (L)Ut+92(L)(7’rt—7Tt_1)+€t+7— (22)

where 6 is a constant parameter that implicitly embodies a time-invariant NAIRU, and 6, (L) and
02 (L) are polynomials in the lag operator L with ¢, and g lags, respectively.
When analyzing in retrospect whether unemployment was a useful predictor for inflation, it

is important to assess its actual predictive ability at the historic point in time, that is by using
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only data that were actually available to the policymakers at that time. For example, Orphanides
(2001) and Ghysels et al. (2002) analyze the performance of monetary policy rules in the presence of
real-time data, and note their relationship with changes in the Fed Chairmen. For that reason, we
use real-time monthly data for the U.S. unemployment rate from the real-time database provided
by the Federal Reserve Bank of Philadelphia database. The data are discussed in Croushore and
Stark (2001), and are available from January 1947 to April 2004 at quarterly vintages starting from
November 1965. While the Federal Reserve Bank of Philadelphia also contains a real-time series of
consumer prices, unfortunately that is available only from the 1994 vintage, and is thus not useful for
our purposes of investigating the Phillips curve forecasting performance over the past three decades.
We use instead the real-time monthly database for consumer prices from the Swanson, van Dijk,
and Callan dataset (available at http://econweb.rutgers.edu/nswanson/realtime.htm). We focus
on seasonally adjusted inflation, as in Stock and Watson (1999).!1! The data span from January
1961 (with a first vintage in February 1978) until December 2001. Due to the data limitations,
we restrict estimation from January 1978 (with a first vintage equal to the first available vintage,
February 1978) until December 2001 using quarterly vintages.!?

The first four columns in Table 2 show the results. We report p-values for both the forecast
breakdown test (¢, n-) of Section 2.3 as well as the W, , - test of Section 5, where the latter
includes a constant and one lagged value of the surprise loss, SL;—1. m = 60, n = 95, and the
forecast horizons are 7 = 3 and 12 months (i.e. 1 and 4 quarters). ¢, and g, are, respectively, the
number of lags used for unemployment and inflation; the row labeled “BIC” reports instead results
for the case in which the lag length is determined at every time ¢ by the Bayesian Information
Criterion (since there are multiple regressors, for computational reasons we followed the common
practice of requiring that all regressors have the same number of lags). The one-step ahead forecasts
begin in 1993:1 (the date has been chosen to correspond to the change in monetary policy identified
in Fisher et al., 2002). As the table shows, all the p-values are close to zero at a one year ahead
horizon. In some cases, the forecast breakdown test does not reject the null of no forecast breakdown
at the three month horizon. Thus, the empirical results reported in Table 3 show striking empirical
evidence in favor of a breakdown in the predictive ability of the Phillips curve to predict inflation

at the 12 months horizon in the last decade.

"'Note that Stock and Watson (1999) did not examine real-time data but, on the other hand, investigate many

other predictors that could help forecasting inflation beyond unemployment, not only unemployment, as we do.
"2The sample used in Fisher et al. (2002) begins in January 1977 and that used in Stock and Watson (1999)

begins in January 1959. Note that while in the real-time database unemployment is revised at a quarterly frequency,
data are still available at a monthly frequency. However, there will be many missing data if one tried to extend the
quarterly data to a monthly frequency. For this reason, we calculated the annualized inflation rate at a monthly
frequency, then used observations only for February, May, August and November, which correspond to the available

vintage quarters.
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[TABLE 3 HERE]

Because of small sample concerns associated with the data available for the real-time forecasting
exercise, we also examine the forecasting performance of the Phillips curve by using finally revised
monthly data. That is, we consider the most recent observations collected by the Philadelphia
Fed (August 2004) for both seasonally unadjusted CPI and unemployment. The largest available
sample for both variables is from January 1948 until June 2004. The last two columns in Table 2
show the results. The first estimated regression is from 1959:1 to 1985:1 (similar results hold if the
first estimated regression is from 1959:1 to 1993:1). The forecast breakdown test finds evidence of
a forecast breakdown at the one month horizon.

