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Abstract

Many rational expectations models state that an economic variable is determined as the present

value of future variables. The restrictions imposed by these models have traditionally been tested

on Vector Autoregressions in which variables appear either in levels (or cointegrating relationships)

or in first differences, based on unit root pre-tests. Commonly applied test statistics may lead

to over-rejections in small samples in the presence of highly persistent variables. Similarly, long

horizon predictive regressions may suffer from this problem too. We propose to do inference by

using an alternative method based on local-to-unity asymptotic approximations, where the horizon

of interest is a fixed fraction of the sample size. In this framework, these tests become tests on the

roots of the process. We show that the proposed method has the correct size, and it is easy to use.

We apply this method to test long horizon Predictive Regressions, Uncovered Interest Rate Parity,

the Expectation Hypothesis of the Term Structure, the Permanent Income Hypothesis and the net

present value theory of the Current Account in a unifying framework.
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1. Introduction
Many rational expectation models state that an economic variable is determined as the present

value of future variables. Examples of such models include: the Permanent Income Hypothesis (PIH),

where consumption is the discounted sum of future changes in income; the Uncovered Interest Rate

Parity condition (UIRP), where the interest rate differential between two currencies is the expected

sum of future changes in exchange rates; the Expectation Hypothesis of the Term Structure (EH-TS),

where the long-term interest rate equals the average expected short-term interest rate; and models

of Asset Pricing determination, where asset prices are determined as the present value of the stream

of future dividends. We will refer to these models collectively as “Expectations Hypothesis” (EH)

models. While these models constitute the foundation of modern theoretical economics (Obstfeld

and Rogoff (1996)), the empirical evidence is mixed.1 Similar considerations apply to long horizon

predictive regressions.

This literature faces the common problem of testing an economic restriction at long horizons in

the presence of possibly non-stationary time series data. The econometric methodology used to test

these models shares two common features. The first is that, since valid statistical tests must be

carried out on stationary time series, researchers assume exact unit roots in some variables and then

use first differences or cointegrating relationships as stationary variables. While this practice was

justified by results of unit root pre-tests and has become standard in applied work, it is practically

difficult to distinguish between a unit root process and a mean-reverting but highly persistent one in

small samples (see Cavanagh, Elliott and Stock (1995)). Similarly, tests for cointegration suffer from

size problems (see Elliott (1998)). The second feature is that they (directly or indirectly) perform

inference at horizons that are large relative to the sample size, and possibly infinity.

The question that naturally arises is whether these econometric procedures are robust to inference

at long horizons in the presence of roots close to (but not necessarily equal to) unity. Since even

very small deviations from unit roots can potentially have big effects at long horizons, we investigate

EH tests at long horizons that do not rely on exact unit roots nor exact cointegration.2 This paper

proposes a method to test economic restrictions at long horizons that is robust to uncertainty on
1Tests on the PIH find some empirical support (Campbell (1987)), but similar tests applied to the current account

(CA) are less satisfactory (Sheffrin and Woo (1990)); results for EH models are mixed as well (Bekaert and Hodrick

(2001), Campbell and Shiller (1987)). An additional example, not considered in the present paper, is the monetary

model of exchange rate determination; see Kilian (1999), Mark (1995), Mark and Sul (2002) and Engel and West

(2002).
2Even in those cases in which there is an economic reason to expect some economic variables to have unit roots

(for example, in the RBC literature, a random walk technology implies that output and consumption are difference-

stationary), it is still practically difficult in small samples to distinguish between shocks that have permanent effects

and shocks that have transitory but long-lasting effects. It is desirable that the empirical conclusions be robust to

these potential problems.
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the roots. Furthermore, researchers routinely use delta methods (Sheffrin and Woo (1990)) or the

bootstrap (Bekaert and Hodrick (2001) and Cochrane and Piazzesi (2002)) to deal with the non-

linear constraints that originate at long horizons, and to evaluate R2 measures of predictive ability.3

The method proposed in this paper does not require delta method approximations and easier to use

than the bootstrap.

Although this paper focuses on expectations hypotheses, its methods can be applied to predictive

regressions as well. The analysis of long horizon predictability in small samples has been the focus of

recent research, both in-sample (see Valkanov (2003)) and out of sample (see Clark and McCracken

(2002) and Rossi (2002)). We will provide empirical applications and discuss theoretical results for

in-sample long horizon predictive ability too. Our method is computationally easier to use than

Valkanov (2003), as it does not require Monte Carlo simulations but only the use of critical values

that are already available.

2. An example
To clarify the problems of conventional inference, let’s consider the Expectation Hypothesis in

the Foreign Exchange market (EH-FX). It states that the long-term interest rate differential between

the two countries, it,h, is an unbiased predictor of the expected change in the short-term bilateral

spot exchange rate at horizon h, st+h − st, plus a constant risk premium, ch.4 Thus, letting ηt

denote an unforecastable error given information at time t:

Et

hX
j=1

∆st+j = ch + it,h + ηt (1)

To test the theory, we estimate a VAR for the vector w0t = (∆st, it,h)
0: wt = Awt−1 + ²t. The

restriction imposed by (1) is:

i01
1

h

hX
j=1

Aj − i02 = i01
1

h
A
¡
I −Ah¢ (I −A)−1 − i02 = 0 (2)

Some features of this approach (or maintained hypotheses) are that: (i) the exchange rate st has

an exact unit root; (ii) I −A is invertible; (iii) the constraint is non-linear; (iv) the Wald test has
a chi-square asymptotic distribution provided the sample is large. However, Bekaert and Hodrick

3Non-linear constraints originate at finite horizons; at infinite horizons, it is possible to rewrite the constraint so

that the restriction becomes linear. See Campbell (1987).
4Note that the objective of the paper is not to study time variation in risk premia, although time varying risk

premia could be generated by misspecifying the order of integration of the variables. Incorrectly selecting the order of

integration leads to small persistent components that are time-varying and, thus, leads to size distortions in hypotheses

tests. Thus, our method is robust to time-varying risk premia that originate from misspecifying the order of integration

of the variables. See Bekaert and Hodrick (2001) and Bekaert, Wei and Xing (2002).
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(2001) and Bekaert, Wei and Xing (2002) show that the Wald test has considerable size distortions.

This might be due to the fact that (some of) the maintained hypotheses may not hold.

In fact, suppose that the DGP for z0t = (st, it,h)
0 is such that:

zt = Φzt−1 + ²t, Φ =

 ρ1 β

0 ρ2

 (3)

where ρ1 and ρ2 are both close to unity. Note that, in this case, A =

 ρ1 − 1 β

0 ρ2

, so that
testing the hypothesis i01A = i02 is a test of the joint hypothesis that β = 1 and that there is a unit

root in the data; rejections of the null hypothesis might then be due to a highly persistent root

which is not equal to unity rather than to β 6= 1. Interestingly, in this case, even if ρ1 were equal to
one (so that first differencing would be appropriate), the persistence in the interest rate differential

would complicate estimation and inference. In fact, in that case:

Ah =

 0 βρ
(h−1)
2

0 ρh2

 (4)

so that the estimate of the coefficient in (1) would be downward biased (see Cavanagh, Elliott and

Stock (1995) and Stambaugh (1999)). In this context, persistence has a first order effect on the

estimate of the parameter of interest. Note that a 90% confidence interval for the largest root in

short-term interest rates is (0.958, 1.006), so the problem considered in this paper is empirically

relevant.

3. The econometric model
Let the data generating process (hereafter DGP) follow a multivariate local-to-unity process (cfr.

Stock and Watson (1996), Stock (1991, 1996) and Phillips (1987)):

(I − ΦL)wt = Θ(L)²t (5)

where wt is a (n + 1) × 1 vector of variables partitioned as wt = (w1t, w02t)0, where w1t is a scalar
and w2t is (n× 1) vector (and all matrices and vectors are partitioned accordingly). Following the
literature, the DGP is demeaned and without time trend. I is a n × n identity matrix, ²t is a
martingale difference sequence with finite fourth moments, such that: E(²t²0t|²t−1, ²t−2, ..., ²1) = I

and Θ(L) =
P∞

i=0ΘiL
i is a matrix polynomial in the lag operator with

P∞
i=0 i |Θi| < ∞; Θ0 and

Λ ≡ Θ(1) are invertible.
To obtain better approximations for the statistics of interest in small samples, we decompose

Φ into its eigenvalues (Λ) and eigenvectors (V ) such that Φ = V ΛV −1, and use a local-to-unity

assumption:

Λ = I +
1

T
C (6)
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where T is the sample size, C is a (n+ 1)× (n+ 1) diagonal matrix (diagonality rules out processes
for V −1wt that behave like I(2) in small samples, see Elliott (1998)). It is extremely convenient

to decompose the DGP into its eigenvalues and eigenvectors in order to perform inference at long

horizons. In fact, if Φ = V ΛV −1, then Φh = V ΛhV −1.

