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ABSTRACT

We propose a semiparametric conditional covariance (SCC) estimator that combines the first-stage
parametric conditional covariance (PCC) estimator with the second-stage nonparametric correction
estimator in a multiplicative way. We prove the asymptotic normality of our SCC estimator, propose a
nonparametric test for the correct specification of PCC models, and study its asymptotic properties. We
evaluate the finite sample performance of our test and SCC estimator and compare the latter with that
of PCC estimator, purely nonparametric estimator, and Hafner, Dijk, and Franses’s (2006) estimator in

terms of mean squared error and Value-at-Risk losses via simulations and real data analyses.
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1 INTRODUCTION

Since the seminal work of Engle (1982), there has developed a huge literature on modeling the time-
varying volatility of economic data in univariate case. Nevertheless, for asset allocation, risk manage-
ment, hedging and asset pricing, multivariate generalized autoregressive conditional heteroskedasticity
(MGARCH) models are of more importance both theoretically and practically because they model the
volatility and co-volatility of multiple financial assets jointly. Many recent works have been done in
the area of MGARCH models, such as the VECH model of Bollerslev, Engle and Wooldridge (1988),
the BEKK model of Baba, Engle, Kraft, and Kroner (1991) and Engle and Kroner (1995), the dy-
namic conditional correlation (DCC) model of Engle (2002) and Engle and Sheppard (2001), the Factor
GARCH model of Engle, Ng and Rothschild (1990), to name just a few. However, all these existing
MGARCH models share two common features: the normality assumption on the error’s distribution
and the linearity of dynamic conditional covariance matrix. The exceptions include the regime switching
dynamic conditional correlation model of Pelletier (2006), the smooth transition conditional correlation
(STCC) model by Silvennoinen and Terisvirta (2005), and the asymmetric dynamic conditional correla-
tion model by Cappiello, Engle and Sheppard (2003), where parametric nonlinear conditional correlation
models are used with Gaussian errors, and the copula-based MGARCH model by Lee and Long (2009),
where copula is used to construct non-Gaussian errors. The normality assumption is rejected by Fama
and French (1993), Richardson and Smith (1993), Longin and Solnik (2001), Ang and Chen (2002), and
Mashal and Zeevi (2002), etc. The linear dynamic assumption excludes possible nonlinearity. Once we
diverge from linearity, there is too much freedom to specify nonlinearity.

In this paper, we propose a semiparametric conditional covariance (SCC) model, which combines
parametric and nonparametric estimators of conditional covariance matrix in a multiplicative way. We
first model the conditional covariance matrix parametrically just like what we do for the conventional
parametric MGARCH models. Then we model the conditional covariance of the standardized residuals
nonparametrically. The estimate of the latter will serve as a nonparametric correction factor for the
parametric conditional covariance (PCC) estimator. Such combined estimation has been done by Olkin
and Speigelman (1987) in density function, by Glad (1998) in conditional mean estimation, and by
Mishra, Su, and Ullah (2009) in conditional variance estimation. Nevertheless, to our knowledge, there
is no such a combined estimator for conditional covariance matrix.

We provide asymptotic theory for our semiparametric estimator. It possesses several advantages
over both pure parametric and nonparametric estimators. First, our SCC model avoids the common
shortcomings of parametric MGARCH models on potential misspecifications of functional form and
density function. It does not rely on either the distributional assumption on the error term or the
parametric functional form of the conditional covariance matrix. Second, when the parametric model is
misspecified, the parametric estimator of the conditional covariance is generally inconsistent despite the
fact that the finite dimensional parameter in the parametric model may converge to some pseudo-true
parameter (see White, 1994). In contrast, our semiparametric estimator can still be consistent with
the true conditional covariance matrix under certain conditions. Third, when the parametric model

is correctly specified, as expected, our semiparametric estimator is less efficient than the parametric



estimator but it can achieve the parametric convergence rate with a fixed bandwidth.

The original contribution to the literature lies in three aspects. First, we are among the first to
consider combined estimators of conditional covariance matrix. Our SCC estimators can be regarded
as an extension of Mishra, Su, and Ullah (2009) from the conditional variance (one-dimension) case to
the conditional covariance (multi-dimension) case. For notational simplicity, we focus on local constant
(Nadaraya-Watson) estimation instead of local polynomial estimation. Our new findings suggest that the
proposed SCC estimator has the same asymptotic variance as the one-step nonparametric conditional
covariance (NCC) estimator but different asymptotic biases. Second, based on the estimator of the
nonparametric correction factor, we propose a formal test for the correct specification of PCC models,
which has not been addressed in earlier literature on combined estimation. Third, our theoretical results
are validated via Monte Carlo simulations and real data analyses.