Given that our test detected a forecast breakdown, we next proceed to empirically investigate
its possible economic causes. Fisher et al. (2002) argue that periods of low inflation volatility
and periods after regime shifts in monetary policy appear to be associated with the break in the
forecasting ability of the standard Phillips curve. Thus, we next analyze whether the forecast
breakdown of the Phillips curve could have been detected or predicted by using inflation volatility
and a measure of changes in the monetary policy behavior of the Fed. Inflation volatility is simply
estimated as the sample variance of inflation (using a rolling window estimator). As a measure of
changes in the monetary policy behavior of the Fed, we use rolling estimates of the coefficients of
the reaction of the Fed Fund Rate (FFR) on the deviation of inflation from its target level and
the unemployment gap in the New-Keynesian forward looking monetary policy reaction function
analyzed by Clarida et al. (2000). We recursively estimate by GMM the following moment condition

(which describes the Fed’s monetary policy reaction function):!3

E(ri— (1 —=p)[rr* = (B—=1)7" + Brpp +v2e,q) + p (L) 1e-1|S) =0 (23)

where r; is the nominal FFR; 7 ; is the percentage change in the price level between periods ¢ and
t 4+ k (expressed in annual rates); x; 4 is a measure of the average output gap between period ¢ and
t+q, with the output gap defined as minus the percentage deviation between actual unemployment
rate and the corresponding target (in practice, the target is defined as a fitted quadratic function of
time); and 3y is the information set at time ¢. As in Clarida et al. (2000), p (L) = p; + pyL contains
two lags, rr* is the average FFR over the period, p = p (1), and the instrument set comprises a
constant and four lags of each of the following variables: inflation, the gap, the FFR, the commodity
price inflation, the spread between long-term bond rate and the three-month Treasury Bill rate.'4

The target horizon for both the inflation and the unemployment gaps is 1 quarter.

13The first estimation period starts in 1959:1 and ends in 1985:1.
"Unlike in Clarida et al. (2000), the long-term bond rate used here is not FYGL because that series has been

discontinued. Our proxy for the long-term bond rate is instead the ten-year monthly rate of interest on government
securities provided by the Fed (we checked that in the overlapping portion with FYGL the data look similar). Similar

problems lead us to choose the 3-month U.S. Treasury Bills quoted on the secondary market as a proxy for the
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Since we recursively estimate the monetary policy reaction function to analyze whether forecast
breakdowns can be linked to changes in monetary policy behavior, we need a long sample. In fact,
historically, the Chairmen of the Fed were Burns and Miller from 1960:1 to 1979:2, Volker from
1979:3 to 1987:7 and Greenspan from 1987:7 onwards. Also, as argued in Clarida et al. (2000),
“...the sample must be sufficiently long in order to identify the slope coefficients in the policy
reaction function as well as the target inflation rate. In fact, estimating the rule over a short
sample with little variability in inflation can yield highly misleading results” (cfr. p. 154). Thus,

we will address this issue by using finally revised data only.'®
[FIGURE 3 HERE]

Figure 3 shows rolling estimates of the structural parameters in the monetary policy reaction
function of the Fed. We use an estimation window m = 132 (which is the number of observations
for the first regression, from 1959:1 to 1979:1, which corresponds to the Burns-Miller period).
Even though our database is different from Clarida et al. (2000), our estimates of the structural
parameters are similar to theirs, and are also in line with those in Orphanides (2001). In fact, g
changes from being approximately 1 in the 1959:1-1979:1 to being approximately 2 in the second
part of the sample, and similar considerations hold for the other parameters except p, which we
find is slightly higher than in Clarida and Gali (2001) in both sub-samples.

We next proceed to use these estimates as explanatory variables and investigate whether they
are useful to predict the inflation forecast breakdown. Table 4 shows estimates of the following
equations:

SLitr =100, + 01t + € p (24)

where h; is either Bt, ey Py OF 872r7t (the rolling estimates of the parameters in (23) and of the
inflation volatility, 63“,5), and 7 = 1, 3, 12 months. The table reports estimates of the coefficient

d1,r as well as (in parentheses) the p-values associated with testing whether 6; > equals zero.'® For

3-month Treasury Bill rate. Finally, for commodity prices we used n.s.a. CPI for all items all urban consumers
(U.S. city average) and we collected data for M2 from the Federal Reserve Board database. To make our notation
consistent with that in Clarida et al. (2000), we denote the degree of inflation aversion by . Thus, while in the

previous sections 8 denoted a generic coefficient, in this section § will denote the Fed’s inflation aversion.
15Note the different treatement of inflation in the forecasting exercise and in the estimation part: in the forecasting

exercise, we impose a unit root, whereas in the estimation of the monetary policy reaction function we use inflation
in levels. The reason is that imposing a unit root can help in forecasting (see Rossi (2005)), but in the estimation
we follow Clarida et al. (2000) and let GMM estimate the degree of serial correlation in inflation. These authors
provide a variety of reasons why this is sensible (mainly the fact that stationarity of the inflation rate is a property
of many of the theoretical models that rationalize the use of the kind of monetary policy reaction function analyzed

by Clarida et al. These authors do not provide robustness checks when the inflation rate is constrained to be I(1)).
"The test statistic is implemented with a Newey and West (1987) HAC estimator with a bandwidth equal to

