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ABSTRACT

We consider the problem of estimating an unknown joint distribution which is defined over
mixed discrete and continuous variables. We use a nonparametric kernel approach with smooth-
ing parameters obtained from the cross-validated minimization of the integrated squared error
of the kernel estimator. We prove that our approach is consistent and derive its rate of con-
vergence. Monte Carlo simulations demonstrate that the proposed approach does not suffer
from known limitations of likelihood cross-validation method which breaks down with com-
monly used kernels when the continuous variables are drawn from fat-tailed distributions. The
simulations also show that the new estimator performs much better than the conventional
nonparametric frequency estimator. An empirical application demonstrates that the proposed
method can yield superior out-of-sample predictions relative to commonly used parametric
approaches.

Key words: Discrete and continuous variables, density estimation, nonparametric smooth-
ing, cross-validation.



1 Introduction and Background

Nonparametric kernel methods are frequently used to estimate joint distributions, however,
conventional approaches do not handle mixed discrete and continuous data in a satisfactory
manner. Although it is well known that one can use a frequency estimator to obtain consistent
nonparametric estimates of the joint probability density function (PDF) in the presence of
discrete variables, this frequency-based approach splits the sample into many parts (‘cells’)
and the number of observations lying in each cell may be insufficient to ensure the accurate
nonparametric estimation of the PDF of the remaining continuous variables.

Aitchison & Aitken (1976) proposed a novel nonparametric kernel method for estimating
a joint distribution defined over binary data in a multivariate binary discrimination context.
They also proposed a data-dependent likelihood-based method of bandwidth selection which
has been shown to be consistent by Bowman (1980). One advantage that their method has
over the conventional frequency estimator is that it does not split the sample into cells in finite-
sample applications. A weakness of their method becomes apparent, however, in mixed discrete
and continuous variable settings. This weakness results in part from the use of likelihood
cross-validatory bandwidth selection which is known to break down when modeling ‘fat-tailed’
continuous data with commonly used compact support kernels such as the Epanechnikov kernel
or thin-tailed kernels such as the widely-used Gaussian kernel (see Hall (1987a,1987b)). For
related work on issues surrounding the kernel estimation of distributions defined over discrete
data the reader is referred to Hall (1981) and Hall and Wand (1988). In related papers, Grund
(1993) and Grund and Hall (1993) investigated the kernel estimation of a PDF defined over
k-dimensional multivariate binary data using least-squares cross-validation. In particular, they
looked at both the situation with fixed k£ and the case where k& — oo as the sample size n — oc.
For an excellent survey on kernel density estimation methods see Izenman (1991), while more
in-depth treatments of the subject can be found in Hart (1997), Fahrmeir and Tutz (1994),
Scott (1992), and Simonoff (1996).

While there exist a number of theoretical papers on the properties of cross-validation meth-
ods with only discrete variables (e.g., Hall (1981), Grund (1993) and Grund and Hall (1993)),
or with only continuous variables (Marron and Hirdle (1985)), little attention has been paid
to the more general and interesting case of mixed discrete and continuous variables. The ex-
ceptions are the papers by Ahmad and Cerrito (1994) and Tutz (1991) who have considered
cross-validation for estimating regression functions and conditional density functions (with
mixed variables), respectively. However, both Ahmad and Cerrito (1994) and Tutz (1991) only

demonstrate the consistency of their cross-validation methods, while no rate of convergence is



established in either paper. Establishing of the rate of convergence is much more demanding
than establishing only consistency. In this paper we aim to close the gap and we propose a
consistent kernel method for estimating the joint PDF of mixed discrete and continuous data
based upon least-squares cross-validation which minimizes the integrated squared error of the
estimate. We provide the theoretical foundations for this method, obtain rates of convergence,
and consider both simulations and applications of the proposed approach. To our knowledge,
our work is the first to establish the rate of convergence with mixed discrete and continuous
variables using cross-validation methods.

In Section 2 we consider the multivariate discrete variables case and propose estimating a
joint PDF using least-squares cross-validation, and we establish the consistency and rate of
convergence of the proposed estimator. Section 3 deals with the general mixed discrete and
continuous variables case. Section 4 reports on simulations designed to assess the finite-sample
performance of the estimator. Section 5 considers an empirical application which demonstrates
that the proposed approach can yield superior (out-of-sample) predictions relative to commonly
used parametric models of binary choice. Finally, Section 6 concludes and discusses possible

extensions of the proposed approach.

2 Estimating A Joint Density with Categorical Data

In this section we consider the estimation of a joint PDF defined over discrete data. Let X
denote a k x 1 vector of discrete variables. For expositional simplicity we consider the case
where X is a k-dimensional binary variable, X € {0,1}*. We denote {0,1}* by D. Let p(-)
denote the probability function of X. We use X;, and z; to denote the tth component of
X, and z (i = 1,...,n), respectively. For z;, X;; € {0,1}, define a univariate kernel function
WX, x) =1=-Nif X;; = @y, and (X4, x¢) = N if X, # 2, where ) is a smoothing parameter.

For multivariate data we use a standard product kernel given by

L(X;, w0, A) = [ [ 10, ) = (1= N)Fdie nhie, (2.1)

t=1

where d;; = (X; —2)'(X; — x) equals the number of disagreement components between X; and
x. Note that d;, takes values in {0,1,2,..., k}.

It is straightforward to generalize the above to the case of a k-dimensional vector of A. For
simplicity of presentation, only scalar A is treated here.