This paper also assumes that, as T → ∞, the horizon of prediction is a fraction of the sample
size:

h

T
→

T→∞
δ (7)

This condition is introduced here in order to obtain better approximations to the asymptotic dis-

tribution of the test statistics when the horizon of prediction is big relative to the sample size (see

Richardson and Stock (1989), Stock (1996) and Phillips (1998)).

Under these assumptions, the behavior at long horizons is described by the sum of forecastable

( bwt+h) and unforecastable (et,t+h) components:5
wt+h = Φ

hwt| {z }bwt+h
+
h−1X
j=0

ΦjΘ (I) ²t+h−j| {z }
et,t+h

+Op (1) (8)

A special case: Long horizon predictive regressions

An important special case of the above DGP that has been widely used in the long horizon predic-

tive ability literature (see, among others, Campbell (2001), Campbell and Yogo (2002), Cavanagh,

Elliott and Stock (1995) and Valkanov (2002)) is the following:

y1,t+1 = βw2t + ²1,t+1 (9)

b (L)
−1
(1− ρL)w2,t+1 = ²2,t+1

where ²1,t+1 and ²2,t+1 can be contemporaneously (but not serially) correlated. If we let y1,t be the

first-difference of w1,t, then (9) corresponds to (5) with Φ = [1,β; 0, ρ] and Θ (L) block diagonal.6

In empirical applications, researchers are interested in estimating and finding confidence intervals

for βh in:

Σhj=1y1,t+j = βhw2,t + ξt,h (10)

where βh ≡ βΣh−1j=0 ρ
j , ξt,h ≡ βΣh−1j=0

³
Σj−1k=0ρ

k
´
b (1) ²2,t+h−j + Σh−1j=0 ²1t+h−j and Σ

h
j=1y1,t+h =

w1,t+h−w1,t. When ρ is close to unity, it is difficult to find good approximations to the asymptotic

distribution in small samples. The recent literature found interesting and useful results. Valkanov

(2002) derived asymptotic distributions for test statistics for long horizon regressions and discussed
5See Rossi (2001) for a proof of this result.
6Note that Θ (L) is a diagonal matrix with 1 and b (L) on the main diagonal. See the Appendix for a proof of (10).
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them in a unifying framework. However, these asymptotic distributions need to be simulated con-

ditional upon the observed DGP, and are computationally intensive. As a consequence, researchers

routinely rely on the bootstrap (e.g. Cochrane and Piazzesi (2002)).

We construct confidence intervals with the correct coverage by using the fact that eβh ≡ βh/T

can be approximated by:

eβδ (c) ≡ β

Z δ

0

ecsds = β
ecδ − 1
cδ

(11)

For small cδ, this is a monotone increasing function of c as β e
cδ−1
δc ' β (1 + cδ/2) (by applying

a Taylor expansion around c = 0). Given that the estimate of β from the first equation in (9),bβ, is consistent, the confidence interval for eβh is simply obtained by transforming a confidence
interval for c as follows. Let the confidence interval for c be (c0, c1). This can be easily obtained

by an ADF test on w2t and using Stock (1991) tables. Then, the confidence interval for eβh is:³bβδ (c0) , bβδ (c1)´ = ³bβ ec0δ−1c0δ
, bβ ec1δ−1c1δ

´
. The advantage of this method is that it very easy to

implement, as it does not require simulations, but only the use of critical values that are already

available.7 In this framework, our method has the correct size asymptotically and it is fast to use.

Similarly, one can obtain a median unbiased estimate of eβδ (c) by using a median unbiased estimate
of c.

A statistic that plays an important role in predictive regressions is the coefficient of determination,

or R2. Our method can be used to construct confidence intervals for R2 as well. Write (9) in its

VAR companion form, and let A denote the VAR companion matrix (see Appendix 1). Then the

population R2, which depends upon c, is:

R2h (c) =
i01A1,h

h
Σt−1j=1A0,jΩA

0
0,j

i
A
0
1,hi1

i01
h
Σh−1j=1A0,jΩA

0
0,j

i
i1 + i01A1,h

h
Σt−1j=1A0,jΩA

0
0,j

i
A
0
1,hi1

→
T→∞

R2δ (c) (12)

where Ω = E (²²0) and Ap,q ≡ Σqk=pAk.8 Thus, a confidence interval for the coefficient of determi-
nation can simply be obtained as

¡
R2h (c0) ;R

2
h (c1)

¢
for any given estimate of all parameters other

than ρ.

7One could also use methods other than Stock (1991) to obtain a confidence interval for c, for example Elliott

and Jansson (2003), although the critical values of their test depend on a nuisance parameter, the coefficient of

determination.
8 In our simple example:

R2δ (c) ≡
i01Aδ(

R τ
s=0 AsΩA

0
s)A

0
δi1

i01(
R δ
s=0 AsΩA

0
s)i1+i

0
1Aδ(

R τ
s=0 AsΩA

0
s)A

0
δ
i1
, where Aδ ≡

 0 β
R δ
0 e

csds

0 β
R δ
0 e

csds

 , As ≡
 1 β

R s
0 e

cjdj

0 β
R s
0 e

cjdj

.
We report the distribution in the appendix rather than in the main text because the researcher does not need it. It

is important for our purposes that R2h (c) be a monotone function of c. This is shown in the Appendix.
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4. The economic hypotheses
This section describes the economic hypotheses of interest. It shows that all of them impose

constraints on Φh. We will denote such constraints by q
¡
Φh
¢
, with a superscript that refers to the

model that we are considering. Let 0 denote a (1× 2) vector of zeros, I1 and I2 denote, respectively,
the first and second columns of a (2× 2) identity matrix. Finally, let Et denote the expectation
conditional on information at time t.

The Uncovered Interest Rate Parity (UIRP) states that the interest rate differential between

two countries is the conditional expected value of the rate of depreciation of the high interest rate

currency relative to the low interest rate currency. Let wt = [et, it,h]0, where et is the logarithm of

the bilateral nominal exchange rate at time t and it,h is the continuously compounded zero-coupon

h-period interest rate differential at time t. Then:9

UIRP : Et (et+h − et) = α+ it,h (13)

qUIRP
¡
Φh
¢ ≡ I01 ¡Φh − I¢− I02 = 0 (14)

The Permanent Income Hypothesis (PIH). Let wt = [yt, st]0, where is yt income and st is savings,

and let ϕ denote the discount factor (the inverse of one plus the interest rate). Then:

PIH : st = − (1− ϕ) lim
h→∞

hX
i=0

ϕiEt (yt+i − yt) (15)

qPIH
¡
Φh
¢ ≡ I01

Ã
1− (1− ϕ) lim

h→∞

hX
i=0

(ϕΦ)i
!
− I02 = 0 (16)

The Expectation Hypothesis of the Term Structure (EH-TS) states that the long-term, n-period

interest rate, i(n)t , equals the expected average of the short-term interest rate, i(m)t+jm, plus a constant

term premium. Let wt = [i
(m)
t , i

(n)
t ]0; then:

EH − TS : i(n)t − i(m)t = an +
1

n/m
Et

n/m−1X
j=0

³
i
(m)
t+jm − i(m)t

´
(17)

qEH−TS
¡
Φh
¢ ≡ I01

 lim
n/m→η

n/m−1X
i=0

Φi

− I02 = 0 (18)

The Granger Causality (GC) implication. As discussed in Campbell (1987), a weak implication

of the PIH for VARs is that savings must Granger cause future changes in income. If the two are
9Sometimes the constraint is written as:

Et (et+h − et) = α + h it,h, and justified by saying the the average change in the exchange rate is equal to the

interest rate differential. However, this is not what the IRPC predicts (cfr. Obstfeld and Rogoff (1995)). Also, if

covered interest parity holds, the UIRP is equivalent to the proposition that the logarithm of the forward exchange

rate is an unbiased predictor of the logarithm of the future spot rate. Our method could be applied to this case as

well.
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independent (“⊥” denotes independence), then there is no evidence of Granger Causality:10

No GC : Et (yt+h − yt+1) ⊥ st (19)

qGC
¡
Φh
¢ ≡ I01

Ã
hX
i=0

Φi

!
I2 = 0 (20)

The Random Walk Hypothesis (RWH) is a joint test of a unit root (Φ11 = 1) and no GC

(Φ12 = 0). Thus, the null hypothesis is:

RW : Et (yt+h − yt+1) ⊥ {sτ , yτ}tτ=1 (21)

qRW
¡
Φh
¢ ≡ I01 ¡Φh − I¢ = 0 (22)

All expectation hypotheses involve restrictions on Φh or some functions of it. That is, the

restrictions depend on the largest root matrix of the process, which governs the behavior of the

series at long horizons. Note that the DGP has two roots close to unity but in general the system

is not I(1) (because the first difference of one variable depends on the level of the second variable,

which is I(1), and, according to theory, in general this parameter may not be zero). Thus, Φ is not

diagonal. Let V and Λ be the its eigenvector and eigenvalue matrices, respectively: Φ = V ΛV −1.

