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Abstract

This article revisits the Bayesian inferential problem for the important class of nonparametric
additive models. We propose a new identification restriction on the unknown covariate functions
under which the model can be estimated efficiently by Markov chain Monte Carlo simulation
techniques. In contrast to previous discussions in the literature, our estimation procedure is
based on proper smoothness priors on the unknown functions. This opens the way for model
comparisons on the basis of marginal likelihoods and Bayes factors, implemented via the ap-
proach of Chib (1995). A simulation study is used to illustrate the performance of the proposed
techniques. The entire methodology is conveniently adapted to generalized additive models for
both non-clustered and clustered data.
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1 Introduction

This article considers three aspects of the inferential problem—specification, estimation, and model

selection—for the class of nonparametric additive models (Hastie and Tibshirani 1990). For the

first of these aspects, we focus on identification and the use of proper smoothness priors for the un-

known covariate functions. We approach the problem from a Bayesian perspective by modeling the

unknown covariate functions through appropriate smoothness priors (Whittaker 1923, Whittaker

and Robinson 1924, Wahba 1978, 1990, Shiller 1984, Silverman 1985, Besag et al. 1995, Fahrmeir

and Tutz 1997, Fahrmeir and Lang 2001, Chib and Jeliazkov 2005, Koop and Poirier 2004). We an-

alyze the two most common identification restrictions used when the unknown covariate functions

enter the model additively, and propose a modification of one of these restrictions which yields

considerable computational benefits.
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A key challenge in the estimation of nonparametric models is computational efficiency. This

is because estimation of the nonparametric functions involves simulation of quantities whose di-

mension can easily exceed the sample size. Efficient computational algorithms are of particular

importance in large cross-sectional or in longitudinal data, where the sample size can easily run

into the thousands or tens of thousands. As discussed in detail below, the algorithms in this pa-

per build on, and extend, previous algorithms exploiting the specific (banded) structure implied

by the priors on the unknown functions (Silverman 1985, Fahrmeir and Lang 2001, Koop and

Poirier 2004). Hence, the methods reduce the computational costs and make feasible the analysis

of large-dimensional applied problems.

The recent interest in Bayesian nonparametric estimation, aided by the computational ad-

vances in Markov chain Monte Carlo (MCMC) simulation methods, has been quite strong (Besag

et al. 1995, Wood and Kohn 1998, Denison et al. 1998, Shively et al. 1999, Hastie and Tibshi-

rani 2000, Fahrmeir and Lang 2001, DiMatteo et al. 2001, Wood et al. 2002, Koop and Poirier

2004). Nonparametric functional modeling has appealing frequentist and Bayesian properties, but

an advantage of the simulation-based approach is that, in conjunction with the latent variable

augmentation technique of Albert and Chib (1993), it allows for the straightforward analysis of

nonparametric models for binary and ordinal response data (Kohn and Wood 1998, Shively et al.

1999). The entire methodology can also be adapted to nonparametric modelng for both clustered

and non-clustered data (Chib and Jeliazkov 2005).

Two aspects of this analysis distinguish it from most of the discussion in the current Bayesian

nonparametric literature. One is tied to the specification of the model and the other to the prob-

lem of model comparison. For the former, we specify a fully-Bayesian model which combines

proper smoothness priors on the unknown functions with a likelihood that involves identification

restrictions on the unknown functions (since the functions can only be identified up to an addi-

tive constant). In contrast, much of the literature involves partially improper smoothness priors,

which prevents formal Bayesian model selection through marginal likelihoods and Bayes factors.

Moreover, many models are often defined without clearly resolving the identification problem and

providing model-based interpretation; instead, identification is often addressed in the course of sam-

pling, e.g by “centering on the fly” (Besag et al. 1995, and Hastie and Tibshirani 2000, Fahrmeir
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and Lang 2001). This scheme lacks a model-based interpretation, especially when the analysis is

conducted with improper priors on the functions, as in the aforementioned papers. It should be

noted that if proper priors are used with the recentering scheme of Hastie and Tibshirani (2000),

the posterior updates no longer involve banded matrices, and the computational burden becomes

excessive.

We address the problem of model comparison because of its importance since it enables the

comparison of nonparametric models to other competing specifications, including parametric and

semiparametric alternatives. The related literature to date has been quite sparse and, as far as

we can tell, the formal Bayesian approach (based on marginal likelihoods and Bayes factors) has

not been examined in this context. The little literature that does exist on this problem relies on

the AIC and BIC information measures (Shively et al. 1999, Wood et al. 2002, DiMatteo et al.

2001, Hansen and Kooperberg 2002). However, as discussed by Wood et al. (2002), the use of these

measures in the additive case raises some theoretical difficulties. In addition, the computation of the

maximum likelihood values (the inputs into the AIC and BIC) is demanding, especially with large

data sets. To deal with the latter problem, Wood et al. (2002) employ some computational short-

cuts (discussed in the sequel) whose validity may be questioned. We contribute to this literature by

presenting a method for computing marginal likelihoods and Bayes factors, based on the framework

of Chib (1995).

The model comparison analysis yields surprising results. Previous research has avoided the

computation of marginal likelihoods because they were thought to be infeasible high-dimensional

integration problems. Instead, researchers had focused on the computation of AIC and BIC. In-

terestingly, however, here we show that the marginal likelihood (from the approach we develop) is

more easily computed than the AIC and BIC measures.

The article is organized as follows. In Section 3, we briefly review a nonparametric model with

a single unknown function, and present an efficient fitting algorithm. In Section 2, we present

the full additive model, discuss a new identification scheme, and generalize the fitting algorithm.

Section 4 deals with the problem of computing the marginal likelihood. In Section 5, we provide

a simulation study showing the performance of our MCMC fitting algorithm and of the model

comparison criterion. In Section 6, we outline extensions of the method to additive models for
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non-clustered and clustered binary data. Section 7 considers a multiple-regression example and

Section 8 concludes.

2 Additive Models

Additive models provide a natural way of extending univariate models to the multiple regression

setting. Relative to linear parametric models, nonparametric models maintain additivity but do

not require that the estimated functions lie in a particular class of functions. Here the response yi

is assumed to depend on the vector of covariates (si1, ..., sip) in the form

yi = c + g1 (si1) + ... + gp (sip) + εi, (i = 1, ..., n), (1)

where εi ∼ N
(
0, σ2

)
, and {gj (·)}p

j=1 are unknown smooth functions that are to be estimated non-

parametrically. For an introduction to additive models, with applications, see Hastie and Tibshirani

(1990).