Some Notation: We will use the summation indices ¢, j, [ to denote observations,



D= i 2 Zi;ﬁj =i Z?:l,j;éi? ZZZi;ﬁj#l = > Z?:l,j;éi Z?:l,l;éi,l;éj' We use

the summation indices x, x1, 9 to denote the sum over the support of z,xy,29 € D, i.e.,

Zz = ZJ?ED'

We estimate p(z) by
() =~ YL (2.2
r) = — 1T .
p n <

where L, = L(X;,z,\) is defined in Equation (2.1).
The sum of squared differences between p(-) and p(-) is

L = ) [p(z) —p(@)] =) @) =2 dl@)p() + Y b))

xeD x

= I, — 2D+ ) _[p()), (2.3)

where 1, = > [p(x)]? and Iy, = >, p(x)p(z). Note that the last term on the right-hand-side
of Equation (2.3) is unrelated to the choice of A\. Note that I, = > p(z)p(z) = E[p(X)].
Therefore, we estimate Iy, = E[p(X)] by

Ly =n"" Zﬁ(Xi) =n"? Z Z Lij, (2.4)

[

where Lj; = L(X;, Xj,A) and p(X;) = n~' 377 | i, Lij is the leave-one-out kernel estimator of
p(X;). Using Equation (2.2), we have

Iln = Z[ﬁ(x)]2:n72ZZZLwL]x

T =1 j=1 =
= 2y > LY, (2.5)
i=1 j=1
where
2
Lz('j) = ZLi:rij- (2.6)

Therefore, we choose A to minimize the cross-validated integrated squared error of the



kernel estimator given by

cviy) Y 5, — 26, =n? En: En: LY =223 3" Ly

i=1 j=1 i JAE
ST R 3 ST T
) R E=
= Jln + J2n7 (27)

where Ji, =n 23, L% and Jy, = n 2y, Z#i[Ll(?) — 2L;].
We use A to denote the cross-validated choice of A. The following assumption is used to
derive the rate at which A converges to zero as well as the rate of convergence of p(x) to p(x).
Assumption (A): (i) X; is independent and identically distributed (i.i.d.) as X, and
minggepyp(x) > 6 for some 6 > 0.

Theorem 2.1. Under assumption (A), we have
(Z) 5\ = Op(nil))
(ii) p(xz) — p(x) = Op(n~'/?).

The proof of Theorem 2.1 is given in Appendix A.

Theorem 2.1 shows that our cross validation converges to zero at the rate of n=!, which
is the same convergence rate as the maximum likelihood cross-validation choice of A (see Hall
(1981)). In the next section, we will show that the cross validation choice of A has a much

slower rate for the mixed discrete and continuous variable case.

3 Estimating A Joint Density with Mixed Categorical

and Continuous Data

We now turn our attention to the case involving mixed discrete and continuous data. As
in Section 2, X € D represents the discrete variables, and we use Y € R? to denote the
continuous random variables. Let Y;; denote the ¢tth component of Y;, let w(-) be a univariate
kernel function and let W(-) be the product kernel function for the continuous variables. We
define

e Y, - Y, d Y. - Y,
Wiy = Wa(¥s,Y;) < norw <7h ]> =h " ][w <7’t - ”) : (3.1)
t=1

We also define Z = (X,Y), and we use f(z) = f(z,y) to denote the joint PDF of (X,Y).
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We estimate f(z) b

n

f(z) = %ZKh (3.2)

=1

where Kji. = LigWhiy, Wiy = h7PW (22) and where L, = L(X;,z,)) is defined in
Equation (2.1).

Using the notation [dz = Y [ dy, then the integrated squared difference between f()
and f(-) is

o= [lf6) - 1@Pe= [1feFd -2 [ fered+ [P

o0+ /mn (3.3)

where I, = [[f(2)]dz and I, = [ f(2)f(z)dz, and we observe that the last term on the
right-hand-side of Equation (3.3) is not related to (A, h). Note that

=/?wﬂaw:van

Therefore, we estimate I, = E[f(Z)] b

. 1 . 1
Iy = EZf(Zi) = EZZK’W’ (3.4)

i jA

where Ky = Ly W with Ly = L(X;, X;,0) and Wiy = h-?W (3522). Using Equation
(3.2), we have

I, :/[ ZZ/Kh,th]zdz o L ZZK,W, (3.5)

i=1 j=1 i=1 j=1

where Kh ) = [ KniKnodz = Y, LisLjs [ Wiy Wiy dy = LW, with LY = Y2 Li Ly,
and Wh i = [ Wh,iyWh jy dy. It is easy to show that
Y- Y
Wi = WP,y = hrw® ( . J) , (3.6)
where W = [ W(u)W (u+v) du is the second order convolution kernel derived from W (-).



Therefore, we choose (A, h) to minimize

CV(A\R) = Ly, — 2D, = —ZZKW—2—ZZKW

i=1 j=1 (A2
= % Z Z Z h ” 2I(h zj] Jln + JQn: (37)
i 1 jFi

where Ji, = 5 30, K and Jy, = 557,50 KL — 2K ).

We use (A, h) to denote the above cross-validated choices of (A, h). The following assump-
tions are used to derive the rates of convergence of (\, h) and f(z).

Assumption (B1) (i) {Z;}, = {X,,Yi}7, is iid. as Z = (X,Y), X, satisfies the
condition in Assumption (A). (ii) Let f(y|z) denote the conditional density function of Y
given X = z. f(-|x) is four times continuously differentiable on the support of Y for all x € D.
f(y|z) and its derivatives are all bounded and continuous on the support of Y for all z € D.

Assumption (B2) (i) The kernel function w(-) is non-negative, bounded and symmetric
around zero, also [w(v)dv = 1, [w(v)v*dv < oo. (ii) h lies in a shrinking set H, = [h, h],
where h > C~'n9=1/P b < Cn=? for some C, § > 0

The conditions in (B2) (ii) are similar to those used in Hirdle and Mammen (1985), and
they are equivalent to n!=%h? > C~! and n’h < C. Thus, by choosing a very small value of
0, these conditions are virtually equivalent to the usual conditions of ~ — 0 and nh? — oo as

n — Q.

Theorem 3.1. Under assumptions (B1) and (B2), we have
(i) h = O, (n="4 D) and A = O, (n=2/4+),
(ii) f(z) — f(2) = O,(n~ 24P provided f(z) > & for some & > 0.

The proof of Theorem 3.1 is given in Appendix B.

Comparing Theorem 3.1 and Theorem 2.1, we see that for the mixed variable case, the
convergence rate of ) is much slower than that of A for the discrete variable case. The slower
rate is not a disadvantage for finite sample applications. The conventional frequency estimator
corresponds to A = 0. Therefore, in order for the cross-validation method to significantly
out-perform the case of A = 0, it is desirable that ) does not converge to zero too fast in finite

sample applications.