As in Stock and Watson (1988), we assume that the roots are distinct, we let the real part of largest

roots drive the long run behavior of the process,11 and we model them as local to unity:

Λ = Re (Λ) + i Im (Λ) ; Re (Λ) =

 ec1/T 0

0 ec2/T

 (23)

Thus, at long horizons:

Re
¡
Λh
¢ →
h/T→δ

 ec1δ 0

0 ec2δ

 ≡ ΛC,δ (24)

As long as we allow the same deviation from a unit root for both real parts associated with the same

complex conjugates pair, then our approximation will be real as well:12

Φh = V ΛhV −1 = V (Re (Λ) + i Im (Λ))h V −1 (25)

We will approximate the situation in which the researcher is interested in an infinite horizon as one

in which δ = 1.

Note that both the eigenvectors and the eigenvalues can be consistently estimated. In fact, say

that there are two roots close to unity. We know that T
³bΦ− Φ´ = Op (1) and T ³bΛ− Λ´ = Op (1)

10Unless savings is itself an exact linear function of current and lagged income. Note that, if (20) holds, the system

is I(1).
11For example, this rules out nonstationary seasonality.
12Note that we construct a confidence region for Re(Λ), we add the imaginary part, and only after that we take the

exponential and multiply it by the eigenvectors. This ensures that the result is real.
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Thus, T
³bΦ− Φ´= T ³bV bΛbV −1 − V ΛV −1´= bV bΛ³bV −1 − V −1´+ bV ³bΛ− Λ´V −1+ ³bV − V ´ΛV −1

so T
³bV − V ´ = Op (1). However, Λh is not, and it drives the asymptotic distribution.
5. Some small Monte Carlo illustrative examples

We compare the performance of the method proposed in this paper with the methods usually

used in the literature. A strand of the literature uses Wald tests, assuming that the eigenvalues

in the process (∆y0, x0)0 are less than one in absolute value and h → ∞ (as in Campbell (1987)

and Sheffrin and Woo (1990)). Under these assumptions, the limiting distribution of the Wald test

statistic under the null hypothesis is a chi-square. We expect this asymptotic distribution to provide

good approximations when x is stationary and y has an exact unit root. More recently, people have

been interested in inference for h large but finite (e.g. Bekaert and Hodrick (2001)). In this case,

the constraint involves non-linear restrictions.

In a first Monte Carlo experiment, we consider the case in which the researcher knows that there

is one root equal to one (as in Cavanagh, Elliott and Stock (1985) and Valkanov (2002)):13

yt = Ayt−1 + ²t (26)

where A ≡
 0 β

0 ρ

 , β = 1, yt = (∆y1t, y2t)0, ρ = ¡1 + c
T

¢
and ²t ∼ N (0, I). Thus, yt+h = Ahyt+

Σh−1j=0A
j²t+h−j . Note that Ah =

 0 βρh−1

0 ρh

 and that Et (y1t+h − y1t+1) = Σhj=1Et∆y1t+j =

γhy2t for γh = β
¡
Σhj=1ρ

j−1¢.
We consider the following cases:

(1) Predictive regressions and UIRP. Let yt = (∆et, it)
0. The restrictions imposed by the EH-

UIRP, which we write as in Bekaert and Hodrick (2001) as 1
hΣ

h
j=1Et∆y1t+j = y2t, become:

γUIRPh,0 ≡ β

µ
1

h
Σhj=1ρ

j−1
¶
= 1 (27)

where γUIRPh,0 is exactly eβh/δ in (10). Thus, we can use the approximation in (11).
We compare the performance of our method (referred to as “big h”) with the Wald test used in

the literature. Results are reported in Table 1. The table reports, for various values of ρ and δ,

the value of eβh/δ along with the percentage of times the true value of eβh lies outside its confidence
interval, either below (labeled “big hL”) or above (labeled “big hU”). Ideally, these percentages

should be 0.05. It also reports their sum (labeled “big h”) and the percentage of times the Wald test
13These authors allow for serial correlation in ²2t (but not in ²1t); for simplicity we don’t, but the results would be

the same (provided one takes into account the effects of the serial correlation).
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with or without a Newey and West (1987) correction for serial correlation rejects the null hypothesis

(labeled “Wald” and “WaldNW ” respectively). Ideally, these percentages should be 0.10. The Wald

test involves non-linear constraints, and we used numerical derivatives to evaluate the gradient of the

constraint. We used critical values corresponding to a χ2 distribution with the number of degrees

of freedom equal to the number of restrictions. The sample size is 200, the number of Monte Carlo

replications is 1,000 and β = 1.

The table shows that at small horizons the Wald test rejection rate is close to nominal, but, as

the horizon increases, rejection rates increase. For example, when ρ = 0.99, the Wald test rejects

22% of the times at a horizon of 10 quarters (i.e. δ = 0.05), 30% at horizons of 20 quarters (i.e.

δ = 0.10) and even more at longer horizons. On the other hand, while the method proposed in this

paper has the correct coverage at longer horizons, it has bad coverage at short horizons, due to the

nature of the approximation. Thus, as the horizon increases, our approximation works better than

the usual chi-square distribution of large sample Wald tests (which has the correct size only for very

small horizons). Comparing columns “big h” and “Wald”, the asymptotic distribution proposed in

this paper is better in terms of coverage/size for horizons bigger than 10 (δ = 0.15).14

Note that, as the process becomes more stationary (i.e. as ρ becomes smaller), the performance

of the Wald test worsens. This is to be expected, since the Wald test relies on an exact unit root

(and, as a consequence, it uses variables in first differences), so, the more the value of the root is

different from one, the bigger the size distortions of the Wald test will be. As a consequence, our

method is better than Wald tests even at smaller horizons (for example, when ρ = 0.95 it is better

for horizons equal or bigger than 6 (δ = 0.03). The table also shows the coverage of confidence

intervals for R2. The pattern is similar to the one described above.

(2) Granger causality. Let yt = (∆Yt, st)
0
. The restriction imposed by PIH models for the

question: “does savings GC output?” is: Et (Yt+h − Yt+1) = β
¡
Σhj=1ρ

j−1¢ st, which becomes:
γGCh,0 ≡

1

ρ
β
¡
Σhj=1ρ

j−1¢ = 0 (28)

thus 1
hγ

GC
h,0 → γGCδ,0 = β 1δ

R δ
0
ecsds. We assume that β = 0 (so that there is no detectable one-period

ahead Granger causality) and explore what happens as h increases.

(3) PIH. Let again yt = (∆Yt, st)
0. The restriction imposed by PIH models is (see Campbell,

1987): st = −Σ∞j=1ϕiEt∆Yt+j = −Σ∞j=1ϕiβρj−1st so that:

γPIH∞,0 ≡ −β
1

ρ

¡
Σ∞j=1ϕ

jρj
¢
= 1 (29)

14Results obtained by constructing confidence intervals based on (11) and those obtained by simulating (11) over

a confidence set for c and then taking its maximum and minimum values (which would be more appropriate if we

were not sure about monotonicity) gave very similar results in terms of coverage for δ = 0.10 and higher. Also, the

coverage of confidence intervals based on β e
cδ−1
δc

and on approximating the integral 1
δ

R δ
0 e

csds were almost identical.
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Let ϕ be approximated by e−r.15 Thus, γPIH∞,0 → −β
R δ
0
e(c−r)sds. We generate the DGP under

the null hypothesis and then compare the coverage of normal sampling Wald tests with that of our

method.