(r—1).
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comparison purposes, the table also reports the values of the t,,, - test (which correspond to the
case in which eq. (24) contains only the constant, do,). It is clear that the degree of inflation
targeting smoothing operated by the central bank (p,) and the degree of inflation volatility (Efm)
have a significant impact in explaining the out of sample forecast breakdown at the 12 month
horizon, whereas inflation volatility and the degree of the Fed’s risk aversion to the unemployment
gap (7,) are significant at the one month horizon. To conclude, we also consider estimating eq.
(24) with a constant and all the rolling estimates of the parameters of the monetary policy reaction
function of the Fed and jointly test their significance. The column labeled “Joint” reports the
values of the Wy, ,, » test statistic (p-values in parentheses). It is clear that these variables were

jointly significant at conventional significance levels for all horizons.

[TABLE 4 HERE]

8 Conclusions

This paper proposed a new method to both detect and predict forecast breakdowns. Regarding
the detection of forecast breakdowns, we showed that our test can capture various changes in the
data generating process and overfitting. Regarding the prediction of future forecast breakdowns,
our test has the potential to uncover significant predictors that provide signals of future forecast
breakdowns.

Among the advantages of our test, we note that the framework is general and it captures a
variety of causes of forecast breakdowns. At the same time, while the test has power against
many possible causes of forecast breakdown, it is not necessarily the most powerful test against
each of them. Also, in relation to this issue, while our test provides a first step in detecting
and predicting forecast breakdowns, an important question that arises when the researcher finds
predictive breakdown is: “what to do next?”. Providing insights on the causes of the predictive
breakdown is an interesting avenue for future research, and is currently under investigation by the
authors.

We applied the test to detect and predict forecast breakdowns in the U.S. Phillips curve in the
past three decades. Our results substantiate the finding by Fisher et al. (2002) that the monetary

policy conduct of the Fed was a significant predictor of the inflation forecast breakdown.
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Appendix. Proofs

Notation 8 Let L} = L(5%), hiy = h(B"), OLf = OL(5%), t = 1,...,T, with Ly and h: as
defined in Algorithm 1; Df,. = 8SLiyr(8*))08, t = m,..., T —1; Lf = Li — E(L}); D}, =
Df, . — E(D;.,); 8Lt = O0L{ — E(OL}). For a matriz A, |A| = max; j |a;|. sup = sup,,<i<r_r -

Limits are for m,n — oo.
Lemma 9 n~ /2507 DHTBt Hy = o0p(1).

Proof of Lemma 9. We prove Lemma 9 for the recursive scheme. The proofs for the

fixed and rolling schemes are similar and are available upon request. Direct calculations show that
V2T D BEHF = n V2L @k, where

n—j D* B*
~h 0 0 m+7+j+i—1"m+j+i—1
w _[Cm,()?"'7cm,0>cm,17"'7cm,n717 DR P cm,j— m—+ +'L—1 .
~ i1 J

~
m n—1 T

2
We will show that (a) ‘E <n_1/2 ZZ;I ﬂ)fh}f) (b) E (n‘l/Q ZZ;I ﬂ)fhf) 20 from

which the result follows by Chebyshev’s inequality.

(a) First note that @} can be written as a weighted average of the scores: W}' = Z 8L;Pt7j.
For example, w1 =Cmo = 12].:1 8LjP1,j with (nonstochastic) weights
B B
Pi = Tldmos-- dmosdmts- -y dmre1, =2 — dpry ooy — 2T gy,
— — m m+n—17-—1
m T—1 v~
n—Tt
B:n+n T B;"f‘r
. where
m+n—71"T-— T]’
b
n—j
P A Z B;z—l—]—&-z 1
m, = .
! — (m+]+z—1)2
Similar expressions can be derived for ¢, , 7 = 1,...,n — 1. Each component of P; is bounded

since |Tdpm,0| < sup; |Bf| S21,7(T/i?) < sup, |Bf|(Tn/m?) < oo by assumptions 3 and 6. We can

similarly show that P; has bounded components for all ¢, which allows us to define PP = sup, P;.
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We thus have