2.1 Prior Distributions

For each of the j = 1, ..., p functions in (1), let the n observations in the covariate vectors sj =

(sj1, ..., sjn)′ determine the corresponding mj × 1 design point vectors vj =
(
vj1, ..., vjmj

)′ with

entries equal to the unique ordered values of sj , that is vj1 < ... < vjmj , mj ≤ n, and with

corresponding function evaluation vectors gj =
(
g (vj1) , ..., g

(
vjmj

))′. The idea is to model the

function evaluations as a stochastic process which controls the degree of local variation between

neighboring states.

To avoid cumbersome notation, in the remainder of this section we drop the function index j

(we will return to it later), but note that this should not confuse the reader because every function

is treated similarly. We place a second-order Markov process prior on g = (g (v1) , ..., g (vm))′ =

(g1, ..., gm)′. Specifically, defining ht ≡ vt − vt−1, our (second-order) Markov process prior is given

by

gt =
(

1 +
ht

ht−1

)
gt−1 − ht

ht−1
gt−2 + ut, ut ∼ N

(
0, τ2ht

)
, (2)

where τ2 is a smoothness parameter, such that small values of τ2 produce smoother functions,

while larger values allow the function to be more flexible and interpolate the data more closely.

There is always some degree of flexibility in the choice of any such prior, and there is a variety
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of smoothness priors, based on the same fundamental idea, that are used in the literature. We

use a Markov process smoothness prior because it is easy to interpret, can approximate unknown

functions arbitrarily well, and has been widely used, for example in Shiller (1973, 1984), Gersovitz

and MacKinnon (1978), Besag et al. (1995), Fahrmeir and Tutz (1997, Chapter 8), Müller et al.

(2001), Fahrmeir and Lang (2001), and Chib and Jeliazkov (2005). The roots of this prior can be

traced back to Whittaker’s (1923) penalized least squares criterion, where the aim is to strike a

balance between a good fit and a smooth regression function.

The weights ht adjust the variance to account for possibly irregular spacing between consecutive

points in the design vector. Other possibilities are conceivable for the weights (e.g. see Shiller 1984,

Besag et al. 1995, Fahrmeir and Lang 2001); the one given here implies that the variance grows

linearly with the distance ht, a property satisfied by random walks. This linearity is appealing

because it implies that conditional on gt−1 and gt−2, the variance of gt+k, k ≥ 0, will depend only

on the distance vt+k−vt−1, but not on the number of points k that lie in between. To complete the

specification of the smoothness prior, we provide a distribution for the initial states of the random

walk process (
g1

g2

)
|τ2 ∼ N

((
g10

g20

)
, τ2G0

)
, (3)

where G0 is a 2 × 2 symmetric positive definite matrix. The prior on the initial conditions (3) is

very important because it induces a prior on linear functions of v, which is conceptually similar to

the usual priors placed on the intercept and slope parameters in univariate linear regression. This

can be seen more precisely by iterating (2) in expectation (to eliminate ut which is the source of

the nonlinearity), starting with initial states as specified in (3).

The directed Markovian structure of the random walk prior specified by (2) and (3) emphasizes a

local smoothness penalty. This representation is convenient not only because of its interpretability,

but also because it implies an equivalent global smoothness prior for g resulting from the undirected

random field form of the Markov process. To see this, note that after defining

H =




1
1

ht
ht−1

−
(
1 + ht

ht−1

)
1

. . . . . . . . .
hm

hm−1
−

(
1 + hm

hm−1

)
1




,
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and

Σ =




G0

h3

. . .
hm


 ,

the global smoothness representation of the second order Markov process prior equivalent to (2)

and (3) becomes

g|τ2 ∼ N
(
g0, τ

2K−1
)
, (4)

where g0 = H−1g̃, with g̃ = (g10, g20, 0, ..., 0)′, and the penalty matrix K is given by K = H′Σ−1H.

In the preceding, g0 can equivalently be derived by taking recursive expectations of (2) starting

with the mean in (3), so as to avoid the inversion of H. A key feature of the prior in (4) is that

it is proper. This offers an important refinement on much of the literature on smoothness priors

for nonparametric function estimation where, in contrast, partially improper priors and reduced

rank penalty matrices K are used. This refinement removes an important impediment to formal

Bayesian model selection.

Since the prior on g is defined conditional of the hyperparameter τ2, in the next level of the

modeling hierarchy we specify the prior distribution

τ2 ∼ IG

(
ν0

2
,
δ0

2

)
. (5)

The prior distribution on the variance parameter σ2 in (8) is similarly taken to be

σ2 ∼ IG

(
s0

2
,
d0

2

)
. (6)

We conclude the discussion on Markov process priors by making two remarks. First, from an

estimation point of view, it is important to note that the m × m penalty matrix K is banded.

This fact is of considerable practical utility, as manipulations involving banded matrices take O(m)

operations, rather than the usual O(m3) for inversions or O(m2) for multiplication by a vector.

Given that m may be large (potentially as large as the total number of observations n in the data

sample) this has important ramifications for the numerical efficiency of the estimation procedure.

Second, Markov process priors are conceptually simple and easily adaptable to different orders,

enabling them to match problem-specific tasks more closely (Besag et al. 1995, Fahrmeir and Lang

2001). For example, a simple first order Markov process prior gt = gt−1 + ut will penalize abrupt
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jumps between successive states of the random walk process, while higher order priors embody more

complex notions of “smoothness” related to the rates of change in the function; such priors share

many similar features and are easily specified using the general ideas outlined above. However,

before we can consider the estimation of the model, we must address the likelihood identification

problem that emerges from the additive structure in (1).

2.2 Identification

As written, the model in (1) is likelihood unidentified because the functions {gj} are unrestricted,

so the likelihood will remain unchanged if one redefines simultaneously g∗j = gj +α and g∗i = gi−α

for i 6= j and some constant α. Even though it is well known that Bayesian models with proper

priors do not suffer from identification problems even when the likelihood is not identified (Lindley

1971), likelihood identification is essential in providing well-behaved posteriors and well-behaved

MCMC algorithms that will quickly and efficiently explore the posterior distribution. To achieve

likelihood identification, the functions {gj} have to be “anchored” by imposing restrictions that

remove any free constants.

One approach to identification is suggested in the work of Shively et al. (1999), where the func-

tions {gj}p
j=1 are restricted to start at zero. The approach produces a properly identified likelihood

function, but the identification crucially depends on the smoothness parameters. Identification can

be weak when some of the
{

τ2
j

}
are large, implying a small penalty to vertical shifts of the func-

tional values beyond the first one. In addition, the identification restrictions produce funnel-like

error bands for the function estimates whose interpretation is not entirely transparent.