INSERT TABLE 1

In a second Monte Carlo experiment, we use the eigenvalue/eigenvector decomposition (25) with

one root close to unity and the other much smaller than unity (this is a system where one variable

is in first differences and the other is in levels):

yt = Ayt−1 + V ²t (30)

where the DGP is calibrated on a bivariate V AR for ∆st+1 and i
diff
t+1 : V =

 1 0.95

0.03 1

 ,Λ(ρ) ≡ 0 0

0 ρ

 , A = V Λ(ρ)V −1, yt = (y1t, y2t)0, ρ = ¡1 + c
T

¢
and ²t ∼ N (0, I). Noting that

V −1yt = Λ(ρ)V −1yt−1 + ²t (31)

and that the root close to unity enters the second rows only, we construct a confidence interval for ρ

by inverting ADF for i02V
−1yt. By construction, we impose that the residuals of (31) are uncorrelated;

if this were not the case, one should simply correct for that, as in Stock and Watson (1988). Ah is

approximated by V Λ(1)V −1ρh and we report the confidence interval for A12 = ρhi01V Λ(1)V
−1i02.

16

INSERT TABLE 2

6. Empirical evidence

The previous section showed that the chi-squared asymptotic distribution rejects the null hy-

pothesis too often relative to our method. Thus, in this section, we apply our method to a variety of

empirical applications to analyze whether we find more favorable evidence for Expectations Hypothe-

ses models and for predictive ability at long horizons. Appendix 2 provides a detailed description of

the data.

We first provide some summary statistics in Table 3. Notice the high persistence of the time

series variables.

15By using standard Taylor approximations, ln (1 + r) ≈ r for small r. Hence −ln (1 + r) = ln (ϕ) and, by taking

exponentials, e−r ≈ ϕ. For simplicity, as in Campbell and Shiller (1987), we assume that r is the average value of the

interest rate and it is known. However, parameter estimation error in its estimation will be asymptotically relevant.
16Pesavento and Rossi (2003) explore how the method works if there is more than one root close to unity.

11



INSERT TABLE 3

First, we present some evidence on predictive regressions, with the empirical application used

in Fama and Bliss (1987) and Cochrane and Piazzesi (2003). Note the downward bias in R2 that,

under the assumptions of this paper, is due to the serial correlation in the forward-spot differential,

whose estimate is 0.90. As a consequence, the confidence interval for R2 is wide and its upper bound

can be as high as 50%.

INSERT TABLE 4

Second, we consider the empirical evidence on the EH-TS from the McCulloch and Kwon (1993)

database.17 We consider a bivariate VAR with the short-term interest rate in levels and the spread

between the short rate and a long-term interest rate at different maturities. Figure 1 shows the

values of the smallest and largest eigenvalues in this bivariate VAR as a function of the maturity of

the long-term interest rate. The high persistence at long horizons (say, bigger than 50 months) is

clearly visible.

INSERT FIGURE 1 AND TABLE 5

We apply the method proposed in this paper, as well as the standard Wald test used in the

literature. Table 5 reports the results. Note that our method rejects the null hypothesis suggested

by economic theory, as the confidence interval for the parameter does not contain 1 at any horizon.

The Wald test also rejects the null hypothesis (the value of the statistic is always bigger than 4.61,

its critical value). Similar conclusions hold for the CA and the PIH models, as tables 6 and 7 show.

INSERT TABLE 6 AND 7

Finally, let us consider the UIRP. Table 8 reports the confidence intervals based on our method

(labeled “big h”) and the results of a Wald test. Both methods strongly reject the restrictions

imposed by the economic model. Thus, while we found in the Monte Carlo simulations that Wald

tests may over-reject the null hypothesis, we are unable not to reject it by using our method. The

problem is that there is too little information content in the VAR regression (26), and the estimate

of β is too small to provide any significant predictive content.

17We show results based on a sample from 1946:12 to 1985:8. Results based on the whole McCullom and Kwon

database (until 1991:2) are very similar and are not reported.
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INSERT TABLE 8

6. Conclusions

The methods discussed in this paper apply to situations in which the researcher is interested in

evaluating predictive regressions, expectations hypotheses and present value models at long horizons

in the presence of small sample sizes. We show that inference at long-horizons depends crucially on

the highest roots of the process. Most economic time-series variables are highly persistent, but it is

difficult to distinguish between an exact unit root and a mean-reverting, highly persistent process

in small samples. This leads to problematic size distortions in Wald tests. This paper provides a

method for dealing with this problem, and applies it to test the empirical validity of well-known core

economic theories.

High persistence is a feature of most time series variables used in all areas of macroeconomics,

finance and international macroeconomics. Thus, the methods proposed in this paper can more

generally be applied to many other economically interesting applications, among which impulse-

response functions (as in Pesavento and Rossi (2003)), testing forecastable co-movements in Real

Business Cycle models, and so forth.
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Appendix 1. Proofs.

Proof of (10).

Rewrite (9) as:

∆w1,t+1 − βw2t = ²1,t+1

(1− ρL)w2,t+1 = b (L) ²2,t+1

that is:

 1− L −βL
0 1− ρL


| {z }

≡(I−ΦL)

 w1,t+1

w2,t+1

 =

 1 0

0 b (L)


| {z }

≡Θ(L)

 ²1,t+1

²2,t+1


| {z }
≡²t+1

where Φ =

 1 β

0 ρ

. Note that y1,t+1 = ∆w1,t+1 so that Σhj=1y1,t+j = Σhj=1∆w1,t+j = w1,t+h −
w1,t. By applying (8): w1,t+h

w2,t+h

 = Φh

 w1,t

w2,t

+Σh−1j=0Φ
jΘ (I) ²t+h−j +Op (1) .

Note also that Φj =

 1 βΣj−1k=0ρ
k

0 ρj

; thus:
 w1,t+h

w2,t+h

 =

 1 βΣh−1k=0ρ
k

0 ρh

 w1,t

w2,t

+Σh−1j=0

 1 βΣj−1k=0ρ
k

0 ρj

 1 0

0 b (1)

 ²t+h−j+Op (1) .
so that:

w1,t+h − w1,t = βΣh−1k=0ρ
k| {z }

≡βh

w2,t + Σ
h−1
j=0

³
²1,t+h−j + βb (1)Σj−1k=0ρ

k²2,t+h−j
´

| {z }
≡ξt,h

w2,t+h = ρhw2,t +Σ
h−1
j=0ρ

jb (1) ²2,t+h−j

The asymptotic distribution of R2 in the predictive regression, eq. (12).

The DGP: (I − ΦL)wt = Θ (L) ²t , Θ (L) ≡ (I +Θ1L+ ...+ΘpLp), Φ =
 0 β

0 ρ

 = Bρ, B ≡ 0 β/ρ

0 1

 ,Θi =
 1 0

0 Θ22,i (L)

. AsPh
k=1wt+k =

Ph
k=1Φ

kwt+
Ph
k=1

Pk−1
j=0 Φ

jΘ (I) ²t+k−j+
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Op (h), we consider only the first two components after the equality, which are the asymptotically

relevant ones. Let e²t ≡ Θ (I) ²t and V ar (e²t) = Θ (I)Σ²Θ (I)0 ≡ Ω.
Ph
k=1

Pk−1
j=0 Φ

jΘ (I) ²t+k−j = e²t+1+e²t+2 +Φe²t+1+
+e²t+k +Φe²t+k−1 +Φ2e²t+k−1 + ...+Φh−1e²t+1 =

= e²t+k+(I +Φ)e²t+k−1+¡I +Φ+Φ2¢e²t+k−2+...+ ¡I +Φ+ ..+Φh−1¢e²t+1
V ar

³Ph
k=1

Pk−1
j=0 Φ

jΘ (I) ²t+k−j
´
= Ω+(I +Φ)Ω (I +Φ)

0
+...+

¡
I +Φ+ ..+Φh−1

¢
Ω
¡
I +Φ+ ..+Φh−1

¢0
=

=
Ph−1

k=1

³Pk
l=0Φ

l
´
Ω
³Pk

l=0Φ
l
´0
≡ Ωh−1

V ar
³Ph

k=1Φ
kwt

´
=
³Ph

k=1Φ
k
´
V ar (wt)

³Ph
k=1Φ

k
´
, where:

(a) V ar (wt) = V ar
³Pt

k=1

Pk−1
j=0 Φ

jΘ (I) ²t−j
´
= Ω+ (I +Φ)Ω (I +Φ)0 + ...