4  Monte Carlo Simulation Results

We begin with a simple Monte Carlo experiment designed to demonstrate that the likelihood
cross-validation method of bandwidth selection will break down with commonly used kernels
when one or more of the continuous data types are drawn from fat-tailed distributions. This
situation is sometimes encountered when dealing with economic and financial data, among
others. The experiment reveals simply that the proposed method, unlike existing likelihood
cross-validation methods, is robust to the underlying distribution.

We consider two simulations (two data generating processes (DGPs)) involving the esti-
mation of a joint distribution, and for each DGP 1,000 replications are drawn. For each case,
the binary variable is generated with Pr[X = 0] = Pr[X = 1] = 0.5, while the continu-
ous variable is generated independently being either Gaussian or Cauchy, the latter having
fat-tails leading to the breakdown of likelihood cross-validation as will be seen. For each of
the 1,000 replications, smoothing parameters are obtained in two ways, first using likelihood
cross-validation and then using the proposed least-squares cross-validation method. We use
the Gaussian kernel for the continuous variable, while the kernel for the discrete variable is that
defined in Equation (2.1). The cross-validated choices of (A, h) are based on minimizing the
cross-validation function with respect to A and h using a conjugate gradient search algorithm.
For each replication we compute the MSE defined by 71 3",(f(X;, Y;) — f(Xi, ¥i))?. Median
values of the smoothing parameters and of MSE calculated over the 1,000 replications are listed
in Table 1. The cross-validated choices of A take values around 0.5 for almost all cases and we
omit them from the table for space considerations. This arises because we use equal (uniform)
probabilities for X = 0 and X = 1, and the choice of A\ = 1/2 leads to a constant (uniform)
discrete kernel function L(X;, X;) = 1/2 for all X; and X;. Thus there is no sample splitting
for this case when using cross-validation methods (for both LS-CV and ML-CV).

Table 1: Median Values of hs and MSEs Generated from 1,000 Replications.

n Xy Density h(ML) h(LS) MSE(ML) MSE(LS) MSE(MLy—) MSE(LS)~)
50  Gaussian/Bernoulli | 0.497  0.538 7.342e-04 8.612¢-04 1.222¢-03 1.306e-03
100 Gaussian/Bernoulli | 0.432  0.463 4.249e-04 5.324e-04  7.629e-04 8.253e-04
250 Gaussian/Bernoulli | 0.367  0.379  2.056e-04 2.460e-04  3.868e-04 4.173e-04
50  Cauchy/Bernoulli 4431  0.621  5.322e-03 5.871le-04  5.319e-03 9.035e-04
100 Cauchy/Bernoulli 5.272  0.505 6.080e-03  3.644e-04  6.066e-03 5.578e-04
250 Cauchy/Bernoulli 5.696  0.405 7.018e-03 1.701e-04  7.004e-03 2.582¢-04

Based on the results reported in Table 1 we make the following observations. First, our
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proposed LS-CV method performs much better than the conventional frequency estimator
(with A = 0) in terms of the MSE criterion. This arises because the conventional frequency
estimator splits the sample into two parts, one for which X = 0 and one for which X = 1. Thus
we can assess the extent to which frequency estimators suffer from finite-sample efficiency losses
arising from sample splitting. Secondly, when the continuous variable is drawn from the fat-
tailed Cauchy distribution, the ML-CV method breaks down having a much larger MSE relative
to the proposed LS-CV method. The ML-CV choice of h is about 7 to 14 times as large as that
given by the LS-CV method, and this extreme over-smoothing shows that the ML-CV method
indeed break down for fat-tailed distributions when using popular kernels. Moreover, the MSE
of the ML-CV estimator does not decrease as n increases which illustrates the inconsistency
of the ML-CV estimator for fat-tailed distributions. Third, when the continuous variable
is Gaussian, the LS-CV estimator is slightly less efficient than the ML-CV estimator. This
suggests that, for well-behaved thin-tailed distributions, the likelihood cross-validation method
has a slight MSE advantage in small samples, but this quickly disappears and is felt to be
completely offset by the ability of the proposed approach to model situations involving fat-
tailed distributions. The results summarized in Table 1 clearly show that the proposed LS-CV
estimator has a distinct edge over the ML-CV estimator in the sense that the former is robust
to fat-tailed distributions, while it also performs much better than the conventional frequency-
based estimator.

We also evaluate the estimated density on a grid with support [—3.5, 3.5]. Figures 1 through
Figure 6 plot the median values of the joint PDF evaluated on this grid. Figure 1 and Figure
2 plot, respectively, the LS-CV and the ML-CV curves when the underlying distribution is
Cauchy for a sample size of n = 50. Figure 1 shows that our LS-CV approach is well-behaved
when the underlying distribution is fat-tailed. In contrast, Figure 2 shows that the ML-CV is
hopelessly oversmoothed and totally fails to detect the nature of the underlying distribution.
To determine whether the behavior of likelihood cross-validation improves if we increase the
sample size, we also conducted the experiment with a sample size of n = 250 and again evaluate
the PDF on a grid and present these results in Figure 3 and Figure 4. We observe that the
discrepancy between the LS-CV estimated curve and the true PDF curve quickly disappear as
n gets large, while the ML-CV approach appears to increase the amount of oversmoothing as n
increases. This clearly shows that the likelihood-based method of bandwidth selection breaks
down for fat-tailed distributions such as the Cauchy distribution.

Figure 5 and Figure 6 plot the cases for a Gaussian continuous variable with n = 50.
Figure 5 reveals that the ML-CV method is consistent for thin-tailed distributions such as the

standard normal (with a Gaussian kernel). The median plots are virtually identical for the



LS-CV and the ML-CV curves as can be seen from the Figure 5 and Figure 6.

f(z,y)
0.2~

LS-CV PDF Curve —
True PDF (Cauchy) —

Figure 1: Estimated Joint PDF - Joint Binary/Cauchy, n = 50

[(z,y
0.5 - ) ML-CV PDF Curve —
True PDF (Cauchy) —
0.15

Figure 2: Estimated Joint PDF - Joint Binary/Cauchy, n = 50



LS-CV PDF Curve —
True PDF (Cauchy) —

Figure 3: Estimated Joint PDF - Joint Binary/Cauchy, n = 250

[(z,y
0.5 - ) ML-CV PDF Curve —
True PDF (Cauchy) —
0.15

Figure 4: Estimated Joint PDF - Joint Binary/Cauchy, n = 250
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LS-CV PDF Curve —
True PDF (Gaussian) —

ML-CV PDF Curve —
True PDF (Gaussian) —

Figure 6: Estimated Joint PDF - Joint Binary/Gaussian, n = 50
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5 An Empirical Application

We now consider an application of the proposed approach to modeling discrete choice. This
example shows how the proposed estimator can be used to obtain superior (out-of-sample)
predictive performance relative to commonly used parametric models of discrete choice.