We report a small set of Monte Carlo simulation results to evaluate the finite sample performance
of our nonparametric test and SCC estimator and compare the latter with that of the PCC estimator,
the NCC estimator and Hafner, Dijk, and Franses’s (2006, HDF hereafter) semiparametric estimator.
The data generating processes (DGPs) used in our simulations are motivated by the nonlinear and
non-normal stylized facts widely observed in financial data, for instance, conditional correlation tends
to be high during the crisis period and low during the tranquil period. Simulations suggest that our
nonparametric test for the correct specification of PCC models performs reasonably well in finite samples.
For comparison across different estimators, we use both mean squared error (MSE) and 1% Value-at-
Risk (VaR) losses. To evaluate portfolio’s VaR loss, we consider two portfolio weighting mechanisms,
namely equal weight (EW) and minimum variance weight (MVW). We find that our semiparametric
estimators tend to outperform their parametric counterparts and the NCC and HDF’s estimators.

In empirical analysis, we carry out in-sample (IS) estimation and out-of-sample (OoS) forecasting
for the conditional covariance matrix of paired market indices in three datasets. Our nonparametric
tests reject all commonly used PCC models for all three datasets at the 1% significance level. This
is in favor of the use of a semiparametric or nonparametric estimator for the conditional covariance.
When we fit the datasets by our SCC model, the PCC model, the NCC model, and the HDF model,
we find that our SCC model can always reduce the IS losses of the start-up PCC model regardless of
portfolio weights, generally reduces the OoS losses over the PCC models, and tends to perform best
across different models.

The rest of the paper is organized as follow. We briefly review some PCC models in Section 2.
In Section 3 we present our SCC model and estimator, propose a nonparametric test for the correct
specification of PCC models, and study their asymptotic properties under the null hypothesis and a
sequence of local alternatives. In Section 4 we provide a small set of Monte Carlo experiments to evaluate
the finite sample performance of our SCC estimators and nonparametric test, and apply all conditional
covariance models on three paired stock indices. All proofs are relegated to Appendix.

To proceed, we define some notation that will be used throughout the paper. Let Iy denote a k x k
identity matrix. Let z = (21, ...,2x)" be a k x 1 vector and Z be a symmetric k x k matrix with (7, j)th
element z;;. The Euclidean norm of z or Z is denoted as ||z|| or ||Z||. We define the following operators:

diag(Z) denotes the diagonal matrix with z; in the (i,4)th place; Z* denotes a diagonal matrix with the



square roots of the diagonal elements of Z on its diagonal when Z is positive definite; vec(Z) stacks the
columns of Z into a k? x 1 vector; vech(Z) stacks the lower triangular part of Z (including the diagonal
elements) into a k (k + 1) /2 x 1 vector. Further, we use Dy to denote the k? x (k (k + 1) /2) unique
duplication matrix and D} to denote its generalized inverse, which is of size (k (k + 1) /2) x k2. That
is, vec(Z) = Dyvech(Z), vech(Z) = D; vec(Z), D} = (D,;Dk)_l Dj, and D;f Dy, = Lj(j11)2. Here we
have used the fact that Dj Dy, is nonsingular. Let Nj = DkD,Jcr. We will use the following properties of
Nyp: Ny is symmetric, Ny Dy, = Dy, NkD,j/ = D,J{', and Ny(A® A) = (A ® A)Ny, where Aisa k x k
matrix. For more details, see Magnus and Neudecker (1999, pp. 48-50).

2 PARAMETRIC CONDITIONAL COVARIANCE MODELS

Suppose the return series {r;}._; of the interested financial data follows the stochastic process:
rt|ft—1 NP(Ntht;H)v = la"'aTv (21)

where r; = (ru,...,rkt)/ is an k x 1 vector, F;_1 is the information set (o-field) at time ¢ — 1,
E(r{|Fi—1) = py, E(rery|Fi—1) = Hy, H; is the conditional covariance matrix, and P is the joint
cumulative distribution function (CDF) of r¢, and 0 represents the parameters in the distribution. Like
Engle (2002), for simplicity we assume the conditional mean g, is zero. If not, necessary standardization

should be applied on the data. Thus we can write the model for r; as
ry = Hi/2et, (22)

where e; = H;l/Qrt is the standardized error with E(e;|F;—1) = 0 and E(eie;|Fi—1) = Ix. e is
typically assumed to follow the standard normal distribution: e; ~ iid N(0,I;). We are interested in
estimating the conditional covariance matrix H; of r; without such a distributional assumption.

The conditional covariance matrix H; can be decomposed as
H, =D, () R. (0) D, (6), (2.3)

where R (0) is the conditional correlation matrix with the (7, j)th element denoted as p;;, (#), which
stands for the conditional correlation between r;; and rj; and can be time-varying; Dy () :diag(\/m ,
..y \/hi) is a diagonal matrix with the square root of the conditional variances h;;, parameterized
by the vector 6, on the diagonal. It is well known (e.g., Engle, 2002) that the conditional correlation
matrix R; (0) is also the conditional covariance matrix of the standardized returns e; = (e, . . . 75kt)/ =
D; ' (0)rs, i.e., E(eie}|Fio1) = Re (0).