T
E (n_1/2 Z 12)?@)
=1

T [ T
= |E|n V23" |1V 0L Ry | b
t=1 j=1

IA
&

T [ T i
Wy ey aE e i
=1 | j=1

T T
= B |T72Y 0L | 02N hy (25)
j=1 t=1

T T
T 'n 2N "N |EB(OLh; )]

j=1t=1

VAN

where we redefined &;P;w as 5?/* in (25) without loss of generality. By Corollary 6.17 of White
(2001), T-1n~1/2 ZjT:l ZtT:l|E(8L R ) < T 'n 1/2012 © o Ja(i) 1% where C; is some
positive and finite constant and «(j) are the mixing coefficients. By Davidson (1994), p. 210,
= oja(g) is positive and finite, which implies that n- W
;)00. N1 1/27.. ey dﬁ hh 1 h E 1/2 ;Z“l~?h2<
2 — 2
(b) From (a), E <n_1/2 ST zbﬁh;f) =F (n‘1/2 S [T‘l ZJT:1 8Lth7j} h;‘) . We have
o 2
E <n—1/2 ST [T‘l Z?:l 8LthJ} h;“) = Ai7 + Aor + Asr, where

T T T T
A = (12 YOS B (k) B (9L PPl 0L )
t=1 s=1 i=1 j—1
har = 1) S SN (B (L) B (w0 ) (1 1) (L)

t=1 s=1

&
Il
—
.
Il
—

K(t,t — s, t —i,t —j),

N
M=
M=
B

Asp = (nTQ) !

t=1 s=11

I
-

1j
where k(t,t — s,t —i,t — j) is the fourth cumulant
K(tt—st—it—j) = E (h:'h;éi;" Pt,ipgyjaij’) — E(h'h) E (a”L;‘ Pt,ipg,jaij/)
w1 wpt a7t « pt a7 # pt a7 ¥
—E <ht P,0L; ) E (hs P.,oL; ) —E (ht P.,oL; ) E (hs P},0L; ) .
Note that [Ayr| < (n72) ' S2L, 20, T 123 B ()| (E (0L; PP PP oL, )] Redefin-
ing &:PEUP as ﬁ:,we thus have |A;7| < (nTQ) SE ST I BEMyR YL, Z] i ‘E <8L 3L )’ <
2
(nTQ)fl Cy (E;‘io ja(j)1*1/2T> , where C is some positive and finite constant and «(j) are the

mixing coefficients. As shown in point (a), 372, ja(j)7Y?" < oo, which implies that A;p — 0. A

similar argument can be used to show that Ao — 0. For Asp, we have

oo o0 oo

Asr] < (nT?) S0 ST Tsupla(t,t - st — it — )| — 0,

s=1 =1 j= 1t>1
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since D02 >0y D22 supysq |k(t t — s,t —i,t — j)| < oo, by assumptions 1 and 4, as shown by
Andrews (1991). m

Lemma 10 %V%L* = var (n_1/2 Zthl wfif) > 0 for all T sufficiently large.

Proof of Lemma 10. We prove Lemma 10 for the recursive scheme. The proofs for the fixed
and rolling schemes are similar and are available upon request. Write %V%L* =var(A1+ A+ A3+
Ay), where A; = —n_1/2am0(z* + ...+ E;‘n), Ay = —n~1/2 (am,lz:nﬂ +...+ am,T_li;‘nﬂ,l) :
Ay = n1/2 [(1 ) Dyr o+ (1 amvn_l)i;#} C Ay = /2 (ET,TH +...+ET). We
first show that |cov(A;, Aj)| — 0 for i # j. Since amj <m0, |cov(A1,A2)| < n_la,,%%o
lcou(Sy Zi S Il < a2, o, S B(E L )] < notad, o€ 520 jali)IY2r by
Corollary 6.17 of White (2001), where C' is some positive and finite constant and «(j) are the
mixing coefficients. By Davidson (1994), p. 210, > 22 je(j )1=1/2" is positive and finite. Fur-
ther, afmo — In%(1 + 7), which is finite (cf. West, 1996, pg. 1082). As a result, cov(A;, Ay) —
0. Using analogous reasonings and the fact that 1 — a,— < 1 for all ¢, one can show that
|cov(Ai, Aj)| — 0 for the remaining (i,j) pairs. We thus have that var (n*1/2 ST wffj)
can be approximated by Z?:l var(A;) and the desired result follows from the fact that, e.g.,
var(A;) = (m/n)a? movar(m —lzsm L¥) > 0 since m/n — 71 > 0, a%mo — In?(1 +7) > 0, and
var(m=1/23°7" L¥) > 0 by assumption 6. m

Proof of Theorem 2. (b) A second order mean value expansion of SLi+(53;) = Lijr <Bt> -