We use the data of Gerfin (1996) who models the labor market participation of married
Swiss women using a cross-section data set of size n = 872 having six explanatory variables. He
uses a Probit model along with three semiparametric specifications, and finds that the Probit
specification cannot be rejected and that the models yield similar results. He concludes that
“more work is necessary on specification tests of semiparametric models and on simulations
using these models”. We simply use this dataset to see whether predictions given by the Probit
and semiparametric specifications can be substantially improved upon (we do not include
Gerfin’s (1996) semiparametric results here as they all yielded similar results.) Data for this
study can be found at http://qed.econ.queensu.ca/jae/1996-v11.3/gerfin/.

The variables used by the Gerfin (1996) study are

1. LFP: Labor force participation dummy.

2. LNNLINC: Log of non-labor income.

3. AGE: Age in years.

4. EDUC: Years of formal education.

5. NYC: Number of young children (younger than 7).
6. NOC: Number of older children.

7. FOREIGN: Dummy, = 1 if observation is not Swiss.

We compute the conditional distribution as the ratio of the joint distribution of variables

1 through 7 and the marginal distribution of variables 2 through 7,

~

f(LFP, LNNLINC, AGE, EDUC, NYC, NOC, FOREIGN)

(3.8)

f(LFP|LNNL1Nc, AGE, EDUC, NYC, NOG, FOREIGN) = —
fi (LNNLINC, AGE, EDUC, NYC, NOC, FOREIGN)

and bandwidths are chosen via cross-validation. Finally, we predict LEP=1 if f(rr = 1]-) >
f(re = 0|-) where |-) denotes the conditioning variables, otherwise we predict LEP=0.
We compare the results of our estimator with those from Gerfin (1996), and the confusion

matrices and classification rates for both the proposed and Probit approaches are summarized
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in Table 2. A confusion matrix is one whose diagonal elements are correctly predicted out-
comes and whose off-diagonal elements are incorrectly predicted outcomes. We also report the
overall correct classification rate and correct classification rates for each values assumed by
the categorical dependent variable!. As can be seen from Table 2, the proposed method cor-
rectly predicts 74.1% of all observations while a Probit model correctly predicts 66.5% which
represents a marked improvement in model performance. To address potential concerns that
these results might be an artifact of within-sample ‘overfitting’, we randomized the data and
split it into independent estimation and evaluation samples®. The predictive ability of the
model as measured by performance on the independent data mirrors the within-sample results
reported in Table 2 for a large number of different splits indicating that this is indeed a general

improvement in predictive ability and not simply an artifact of overfitting.

Kernel Probit
A/P] 0 1 A/P] 0 1
0 360 111 0 358 113
1 115 286 1 179 222

%Correct  74.1% %Correct  66.5%
%CCR(0) 76.4% | %CCR(0) 76.0%
%CCR(1) 71.3% %CCR(1) 55.4%

Table 2: Confusion matrix and classification rates for the kernel and Probit models.

This application simply demonstrates how the proposed method can be used to obtain
superior predictions of categorical variables relative to predictions based upon commonly used

parametric specifications such as the Probit model.

6 Possible Extensions

There are numerous ways in which the results of the present paper can be extended. We briefly

mention a few of them below.

1. Semiparametric estimation of a density function with mixed discrete and continuous
data.

!For example, CCR(0) is the number of predicted zeros that are in fact zeros + number of zeros in the
sample x 100.

2For example, we considered estimation samples of size n; = 700 and prediction samples of size ny, = 172,
n1 = 750 and ns = 122 and so on.
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2. Estimation of joint density function with mixed discrete and continuous variables when

the discrete variables contain ordered categorical data.

3. Consistent model specification tests with mixed discrete and continuous regressors, in-
cluding testing for correct parametric density or a semiparametric density functional

form.

The rates of convergence established in this paper will be very helpful when extending the
results to estimating a semiparametric density function, especially when deriving the asymp-
totic distribution of the estimator of the parametric component. With ordered categorical
data, it is known that boundary kernels (Dong and Simonoff (1994)), local polynomials (Aerts,
Augustyns and Janssen (1997a,b)), penalized likelihood (Simonoff (1983)), and local likelihood
methods have better properties than standard kernel estimators (they avoid boundary bias).
It will be very useful to extend the result of this paper to cover the case of ordered categorical
data. Specification tests (with mixed data types) based on a data-driven choice of smoothing
parameters would be significantly more powerful than tests based on frequency estimators as
the former do not use sample splitting in finite-sample applications.

Recently, Racine and Li (2000) have considered the problem of nonparametric estimation
of regression functions with mixed discrete and continuous regressors and have established the
convergence rate of their proposed estimator. Yet another direction is to consider semipara-
metric regression models with mixed regressors, including partially linear models and additive
models, and specification tests for parametric/semiparametric regression functional forms. The

authors are currently working on a number of these exciting extensions.

Appendix A

Lemma A.0 \ = 0,(1).
Proof: Let I,(\) = I1,(\) — 215,(A\) + E[p(X)] be defined as in Equation (2.3), and define
I,(\) = I, (N\) = 205,(\) + E[p(X)], where Iy,()\) is defined in Equation (2.4). Obviously
Ion(A) = Ion(X) = 0,(1), which implies that (a): I,,(A) = I,(A) + 0,(1).

Next, 0 < I,()\) < I,(0) = 0,(1) because A = 0 corresponds to the usual frequency
estimator and it is well established that I,(0) = 0,(1). Thus, we have (b): I,(A) = o0,(1).