Now we review some popular parametric models for the conditional covariance matrix H;, which
will be used in Section 4. These models stem from two different modeling methodologies. First, the
BEKK model specifies the elements of H; directly:

Ht: 66/+Zf:1XZHt,ZK; + Z;I»:lﬁj (rt,jr;_j) E;, (24)

where 8 is a k x k low-triangle matrix, and different matrix properties of A; and Ej lead to three types of
BEKK models: the matrices A; and Ej in the full, diagonal, and scalar BEKK models are full matrices,



diagonal matrices, and scalars, respectively. Second, instead of modeling the conditional covariance
matrix directly, observing H;= D;R;D; in (2.3), one can model H; indirectly through modeling D; and
R; separately. The resulting models include the CCC model by Bollerslev (1990), the VC model by
Tse and Tsui (2002), the DCC model by Engle (2002), among others. The CCC model assumes that
R; = R, a constant matrix, and hence the time-varying feature of conditional covariance could only be
attributed to the time-varying conditional variances. The VC model by Tse and Tsui (2002) specifies
univariate GARCH(p, ¢) models for individual returns and GARCH-type dynamic evolutions for the

conditional correlation process {R;}:

where R, Ry, and ﬁt are the unconditional, conditional, and sample correlation matrices at time ¢
with unit diagonal elements. Similar to the CCC and VC models, the DCC model also uses two-stage
modeling strategy. In the first stage, one models the conditional variance processes with the usual
univariate GARCH models and then obtains the standardized residual &;. In the second stage, one

models the conditional covariance Q; of &; as
Qi=(1-3_7— E?:lﬁj) Q+ 3017, Qi + ¥i_1B; (E1—j&1_4) (2.6)

where Q is the sample covariance matrix for &. The basic properties of correlation matrix, such as

positive definiteness and unit diagonal element, are ensured by using the transformation

R, =Q; 'QQ; " (2.7)

where Q7 is a diagonal matrix with the square roots of the diagonal elements of Q; on its diagonal.
In all the above models, the functional form of conditional covariance matrix is assumed to be
of known and the maximum likelihood estimation is done under the assumption of normality. These

assumptions will not be required for the semiparametric estimators introduced below.

3 AN ALTERNATIVE SEMIPARAMETRIC CONDITIONAL
COVARIANCE ESTIMATOR

In this section we first review HDF’s semiparametric estimator and propose an alternative semipara-
metric estimator for the conditional covariance matrix. We then study the asymptotic properties of our

SCC estimator and propose a nonparametric test for the correct specification of PCC models.

3.1 HDPF’s Semiparametric Estimator

Motivated by the idea that the conditional correlations depend on exogenous factors such as the market

return or volatility, HDF propose the following semiparametric model for r; :

ry = Dt (9) Et, FE (Etlftfl) = 0, FE <€t€;|]:t71) = R(Xt) s (31)



where Dy (0) is as defined before (after (2.3)), and x; is observable at time ¢ — 1 and x; € F_;.
Assuming that 6 can be estimated by 0 at the parametric /T-rate, they define standardized residuals
by & = &;(0) = Dy(6) 'r;. Then they regress &&, on x; nonparametrically to obtain Q(x), the
Nadaraya-Watson kernel estimator of E (E{éﬂxt =x). Their semiparametric conditional correlation

matrix estimator is defined by

R(x) = (Q (%) 'Q(x)(Q" (%), (3:2)

where Q (x) is a diagonal matrix with the square roots of the diagonal elements of Q (x) on its

diagonal. Their semiparametric estimator of H; can be written as follows
H, = D,(0)R (x;) D, (). (3.3)

Clearly, the HDF’s estimators require correct specification of the conditional variance process in
order to obtain a final consistent conditional correlation or covariance estimator. This is unsatisfactory
since it is extremely hard to know a prior the correct form of the conditional variance process. Below
we propose an alternative SCC estimator that can be consistent even if the conditional variance process

may be misspecified in the first stage and it requires similar assumption to that in (3.1).

3.2 An Alternative Semiparametric Estimator

Motivated by Glad (1998) and Mishra, Su, and Ullah (2009), we propose an alternative SCC estimator,
which combines in a multiplicative way the parametric conditional covariance estimator from the first
stage with the nonparametric conditional covariance estimator from the second stage. Essentially, this
estimator nonparametrically adjusts the initial PCC estimator.