Ly (Bt) around (* gives

T—T T—1
2 [n_l > SLir(B) - E (n_l > SLHT(B*)H (26)

t=m
T—1 -7
= V2N [SLagr (B) — B (SLiyr (5)] 02 Z (0SLu(5%)/08) (B, = 57) + 0p (1)
t=m t=
T—1 T—
= n71/2 Z [SLt+T (ﬁ*) —F (SLt+T (ﬁ ))] +n 1/2 Z E Dt+7’) Bt Ht
t=m
T—1 »
O Z Dy BiH{ +0p (1),
t=m

where we used assumption 3. We show that, under Hy,

T _1/2 T—1 T—1
() o | st K it

t=m

/

< N(0, L),

with V7 defined in (5), from which the theorem follows. Direct calculations show that
1 /2 _ r T 1/27— B
(Bve) 22 [T ST (%), SEon D, By | = Ve P12 [ S wl L, S wphi]
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hx

where w;'* equals wh defined Algorithm 1 with Bt, By, Dy, replaced respectively by %, Bf and

E(D}..). Under Hy, we have T~1/2 ST wkLr =112 w LL¥ since T—1/2 ST whE(LY) =
nT~Y2E ( -1 ZtT TSLi(B* )) = 0. We show that

VT 1/2

T T !
Z LLi’Z *ht] i (07I2)7
=1 t=1

~ !/
where Vi = var (T‘l/ 2 [Zle wi L}, Zle wi* b } > . The result follows from the fact that V —

| % 2,0, due to consistency of Bt for * under Hy. We verify that the zero-mean vector sequence
/
{1V~ 1/2 wk L, Vi 12y *h;“} } satisfies the conditions of Wooldridge and White’s (1988) CLT for

mixing processes. Since Z; = [V; 1/2 LL* V* 1/2 wi*h } is a function of only a finite number of
leads and lags of W, it follows from Lemma 2.1 of White and Domowitz (1984) that it is mixing of

the same size as W;. For the first component of Z;, we have E|V;~ 12 wkL¥|?r

< 00 by assumption
4 and by the fact that Vp is p.d. and |wf| < oo for all ¢ (for the fixed and rolling schemes, this
follows from assumption 7; for the recursive scheme, it follows from the fact that a,,; < amyo
— In(1 + ) < oo, as shown in the proof of Lemma 10. For the second component of Z;, writing
wh* =71 Z?:l E <8L;f> P, j - using similar reasonings as those in the proof of Lemma 9-(a) - we
have B|V;Rulhi 2 = BIVTVAT VST B (OL7) Prghi | = BlAhi . Note that [ M| < oo
for all ¢, ¢, by assumption 5, by P ; having bounded components (as shown in the proof of Lemma

9-(a)) and by V; p.d. Further, by Minkowski’s inequality,

q q
BV Pl ng P = BINR P = BI Aihi < 1> el (BIREP)Y2? < 0o
=1 =1

by assumption 4. This implies that V;_lﬂT*l/2 [Zt 1 Wi Lt,zt 1 h*h*] — N(0, I2). The de-
sired result then follows from consistency of Vr for Vi due to ﬁt — 3* 2 0 under Hy.

(a) E(0SLi+r(B*)/0B) = E (0Lt4-(8*)/0B) — E (OL(8*)/0B) = 0, and thus expression (26)
reduces to n~1/2 Z:ﬂ: [SLi4+r (8%) — E(SLiyr (%)) +0p (1) . The result then follows from reason-
ings analogous to those in part (b) above and from Lemma 10. =

Proof of Corollary 3. Follows from the fact that, under Hy, E (8—3’5(5*» = 0 for all ¢,

op
which implies that the condition of Theorem 2-(a) is satisfied. m

Lemma 11 For a,,; as defined in (4), we have: (i) apm; =~ In(ZE2=Ly: () n~1 P L amy ~

m-+j
1 — 7 In(1 +m); (945) n~! P la al, ;~2[1 =7 'In(1+m)] =7 In(1 + ).
Proof of Lemma 11. (i) ay; = ZZZ; (m+i)"! ~ fj”_l(m + ) ldr = In (%),
(zz)nlz Lam, S n(”ﬁiﬁ)d:ﬁz _1[n—1—7—(m—7)ln(%)} — 1-
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m In(1 +m); (i) nt YN a al, j~n! an_lln2 <mnt1;1> de =
n~! [Z(n —7) = 2(m+7) In(ZE2=L) — (m 4 7) ln2(m+"71)] —2[1=7tIn(1+m)] -7 'In(1 +

m—+T m-+T

m). W
Proof of Proposition 4. We show that lim var(n="/2 Y[, wEL¥) = \* > 72 I'j, where
M\* =1+ 7 for the fixed scheme; \* =1 — (1/3) 72 for the rolling (n < m) scheme; \* = (2/3) 7~}

for the rolling (n > m) scheme; \* = 1 for the recursive scheme. The desired result then follows