(a) and (b) leads to (c): I,(\) = 0,(1).

14



Finally, for A # o(1), using the H-decomposition of U-statistic theory, it is easy to show

that

I,(A\) = E(L,(\) + 0,(1) = 325 G\ + 0,(1) # 0,(1) because C; # 0 for some 0 < | < 2k.
Hence, we have (d): 1,(\) = O,(1) # 0,(1) for A # o(1).

(c) and (d) imply that A = 0,(1).

Note that Lemma A.0 implies the consistency of p(x), i.e., p(x) — p(x) = 0,(1).

In lemmas A.1 through A.4 below, we use the property that A = o(1) and obtain expansions

of Ji,(A) and Jop (A). We will write B, = D,, + (s.0.) to indicate that D,, is the leading term
of B, (D,, and B,, have the same order), and (s.0.) denotes terms having order strictly smaller
than D,,.

Lemma A.1. J;,,(\) = n 23" L% = Ajn=' — A n=! + 0,(n=32) 4+ 0, (n=3/2) + n=1)2),
where Ay =Y p(x) and Ay = 2k, p(x) are positive constants.

Proof: By Equations (2.6) and (2.7), Ji, =n"2>_" | Ll(f) =n~2Y " > L?. Hence,
ElJi,]=n"130, E[L}]
=n~' Y AEB[L|di, = 0|P(diy = 0) + E[L},|diy > 1]P(di, > 1)}
1= A X, plw) + O )
=n1(1—-2kXN) Y, p(x) +O(n 1)?).
Also,
Jiw = ElJu] = nH{n ' LY - B(LY)]}
=n"Yn 130, YL, — E(LL)]}
=n {3, n 130 LN = x) = 30, BLE |diy = 0]p(dy, o = 0)}
+n Y, T Y LR, e > 1) = 3, ElLY |dx, e > 1p(dx, . > 1)1}
= (1 =X)*n"" 3, [p(x) — p(x)] + Op(n 2%
= {(1 = 2kN)n 22 {02 37 [p(a) — p()]} + Op(n~A?)
=n732Y, — 2kAn732V, + 0,(n"1)\?),

where p(z) = n71 Y1 | 1(X; = ) is a frequency estimator of p(z) and V,, = n'/2Y [p(z) —

p(x)] is a Op(1) random variable.

Hence, Ji, = E(J1,) + [J1n — E(J1,)] = n~ 1 — 2k0) Y, p(x) + Op(n_3/2) + Op(n_3/2)\ +

n~t\?).

Lemma A.2. Define H(X;, X;) = LYY — 2L;;. Then

E[H(X;, X;)] = A3 + A\ + O(N\?),

where As and Ay, are some constants with Ay > 0.
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Proof: E[H(X;, X;)] = E[Lg)] —2E[L;j]. We compute E[LE | and E[L;;] separately below.
Define p;(x) = Probld(X,z) = s] =4, _gp('), s =1,2.

BILY) = X, ElLx,aLx;al = X0 Yo, Yoy p@)p(2) Lay o L
=(1- )\)% D Z{zl,dzl,z:t)}p(xl) Z{m,d”,z:mp(@)
FAA=N)* A sy 0y P Xy o=y PE2)HD 0, 0, oy P01 X, om0y P(22) }
FAZ(1=A)2 D 3T D fwr ey =2} P D ian e,y om0y P(T2)F D01 do, w=0) P(T1) Dofan dy, o2} P(T2)
+ Z{xl,dzl,zzl}p(xl) Z{m,dw,z:up(x?)} + O(N?)
= (1= 2kA+ k(26 — 1)A°) 32, [p(@)? + A1 — (26 — 1)A) X2 { 2p(2)pi (2) }
+A2 30, (2pa(2)p(2) + [pr(2)] } + O(X%)
= Elp(X)] + 2M E[p,(X)] — kE[p(X)]}
+AH{2E[pa(X)] + E(p1(X))?/p(X)] = 2(2k — 1) E[p1(X)] + k(2k — 1) E[p(X)]} + O(X)
Next,
ElLijl =32, >0, p(@1)p(22) Ly, 2
= (1=N)*>, pla1) Z{x2,dw1,x2zo}p(ff2) AL =N, o) Z{m,d%w:up(@)
FA L= NP2, p@) Y . oy Pla2) + O(X?)
(1 — kX + Nk(k —1)/2)E[p(X)] + M1 — (k — DA E[p1(X)] + AN2E[p2(X)] + O(N?)
Elp(X)]+ME[p1(X)] - kEp(X)]} + A { E[p2(X)] = (k — 1) E[p: (X)] + [k(k — 1) /2] E[p(X)]}.
Summarizing the above results, we get
B[H(Xy, Xp)] = B[L})] — 2E[Ly]

= —E[p(X)] + X{F*E[p(X)] = 2k E[py (X)] + E[(p(X))*/p(X)]} + O(X)
= Az + A2+ O(N9).

Lemma A.3. E[H(X;, X;)|Xi] = —p(X;) + O(N2), where H(X;, X;) = LY — 2L;;.

2 2
Proof: E[H(X;, X;)|X;] = E[LY|X;] — 2E[L;|X;]. We compute E[L;|X,] and E[L{Y|X]]

separately below.

E[Li;| Xi) = >_, p(x) L(X;, x)
= 1=V, dx, =0y P(x) + A1 — A D fandy, =1} P(T) + 0(\?)
= (1= 2)"p(Xi) + A1 = V) 1pi(X) + O(N?)
= (1 — kEN)p(X;) + A\pi(X3) + O(N?)
= p(Xi) + Alp1(X3) — kp(X3)] + O(N?)

Next,
BILY X)) =, BlLx,uLx; ol X = 3, 30 p(@1) Lo Loy o

16



=(1-N)* Z{x,dxi,zzo} Zx,dxi,ﬁ:o p(1)

+A(1 - )\)%_1{2{3;,(1&,1:0} Z{ml,dxi@l:l}p(xl) + Z{x,dxi,w:u Z{zl,dxi,xlzo}p(xl)} +0(N?)
= (1 = 2kN)p(X;) + 22p1(X;) + O()\?)
= p(Xy) + 2A[p1 (X3) — kp(Xo)] + O(X%).