+
¡
I +Φ+ ..+Φt−1

¢
Ω
¡
I +Φ+ ..+Φt−1

¢0 ≡ Ωt−1
(b) Φk = ρkB implies that

Ph
k=1Φ

k =
³Ph

k=1 ρ
k
´
B, so that:

V ar
³Ph

k=1Φ
kwt

´
=
³Ph

k=1 ρ
k
´2
BΩt−1B0

Thus the coefficient of determination for the first regression is:

R2h =
I01(

Ph
k=1 ρ

k)2BΩt−1B0I1
I01(

Ph
k=1 ρ

k)
2
BΩt−1B0I1+I01Ωh−1I1

=

µ
1 +

I01Ωh−1I1
I01(

Ph
k=1 ρ

k)
2
BΩt−1B0I1

¶−1
As T →∞, note that: Pm−1

l=0 Φ
l =

¡
I +Φ+ ..+Φm−1

¢
=

 1 β
Pm−1

k=0 ρk

0
Pm
k=0 ρ

k


→

T→∞

 1 βT
R [(m−1)/T ]
0

ecsds

0 T
R [m/T ]
0

ecsds


Ωn−1 =

Pn−1
k=1

³Pk
l=0Φ

l
´
Ω
³Pk

l=0Φ
l
´0

= T
R [(n−1)/T ]
0

 1 βT
R [(m−1)/T ]
0

ecsds

0 T
R [m/T ]
0

ecsds

Ω
 1 βT

R [(m−1)/T ]
0

ecsds

0 T
R [m/T ]
0

ecsds

0

dm =

= T
R [(n−1)/T ]
0

 1 βT
R [(m−1)/T ]
0

ecsds

0 T
R [m/T ]
0

ecsds

Ω
 1 βT

R [(m−1)/T ]
0

ecsds

0 T
R [m/T ]
0

ecsds

0

dm

Let ψ(m) =
R [(m−1)/T ]
0

ecsds

I 01
³Ph

k=1 ρ
k
´2
BΩt−1B0I1 =

³Ph
k=1 ρ

k
´2
I 01BΩt−1B0I1 =

=
³Ph

k=1 ρ
k
´2
T
R [(n−1)/T ]
0

I 01

 0 β/ρ

0 1

 1 βTψ(m)

0 Tψ(m)

×
×
 ω11 Ω12

Ω012 Ω22

 1 0

β0ψ(m)T Tψ(m)

 0 0

β0/ρ 1

 I1 =
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=
³Ph

k=1 ρ
k
´2
T
R [(n−1)/T ]
0

µ
T 2

ψ2(m)

ρ2 βΩ22β
0
¶
dm

I 01Ωh−1I1 = I 01T
R [(n−1)/T ]
0

 1 βTψ(h)

0 Tψ(h)

 ×

×
 ω11 Ω12

Ω012 Ω22

 1 0

Tψ(h)β
0 Tψ(h)

 I1dh =
= T

R [(n−1)/T ]
0

³
ω11 + βTψ(h)Ω

0
12 +

³
Ω12 + βTψ(h)Ω22

´
Tψ(h)β

0
´

= T
R [(n−1)/T ]
0

T 2ψ2(h)
¡
βΩ22β

0¢ dh

R2h =

1 +
R [(n−1)/T ]
0

ψ2(h)
¡
βΩ22β

0¢ dh³Ph
k=1 ρ

k
´2 R [(n−1)/T ]

0

µ
ψ2
(m)

ρ2 βΩ22β
0
¶
dm


−1

'
1 + 1

1
[(n−1)/T ]

R [(n−1)/T ]
0

ψ2(m)dm

−1

The above formula clearly shows that R2 is a monotone function of c.

To implement the test, note that the DGP can be rewritten as Θ (L)−1 (I − ΦL)wt = ²t where
Θ (L)

−1 can be approximated by
¡
I −Θ1L−Θ2L2 − ...−ΘpLp

¢
. Thus:


wt

wt−1

...

wt−p+1

 =


A1 A2 ... Ap

I 0 ... 0

... ... ... ...

0 ... I 0


| {z }

≡A


wt−1

wt−2

...

wt−p

+

²t

0

...

0


where A1 = − (Φ+Θ1) , Aj = (Θj−1Φ+Θj) for j = 2, ..p − 1, Ap = Θp−1Φ and where Θ (L) can
be consistently estimated by a VAR regression of ∆wt onto its lagged values.
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Appendix 2

The data used in this paper are the following. For Predictive Regressions, we use the data in

Cochrane and Piazzesi (2002), available on John Cochrane website. The original monthly data are

from CRSP, the sample is from 1964:1 to 2002:12.

For the EHTS, we use the McCulloch and Kwon (1993) quarterly database, 1946:12-1985:8.

Results using the full McCulloch and Kwon database (1946:12-1991:2) were similar and are not

reported.

For the CA, we use the same data as in Sheffrin and Woo (1990), obtained from Datastream.

In order to explain the mnemonics, let us focus on the U.S. data. The net output series is GDP

minus investment and government purchases, and subsequently transformed in real per-capita terms

by dividing by the GDP deflator and population. The CA is GNP minus consumption, invest-

ment and government spending, and subsequently transformed in real per-capita terms by dividing

by the GNP deflator and population. We follow Sheffrin and Woo (1990) in the decision not to

use CA data, as they require an arbitrary allocation of some “errors and omissions”. Data are

quarterly, from 1978Q4 to 2001Q4, limited only by data availability. Mnemonics are as follows:

USGDP...B (GDP), USGNP...B (GNP), USGFCF..B (investment), USCNGOV.B (government con-

sumption), USGDP..CE (GDP deflator), USGNP..CE (GNP deflator), USCNPER.B (consumption),

USPOPTOT (population, annual data, linearly interpolated, mid-year estimate attributed to second

quarter). For Canada and UK we use the same mnemonics (starting with “CN” and “UK”) except

that the deflator is - - GDPIPDE (we could not find GNP deflator). For Canada, data are from

1981Q1 to 2002Q4 and for UK 1968Q1 to 2001Q2. We used a discount factor R = e−0.04.

For the PIH, we use quarterly data from the Bureau of Economic Analysis, NIPA tables, from

1946Q1 to 2002Q1. We follow Campbell (1987) and construct labor income by adding wage and

salary disbursement (line 2 in Table 2.1, Personal Income and Its Disposition), other labor income

(line 9) and adding a fraction (equal to the ratio of labor income as above relative to total disposable

income, line 1) of Proprietors’ income (line 10). We subtracted Personal tax and nontax payments

(line 24) and Personal contributions for social insurance (line 23). We divided by the population

(line 34) and by the Personal consumption expenditure chain-type price index (line 24 in Table

7.4. Chain-Type Quantity and Price Indexes for Personal Consumption Expenditures by Major

Type of Product). Nominal data are in thousands of U.S. Dollars. We obtained a measure of non-

durable consumption by subtracting expenditure on clothing and shoes (line 8 in Table 2.2. Personal

Consumption Expenditures by Major Type of Product) from nondurable goods consumption (line 6

in the same table). We obtained per capita real variables as above, but using the Nondurable goods

deflator (line 29 in Table 7.4. Chain-Type Quantity and Price Indexes for Personal Consumption

Expenditures by Major Type of Product).
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For the UIRP, we use monthly (logarithm) exchange rates and Eurocurrency interest rates from

Datastream. The dollar-based exchange rates are calculated from the quoted sterling exchange rates

with are closing middle rates provided by Reuters (all data before 31.12.93 are from the Financial

Times). The mnemonics are as follows. The 3-month German, U.K. and U.S. interest rates are,

respectively, ECWGM3M, ECUKP3M and ECUKP3M; the German and U.S. exchange rates in

terms of the U.K. Pound (which has a nominal value of 1) are DMARKER and USDOLLR. The

sample period is February 1975 to April 2002. We also use the same data as in Bekaert, Wei and

Xing (2002); the data were kindly provided by the authors.