Let H; = F (rir}|Ft—1) be the true time-varying conditional covariance process:
r, = H %ey, E(e)|Fi1) =0, E(ee)|Fi_1) =14, (3.4)

where Hi /% is the symmetric square root matrix of H;. Let {H,; (f)} be a parametrically-specified
time-varying conditional covariance process for ry, where § € © C R? and H,; (§) € F;_1. Analogous

to Mishra, Su, and Ullah (2009), our estimation strategy builds on the simple identity

H;=H,, (0)"> E[e; (0) e (0) |Fi1] Hy, (0)7, (3.5)

71/27} is the

where H,, ; (9)1/2 is the symmetric square root matrix of Hy; (¢), and e; (0) = H, ; (0)
standardized error from the parametric model. When 6 = 6., some pseudo-true parameter value, we
write H,;, = H,; (6.) and e, = e;(6.). It is clear that the parametric component H,; (6) in (3.5)
can be any PCC model reviewed in Section 2 and estimated by some standard parametric method. To
propose a reasonable estimator for the nonparametric component E [e; (6) 0) | Fi—1] , we follow the
HDF’s idea and assume that the conditional expectation of e;e} depends on the current information set

Fi—1 only through a ¢ x 1 observable vector x; = (214, ..., a:qt)/ . That is,

E[er€}| Fi—1] = Gup (xt), (3.6)



where x; € F;_1. There is a fundamental difference between (3.6) and the last expression in (3.1).
In order for R (x;) in (3.1) to be a conditional correlation matrix, the conditional variance matrix or
equivalently {D; (6)} has to be specified correctly. Fortunately there is no such a requirement for our
definition of G, (x¢) -
Let Gppt = Gyp (x¢) . (3.5) then reduces to
H, = H)/G,, H;. (3.7)

Pt

Based upon (3.5)-(3.7), we can estimate H; in two stages:

Stage 1: Estimate the parameter 0 by 0 in the parametric specification {H,. (0)} for the conditional
;%/zrt, where I/:Ip,t = Hm(g).
Stage 2: Estimate E [ere}|Fi—1,%x: = X| nonparametrically by

covariance process. Define the standardized residuals by €, = H

ST @8 Kp(xs — x)

s=1

Sy Kn(xs —x)

where Ky (x5 —x) = I} by 'k (w15 — 1) /), = (b1, oy hy) , by = hy (T), 1 =1, ..., q, are bandwidth

parameters, and k is a kernel function. Let énp,t = énp (x¢). Then our SCC estimator of H; is

é\;’np (X) = 5 (38)

obtained as
fi,,, - 026, A2 (3.9)

Pt D,t

Correspondingly, the estimator of conditional correlation matriz from our SCC model is
~ ~ -1 . -1
Rspﬂf = (H;pﬂf) Hsp7t (H;p,t) , (310)

where I/-\I;p,t is a diagonal matriz with the square roots of the diagonal elements of ﬁsp,t on its diagonal.

To proceed, we make a few remarks.

Remark 1. When k =1, ITISm reduces to the semiparametric estimator of conditional variance in
the spirit of Mishra, Su, and Ullah (2009) who use local polynomial estimation technique instead. In
the above analysis, we assume X; is observable. It turns out this is not necessary. In fact, we can allow
X; to be estimated from the data at a certain rate.

Remark 2. When the parametric model H, ; is correctly specified, i.e., H,,(0y) = H, a.s. for

some 0y € © and 0y = 0,, we have:
Gy (xt) = Eerey| Fio1] = 1. (3.11)

In this case, (A}nm is estimating the k x k identity matrix. On the other hand, if the parametric model
H,, ; is misspecified, Gy, (x;) will not be an identity matrix, and CA-}"W will serve as an nonparametric
correction factor, which nonparametrically adjusts the initial PCC estimator. In Section 3.4 we will
propose a test for the correct specification of PCC models based on (3.11).

Remark 3. Our SCC estimator is quite different from that of HDF. In the special case where
I/:Izlj,/t2 = Dt(/ﬁ\), then @nP’t is the same as Q (x;) obtained by HDF. So

~ o~ ~ -~

Hsp,t =Dy (H)Q (Xt) D. (0)



We can show that H,y, , is asymptotically equivalent to H, = Dy (8)(Q* (x4))~Q (x1) (Q- (x¢)) ' Dy(d).
In a general case where I/-\Ill,{t2 % Dt(a), énp,t is not equal to Q (x¢) and I/-\Ispyt and ﬁt may have quite
different properties in both large and small samples. If the parametric models (H, () in our case
and D¢(0) in HDF’s case) are misspecified, our estimator for the conditional covariance matrix is still

consistent under weak conditions while that of HDF is generally inconsistent.

3.3 Asymptotic Property of Our SCC Estimator

To study the asymptotic property of our SCC estimator, we make the following set of assumptions.

Assumptions

(A1) The strictly stationary process {r;,x;} is a-mixing with mixing coefficients « (j) satisfy-
ing >272,j a(')é/(6+2) < oo for some & > 0 and a > §/(6+2). Also, E(HrtHQ(QH)) < oo and

E([x¢ ||2+6 ) <0

(A2) The pseudo-true parameter 6, € © C RP governing the PCC process {H,; (#)} exists uniquely
and lies in the interior of a compact set ©.