Hence, we have

B[H(X;, X)|Xi]| = BILJ|Xi] — 2B[Ly| Xi] = =p(Xi) + O(\?)

Lemma A.4. Jy,()\) = Az + A N2 —n"22Z, + 0,(n™%?) + 0,(An~! + \2),
where Z, = n 23" [p(Xi) — E(p((X;))] is a zero mean O,(1) random variable.

Proof: By Lemma A.2, Lemma A.3 and the H-decomposition, we have
Jon =n %), Zj;éi H(X;, X;)
— BIH(X,, X,)] +n ' Y0 {EIH (X0, X,)|X0) — E[H(X, X,)]} + (5.0
= Az + AN2 + 0,(n732) + 0, (732N + \3)
2 Y (X)) = E(p(X0)] + Oy(n 2N} + (s.0.)
= A3+ A2 —n 22, + 0,(n732) + 0,(AnTt + A2,
where Z, = n~/23°" [p(X;) — E(p(X;))] is a zero mean O,(1) random variable.

Proof of Theorem 2.1
First for (i), by lemmas A.2 - A.4, we have

CV(A) = Jin+Jon = Ain™t — Apdn™ + A3 + AN2 — 0722, + 0,(n7) + 0,(N2 + 171N
= Ay — Apn TV (244))7 — A2n2/(4A42) + AinT 4+ As + (s.0.) (A.1)

Minimization of Equation (A.1) over A leads to A = Ayn™! + 0,(n~1) = O,(n™1).

Next, for (i), similar to (i), one can show that [p(z) — p(z)]? = O,(n~") + O,(n~'A) +
0,(A\?) = 0,(nY). Hence, p(x) — p(z) = O,(n"1?).

Appendix B

Note that & = o(1) by assumption (B2) (ii). Similar to the proof of Lemma A.0, one can
show that A = 0,(1). h € [h,h] and A = 0,(1) imply the consistency of f(z,y). In Lemma
B.1 to Lemma A.4 below we use h = o(1) and A = o(1) to obtain expansions of Ji, (A, h) and
Jon(\, B).
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Lemma B.1. Ji,(A\ k) =n"2> " Kh = (nh?)71By — BoA + O(N\?)],

where By and By are some positive constants.

Proof: First from Equation (3.6) we have W,g)l = hPW®P(0) = h™? [ W?2(v) dv. Hence,

Jin —N’QZZ 1Khu_ 7222 1Lu hz)z
= [/ W2%(v) dv]h P[n 23" 1L ] = [ W?2(v) dv](nh?) A1 — AsX + O(N?)]
= (nh?)~'[B; — BoA + O()\?)] by Lemma A.1,
where By = [[ W?(v) dv]A; > 0 and By = [[ W?*(v) dv]A; > 0.

Lemma B.2. Define H(Z;, Z;) = K\'), — 2K .
Then E[H(Z“ Zj)] = B3 + B4)\2 B5)\h2 + B6h4 + Op()\4 + )\2h2 + h4),

where B; (j =3,..,6) are some constants with By > 0 and Bg > 0.

Proof: B[H(Z;, Z;)] = E[K}?)] — 2B[Ky ). We compute E[Kj ;] and B[} ;] separately
below.

We will use f(y|z) to denote the conditional probability density function of Y given X = x.
Define G(z1,22) = [ Wa(yr, y2) f(y1]x1) f (y2|22) dyi dyz, where Wiy(y1,y2) = hPW (yl y2)-
We have

E[Kng) =32, 22y, P(@2)p(22) L(zy, m2) [ Wiy, y2) f (y1l1) f(yelz2) dys dys
=201 Doy P(@1)P(%2) Ly 0, Gr(w1, 2) = 32, 57, p(2)p(21) Lo oy Ga(@, 31)
= (1 =N p@)PGh(z, 2) + A1 = N30, p(2) 34, a4y, 21y P(21)GalT, 1)
FA2 (1= N2, pla) Z{xl,dx,xlzz}p(xl)Gh(x 1) + O(N?)
= (1= kXN +Nk(k—1)/2) > [p(2)]*Gh(z, z)
FAL = Ak = 1)) 22, 0(%) D40y 4,0, -1y P(21) Gl 1)
+A2> 7, p(w) Z{xl,dx,ggl:Q} p(x1)Gh(x, 21) + O(N?)
= (1= kA+NE(E—1)/2)T + M1 = XMk — 1))Ty + M1y + O(N3)
=To+ MTy — kTy) + N{T, — (k — V)T + [k(k — 1) /2]Ty} + O(N?),

Ty = Y p@)fGils.a),

T

o= ) pl@) D pla)Gilw, ),

z {x;[,dz,g;l:l}
T, = > p) D pla)Gulz, ). (B.1)
T {xlydw,w1:2}
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For ease of reference we summarize the above result in the following equation,
EK;j] = To+MT—kTo)+ X {To— (k—1)T1+[k(k—1) /2] Ty } +O(N?). (B.2)

From the definition of G} (z, 1) and the fact that W(-) is a symmetric function, it is easy

to see that it admits the following expansion:
Gh(l‘, 561) == G(](SC, $1)+h2G2(l‘, $1)+h4G4(SC, $1)+0p(h4), (B3)

where Go(z,21) = [ f(ylx) f(yle)W (v) dvdy = [ f(ylz)f(yle1) dy,

Ga(z, 1) = (1/2) [ f(yla)v' V2 f(ylz)vW (v) dvdy, and Gy(x,z,) involves the fourth order
derivatives of f(y|z) with respect to y, and factors like [ W (v)v}dv or [ W (v)v}vi dv, where
vy is the {th component of v € R (I =1,...,p).