21



Figure 1
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Table 1: Monte Carlo results

ρ h eβh/δ Big hL Big hU Big h WaldNW Wald R2L R2U

0.99 1 1.00 0.45 0.30 0.75 0.10 0.10 0.06 0.06

2 1.00 0.36 0.20 0.56 0.14 0.13 0.06 0.06

4 0.99 0.23 0.11 0.33 0.21 0.19 0.06 0.06

6 0.98 0.15 0.08 0.23 0.25 0.22 0.06 0.06

8 0.97 0.11 0.07 0.18 0.27 0.23 0.06 0.06

10 0.96 0.08 0.06 0.14 0.30 0.25 0.06 0.06

12 0.95 0.07 0.07 0.14 0.33 0.25 0.06 0.06

14 0.94 0.07 0.06 0.13 0.34 0.26 0.06 0.06

16 0.93 0.07 0.06 0.13 0.35 0.26 0.06 0.06

18 0.92 0.07 0.06 0.13 0.38 0.26 0.06 0.06

20 0.91 0.07 0.06 0.13 0.38 0.26 0.06 0.06

40 0.83 0.07 0.06 0.13 0.46 0.23 0.06 0.06

80 0.69 0.06 0.06 0.12 0.48 0.16 0.06 0.06

120 0.58 0.06 0.06 0.12 0.50 0.12 0.06 0.06

0.98 1 1.00 0.45 0.25 0.70 0.09 0.09 0.05 0.05

2 0.99 0.33 0.16 0.49 0.18 0.16 0.05 0.05

4 0.96 0.16 0.09 0.25 0.36 0.33 0.05 0.05

6 0.94 0.09 0.08 0.17 0.46 0.41 0.05 0.06

8 0.92 0.08 0.07 0.15 0.52 0.45 0.05 0.06

10 0.89 0.07 0.06 0.13 0.57 0.48 0.05 0.06

12 0.87 0.06 0.06 0.12 0.62 0.51 0.05 0.06

14 0.85 0.06 0.05 0.11 0.65 0.52 0.05 0.06

16 0.83 0.06 0.05 0.11 0.65 0.53 0.05 0.06

18 0.81 0.06 0.05 0.11 0.68 0.54 0.05 0.06

20 0.79 0.06 0.05 0.11 0.69 0.54 0.05 0.06

40 0.64 0.05 0.05 0.10 0.76 0.53 0.05 0.06

80 0.43 0.05 0.05 0.10 0.77 0.41 0.05 0.06

120 0.32 0.05 0.05 0.10 0.79 0.31 0.05 0.06
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Table 1 (continued)

ρ h eβh/δ Big hL Big hU Big h WaldNW Wald R2L R2U

0.95 1 1.00 0.50 0.19 0.69 0.11 0.11 0.06 0.07

0.95 2 0.98 0.34 0.10 0.44 0.26 0.24 0.05 0.07

0.95 4 0.93 0.16 0.05 0.21 0.62 0.58 0.05 0.06

0.95 6 0.88 0.11 0.04 0.15 0.76 0.73 0.05 0.06

0.95 8 0.84 0.10 0.04 0.14 0.84 0.80 0.05 0.06

0.95 10 0.80 0.09 0.05 0.14 0.88 0.84 0.05 0.06

0.95 12 0.77 0.08 0.05 0.13 0.91 0.87 0.05 0.06

0.95 14 0.73 0.08 0.05 0.13 0.92 0.88 0.05 0.06

0.95 16 0.70 0.08 0.05 0.13 0.92 0.89 0.05 0.06

0.95 18 0.67 0.08 0.05 0.13 0.94 0.90 0.05 0.06

0.95 20 0.64 0.07 0.05 0.12 0.94 0.90 0.05 0.06

0.95 40 0.44 0.07 0.05 0.12 0.97 0.90 0.05 0.06

0.95 80 0.25 0.07 0.05 0.12 0.96 0.83 0.05 0.06

0.95 120 0.17 0.07 0.06 0.11 0.96 0.76 0.05 0.06

0.90 1 1.00 0.61 0.08 0.69 0.09 0.09 0.04 0.08

0.90 2 0.95 0.41 0.05 0.46 0.38 0.36 0.04 0.07

0.90 4 0.86 0.20 0.03 0.23 0.90 0.89 0.04 0.07

0.90 6 0.78 0.13 0.03 0.16 0.99 0.99 0.04 0.07

0.90 8 0.71 0.11 0.03 0.14 1.00 1.00 0.04 0.07

0.90 10 0.65 0.10 0.04 0.14 1.00 1.00 0.04 0.07

0.90 12 0.60 0.09 0.04 0.13 1.00 1.00 0.04 0.07

0.90 14 0.55 0.09 0.04 0.13 1.00 1.00 0.04 0.07

0.90 16 0.51 0.09 0.04 0.13 1.00 1.00 0.04 0.07

0.90 18 0.47 0.08 0.04 0.12 1.00 1.00 0.04 0.07

0.90 20 0.44 0.08 0.04 0.12 1.00 1.00 0.04 0.07

0.90 40 0.25 0.08 0.04 0.12 1.00 1.00 0.04 0.07

0.90 80 0.12 0.08 0.04 0.12 1.00 1.00 0.04 0.07

0.90 120 0.08 0.08 0.04 0.12 1.00 1.00 0.04 0.07
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Table 2: Monte Carlo results

ρ δ A12 Big hL Big hR Big h Wald

0.99 0.005 0.97 0.26 0.36 0.62 0.11

0.01 0.96 0.17 0.27 0.44 0.17

0.02 0.94 0.11 0.15 0.26 0.15

0.03 0.92 0.09 0.10 0.20 0.17

0.04 0.90 0.08 0.08 0.17 0.17

0.05 0.88 0.08 0.08 0.16 0.18

0.06 0.87 0.08 0.07 0.15 0.19

0.07 0.85 0.08 0.07 0.15 0.18

0.08 0.83 0.08 0.07 0.15 0.18

0.09 0.82 0.07 0.06 0.14 0.18

0.1 0.80 0.07 0.06 0.14 0.18

0.2 0.65 0.07 0.07 0.14 0.13

0.4 0.44 0.07 0.06 0.13 0.13

0.6 0.29 0.07 0.06 0.13 0.16

0.975 0.005 0.95 0.25 0.33 0.57 0.09

0.01 0.93 0.14 0.19 0.33 0.14

0.02 0.88 0.08 0.09 0.18 0.15

0.03 0.84 0.05 0.07 0.13 0.16

0.04 0.80 0.05 0.07 0.12 0.16

0.05 0.76 0.05 0.06 0.12 0.17

0.06 0.72 0.06 0.07 0.12 0.17

0.07 0.69 0.05 0.07 0.12 0.18

0.08 0.65 0.05 0.07 0.12 0.18

0.09 0.62 0.05 0.07 0.12 0.18

0.1 0.59 0.05 0.07 0.12 0.18

0.2 0.36 0.05 0.07 0.11 0.13

0.4 0.13 0.05 0.06 0.11 0.12

0.6 0.05 0.05 0.06 0.12 0.15
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Table 2 (continued)

ρ δ A12 Big hL Big hR Big h Wald

0.96 0.005 0.94 0.27 0.28 0.54 0.11

0.01 0.90 0.15 0.16 0.31 0.14

0.02 0.83 0.06 0.08 0.15 0.14

0.03 0.77 0.05 0.07 0.13 0.15

0.04 0.71 0.05 0.06 0.12 0.16

0.05 0.65 0.05 0.06 0.11 0.16

0.06 0.60 0.05 0.06 0.11 0.17

0.07 0.55 0.05 0.06 0.11 0.16

0.08 0.51 0.05 0.06 0.11 0.16

0.09 0.47 0.05 0.06 0.11 0.15

0.1 0.43 0.05 0.06 0.11 0.14

0.2 0.19 0.05 0.05 0.10 0.13

0.4 0.04 0.05 0.05 0.10 0.15

0.6 0.01 0.05 0.05 0.10 0.16

0.9425 0.005 0.92 0.26 0.27 0.53 0.11

0.01 0.87 0.15 0.13 0.28 0.15

0.02 0.77 0.07 0.07 0.14 0.14

0.03 0.69 0.06 0.06 0.12 0.16

0.04 0.61 0.05 0.07 0.12 0.17

0.05 0.54 0.05 0.06 0.11 0.18

0.06 0.48 0.05 0.06 0.11 0.18

0.07 0.43 0.05 0.06 0.11 0.19

0.08 0.38 0.05 0.06 0.11 0.18

0.09 0.34 0.05 0.06 0.11 0.18

0.1 0.30 0.05 0.06 0.11 0.17

0.2 0.09 0.05 0.06 0.11 0.16

0.4 0.01 0.05 0.06 0.11 0.16

0.6 0.00 0.06 0.06 0.11 0.18
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Table 3: Descriptive statistics