SLL

from \S;; o

being a consistent estimator of A* > PN under Hy. For conciseness, we focus on the

recursive scheme. As shown in the proof of Lemma 10, var(n~1/2 Zt JwhkLy) = Z?:l var(A;). We
have var(Ay) = (m/n) aZ, gvar(m “1/25 ™ 1) and thus lim var(A;) = 7~ n(1 + 7) Do L
by Lemma 11-(i). Further, var (As) = n~tvar (amli;;m + ... +am77_1z;‘n+T71> — 0 since T
is fixed. For As, it follows from West (1996), pg. 1082-1083, (with (1 — as, ;) substituting

Qm,j) that var(Ag) =n 1d0 Zj_fnwf‘ + o(1), where dy = Z;L;Tl(l — @ ;)?. By Lemma 11,

nldg = =1 — 2p~! P am,J +nt P Tl %nj — 1 —7"'In(1 + 7), and thus lim var(4s) =
[1—7"1In(1 +7r)] > 5o oo I'j. Finally, var(As) = n~Yvar(Lr—r41 + ... + Ly) — 0 since 7 is

fixed. In sum, var(n=1/? Zthl whLy) = > 72 o T'j and thus A* = 1. The proofs for the fixed and

rolling schemes follow from similar reasonings (for each scheme, A* can be computed as the limit
of n~lwwh). m
Proof of Proposition 5. A mean value expansion of SL (Bt> = % Z?:m 41 [LHT <Bt> — L (Btﬂ

around [ gives:

gm,n (Bt) = mn /Bt +%z§{85 t+’7’ <Bt) 6/3 (/Bt)}, (Bt_/glt> +
t=m
2

% ( 5) { Zstenr B - 25LB0 ) (Bi-5) 21

where Et is an intermediate point between S} and Bt. Note also that:

0 /
8_5Lt+7' (@M) (ﬁ;&k - /Bz(—f—r) + (28)

) 02
032

Livr (Bf) = Ltgr (B:+T) +

1
+5 (Bf = Bter) ==z Lttr (5*t+r> (87 — Bisr)

LB = Ly (8)+ aﬁ (87) (81— B2) + (20)
/ 8 * *
+§ (ﬁ;fk _B ) 852 L; (ﬁ* > (Bt _ﬁj)

where 3%, 4, is an intermediate point between 3} and f}, ,, and B - is an intermediate point between
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Bi and B;. From (28) and (29) above, it follows that

SLivr (B;) = Liyr (5;7) - Zij (6;) +

0 * / * * < 9 *\/ * *
+a_BLt+T (ﬁt+7‘) (Bt - Bt+7) - Za_BLj (/83) (51& - B])
;02
vy ﬁﬁaa@uﬁ(mﬁgua .0 (30)

/82

5> (6 - ) 5t () (6 = 53)

Let SLyy (B.r) =1 t ™ [Lt+7 (Btyr) — Z L;j (B )} sum (30) from m to T'— 7, divide it by n,
and substitute the result into (27) to obtain:

- ~ - 1 — _
SLmn (th) = SLun (BL.r) + Ez[aﬁLH—T ,BtJrT) Bt /8t+7- Z B*)
1152 ,PLeir (Bir)
+§E;n {(5: _BZ-FT) 8ﬁ<2 - > (Bt _Bt—&—r)
- i} , 82
>, (65 =) 5l (ﬁ ) i -5)] (31)
+1T_T{  Lisr (57) — 55T (5] >}/ (B.- ) (32)
n 3B +7 t B t t t
11 02 = P2 =1/
t37 3 (B 1) |3 ien B - 55T Bo)| (B - 1)

t=m
. — (5 50— = AN .
Note that, since 0 = B%Et <5t> = 6@ ¢+ (BF) + [8662 Et(ﬁt)] (Bt - Bt), then
— — ! ~ I e —

{Ler (8D~ BT} = (L 80)) — (& T8 - Te (D)) + (B — 57) ZTu(By).
Therefore, by taking expectations of (31), we have (10). =

Proof of Proposition 6. Since E (%Lt (By) — %Et (5t)> = 0 Vt, the “parameter instabili-
ties I” component is zero. The “parameter instabilities II” component is
L1 g [(5 ~ (8 +ng—1/4))’ J(B- (8 +ng—1/4))} = 291J91/VT + 0, (1) and the“other
instabilities” component is ga/vT V/T. Since O%LHT (By) = —2Xi4r (YHT X, +T6t) is uncorrelated
with (Bt — Bt) the “overfit I” component is zero. Since E <852L (B)) =F (8525 (B)) = 2J
V7, the “overfitting III” component in (10) is also zero. Finally, the “overfit II” component equals