(A3) 6 — 0, = Op(T~1/2).

(Ad) H,, = H,, (0.) is symmetric, finite, and positive definite for each t. The process {e; =
H, i/ 27’t} is strictly stationary and c-mixing with mixing coefficients a (7). x; has a ¢-dimension con-
tinuous density f(x) that is bounded away from zero at x.

(A5) Let H,; (0) has continuous derivatives in the neighborhood of 6.. G,,,(x) have second order
continuous partial derivatives in the neighborhood of x. For some € > 0, supgg:o—o. | <e} [|€; (0)| < Dy,
where &, (0) = de: (6) /00’ and E(D?) < .

(A6) Let p;; = [u'k(u )’ du. The kernel k() is a symmetric bounded density function such that
toy < 0o and |uk (u)] — 0 as |u| — cc.

(A7) As T — o0, h; — 0, Th! — oo, and T'|[h|* h! — ¢ € [0, 00), where h! = IT_, hy.

Assumption Al is a high-level assumption. When the individual return series follows a GARCH(1,1)
process, HDF shows that the a-mixing of {r;} can be satisfied under weak conditions. Assumptions
A2-A3 do not require the correct specification for modeling the parametric component. For example,
whether the parametric model is true or not, under some regularity conditions for quasi maximum
likelihood estimation QMLE, the pseudo true parameter 0, exists uniquely (White, 1994, Ch.2) and can
be estimated consistently at the regular /T rate (White, 1994, Ch.6). Assumptions 4-5 impose some
regularity conditions on the {H, ; (6)} process. Assumptions A6-A7 are standard in the nonparametric
kernel estimation literature.

The following theorem establishes the asymptotic property of énp (x).
Theorem 3.1 Under Assumptions A1-A7,
= d _
VTh! {vech(an (x)) — vech(Gyp (x)) — vech (B (x))} SN (0, pdy f(x)T'DEQ(x) DY), (3.12)
where 2 (x) = (wWijim (X)) is a k? X k? matriz with typical elements

Wij,im (X) = Cov (Qij,t, le7t|xt = X) with Qijt = CitCjt,



B (x) = (B; (x)) is a k X k matriz with typical elements

q

B M21 x) 0Gnyp,ij (%) 82an,ij x)] 2
B” lz:; |: 8:751 le + f <X) (91'182& hl ’

where e is the ith element of e, and Gy, i; (X) is the (i,7)th element of Gpp (X) .

Remark 4. Theorem 3.1 implies that we can estimate G, (x) consistently by an (x), which has
the usual asymptotic bias and variance structure as typical local constant estimators. Let ), =vech(e;e}).

We can get an alternative expression for D,:rﬂ (x) D,j/ :
D Q (x) D} = Var (n,|x; = x) .

When the start-up PCC model is correctly specified, i.e., Hy = H, ; (6,), then G,,;, (x) = I, and the
asymptotic bias term in (3.12) vanishes (B (x) = 0).
The asymptotic property of our semiparametric estimator for the conditional covariance matrix Hy

is stated in the following corollary.

Corollary 3.2 (i) For any x; such that f (x¢) is bounded away from 0, ITISN and ﬁsp,t are consistent

for Hy and Ry, respectively. That is,

~

~ 5 0 T H -
Bl = G B 2B and Ry = (F) Ty () 2 e

s

(i) /Th! {Uech (ITISN) — vech(H;) — By (xt)} 4 MN (0, g f (x¢) 1D} 2 (x4) D}') , where By (x)
_vech(Hl/QB (x) H1/2) and Q; (x) = (Hl/2 ® H1/2> Q (x) (Hl/2 ® H1/2) . That is, conditional on

p,t
H,; and x;, vVTh! {vech (Iflsm) — vech (H;) — B (xt)} is asymptotically normal with mean zero and
variance pdy f(x¢) " Dy (x4) Dy

Remark 5. Corollary 3.2(i) says that we can obtain a consistent estimator for the conditional
covariance and correlation matrix. Corollary 3.2(ii) essentially says that ITISm is also asymptotically
normally distributed conditional on H,: and x;, and it inherits the asymptotic bias and variance
structure of énp (x¢) . By the delta method, one can also show that the semiparametric estimator for
conditional correlation matrix is also asymptotically distributed with the nonparametric convergence
rate /Th!.