Next, we consider E(K,(1 2])
Defining Gh 12 = G (x o) éf / f(yl|ff1)f(212|$2)W;§2)(yla Y2) dyy dya, we have

EILY)) = BILYW) = ¥, BlLis LW, 2
= Zw le Zmp(xl) (22) Loy alizy o f flyla) f (y2|$2)W;5 )(yla Y2) dyy dy»
= Zw Za}l 2132 p(xl)p(xQ)LJH ILIz J}G(Z) (1"17 x2)

= (1= )% 3, 3 (e a0y PO X,y P2)GR
FAL =N AT, g o P@1) T g, oo P(2) G
Y ity P Yo g o p(22) G }
A= A2ED S IS p(@) Y o P(E2) G
+ Y e o P@) X o P@) G P(w1) X, 0y p(2)GR, 3OV
= (1= 2kA + k(2k — 1)A2) 32, [p(2)2G )(x z)
F2A(1 = (26— DA X, p(@) X, 40 z_lpm)Gﬁf (@, 21)
+02 Y p(2) Xy oy P21 G ’(xl, ) D) X, ) P(22) G (2, 2)
+ Z{xl,dzl o=1} p(1) Z{xz,dzz o=1} p(@) (931, o) } + O()\?’)
= (1 — 2kX + k(2k — DT + A1 = 2k — DANT? 4+ 227? + O()\3)
=T + NTP = 26T?) + X{TP — 2k — DT? + k(2k — DT} + 003),
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17 = Y )G (x, ),

T1(2) = 2Zp(x) Z p(xl)Gf)(x,xl)

{Ilydzl,z:]-}
T2(2) = 2Zp(x) Z p(:vl)Gf)(:v,xl)
& {$17d11,122}
+Z Z p(x1) Z p($2)G§12)($1,$2)- (B.4)
z {Ilydzl,z:]-} {wz,d12,z:1}

We summarize the above result in the following equation
E[K?] = T+ MNTP = 2kT) 4+ XH{ T — (2k—1) TP +k(2k—1) TP }+0(03). (B.5)

From the definition of Gf) (x1,29) and the fact that W) () is a symmetric function, it is

easy to see that it admits the following expansion:
G (21, 20) = GP (w1, 22) +W2GD) (1, 22) + WG (21, 22) +0, (hY), (B.6)

where G (21, 22) = [ f(ylo1) f(ylw2) WP (v) dvdy = [ F(yla1)f (yles) dy,
G§2) (21, m2) = (1/2) [ f(yilz)v' V2, f (y1]a2)vW P (v) dv dy, and fo) (21, x2) involve the fourth
order derivatives of f(y|z) with respect to y, and factors like [ W® (v)vi dv or [ W® (v)vv? dv,
where v, is the [th component of v € R? (I =1,...,p).

From the definition of W) (.), it is easy to check that the following relationships between
W () and W () hold.

/W(Q)(v) dv = /W(v) dv =1,

/W(Q)(v)vv'dv:2/W(v)vv'dv,

/W(Q)(v)vl4 dv > 2/W(v)vl4 dv [=1,...,p. (B.7)
From Equation (B.3), Equation (B.6) and Equation (B.7), we immediately get

G (w1, 22) = Go(m1, 32), G (1, 22) = 2Ga(w1, 32), G (1, 22) > 2G4(21, 32).
(B.8)
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Below we write E[H (Z;, Z;)]
EH,, the component of E[H(Z;, Z;)]

Equation (B.2), Equation (B.5) and Equation (B.8), we have

EH,

where B; =

(B.8).
Next,

EH,

= - 2Ty = Z[p (x,2) — 2Gp(z, )]
= Y _p@F{~Gola.2) + () + h'[G{ (x,2) — 2Ga(z, )]}

T

B + Byht,

= EHy+ A\EH, + M EH, + O(\?) and we will first obtain
= E[KZ(JQ)] — 2FE[Kj;] that is independent of A. From

(B.9)

= X, (@) Go(x,2) and By = ¥, [p(x)2[G (x, ) — 2G4(x,2)] > 0 by Equation

we compute EH;, the component of E[H(Z;, Z;)|Z;] that is linear in A. Using
Equation (B.2), Equation (B.5) and Equation (B.8), we have

T — 2k — 2Ty — KTy] = [1{? — 210 + 2K{Ty — T3

22;0 x Z p(xl)[Gf)(:z:,:zzl) — Gplz,z1)] + 2k Z[p P[Gh(z, ) — G;f)(x,x)]

Il:dzl,.i::]-

:z}jp@g > p(@)[0+ B2Ga(x, 31) + O(h?)]

T1 dgg1 =1

+2k§:@ [0 - h*Ga(,2) + O(hY)]

{kZ[p 2Gy(z, x) Zp Z p(21)Go(z, 1) } + O(hY)

xlzd:cl,l:l

—Bsh? + O, (h"),

where Bs = 2{k 3 [p(2)]*Ga(x, 2) = 22, p(2) 34, 4, =1 P(@1) G2 (2, 1) }.
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Finally, we compute EHs, the component of E[H(Z;, Z;)|Z;] that is linear in A\?. Using
Equation (B.2), Equation (B.5) and Equation (B.8), we have

EH, = [I? — k- 17T — k2k — 1)I\P) = 2{T5 — (k — 1)1} + [k(k — 1)/2]T0}
= 1% —2Ty) + [2(k — )Ty — 2k — DTP] + [k(2k — DT — k(k — 1)T}]

=D > pa) D p(22) G (w1, )]

z {x1,dey =1} {22,d2y,z=1}

<2k p(x) Y pl)Gy) (x)]

{wlydml,fl}:l}
262 "pla) YD pe)GP (@, )] + Oy (h?)
x {wlydzl,zZZ}

Bs + Oy(h?) (B.11)

where the definition of Bg should be apparent. Note that Bg is obtained by replacing Gy (z, x1)
and GEZQ)(J},SUl) by Go(x,z;) and Gg2)(l’,56‘1) in 7 and Tj(2) (j = 1,2,3) respectively. Also,
Go(z,x,) = GSZ) (x,x;) by Equation (B.8) is used in computing Bs.

By equations (B.9)—(B.11), we immediately obtain

E|H(Z,,Z)] = E[K\")] - E[K)]
= B+ Byh* — BsAh? + BgA\? + 0, (R + AR? + \?). (B.12)

Lemma B.3. E[H(Z;, Z;)|Z;] = p(Xi) + Op(h* + M\h? + \?),
where Z; = (X;,Y).