) ! m ) m ! m -1 m
E <Bm - B) (% PR XsXé) (5m - 5) = %E (Tlm > e X858> (% > et XSXQ) (ﬁ PR Xsfs)
S 3B () =207k
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Figure 1. Weighting schemes
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Notes. The formulas for the various forecasting schemes are provided in (13).
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Figure 3. Rolling estimates of the structural

parameters of the Fed’s reaction function
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Notes to Figure 3. The figure shows rolling estimates of the structural parameters in the monetary policy

reaction function of the Fed, eq. (23).
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Table 1. Size. Nominal size .05

MC1
- T
m n Fixed Rol. Rec. Fixed Rol. Rec. EM UNB
50 50 113 144 .097 064  .096 .058 .057 .055
50 100 152 297 121 077 244 071 .057 .051
50 150 168 492 128 .080  .440 .075 .055 .049
100 50 072 .071  .065 049  .052 .047 .053 .053
100 100 096  .109 .081 057  .075  .055 .055 .053
100 150 101 143 .086 .060  .117  .059 .059 .053
150 50 .044  .046  .040 036 .038 .035 .054 .052
150 100 064  .072  .058 046 .052  .043 .052 .053
150 150 .069  .087 .065 047 .066  .046 .049 .050
MC2
b, T,
m n Fixed Rol. Rec. Fixed Rol. Rec. EM UNB
50 50 272 165 120 87  .090  .054 1 .040
50 100 A78 293 130 050 179 .042 1 .024
50 150 183 415 122 036 .268  .042 1 .014
100 50 .047  .056  .046 .031 036 .030 1 .028
100 100 087  .098 .079 036  .054 .034 1 .062
100 150 115 105 .092 .040  .066 .034 1 .016
150 50 030  .032 .028 024 024 .022 1 .059
150 100 062 .069 .058 033 .036 .031 1 .042
150 150 077 .079  .069 033 .041 .032 1 .029

Notes. The table reports rejection frequencies over 5000 Monte Carlo replications of the following tests:
the forecast breakdown test of Section 2.3, using either the asymptotic variance estimator of Corollary 3

(tmm,T) or the estimator of Corollary 4 (

experiment designs MC1 and MC2 are described in Section 6.1 and m and n denote in-sample and out-of-

sample sizes, respectively.

tstat

m,n,T

recursive scheme; Elliott and Muller’s (2003) test (EM) and a forecast unbiasedness test (UNB). The

34
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Table 2. Size of overfitting-corrected tests. Nominal size .05

MC1
s by
m n Fixed Rol. Rec. Fixed Rol. Rec.
50 50 .064  .053 .053 .031 .031 .028
50 100 085  .056  .066 .031 .042 .032
50 150 095  .068  .065 034 .053 .029
100 50 .043  .040 .038 029  .030 027
100 100 057  .057  .052 .030  .036 031
100 150 068  .055  .056 032 .041 .033
150 50 .031  .030 .027 024 .024 .022
150 100 050  .047  .046 032 .031 .030
150 150 .058  .053  .053 038 .035 .034
MC2
s by
m n Fixed Rol. Rec. Fixed Rol. Rec.
50 50 256 .080 .079 189 .039 037
50 100 122 .083  .069 042 .050 027
50 150 096  .073  .067 023 .053 023
100 50 .044  .045 .043 .031 .031 .030
100 100 071 .059  .057 035  .033 .029
100 150 .088  .045 .066 033 .030 028
150 50 031  .029 .028 028  .029 .028
150 100 057  .049  .047 035 .027 028
150 150 062 .043  .050 029  .026 .026

Notes. The table reports rejection frequencies over 5000 Monte Carlo replications of the overfitting-
corrected forecast breakdown test of Section 4, using either the asymptotic variance estimator of Corollary

3 (t

stat,c

;:77«777«7T) or the estimator of Corollary 4 <tm,n7r> , both tests implemented with either a fixed, rolling or
recursive scheme. The experiment designs MC1 and MC2 are described in Section 6.1 and m and n denote

in-sample and out-of-sample sizes, respectively.
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Table 3. P-values of Forecast Breakdown test

Real-time data Revised data
Qu qr tmng Wmnsr tmn,r Winn,r
T=1 1 month horizon
1 1 -- -- 0.037 0.004
1 3 - - - - 0.093 0.016
3 1 - - - - 0.061 0.007
3 3 -- -- 0.134 0.026
BIC -- -- 0.102 0.0121
T=3 1 quarter horizon
1 1 0 0 0.408 0.000
1 3 0.585  0.000 0.474 0.000
3 1 0.477  0.440 0.568 0.000
3 3 0.595 0.011 0.643 0.001
BIC 0.882  0.088 0.621 0.000
T=12 1 year horizon
1 1 0.001  0.004 0.238 0.001
1 3 0 0 0.454 0.006
3 1 0.002  0.008 0.818 0.001
3 3 0.001 0 0.962 0.009
BIC 0.001 0 0.644 0.002