Remark 6. To compare our estimator with the parametric estimator of conditional covariance,
first note that when the parametric component is correctly specified, as expected, our estimator is less
efficient than the parametric one since our estimator has a slower convergence rate than the parametric
estimator as ||h|| — 0. Nevertheless, when h is kept fixed, a careful examination of the proof of Theorem
3.1 and Corollary 3.2 indicates that our semiparametric estimator is consistent with the true conditional
covariance with the regular parametric v/T-rate of convergence. In this sense, we say that our estimator
is almost as good as the parametric estimator in terms of convergence rate when h is kept fixed. Next,
in the case of misspecification, the PCC estimator is usually inconsistent (even though 0 is consistent
for some pseudo-true parameter 6,) while our semiparametric conditional covariance estimator is still

consistent. Similar remarks hold true for the estimators of conditional correlation matrix.



Remark 7. Like Mishra, Su, and Ullah (2009), we can also compare our semiparametric estimator
of conditional covariance with the one-step nonparametric kernel estimator. For the ease of comparison,
we consider the simplest case where both H, ; and H; depend on the information set F;_; only through
x;. In this case, we can write H,;, = H,(x;) and H;, = H(x,), and the one-step nonparametric kernel

estimator of Hy = H(x;) is given by

ST vl K (xs — %)
Sl Kn(xs — %)

In the sequel, we refer to I/_\Inp7t as the nonparametric conditional covariance (NCC) estimator. Standard

an,t =

nonparametric regression theory reveals that
VTHh! {Vech (ﬁnp,t) — vech (H,) — vech(B,,, (x¢) )} L MN (0, pdy f(x) " Dy R (x,) DY

where ©,,,, (x) = (wgyﬁ)n (x)) is a k? x k? matrix with typical elements wg”l?n (x) =Cov(ritrje, TieTme|xe = X),

and By, (x) = (Byp,i; (x)) is a k x k matrix with typical elements

q

_ N21 aHza() 62Hij(x) 2
Boyp.ij (X Z{ o om T f(x) B h?, (3.13)

where H;; (x) denotes the (7, 7)th element of H (x), and 7 is the ith element of r;.
On the other hand, when both H, ; and H; depend on the information set F;_; only through x, it

is easy to verify that

Q) = (B en))em) (W7 en)?)

= (Hl/2 ® H1/2) E (Vec(eteg) [vec(esel)] \Xt) ( H/?® H1/2>

Dt

!/
E <veC(H117’/t2ete;H1/2) [vec(H /thtetHl/Q)} |Xt)
= F (vec(rtr;) [vec(ryr))) |Xt) = Dy (x1)

by the fact that (A ® A)vec(ere}) =vec(AegeiA) for any k x k matrix A. This implies that our SCC
estimator shares the same asymptotic variance-covariance matrix as the NCC estimator. So we are left
to compare the asymptotic bias of our SCC estimator with that of the NCC estimator, i.e., to compare
B; (x;) zvech(Hzlj)/tQB (x¢) H;{f) with vech(B,,, (x¢)).

A typical element of By (x;) is given by

ko k q
B (00 = 58 O D ) 3 [p20) B 00 g ) Gt D] sk )

axs 8.%‘5 8.’135(9.’138 p,mj
=1 m=1 s=1
(3.14)
where H;/ j (x) denotes the (4,1)th element of H;/ % (x) and Gop,im (%) is similarly defined. Unfortu-
nately, the above expression appears too complicated to compare with B, ;; (x¢) defined by (3.13).
Only in the special case where £ = 1 and ¢ = 1 and where the local constant method is replaced by
the local linear method, we can follow Mishra, Su, and Ullah (2009) and show that Et7ij (x¢) is smaller

than B,,;, ;; (x¢) in absolute value under weak conditions.

10



3.4 Test for the Correct Specification of PCC Models

In this subsection we propose a test of correct specification of parametric conditional covariance models
based on (3.11). The null hypothesis is

Hy: Gpp (x¢) = I as. (3.15)

and the alternative hypothesis is
Hi :Pr(Gy,(x) =1) < 1. (3.16)

Let 045 (x) denote the (7,7) element of G, (x), i,j = 1,---,k. That is, 0y; (x¢) = E [eireje| Fr—1],

where recall e;; denotes the ith element of e;. We can rewrite the null hypothesis as
Hy: P(oij(x¢) =0;5) =1foralli, j=1,---F, (3.17)
and the alternative hypothesis as
Hy :Pr(oij (x¢) =0;5) <1lforsomei, j=1,---,k, (3.18)

where ;5 is Kronecker’s delta, i.e., §;; = 1 if i = j and 0 otherwise.
Recall that f (x) denotes the density function of x;. When the null and alternative hypotheses are
written in the form of (3.17) and (3.18), we can construct consistent tests of Hy versus Hy using various

distance measures. A convenient choice is to use the measure

k
Z/ o1 (%) — 6502 2 (x) dx > 0 (3.19)

k—1
1 9=t

i=
and I' = 0 if and only if Hy given by (3.17) holds. Note that the use of density weight in the definition
of I' will help us avoid the random denominator issue. We will propose a test statistic based upon a
kernel estimator of T'.