Another possibility for removing the free constant from an unknown function is to center that

function using the restriction
∑mj

i=1 gj (vi) = 0, or in vector form g′j1 = 0 (Hastie and Tibshirani

1990). It will be sufficient to apply this centering to p − 1 of the unknown functions, allowing

the overall intercept to be absorbed into the remaining function, or alternatively, centering can be

applied to all functions after the introduction of an additional intercept parameter in (1). Gelfand

(2000) points out that this identification scheme has often been applied in ways that do not cor-

respond to well-defined Bayesian models, because recentering is introduced “on the fly” after each

iteration, merely as a step in the fitting algorithm for models that are otherwise built upon par-
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tially improper smoothness priors and/or unidentified likelihood functions (e.g. Besag et al. 1995,

Hastie and Tibshirani 2000). Adapting the notation in Lin and Zhang (1999) to the case where

p−1 of the unknown functions are centered, this identification scheme implies the following stacked

representation of the additive model

y = Q1g1 + Q2M02g2 + ... + QpM0pgp + ε ,

where the {Qj} represent the n ×mj incidence matrices corresponding to each of the covariates,

and the {M0j} represent the mj ×mj symmetric and idempotent mean-differencing matrices

M0j =
(
I− 11′

mj

)
, j = 1, ..., p.

Unfortunately, with proper priors on each of the unknown functions, as in this paper, this

identification scheme becomes computationally demanding because the posterior updates no longer

involve banded matrices, and the computational burden becomes excessive. We believe that it is

because of this difficulty that no work has been done on additive models with proper priors on the

unknown functions.

We solve this problem by proposing a different (but closely related) identification scheme that

is computationally simple to execute, even though the posterior updates do not involve banded

matrices. In stacked form our identification scheme for additive models can be represented as

y = Q1g1 + M0Q2g2 + ... + M0Qpgp + ε , (7)

where the mean differencing matrix

M0 =
(
I− 11′

n

)

now premultiplies the incidence matrices {Qj} and centers the expanded vector of functional eval-

uations. In other words, we recenter the functions using the restrictions
∑n

i=1 gj (si) = 0. Hence,

in determining the centering constants, this is equivalent to weighted averaging of the covariate

functions where the weights are proportional to the number of times each element of vj is repre-

sented in sj . Note that if there are no repeating elements in sj , our approach is equivalent to the

scheme discussed above, but the two differ by a constant when there are repeating values in sj .

The specific benefits from this identification method will be discussed shortly.
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It should be clear from the representation in (7) that the model will be unidentified if any two

incidence matrices Qh and Qk (h 6= k) are identical. In other words, if for some h 6= k, vh and vk

are coincidental, so that their elements occur in the same exact manner in sh and sk, respectively,

the data will not be informative about the individual effects of sh and sk. This multicollinearity is

related to the problem of concurvity (Hastie and Tibshirani 1990).

3 Nonparametric Modeling

To motivate the general approach, we begin by considering the important special case of univariate

regression. Given data {yi, si}n
i=1, the responses yi are assumed to depend on the (scalar) covariate

si in the form

yi = g (si) + εi, (i = 1, ..., n), (8)

where εi ∼ N
(
0, σ2

)
, and g (·) is an unknown smooth function that is to be estimated nonpara-

metrically.

3.1 Efficient Estimation

The model in (8) can be written in stacked form as

y = Qg + ε, ε ∼ N
(
0, σ2I

)
, (9)

where Q is an incidence matrix of dimension n × m, with entries Q(i, j) = 1 if si = vj and 0

otherwise. In other words, Q determines the correspondence between the covariate vector s and

the design point vector v of unique and ordered elements of s, so that s = Qv. This definition of

Q also implies that the ith component of Qg is g (si).

The algorithm described below is derived form (9) using standard Bayes updates, and has been

used for sampling in many applications (Besag et al. 1995, Hastie and Tibshirani 2000, Fahrmeir

and Lang 2001, Müller et al. 2001). Extensions of this algorithm to additive models will be

discussed in the next section, while generalizations to semiparametric and binary data models will

be discussed in Section 6.

Algorithm 1 Univariate Gaussian Nonparametric Model: MCMC Implementation
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1. Sample g|y, τ2, σ2 ∼ N(ĝ,G), where G and ĝ are the usual Bayes updates for linear regres-

sion, namely G =
(
K/τ2 + Q′Q/σ2

)−1 and ĝ = G
(
Kg0/τ2 + Q′y/σ2

)
. Remark 1 below

presents important notes on the sampling in this step.

2. Sample τ2|g ∼ IG
(

ν0+m
2 , δ0+(g−g0)′K(g−g0)

2

)
, where we note that conditional on g, τ2 is

independent of the remaining parameters and the data.

3. Sample σ2|y,g ∼ IG
(

s0+n
2 , d0+(y−Qg)′(y−Qg)

2

)
.

Remark 1 Sampling of g

In sampling g, one should note that Q′Q is a diagonal matrix whose jth diagonal entry equals the

number of values in s corresponding to the design point vj . Since K and Q′Q are banded, G−1 is

banded as well. Thus sampling of g need not include an inversion to obtain G and ĝ. The mean

ĝ can be found instead by solving G−1ĝ =
(
Kg0/τ2 + Q′y/σ2

)
, which is done in O(n) operations

by back substitution. Also, let P′P = G−1, where P is the Cholesky decomposition of G−1 and

is also banded. To obtain a random draw from N(ĝ,G) efficiently, sample u ∼ N (0, I), and solve

Px = u for x by back substitution. It follows that x ∼ N (0,G). Adding the mean ĝ to x, one

obtains a draw g ∼ N(ĝ,G).

We note that the MCMC approach to estimating τ2 in this hierarchical model offers an alterna-

tive to cross-validation. MCMC estimation accounts fully for parameter uncertainty, unlike plug-in

approaches, which do not account for the variability due to estimating the smoothing parameters.

Also, as will be discussed in Section 6, the MCMC approach can be easily extended to discrete data

settings.

3.2 Efficient Estimation

The main advantage of the identification scheme proposed above is computational. Under this

identification and the priors discussed in Section 2, the sampling from the posterior distribution is

done in the following steps.