Notes to Table 3. The table reports p-values for both the forecast breakdown test (Z,, ) and the
Winnr test of Section 5. The W, 5, r test is implemented with a constant and one lagged value of the
surprise loss, SL; 1. We used m = 60, n = 95 in the real-time data case, and m = 241 and n = 546
in the revised data case. The forecast horizons are 7 = 1, 3 and 12 months (note that real-time data are
available only at a quarterly frequency, so in that case only results for 7 = 3 months (1 quarter) and 7 = 12
months (4 quarters) are reported). @, and g are, respectively, the number of lags used for unemployment
and for inflation; the row labeled “BIC” reports results for the case in which the lag length is determined at
every t by the BIC with a maximum of three lags. The one-step ahead forecasts begin in 1993:1 (the date

has been chosen to correspond to a change in monetary policy according to Fisher et al. (2002)).
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Table 4. Explaining forecast breakdowns by monetary policy

changes and inflation variance

tmon,r Winn,r
T Qu G B, o7 Py Joint 52,
1 1 1 209 228 -1.828 -19.770 16.88 0.991
(0.04) (0.17) (0.01) (0.60) (0.00) (0.00)
1 3 1678 2348 -1.612 -6.484 14.09 0.860
(0.09) (0.16) (0.02) (0.86)  (0.00) (0.02)
3 1 1875 2306 -1.712 -13.957 14.97 0.947
(0.06) (0.17) (0.01) (0.71)  (0.00) (0.01)
3 3 1500 2354 -1513 -1.977 12.68 0.830
(0.13) (0.16) (0.03) (0.96)  (0.00) (0.02)
BIC  1.633 2.186 -1.654 -6.272 14.15 0.830
(0.10) (0.19) (0.02) (0.87)  (0.00) (0.02)
3 1 1 0828 1.806 0.404 114.281 4.64 1.478
(0.41) (0.57) (0.76)  (0.11)  (0.03) (0.01)
1 3 0716 1.837 0267 1224  5.68 1.482
(0.47) (0.55) (0.84)  (0.08)  (0.02) (0.01)
3 1 0570 1.651 0.568 128.8 4.81 1.464
(0.57) (0.61) (0.67) (0.08) (0.03) (0.02)
3 3 0464 1.657 0415 1361  5.93 1.467
(0.64) (0.60) (0.75) (0.06) (0.01) (0.01)
BIC 0494 1.608 0.642 1414  5.72 1.363
(0.62) (0.62) (0.63) (0.05) (0.02) (0.02)
12 1 1 1180 1.304 0.105 1995  10.84 1.389
(0.24) (0.76) (0.95)  (0.03)  (0.00) (0.01)
1 3 0749 1.639 0417 192.0  9.03 1.143
(0.45) (0.69) (0.81) (0.03)  (0.00) (0.04)
3 1 0230 0.679 0.863 256.5 12.03 1.328
(0.82) (0.88) (0.66) (0.01) (0.00) (0.04)
3 3 -0.048 0960 1.108 2509 11.78 1.117
(0.96) (0.83) (0.55) (0.01) (0.00) (0.07)
BIC 0462 0.903 0.789 2465 11.61 1.261

(0.64) (0.84) (0.68) (0.01)  (0.00) (0.04)
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Notes to Table 4. The table reports the empirical results for the estimation of equation (24). The first
regression dates have been selected according to the findings in Fisher et al. (2002). The regressions for the
Forecast Breakdown test W, ,, » contain a constant and each of the following regressors: SL; (the lagged
value of the surprise loss), Bt, V¢, Py (the rollingly estimated structural parameters in the monetary policy
reaction function of the Fed), and ai’tfl (the inflation volatility). The column labeled “Joint” reports
instead the joint test on a constant and all the parameters Bt, ¢, Py P-values of the W, p, - test statistic
(with a HAC bandwidth equal to (7 — 1)) for testing whether the explanatory variable is insignificant are
reported in parentheses. For comparison purposes, we also report results for the unconditional ¢, , r test.
qy and g are, respectively, the number of lags used for unemployment and for inflation; rows labeled “BIC”
report results for the case in which the lag length is determined at every t by the BIC with a maximum of

three lags. The horizons are one month (7 = 1), one quarter (7 = 3), and one year (7 = 12).
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