To construct the sample analog of ', we first obtain estimators of ¢;; (x) and f (x), which are given
by
T30 € Kn(xs — x)

f(x)

where €;; is the ith element of €;. Note that 7;; (x) is the (7,) element of an (x¢) . We then estimate

,and f(x)=T7" ZKh (3.20)

0 (x) =

T by the following functional:

k=1 k
L, = 3 / (@45 (x) — 65;)° 2 (x) dx
i=1 j=i
|kl kT T o
= ZZZ €is€js — 0ij) (€itejt — 0ij) Kn (x5 — X¢) (3.21)
i=1 j=t s=1t=1
where Ky, (u) = IIL A, 'k (wi/hy), u = (u1, -+ ,u,), and & (u) = [k (v) k (u — v) dv is the convolution

kernel derived from k. For example, if k (u) = exp (—u?/2) /\/27r, then k(u) = exp (—u?/4) /V4r, a

normal density with zero mean and variance 2.
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The above statistic is simple to compute and offers a natural way to test Hy in (3.17). Nevertheless,

we propose a bias-adjusted test statistic, namely,

1
T

’1)

M-
N
N

(€is€js — 0ij) (€ir€jt — 6ij) K (x5 — %y) . (3.22)

In effect, I removes the “diagonal” (s = t) terms from T} in (3.21), thus reducing the bias of the statistic.
A similar idea has been used in Lavergne and Vuong (2000), Su and White (2007), and Su and Ullah
(2009). We will show that after being appropriately scaled, T is asymptotically normally distributed

under suitable assumptions.

To derive the asymptotic properties of the test statistic f, we add the following assumptions.

Assumptions

(A8) Let €t = ejvejr—0i;. Fori,j=1,--- |k, E (|51 t\4(1+5)) <Cand E |5
for some C < 0o, where 2 <1 <4, 0<r, <4, andz 1Ts < 8.

(A9) (i) Let py50 (x) = B(efjlxe = x) and py54 (x) = E(efjlxi = x). Both pu;55 (x) and g5 (x)
satisfy the Lipschitz condition: for 4,5 = 1,--- ,k and [ = 2,4, |p;;; (x +x*) — ;5 (%) | < dijy (%) |||,
where ||| denotes the Euclidean norm and [ d;;; (x) f (x)dx < C < co. (ii) The joint density fth 5 ()
of (X;,, ..., X;) (1 < 1 < 4) exists and satisfies the Lipschitz condition: |fy, ., (x®) + v, . v(D)
—frryty (XD, xO) 1 <Dy (x 1 xO) (v, where vV = (v’ ,...7v(l)/), [ Diy..on, (V( ) 7v(l))
lv ||2(1+6) dv<Cand [ Dy, (v, . .v®D) £ (v L vD)dv < C for some C < cc.

Assumptions A8-A9 are common in nonparametric estimation with strong mixing data (see Gao and

T . T |1+6
ijt1 zgtz Eijtl

<C

King, 2003). They are mainly used in the proof of Theorem 3.3 below.

Define

o2 =2 / T ( duz Z z 2 D2 51132 (20) £ (2],

i1=1j1=t1 i2=1 ja=io
where by, iz, (X) = E [(ei,0€5:0 — 0i1ji) (€iat€jat — 0inga) ¢ = x], and K (u) = II{_,k (u;) . The asymp-

totic null distribution of ' is established in the next theorem.
Theorem 3.3 Under Assumptions A1-A9 and under Hy, T (h!)l/2 r N(0,03).

The proof is tedious and is relegated to Appendix. From the proof we know that T(h')l/ 7T
(h!)l/2 '+ op (1), where

k—1 T

T
— 1 —
I'= ﬁ Z Z Z €is€js — (eztejt 61]) Ky (Xs - Xt)

1 j=i s=1 t#s

<.
Il

This means that the first stage parametric estimation of the conditional covariance matrix does not
affect the first order asymptotic properties of the test. To implement the test, we require a consistent

estimate of the variance o3. Define

2
k-1 k

o2 =2T" 21’1' Z Z Z Z ezt/e\jt — (Sij) (é\is’e\js — (5”) ?i (Xt — Xs) . (323)

s=1t#s |i=1 j=i
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It is easy to show that 52 is consistent for 0% under Hy. We then compare

T=Tm)""*T/V5 (3.24)
with the one-sided critical value z, from the standard normal distribution, and reject the null when
f > Za-

To examine the asymptotic local power of our test, we consider the following local alternatives:
Hl(’YT) $ 045 (X) = 51] +’YTA1J(X)? iy .] = 17 e ak7 (325)

where A;;(x) satisfies £ |Aij(xt)\2+6 < oo and yp — 0 as T — oco. Define

k-1 k

Ay = / Z > A(x)f2(x)dx. (3.26)

i=1 j=i

The following theorem establishes the local power property of our test.