Algorithm 2 Gaussian Additive Model: MCMC Implementation

10



1. Sample g1|y, τ2
1 , σ2, {gi}p

i=2 ∼ N
(
ĝ1, Ĝ1

)
, where,

Ĝ1 =
(

1
τ2
1

K1 +
1
σ2

Q′
1Q1

)−1

and

ĝ1 = Ĝ1

(
1
τ2
1

K1g10 +
1
σ2

Q′
1

(
y −

p∑

i=2

M0Qigi

))
.

The sampling in this step is carried out in O (n) operations as discussed in Remark 1.

2. Sample gj |y, τ2
j , σ2, {gi}i6=j ∼ N

(
ĝj , Ĝj

)
for j = 2, ..., p, where

Ĝj =

(
1
τ2
j

Kj +
1
σ2

Q′
jM0Qj

)−1

and

ĝj = Ĝj


 1

τ2
j

Kjgj0 +
1
σ2

Q′
jM0


y −Q1g1 −

∑

i≥2,i6=j

M0Qigi





 .

Remark 2 below shows how the sampling in this step can be carried out efficiently in O (n)

operations, even though Ĝj is not banded.

3. Sample τ2
j , j = 1, ..., p, from

τ2
j |gj ∼ IG

(
νj0 + mj

2
,
δj0 + (gj − gj0)

′Kj (gj − gj0)
2

)
,

where conditional on gj , τ2
j is independent of the remaining parameters, functions, and the

data.

4. Sample σ2|y, {gj} ∼ IG

(
s0+n

2 ,
d0+‖y−Q1g1−

∑p
j=2 M0Qjgj‖

2

)
.

While the above algorithm involves steps which are similar to those in Algorithm 1, Step 2

involves p − 1 non-banded n × n matrices and requires special care in order to sample efficiently.

That efficient O (n) sampler is discussed in Remark 2 below.

Remark 2 Efficient Sampling of gj |y, τ2
j , σ2, {gi}i6=j for j = 2, ..., p

In drawing gj ∼ N
(
ĝj , Ĝj

)
, j = 2, ..., p, using the definition of M0 write

Ĝj =

(
1
τ2
j

Kj +
1
σ2

Q′
jM0Qj

)−1

=

(
1
τ2
j

Kj +
1
σ2

Q′
jQj −

cjc′j
σ2n

)−1

,

11



where cj = Q′
j1 is an mj-vector of cluster sizes induced by the correspondence between the elements

of sj and vj , that is the ith entry of cj contains the number of times the ith entry of vj is repeated

in sj . Let Aj = 1
τ2
j
Kj + 1

σ2 Q′
jQj and uj = 1√

σ2n
cj . Then, by the Sherman-Morrison formula, one

can write Ĝj in the above as

Ĝj =
(
Aj − uju′j

)−1

= A−1
j +

A−1
j uju′jA

−1
j

1− λj
(10)

where λj = u′jA
−1
j uj . The efficiency benefits from this representation are significant, because

the application of (10) obviates the matrix inversion necessary to obtain Ĝj and ĝj in Step 2 of

Algorithm 2. Instead, the mean ĝj can be obtained in O (n) operations from

ĝj =
(
A−1 +

A−1uu′A−1

1− λ

)(
1
τ2
j

Kjgj0 +
1
σ2

Q′
jM0dj

)
,

where

dj =


y −Q1g1 −

∑

i≥2,i6=j

M0Qigi




by working with A without inverting to A−1 as outlined in Remark 1. Furthermore, let

Bj =
(
Aj +

uju′j
1− λj

)
,

which implies that Ĝj in (10) can be written as A−1
j BjA−1

j . Thus, if x ∼ N (0,Bj), it follows

that z = A−1
j x has a distribution z ∼ N

(
0, Ĝj

)
, and to obtain a draw for gj ∼ N

(
ĝj , Ĝj

)
, one

simply forms the sum gj = ĝj + z. Now, to generate x ∼ N (0,Bj), simply let x = w1 + ũjw2,

where w1 ∼ N (0,Aj) and w2 ∼ N (0, 1) are independent, and ũj = uj/
√

1− λj .

Due to the shortcuts afforded by the Sherman-Morrison formula and the fact that {Aj} are

banded, all operations above are O (n). Also, we emphasize that although the algorithm in this

section is concerned with continuous cross-section data, the estimation methods are quite general

and easily applicable to other related problems. Some such extensions will be outlined in Section 6.

We next turn to the problem of model comparison.

4 Marginal Likelihood Estimation

Model comparison is a central issue in statistical data analysis, since the appropriate specification

is generally subject to uncertainty. Given a collection of models {M1, ...,ML}, the formal Bayesian
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approach to model comparison is based on the posterior model probabilities, or their ratios, known

as the posterior odds. For any two models Mi and Mj that attempt to explain the data y, we

have
Pr(Mi|y)
Pr(Mj |y)

=
Pr(Mi)
Pr(Mj)

× m(y|Mi)
m(y|Mj)

,

so that the posterior odds are equal to the prior odds times the ratio of the marginal likelihoods

(the Bayes factor), where the marginal likelihood

m(y|Ml) =
∫

f(y|Ml, θl)πl(θl|Ml)dθl (11)

is the integral of the likelihood function f(y|Ml, θl) with respect to the prior distribution on the

model parameters π(θl|Ml).

To our knowledge there is no existing work on the calculation of the marginal likelihood

in the context of nonparametric additive models. It should be clear that direct analytic cal-

culation of the marginal likelihood is infeasible given that the dimension of the integral over

θ =(g1, ...,gp,τ
2
1 , ..., τ2

p ,σ2) will typically be very large (possibly bigger than the sample size n).

We deal with this problem by utilizing the approach in Chib (1995) which has been widely applied

to deal with other high-dimensional problems. In this approach, the infeasible integration of the

likelihood over the prior is reduced to the more tractable problem of finding an estimate of the

posterior, at a single point θ∗. Specifically, the marginal likelihood is available from

m(y) =
f(y|θ∗)π(θ∗)

π(θ∗|y)
(12)

where we have suppressed the model index. Since the numerator terms are available by direct

calculation, the marginal likelihood can be estimated by finding an estimate of the posterior ordinate

π(θ∗|y).