Regression Φ Λ V −1

Fama−Bliss

V AR(rx
(12)
t+1 , f t−st)

 0.93 0.03

0.03 0.85

  0.93 0

0 0.84

  0.95 −0.33
0.29 0.94


V AR(rx

(24)
t+1 , f t−st)

 0.96 −0.01
0.02 0.85

  0.96 0

0 0.86

  0.98 0.13

0.19 0.99


UIRP

V AR(∆st+1, i
diff
t+1 )

 0.003 −0.00
−4.24 0.96

  0.022 0

0 0.99

  1 0.00

4.41 1


V AR(st+1, i

diff
t+1 )

 0.98 −0.00
0.00 0.97

  0.98 0

0 0.97

  1 0.07

0.30 1


Term Structure

Spread 3− 12
 0.96 −0.13
0.02 0.59

  0.954 0

0 0.603

  1 0.39

−0.05 1


Spread 3− 36

 0.95 −0.07
0.00 0.80

  0.951 0

0 0.811

  1 0.47

−0.04 1


Spread 3− 60

 0.95 −0.06
0.01 0.88

  0.937 0

0 0.899

  1 0.78

−0.37 1


CA

Canada, V AR(∆y,CA)

 0.25 0

0.90 0.94

  0.25 0

0 0.94

  −0.61 0

0.79 −1


Canada, V AR(y, CA)

 1.01 −0.02
0.02 0.91

  1.01 0

0 0.91

  0.98 0.17

0.21 0.98


U.S., V AR(∆y, CA)

 −0.24 −0.05
1.003 1.013

  −0.19 0

0 0.96

  −0.76 0.05

0.64 −0.999


U.S., V AR(y, CA)

 0.96 −0.07
−0.01 0.914

  0.98 0

0 0.898

  0.98 0.76

−0.21 0.65


U.K., V AR(∆y, CA)

 −0.11 −0.01
0.717 0.883

  −0.1 0

0 0.87

  −0.81 0.01

0.59 −1


U.K., V AR(y, CA)

 1 −0.06
0 0.82

  1 0

0 0.82

  1 0.29

−0.04 0.96


PIH

V AR(∆y, s)

 −0.21 −0.04
0.70 0.98

  −0.19 0

0 0.96

  −0.86 0.03

0.51 −1


V AR(y, s)

 1 −0.05
0 0.95

  1 0

0 0.95

  1 0.69

−0.03 0.73


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TABLE 4: Fama Bliss Regressions, 1964-2001

12 months

rxnt = α+ β
¡
fn−1→nt − y1t

¢
maturity α β R2 Big h R2L Big h R2U

2 0.0387 0.9394 0.1384 0.0085 0.4830

3 −0.1440 1.2411 0.1409 0.0085 0.3756

4 −0.4116 1.4949 0.1529 0.1474 0.6128

5 −0.1125 1.0947 0.0601 0.0855 0.5453

24 months

rxnt = α+ β
¡
fn−1→nt − y1t

¢
maturity α β R2 Big h R2L Big h R2U

3 0.2199 0.9713 0.0846 0.0001 0.2332

4 0.0712 1.3788 0.0990 0.0001 0.1411

5 −0.5391 1.8888 0.1407 0.0217 0.3755
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Table 5: The EHTS for the U.S.

h Big hL Big hU Wald h Big hL Big hU Wald

p-value p-value

1 -1.16 -1.15 0 17 -2.48 -2.22 0

2 -1.47 -1.44 0 18 -2.43 -2.18 0

3 -1.88 -1.82 0 21 -2.32 -2.06 0

4 -2.21 -2.13 0 24 -2.22 -1.97 0

5 -2.40 -2.29 0 30 -2.02 -1.78 0

6 -2.50 -2.36 0 36 -1.85 -1.62 0

7 -2.57 -2.41 0 48 -1.63 -1.42 0

8 -2.64 -2.46 0 60 -1.48 -1.29 0

9 -2.69 -2.50 0 72 -1.38 -1.20 0

10 -2.73 -2.52 0 84 -1.31 -1.15 0

11 -2.74 -2.52 0 96 -1.29 -1.13 0.01

12 -2.72 -2.49 0 108 -1.28 -1.12 0.01

13 -2.68 -2.44 0 120 -1.28 -1.12 0.01

14 -2.63 -2.39 0 144 -1.28 -1.12 0.01

15 -2.58 -2.33 0 156 -1.27 -1.11 0.01

16 -2.53 -2.27 0
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Table 6: The Current Account18

Canada T = 87 U.S. T = 90 U.K. T = 132

h Big hL Big hU Big hL Big hU Big hL Big hU

1 0.05 0.06 -0.04 -0.03 -0.0654 -0.0549

3 0.12 0.17 -0.11 -0.09 -0.1745 -0.1034

5 0.16 0.29 -0.19 -0.13 -0.2589 -0.1082

7 0.17 0.40 -0.26 -0.15 -0.3225 -0.0951

9 0.17 0.52 -0.34 -0.17 -0.3690 -0.0767

15 0.13 0.85 -0.57 -0.17 -0.4334 -0.0316

20 0.09 1.12 -0.77 -0.16 -0.4317 -0.0132

25 0.06 1.39 -0.97 -0.13 -0.4032 -0.0051

30 0.04 1.65 -1.18 -0.11 -0.3615 -0.0019

40 0.01 2.16 -1.59 -0.07 -0.2690 -0.0003

50 0.00 2.65 -2.03 -0.04 -0.1877 0

60 0.00 3.12 -2.47 -0.02 -0.1257 0

18P-values of Wald test statistics are equal to zero for every currency and every horizon.
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Table 7: The PIH model for the U.S.

h Big hL Big hU Wald p-value

1 -0.03 -0.03 0

2 -0.06 -0.05 0

4 -0.10 -0.08 0

6 -0.15 -0.10 0

8 -0.19 -0.11 0

10 -0.22 -0.11 0

20 -0.33 -0.09 0

30 -0.38 -0.05 0

40 -0.38 -0.03 0

50 -0.36 -0.01 0

60 -0.32 -0.01 0

70 -0.28 0.00 0

100 -0.17 0.00 0
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Table 8: the UIRP for D-Mark/$

h Big hL Big hU Wald p-value

1 0.01 0.01 0

3 0.02 0.03 0

6 0.05 0.05 0

10 0.07 0.09 0

13 0.09 0.12 0

16 0.10 0.15 0

20 0.11 0.19 0

23 0.12 0.22 0

26 0.13 0.25 0

30 0.14 0.30 0

60 0.18 0.65 0

100 0.18 1.25 0

200 0.19 3.62 0
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Notes to tables.

Note to Table 1. This table contains a Monte Carlo comparison of our method and the Wald

test. We compare one minus the coverage of our method relative to the size of the Wald test, both of

which should ideally be 0.10. The sample size is T=200 and the number of Monte Carlo replications

is 1000. The table reports: the root close to unity (“ρ”), the horizon (“h”), the value of the

parameter of interest (“eβh/δ”), the percentage of samples in which the true value of the parameter
lays below the lower bound and above the upper bound of the confidence interval proposed in this

paper, based on Stock (1991) method (labeled “Big hL” and “Big hU” respectively); one minus the

Monte Carlo coverage of our method (labeled “Big h”); the size of the Wald test for testing [1, 0]

A(I − Ak) ((I − A)−1) −[0, 1] = [0, 0] with and without a Newey and West (1987) correction for

serial correlation (labeled “WaldNW ” and “Wald” respectively). The confidence intervals proposed

in this paper is calculated as follows: the parameter of interest is β e
cδ−1
δc , where β is consistently

estimated by a the corresponding coefficient in a VAR of order one, (I −AL) yt, A =
 0 β

0 ρ

.
The confidence interval relies on a median unbiased confidence interval of c obtained by inverting

an ADF test statistic. The Wald test employed a Newey-West HAC covariance matrix estimator

robust to (h− 1) serial correlation. The gradient of the constraint is calculated by using numerical
derivatives. Finally, R2L and R

2
U respectively report the percentage of samples in which the true value

of R2 lays below the lower bound and above the upper bound of the confidence interval proposed in

this paper.