Proof: E[H(ZMZ]”ZZ] [ hz]|Z] 2E[Kh,Z]|Z1] We consider E[Kh7ZJ|Z1] and E[ |Z]

separately below. Defining M, (z,Y;) = [ Wi (Y;, y) f(y|x) dy, we have

hl]

Bl Khij|Z:] =
= 2, p(@) LK, @) [ Wi (Y, 9) f (yle) dy
= 2. (@) L(XG, 2) M (2, Y7)

= (1= N p(X) Mn(Z:) + A1 = N300 o —1y P(2) M (2, i) + O(N%)

= (L= kNp(X)) Mi(Z5) + A2 ay, =1y P(T )My (21, Y3) + O(W?)

= p(X)M(Zi) + A0, =1y P(T 1) M (2,Y3) = k p(X) Mi(Z0)] + O(V)

= Co(Zi) + AC1(Z;) + O(N?),
where Cy(Z;) = p(X;)M(Z;) and C1(Z;) = z{xl,dxi,a::l} p(x) My (2,Y;) — kp(X;) My (Z;).

E[LijWh,ij|Zi]
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Summarizing the above result, we have
E[Kij|Zi] = Co(Z;) + AC\(Z:) + O(N?). (B.13)

Using the usual change-of-variable method, it is easy to see that M;(Z;) admits the following

expansion,
My(Z;) = Mo(Z;)+h*My(Z;)+O0,(h*) = 14+h* My (Z;)+ O, (h*), (B.14)
where My(Z;) = [ f(y| X)W (v)dvdy = [ f(y|X;)dy =1 and

My(Z;) = 1/2 SOV f(y) Xa)vW (v) do dy.

Next, we consider E[Kh | Z;]. Defining M,(LQ) (2,Y;)=[ W152)(Y;; y) f(y|z) dy, we have

EILY)|Z) = 30, BlLi LW, (i, 1)1
—Z lep(xl)LX T :1:1:rfW (Ys, y1) f(y1]o1) dys
= 2. Ko, P Ll M (a1, Y;)
= (1= N)Zp(X) M (X0, Vi) 4+ M = VU oy X ooy P@) MR (21, V)
+ 2 oy, 0) z{m,dwl,x:upunM‘? (21, Y)} + O(N?)
= (1= 2k\p(X) M (Z:) + 20 Ty oy P(@) M7 (2,Y7) + O(N?)
= p(X VM (Z) + 20 E gy oy POV MD (@, Y5) = kp(X) MY (Z:) } + O(N?)
_C ( )+AC ( D)+ O\,
where C¢?(2;) = p(Xi) My (Z) and C(Z;) = 2 X, 4y o1y P@) My (2, Y:) =k p(X0) My (Z0)}.

Summarizing the above result, we have
BIED|Z) = CP(Z)+ MO (Z) +O(N?). (B.15)
It is easy to show that M }52)(21-) has the following expansion
M (Z) = M (Z)+ W MP(Z)+0,(h*) = 14+h*MP (Z,)+0,(h*) (B.16)
where M = [ fylX)WP(v)dvdy = [ f(y|X;)dy =1 and
M2(2)(ZZ-) = 1/2 JUV2f(y| X oW @ (v) dv dy.

By Equation (B.7), we know that

MP(Z,) = 2My(Zy). (B.17)
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Using Equation (B.13), Equation (B.14), Equation (B.15), Equation (B.16) and Equation
(B.17), we obtain

EH(Z;, Z;)|Z;] = E| th|Z] 2E[Kp | Xi]
= [082’<Zz>+m 2z )]—2[00( )+ AC1(Z:)] + O(N?)
= [C2(Z) — 2C0(Z)] + NCP(Z:) — 201(Z)] + O(N?)
= —p(X){1 - 2 + WM (Z) — 2My(Z)] + O(hY)}

2L Y p@{IMED (2) — Ma(@)] + W2k p(X0) M (Z:)] — Ma(Z)]} + Op(h')] + O(A2)
{z.dx; =1}
= [=p(Xi) + h*(0) + O(h")] + 2A[0 + h?k p(X;) M2 (Z;) + Op(h*)] + O(N?)
= p(X;) + O, (h* + AR% +)2). (B.18)

Lemma B.4. Jy,(\, h) = Bz + Byh* — BsAh? + BgA\? — n~'2Z, + (s.0.),
where B; (j = 3,...,6) are constants defined in Lemma B.2 and Z, = n~ Y23 [p(X;) —
E(p(X3))]-

Proof: Jo, =n"2Y", Z#i H(Z;, Z;), where H(Z;, Z;) = K

nii—2Knj. By H-decomposition

and the results of Lemma B.2 and Lemma B.3, we have
Jop, =072 Y Zj;éi H(X;, X;)
= E[H(Z, Z;)| +n 'Y, Y AE[H(Z;, Zj)|Zi] — E|H(Z;, Z;)]} + (s.0.)
= By + Byh' — BsAh? + BeA? — n~ 2 {n~12 37, [p(X3) — E(p(Xy))]} + (s.0.)
= B3 + Byh' — BsAh? + BgA?> —n~'2Z, + (s.0.).

Proof of Theorem 3.1
First for (i), by Lemma B.1 and Lemma B.4, we have

CViOh) = Jin+ Jon
= By(nh?)"' — BoA(nh?) "t + Bs + Byht — BsAh? + BgA\? — n V22, + (s.0.)
= By(nh”) '+ Byh"' — BsAh® + Bs)? + (terms independent of (A, h)) + (s.0.)
= Bg[\ — Bsh?/(2Bs)]? + [By — B2/(4Bg)|h* + By(nh?)~*
+(terms independent of (X, h)) + (s.0.). (B.19)

Minimizing Equation (B.19) over (), h) leads to h* = O,((nh?)~!) and A = O,(h?), which
lead to h = O »(n —1/(447)) and A\=0 L (n —2/(44p)),

24



Next for (ii), similar to (i) above, one can easily show that [f(z) — f(2)]? = Op(A\? + h* +
AR2 4 (nh?)=1) = O,(h*) = O, (n=*9) by (i). Hence, f(z) — f(z) = O, (n=2/40)),
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