When multi-block MCMC algorithms are used to sample θ, as in the case of the models discussed

in this paper, it is useful to break up the estimation of π(θ∗|y) into several pieces. Let θ =

(θ1, ..., θB), and denote by ψi = (θ1, ..., θi) the blocks up to i and by ψi+1 = (θi+1, ..., θB) the blocks

beyond i, and write the posterior ordinate at θ∗ as

π (θ∗1, ..., θ
∗
B|y) =

B∏

i=1

π
(
θ∗i |y, θ∗1, ..., θ

∗
i−1

)
=

B∏

i=1

π
(
θ∗i |y, ψ∗i−1

)
. (13)
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In the context of Gibbs sampling when the full-conditional densities, including their normaliz-

ing constants, are fully known, Chib (1995) proposed finding the ordinate π(θ∗i |y, ψ∗i−1) by Rao-

Blackwellization

π
(
θ∗i |y, ψ∗i−1

)
=

∫
π

(
θ∗i |y, ψ∗i−1, ψ

i+1
)
π

(
ψi|y, ψ∗i−1

)
dψi

≈ T−1
T∑

t=1

π
(
θ∗i |y, ψ∗i−1, ψ

i+1,(t)
)

,

where ψi,(t) ∼ π
(
ψi|y, ψ∗i−1

)
, t = 1, ..., T , come from a reduced run for 1 < i < B, and sampling

is only over ψi, with the blocks ψ∗i−1 being held fixed. The ordinate π (θ∗1|y) for the first block of

parameters θ1 is estimated with draws θ ∼ π (θ|y) from the main MCMC run, while the ordinate

π
(
θ∗B|y, ψ∗B−1

)
is available directly.

The choice of a suitable decomposition in (13) is quite important, as it determines an appropriate

balance between computational and statistical efficiency. To see this, consider the case when a large

dimensional block (such as {gj}) is placed towards the front of the decomposition in (13). Because

this block is held fixed in subsequent reduced runs, the computational demands are lower. This,

however, may increase the variability in the Rao-Blackwellization step, where the full-conditional

density for this large block is averaged over a conditioning set which changes with every iteration.

Alternatively, if the large dimensional block is placed towards the end in (13), the Rao-Blackwell

average will be more stable as now more blocks in the conditioning set stay fixed; this strategy leads

to higher statistical efficiency but comes at a higher computational cost, since a large dimensional

block (rather than a different block of lower dimension) is simulated in all of the preceding reduced

runs.

Before turning to our suggested procedure for finding the marginal likelihood we mention that

in small samples, and under the assumptions of the model above, the marginal likelihood can be

obtained by direct marginalization over the {gj}, so that the marginal likelihood can be determined

after estimating only the low-dimensional posterior ordinates of the remaining model parameters
{

τ2
j

}
and σ2. We call this the direct marginalization approach. We emphasize that it is only

feasible for small sample sizes.

To understand the idea behind the direct marginalization method, note that the marginal
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likelihood can be computed using

m(y) =
f(y|{τ2∗

i

}
, σ2∗)π(τ2∗

i , σ2∗)
π(

{
τ2∗
i

}
, σ2∗|y)

,

where all quantities are marginalized over the high dimensional blocks {gj}. This marginalization

is possible due to the Gaussian structure of the model, because conditional on
{
τ2∗
i , σ2∗}, the

density f
(
y|{τ2∗

i , σ2∗})
, marginalized over {gj} with respect to the prior distributions, is directly

available, and is given by

f
(
y|{τ2∗

i , σ2∗}) ∼ N (µ,Σ) ,

where

µ = Q1g10 + M0Q2g20 + ... + M0Qpgp0

and

Σ = σ2I + τ2∗
1 Q1K−1

1 Q′
1 + M0

{
τ2∗
2 Q2K−1

2 Q′
2 + ... + τ2∗

p QpK−1
p Q′

p

}
M0 .

Because of this analytical tractability, m (y) can then be found after the main run where one

computes

π
({

τ2∗
i

}
, σ2∗|y) ≈ T−1

T∑

t=1

{
IG

(
σ2∗|y,

{
g(t)

j

}) p∏

i=1

IG
(
τ2∗
i |g(t)

i

)}

using draws
{
g(t)

j

}
from the main run, and the conditional independence of the densities in Steps

3 and 4 of Algorithm 2. This approach saves further reduced runs, and reduces the numerical

standard error of the estimate, because it does not require knowledge of the reduced conditional

ordinates for {gj}. However, the computational burden is O
(
n3

)
since the covariance matrix of

the density f
(
y|{τ2∗

i , σ2∗})
is n × n and is not banded, which can become excessive with large

data sets (large n). Nonetheless, this decomposition is useful when n is small, and we will use it to

evaluate the precision of the reduced run approach, which we present next.

We now turn to the more general way of finding the marginal likelihood, one that can be applied

even when the sample size is large. This procedure relies on p− 1 additional reduced runs after the

main MCMC run and, for this reason, we refer to it as the reduced run approach. It is based on

the following expression of the marginal likelihood

m(y) =
f(y|{τ2∗

i

}
, σ2∗,

{
g∗j

}
)π(τ2∗

i , σ2∗,
{
g∗j

}
)

π(
{
τ2∗
i

}
, σ2∗,

{
g∗j

}
|y)

,
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where the
{
g∗j

}
are not marginalized out analytically. In estimating π(

{
τ2∗
i

}
, σ2∗,

{
g∗j

}
|y), the

reduced run approach relies on the decomposition

π
({

τ2∗
i

}
, σ2∗|y) p∏

i=1

{
π

(
g∗i |y,

{
τ2∗} , σ2∗,

{
g∗j

}
j<i

)}
. (14)

The {gj} are placed last in (14) to ensure that the estimate is stable, because each gj may potentially

be of dimension up to the total number of observations n in the sample. We note, however, that

because the simulation algorithm for {gj} is O (n) as discussed in Section 2, this particular choice

comes at a small increase in computational cost, while the statistical efficiency benefits may be

substantial, especially for large-dimensional problems. We have presented results for an alternative

decomposition in Section 5 below, where the {gj} are placed at the beginning of the posterior

ordinate decomposition, but in line with the arguments above, we found that (14) reduced variability

in the marginal likelihood estimate, and worked well for both small- and large-dimensional {gj}.

An important special case is the univariate nonparametric model (8), where the marginal like-

lihood estimation by the method of Chib (1995) will not require any reduced runs, because in the

decomposition

π
(
τ2∗, σ2∗|y)

π
(
g∗|y, τ2∗, σ2∗)

of posterior ordinate in the denominator of (12) the first term can be estimated with draws from

the main run (that quantity is the average of the product of two independent inverse gammas

with shape and scale parameters given in Steps 2 and 3 of Algorithm 1), while the second term is

available immediately (it is the density ordinate of a multivariate normal density with a banded

precision matrix).

It is interesting to note the following feature of the marginal likelihood for additive models.