Note to Table 2. As per Table 1, with the exception that the value of the parameter of interest

is labeled “A12” and the number of Monte Carlo replications is only 100. The Wald test is not

corrected for serial correlation.

Note to Table 3. The table reports, for each regression described in the first column, the estimated

values of Φ (corrected for serial correlation, as in Stock and Watson (1988)), its eigenvalues Λ and

eigenvectors V −1 such that Φ = V ΛV −1. In the UIRP, for the regression: ∆st+1= α+ βidifft+1 , then

the serial correlation in the residuals is 0.977.

Note to Table 4. The table reports Fama and Bliss regressions based on Cochrane and Piazzesi

(2002) data. “rxnt+1” is the excess log return, “y
1
t ” is the spot log yield and “f

n−1→n
t ” is the log

forward rate at time t for loans between time t+n-1 and t+n. See Cochrane and Piazzesi (2002)

for a detailed description of the variables and of the regressions. R2 is the (unadjusted) R2 of the

regression and “Big h R2L” and “Big h R
2
U” are the lower and upper bounds of the confidence

interval for the (unadjusted) R2 by using the method described in this paper (12).

Note to Tables 5 to 8. In the tables, we report the two-sided confidence interval for βh proposed

in this paper, based on Stock (1991) method (labeled “Big hL” and “Big hR” respectively) and

p-values of Wald tests of the expectations hypotheses (labeled “Wald p-value”). In Tables 6 and 7,
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the confidence interval (“Big hL”, “Big hR”) should contain “-1” if the economic theory is correct;

in Tables 5 and 8, it should contain “1”.
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Appendix 1. Proofs
Derivation of eq. (10).

Rewrite (9) as:

∆w1,t+1 − βw2t = ²1,t+1

(1− ρL)w2,t+1 = b (L) ²2,t+1

that is:

 1− L −βL
0 1− ρL


| {z }

≡(I−ΦL)

 w1,t+1

w2,t+1

 =

 1 0

0 b (L)


| {z }

≡Θ(L)

 ²1,t+1

²2,t+1


| {z }
≡²t+1

where Φ =

 1 β

0 ρ

. Note that y1,t+1 = ∆w1,t+1 so that Σhj=1y1,t+j = Σhj=1∆w1,t+j = w1,t+h −
w1,t. By applying (8): w1,t+h

w2,t+h

 = Φh

 w1,t

w2,t

+Σh−1j=0Φ
jΘ (I) ²t+h−j +Op (1) .

Note also that Φj =

 1 βΣj−1k=0ρ
k

0 ρj

; thus:
 w1,t+h

w2,t+h

 =

 1 βΣh−1k=0ρ
k

0 ρh

 w1,t

w2,t

+Σh−1j=0

 1 βΣj−1k=0ρ
k

0 ρj

 1 0

0 b (1)

 ²t+h−j+Op (1) .
so that:

w1,t+h − w1,t = βΣh−1k=0ρ
k| {z }

≡βh

w2,t + Σ
h−1
j=0

³
²1,t+h−j + βb (1)Σj−1k=0ρ

k²2,t+h−j
´

| {z }
≡ξt,h

w2,t+h = ρhw2,t +Σ
h−1
j=0ρ

jb (1) ²2,t+h−j

The asymptotic distribution of R2 in the predictive regression ()

The DGP: (I − ΦL)wt = Θ (L) ²t , Θ (L) ≡ (I +Θ1L+ ...+ΘpLp), Φ =
 0 β

0 ρ

 = Bρ, B ≡ 0 β/ρ

0 1

 ,Θi =
 1 0

0 Θ22,i (L)

. AsPh
k=1wt+k =

Ph
k=1Φ

kwt+
Ph
k=1

Pk−1
j=0 Φ

jΘ (I) ²t+k−j+
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Op (h), we consider only the first two components after the equality, which are the asymptotically

relevant ones. Let e²t ≡ Θ (I) ²t and V ar (e²t) = Θ (I)Σ²Θ (I)0 ≡ Ω.
Ph
k=1

Pk−1
j=0 Φ

jΘ (I) ²t+k−j = e²t+1+e²t+2 +Φe²t+1+
+e²t+k +Φe²t+k−1 +Φ2e²t+k−1 + ...+Φh−1e²t+1 =

= e²t+k+(I +Φ)e²t+k−1+¡I +Φ+Φ2¢e²t+k−2+...+¡I +Φ+ ..+Φh−1¢e²t+1
V ar

³Ph
k=1

Pk−1
j=0 Φ

jΘ (I) ²t+k−j
´
= Ω+(I +Φ)Ω (I +Φ)

0
+...+

¡
I +Φ+ ..+Φh−1

¢
Ω
¡
I +Φ+ ..+Φh−1

¢0
=

=
Ph−1

k=1

³Pk
l=0Φ

l
´
Ω
³Pk

l=0Φ
l
´0
≡ Ωh−1

V ar
³Ph

k=1Φ
kwt

´
=
³Ph

k=1Φ
k
´
V ar (wt)

³Ph
k=1Φ

k
´
, where:

(a) V ar (wt) = V ar
³Pt

k=1

Pk−1
j=0 Φ

jΘ (I) ²t−j
´
= Ω+(I +Φ)Ω (I +Φ)

0
+...+

¡
I +Φ+ ..+Φt−1

¢
Ω
¡
I +Φ+ ..+Φt−

Ωt−1

(b) Φk = ρkB implies that
Ph
k=1Φ

k =
³Ph

k=1 ρ
k
´
B, so that:

V ar
³Ph

k=1Φ
kwt

´
=
³Ph

k=1 ρ
k
´2
BΩt−1B0

Thus the coefficient of determination for the first regression is:

R2h =
I01(

Ph
k=1 ρ

k)2BΩt−1B0I1
I01(

Ph
k=1 ρ

k)
2
BΩt−1B0I1+I01Ωh−1I1

=

µ
1 +

I01Ωh−1I1
I01(

Ph
k=1 ρ

k)
2
BΩt−1B0I1

¶−1
As T →∞, note that: Pm−1

l=0 Φ
l =

¡
I +Φ+ ..+Φm−1

¢
=

 1 β
Pm−1
k=0 ρk

0
Pm
k=0 ρ

k

 →
T→∞

 1 βT
R [(m−1)/T ]
0

ecsds

0 T
R [m/T ]
0

ecsds


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Pn−1
k=1

³Pk
l=0Φ

l
´
Ω
³Pk

l=0Φ
l
´0
= T
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0

 1 βT
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0

ecsds

0 T
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0
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Ω
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0

= T
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0
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dm

Let ψ(m) =
R [(m−1)/T ]
0

ecsds

I 01
³Ph
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k
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BΩt−1B0I1 =

³Ph
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k
´2
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0I1 =

=
³Ph
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T
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0 1

 1 βTψ(m)

0 Tψ(m)
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Ω012 Ω22

 1 0

β0ψ(m)T Tψ(m)
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³Ph
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T
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0

µ
T 2
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ρ2 βΩ22β
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I 01Ωh−1I1 = I
0
1T
R [(n−1)/T ]
0
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 1 0
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 I1dh =
= T
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³
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³
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´
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´
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R2h =

1 + R [(n−1)/T ]
0 ψ2(h)(βΩ22β

0)dh

(
Ph

k=1 ρ
k)

2 R [(n−1)/T ]
0

Ã
ψ2
(m)

ρ2
βΩ22β0

!
dm


−1

'
µ
1 + 1

1
[(n−1)/T ]

R [(n−1)/T ]
0 ψ2

(m)
dm

¶−1
The above formula clearly shows that R2 is a monotone function of c.
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Expectation hypothesis from economic theory usually imply that:

xt = [0, 1]

 ∆yt

xt

 =

µ
1

b

¶ hX
j=1

ajEt∆yt+j (32)

where a and b are scalars. For example, in the CA literature19, x is the CA, y is the net output and

a = −
³

1
1+r

´
, b = 1; in the PIH literature20, x is saving, y is income and a = −

³
1
1+r

´
, b = 1; in the

EHTS literature21 , x is the interest rate differential, y is the nominal exchange rate and a = 1, b = h;

in the UIRP literature22 , x is the long-term interest rate differential, y is short term interest rate

and a = 1, b = h.

By combining (??) and (32), we obtain:

19See Sheffrin and Woo (1990) and Otto (1992).
20 See Campbell (1987).
21 See Bekaert and Hodrick (2001).
22 See Campbell and Shiller (1987), Bekaert and Hodrick (2001).
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