Suppose that we have formulated the priors for the various functions {gj}. After deciding which

p− 1 functions will be centered, the centering constraints introduced in Section 2.2 will imply that

the prior on the first function will have to be adjusted to absorb the sum of the constants of the

remaining functions. But does that imply that we must also change the priors on the last p − 1

functions? The interesting result is that those priors can be kept the same, and doing so will not

influence the marginal likelihood. This can be easily seen from the fact that if the likelihood does

not depend on a given parameter that is present in a proper prior (the constant term in the centered
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functions in our case), then the marginal likelihood will not depend on the particular prior for that

parameter. In general, if the likelihood is given by f (y|θ1) and we have the prior π (θ1, θ2), then

the marginal likelihood

m (y) =
∫

f (y|θ1) π (θ1, θ2) dθ1dθ2

=
∫

f (y|θ1) π (θ1)
∫

π (θ2|θ1) dθ2dθ1

=
∫

f (y|θ1) π (θ1) dθ1 ,

so it will not be influenced by the (proper) prior on θ2. In practice this is important for modeling,

because it implies that once the priors on the functions {gj} are determined, the particular choice

of which functions to center in the identification scheme of Section 2.2 will require a revision of

only one of these priors, and the remaining priors can stay as initially specified, without impacting

model comparison.

We now turn attention to an important computational aspect used in the estimation of the

marginal likelihood. While banded matrix algorithms are applicable to the calculation of the expo-

nents of the full conditional densities for the functions gj , j = 2, ..., p, calculating the determinants

of the posterior precision matrices may be more computationally intensive because those matrices

are not banded but rather have the form (A − uu′), as in Remark 2. However, because of the

special structure of the covariance matrices, we can find the determinant in O (n) operations. This

is possible because

det
(
A− uu′

)
= det

{
A

(
I−A−1uu′

)}

= det (A) det
(
1− u′A−1u

)
,

where the second line follows from the identity det(I+AB) = det(I+BA), and where
(
1− u′A−1u

)

is a scalar (we used the definition λ = u′A−1u in Remark 2). Because of the computational short-

cuts that are afforded by the identification scheme in Section 2.2, the calculation of the posterior

ordinates only takes O (n) operations.

In closing, we mention that the numerical standard error of the marginal likelihood estimate

can be derived by following the method given by Chib (1995). In this context, the numerical

standard error provides the variation that can be expected in the marginal likelihood estimate if
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the simulation were to be repeated. To check the accuracy of the numerical standard error estimates

obtained by Chib’s (1995) approach in the presence of high dimensional blocks such as the {gj}, we

used 50 simulations to find a second estimate of the variability of the marginal likelihood estimate.

The two estimates were found to be virtually identical.

5 Simulation Study

The key aspect of our implementation is that it relies on a fully Bayesian, finite sample methodology

for the analysis of the additive model in Section 2. This is enabled by our use of proper priors for

the parameters and the unknown function g (·) as discussed in Section 3, under the identification

scheme introduced in Section 2.2, and may be contrasted with previous studies (Silverman (1985),

Wood and Kohn (1998), Hastie and Tibshirani (2000), Fahrmeir and Lang (2001)) where partially

improper priors were used. In our simulation study we demonstrate the performance of the estima-

tion technique proposed in Section 3.2. A second goal is to evaluate and compare the performance

of the marginal likelihood estimation procedures of Section 4. Finally, we contrast the results from

the marginal likelihood approach to those from AIC and BIC.

5.1 Estimation

The posterior mean estimates ĝj = E {gj |y}, j = 1, ..., p, are found from MCMC runs of length

10000 following burn-ins of 1000 draws. We calculate mean squared errors for the estimates of the

unknown function, which are reported for several designs. We also demonstrate the performance of

the MCMC algorithm by reporting the autocorrelations and the inefficiency factors for the sampled

parameters under alternative model specifications and sample sizes. We find that the MCMC

algorithm performs very well and that its performance improves with larger sample sizes. Data are

simulated from an additive model in (1) with the following three functional specifications:

1. g1 (s) = sin (2πs), for s ∈ [0.6, 1.4];

2. g2 (s) = −1 + s + 1.6s2 + sin (5s), for s ∈ [0, 1.1];

3. g3 (s) = −0.8 + s + exp
{
−30 (s− 0.5)2

}
, for s ∈ [0, 1].

The three functions are plotted in Figure 1. Each of them is evaluated on a regular grid of
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Figure 1: The three true functions in the simulation study.

m = 51 points. We have chosen these functions to capture a range of specifications used in the

literature – for example, the first function achieves its extrema in the interior of its domain, while

the second does so at the endpoints of the domain; the third function has a minimum at the end,

and a maximum in the interior, of its domain. In addition, the first function is symmetric, while

the other two are asymmetric. Data are generated from the additive model with σ = 0.25, and

some of the resulting descriptive statistics for the three functions presented in Table 1.

Generated Functions
g1 g2 g3

SD(gi)/σ 3.10 1.81 1.85
Range(gi)/σ 7.99 9.32 6.03

Table 1: Descriptive statistics for the functions in the simulation study.

As already discussed, due to the centering constraints in additive models, the estimated func-

tions will generally be vertical translations of the true functions – the first function will absorb

the overall constant, while the remaining functions will be centered. We therefore gauge the per-

formance of the method in fitting the above functions using mean squared error applied to the

appropriately translated true functions {g̃j (·)}.

MSEi =
1
m

m∑

j=1

{ĝi (vj)− g̃i (vj)}2 .

The average MSEi, together with the standard errors based on 15 data samples, are reported in

Table 2 for several sample sizes. The results in Table 2 illustrate that as the sample size grows, the
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Average Mean Squared Errors
Observations g1 g2 g3

n = 250 0.00260 (0.00157) 0.00514 (0.00437) 0.00837 (0.00848)
n = 500 0.00088 (0.00052) 0.00292 (0.00486) 0.00302 (0.00268)
n = 1000 0.00055 (0.00043) 0.00235 (0.00187) 0.00245 (0.00301)

Table 2: Average mean squared errors based on 15 samples, with estimated standard errors in
parentheses.

functions are estimated more and more precisely, as expected. As an illustration of the technique,

in Figure 2 we show several regressions for the three sample sizes simulated above. In Figure 2 the

original functions are now vertically translated relative to those in Figure 1 because of the centering

constraints.
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Figure 2: Simulation Study. Three examples of estimated functions (solid lines), true functions
(dotted lines), and confidence bands at two standard deviations (dashed lines).

An example of the performance of the MCMC sampler for the problem with n = 500 is illustrated

in Figure 3. Table 3 shows the inefficiency factors corresponding to the parameters for the same

model. The parameters appear to be estimated very well.

In summary, the results suggest that the MCMC algorithm performs well, and that the estima-

tion method recovers the parameters and functions used to generate the data. The performance

of the method in recovering the nonparametric function g (·) and the model parameters improves

with the sample size, as expected.
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Figure 3: Posterior samples and autocorrelations for the parameters of a nonparametric additive
model with three unknown functions.

Inefficiency Factors
τ2
1 τ2

2 τ2
3 σ2

n = 250 8.885 6.261 8.286 1.220
n = 500 6.684 4.872 5.488 1.068
n = 1000 5.758 5.689 4.966 1.000

Table 3: Examples of estimated inefficiency factors (autocorrelation times) for the parameters of
the additive model for various sample sizes.

5.2 Performance of the Model Choice Method

As discussed in Section 4, some care is required in applying the identity (12) because the dimension

of the vectors of functional evaluations {gj} may be very large, with each gj potentially as large

as the sample size n. For this reason, we recommended the direct marginalization method which

marginalizes out the {gj} analytically, and the reduced run method in which the calculation of the

posterior ordinates for {gj} is done only after all remaining parameters in the posterior decompo-

sition have been fixed. To illustrate that these methods outperform an alternative decomposition

which places the posterior ordinates of {gj} at the beginning of the decomposition (13), we applied

this alternative approach to a simulated data set. The alternative decomposition produced highly

variable results, even for small m. Specific results for m = 25 are presented in Table 4 for the three

methods. The table shows that the direct marginalization method and the reduced run method

perform best, and their numerical standard errors are approximately ten times lower than those
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Numerical Standard Error of the Marginal Likelihood Estimate
Reduced Run Direct Marginalization Alternative Decomposition

n = 250 0.013 0.013 0.150
n = 500 0.009 0.009 0.116
n = 1000 0.008 0.008 0.083

Table 4: Numerical standard error of the marginal likelihood estimates for three marginal likelihood
decompositions for various sample sizes.

from the alternative decomposition where the ordinates for {gj} were placed at the beginning of

(13). What is more, with larger m, the alternative decomposition required much longer MCMC

runs to produce accurate estimates. Because these results provide a clear illustration of the advan-

tages of the reduced run and the direct marginalization methods, we only focus on these methods

in this paper.

The direct marginalization method is preferable for smaller sample sizes, because the evaluation

of the ordinate f
(
y|σ2∗,

{
τ2∗})

requires O
(
n3

)
operations and O

(
n2

)
storage spaces. The reduced

run method is applicable for larger sample sizes, even though it requires p−1 reduced runs, because

only univariate quantities are stored during the reduced runs, and each of the runs requires O (nT )

operations, where T is the MCMC simulation size. Although there will be considerable variation

in computing times due to differences in computer platforms and software, in the context of this

example, our experiments have shown that the single evaluation of f
(
y|σ2∗,

{
τ2∗})

may take longer

than doing the two reduced runs when n is larger than approximately 2000.

To evaluate the statistical properties of the direct marginalization and the reduced run methods,

we next consider the numerical standard errors of the marginal likelihood estimates obtained by

these two methods. Table 5 presents results for n = 2500. The table illustrates that the numerical

Numerical Standard Error of the Marginal Likelihood Estimate
Reduced Run Direct Marginalization

m = 501 0.049 0.049
m = 1001 0.061 0.059
m = 1501 0.086 0.065

Table 5: Numerical standard error of the marginal likelihood estimates for three m.

standard error of the reduced run method is not larger than that of the direct marginalization

method, even though several additional quantities are estimated in reduced runs. Because the
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dimensions of the {gj} may vary across data samples, this table also presents results on the effect

of m on the precision of the marginal likelihood estimate. We see that the precision of the direct

method is very high, and that even though there are high-dimensional blocks in the posterior

ordinate in the reduced run method, it is nonetheless very precise.

To assess the performance of the model selection technique in practice, we show the results

on comparing three nonparametric models. Realizations were generated from an additive model

using two covariates and the first two regression functions in Figure 1. The first fitted model

used only the first covariate, omitting the second relevant covariate. The second model used both

relevant covariates, while the third model included an additional covariate that was not used in the

generation of the data. We performed 50 data replications for three possible sample sizes, where

for each data sample we estimated all three models and their marginal likelihoods. The model with

the highest marginal likelihood was selected. Table 6 illustrates the results of this Monte Carlo

study. The results in Table 6 are quite encouraging, and illustrate that marginal likelihoods can

Selection Frequency
Sample Size M1 M2 M3

n = 250 0.00 1.00 0.00
n = 500 0.00 1.00 0.00
n = 1000 0.00 1.00 0.00

Table 6: Proportion of times each model was selected using the marginal likelihood estimates. The
model used to generate the data was M2. The models M1, M2, and M3 include one, two, or three
covariates, respectively.

guard against both underparameterization and overparameterization.

5.2.1 Comparison with AIC and BIC

Until now, marginal likelihoods and Bayes factors have not been calculated for nonparametric

additive models, and instead comparisons have made use of the AIC and BIC measures. In the

context of the nonparametric additive model, the BIC approach of Schwarz (1978) approximates

the logarithm of the marginal likelihood log m (y) by log f
(
y|

{
τ̂2
j

}
, σ̂2

)
− (q/2) log (n), where

q = p + 1 is the number of parameters in the model, and
{

τ̂2
j

}p

j=1
and σ̂2 are the values that

maximize f
(
y|

{
τ2
j

}
, σ2

)
. In this expression, the term − (q/2) log (n) is the penalty on complexity.

The related AIC criterion (Akaike 1973) is given by log f
(
y|

{
τ̂2
j

}
, σ̂2

)
− q.
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The use of these measures is not without its disadvantages. First, the calculation of the AIC or

BIC can be demanding for large samples because

f
(
y|{τ2

j

}
, σ2

)
=

∫
f

(
y|{τ2

j

}
, {gj} , σ2

)
π

({gj} |
{
τ2
j

})
d {gj}

is a high dimensional integral, and each evaluation requires O
(
n3

)
operations, and of course we

need multiple evaluations for optimization. Because of the high dimensionality and computa-

tional costs, optimization will rarely be a viable option. For this reason Wood, Kohn, Shively,

and Jiang (2002) have used a simulation-based optimization method. According to that method,

given the sample of MCMC draws
{{

τ2
j

}(t)
, {gj}(t) , σ2,(t)

}
, one simply takes the draw which

maximizes π
({

τ2
j

}
, {gj} , σ2|y

)
, and using the values for

{
τ2
j

}
and σ2 from that draw, one com-

putes f
(
y|

{
τ2
j

}
, σ2

)
. The problem with this method is that the mode of the joint density over

({
τ2
j

}
, {gj} , σ2

)
, need not be the same as the mode of the marginal density over

({
τ2
j

}
, σ2

)
. In

fact, our experiments have shown that frequently it is the case that f
(
y|

{
τ2
j

}
, σ2

)
will have a

higher value evaluated at the mean, rather than at the mode of the joint distribution. The problem

of obtaining reliable MLE estimates still remains open.

From a methodological perspective, the AIC and BIC measures are based on asymptotic con-

siderations and they do not, in a formal sense, produce posterior model probabilities for the given

set of models. Moreover, as discussed in Wood et al. (2002), one may have to be concerned with

boundary complexity problems when comparing alternative models.

6 Model Extensions

The estimation techniques presented in this paper are quite general and readily applicable in many

settings. Here we briefly outline some of them. One important extension of the techniques is

to partially linear (semiparametric) models, where the effect of a given covariate s is modeled

nonparametrically as in Section 3, but the model also includes linear effects of the type Xβ which

are added to the mean function on the right hand side of (9). Estimation of such a partially linear

is a straightforward extension of Algorithm 1, and proceeds by recursively forming partial residuals

y −Xβ when estimating g, and y −Qg when estimating β (and the quantities are sampled from

the standard posterior updates). The partially linear model can also easily be extended to the

semiparametric additive case (with several nonlinear functions in addition to the linear effects) by
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pursuing a similar strategy in the context of Algorithm 2. Of course, if X contains an intercept,

for identification reasons all of the unknown functions will have to be centered and sampling will

proceed as in Step 2 of Algorithm 2. If X does not contain an intercept, all but one of the functions

should be centered.

The methods in this paper, including the above extensions, can also be applied to the analysis of

binary and polychotomous regression using the latent variable augmentation framework of Albert

and Chib (1993). In that framework, the MCMC sampler explicitly includes the (continuous) latent

variables underlying the (discrete) observed responses. The main advantage of this approach is that

conditionally on the latent data, estimation of the parameters and the unknown functions closely

mirrors the methods for continuous data. Another benefit of the approach is that it allows for

analysis under various link function specifications, such as probit and Student-t links (Albert and

Chib 1993), as well as under any mixture-of-normals link function, including the logit link function

(Wood and Kohn 1998).

Finally, the approach provided in this paper is also applicable to the class of continuous and

binary data additive mixed models (Lin and Zhang 1999). For example, Chib and Jeliazkov (2005)

discuss the specification and estimation of a semiparametric partially linear model for dynamic

binary panel data. The method is based on the latent variable augmentation of Albert and Chib

(1993) and on the efficient sampling algorithms for mixed effect models provided in Chib and Carlin

(1999). The estimation algorithm proposed by Chib and Jeliazkov (2005) can easily be modified to

account for a semiparametric or nonparametric additive structure simply by adapting the methods

from Section 2 above.

7 Application To Exam Score Data

As an illustrative example we apply the methodology to the final exam data in Wooldridge (2002).

The data include 680 observations on the standardized score (y) on the final exam in microeconomic

principles. To obtain the standardized outcome y, the score on a student’s final exam is represented

in terms of the number of standard deviations away form the class mean. This transformation makes

the performance measure interpretable in relation to the rest of the class, and helps to ensure that

the regression assumptions are not violated. In the analysis we use the following independent
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Figure 4: The three estimated functions functions for the exam data.

variables: class attendance rate (s1), cumulative college GPA prior to taking the class (s2), and

ACT exam score (s3) (the ACT is an exam that is widely used in college admissions). The data

are modeled as the additive nonparametric regression

yi = g1 (si1) + g2 (si2) + g3 (si3) + εi, (i = 1, ..., 680),

where each of the functions g1 (si1), g2 (si2), g3 (si3) is a priori modeled as a second order Markov

process, and is appropriately restricted for likelihood identifiability as outlined in Section 2.2.

Estimation of the model was done after a warm-up period of 1000 iterations followed by a main

simulation run of 10000 MCMC draws. Estimates of the model parameters are presented in Table

7, and the three functions are plotted in Figure 4.

Parameter Mean SD Median Lower Upper Ineff
τ2
1 0.002 0.001 0.002 0.001 0.005 5.580

τ2
2 0.002 0.001 0.002 0.001 0.004 22.750

τ2
3 0.003 0.002 0.003 0.001 0.010 5.420

σ2 0.755 0.042 0.753 0.677 0.841 1.000

Table 7: Parameter estimates and summaries for the exam data model. The table also reports 95%
confidence intervals and sampling inefficiency factors.

From Table 7 we see that the parameters are estimated well and have generally low autocorre-

lations. The marginal likelihood estimates are also well behaved – the marginal likelihood of the

model was estimated to be −907.031 with numerical standard error of 0.040. From Figure 4 we see

that the nonparametric estimates of the three functions depict a relationship that is consistent with

commonly held notions of the determinants of good academic performance. For example, students

with demonstrated scholastic abilities, as demonstrated by a cumulative GPA above 3.0 or high
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ACT scores, appear much more likely to score above average on the final exam. The general effect

of attendance is also positive, but there appear to be are interesting nonlinearities in the data

around 42 and 85 percent.

In addition to this model, we were interested in the hypothesis that class attendance might have

a different effect for students who have performed differently in the past (as measured either by

prior cumulative GPA or by ACT scores). For this reason we estimated additive models including

the function g4 (s1s2) or g4 (s1s3), however these models did not perform competitively with the

model above on the basis of their marginal likelihoods. This indicates that additivity is a reasonable

restriction in this setting and the structure of the model above is sufficient to capture the effects

of attendance on exam performance.

8 Concluding Remarks

This article has examined the specification, estimation, and comparison of nonparametric additive

models based on proper smoothness priors. A new scheme is used to identify the unknown covariate

functions and an efficient Markov chain Monte Carlo sampling procedure is developed for estimating

the model. We discuss methods for finding the marginal likelihood based on the framework of Chib

(1995), thus paving the way for a comparison of additive models on the basis of Bayes factors. We

provide a simulation study to demonstrate the applicability of the estimation and model choice

methods. The techniques are quite general and are applicable to semiparametric, mixed effect, and

discrete data models.
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