Theorem 3.4 Under Assumptions A.1-A.9, suppose that v = T—1/? (h!)fl/4 in Hi(yy). Then, the
power of the test satisfies P(T > zq|Hy( 7)) — 1 — ®(2a — Ao/o0), where ® () is the cumulative

distribution function of standard normal.

Theorem 3.4 implies that the test has non-trivial asymptotic power against alternatives for which
Ag > 0. The power increases with the magnitude of Ay/og. Furthermore, by taking a large bandwidth
we can make the alternative magnitude against which the test has non-trivial power, i.e., v, arbitrarily

close to the parametric rate T 1/2.

4 SIMULATIONS AND EMPIRICAL ANALYSES

4.1 Monte Carlo Simulations

In this subsection, we conduct a small set of Monte Carlo simulations to evaluate the finite sample per-
formance of our test and to compare our SCC estimators with several existing estimators of conditional

covariance in terms of MSE and VaR losses.

4.1.1 Data Generating Processes

We generate data according to six data generating processes (DGPs), among which DGPs 1-2 will be
used for the level study of our test and DGPs 3-6 are for power study and for the study of finite sample
performance of various estimators of conditional covariance.

DGP 1 adopts the BEKK specification. We generate e; ~ iid N (0,1I5) and set ry = H%/Qet, where
H; =66 +0.05ry_ir;,_; +0.9H; 1, and

5_ [ 03509 0
\ —0.0682 05726 |
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DGP 2 adopts the CCC specification. At time ¢, we first generate the correlation matrix R; with
the constant off-diagonal element 0.4, and the diagonal matrix D =diag(/h1 ¢, v/h2.¢), Where

hit=0.5+0.05r7,_; +0.9h1 1, and hgy = 0.5+ 0.05r5 ,_ + 0.7ha ;1.

Then we generate e; ~ iid N (0,I2) and set ry= Hi/2et, where H; = D;R;D;.
For the next two DGPs, we consider nonlinear specification for the time-varying conditional variance

and correlation functions. DGP 3 specifies a bivariate GARCH-X process:

Tit = hit€it,1 = 1,2,

hiy = 05+0.05r7, ; +0.9h1 1 + 0.627,,

hay = 05+ 0.17"%7t,1 +0.6ho ;1 + 0.922,,
e = (c1,62¢) ~ N(0,Ry)

where x;;,7 = 1,2, are each iid U (0, 1) and mutually independent, and

1
R; = o? (Xt) Pe )
pe 1

with x; = (w14, 22¢)’, 02 (x¢) = 0.25 + a2, + 23,, and p, = 0.5 + 0.4 cos (rt/10). The nonlinear charac-
teristics of h; ; and p, could be traced back to the simulation designs in Su and Ullah (2009) and Engle
(2002), respectively. DGP 4 distinguishes itself from DGP 3 by its specification on p, in R;. In DGP
4, we set p, = 0.99 — 1.98/ {1 + exp (0.5 max (w%t,xgt))}7 which is motivated by the stylized fact in
financial markets that conditional correlation in crisis periods is higher than that in tranquil periods.
The last two DGPs, namely DGPs 5-6, consider non-Gaussian errors. They are identical to DGP 4
except the generation of e;. In DGP 5, e;;, i = 1,2, are iid uniformly distributed (U) on [—\/3, \/ﬂ and
mutually independent; and in DGP6, ey; ~ iid U (—\/g, \/§)7 eat ~ 1idN (0,1), and they are mutually

independent.

4.1.2 Test Results

For the level study, the correct parametric MGARCH model, namely the BEKK model for DGP 1
and the CCC model for DGP 2, is applied to fit the simulated data from DGPs 1-2. For the power
study, we fit the data generated from DGPs 3-6 with CCC model to obtain the PCC estimator where
GARCH(1,1) model is considered for conditional variance. After fitting the parametric estimator ﬁpt,
we obtain the standardized residuals €; = ITIt_ v Qrt and then conduct our nonparametric test based on
the residuals and x;. We choose x; = r;_1 in DGPs 1-2, and set x; as given in the definition of DGPs
3-6.

To implement our test, we need to choose the kernel and bandwidth. We choose the Gaussian kernel:
k (u) = exp (—u?/2) /v/2m and select the bandwidth following the lead of Horowitz and Spokoiny (2001)
and Su and Ullah (2009). Specifically, we use a geometric grid consisting of N points h(®), where
h() = (hgs),hgs)), hgs) = w¥S;hmin, © = 1,2, s = 0,1,..., N — 1, s; is the sample standard deviation
of {wit}i_,, N = [logT] + 1, [] is the integer part of -, hpin = TG by = 0.57-1/1000 angd
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W= (hmax/hmin)l/(N_l) . For each h(®) | we calculate the test statistic in (3.24) and denote it as T (h(s)) )
Define

= T (h®
SupT = o IBX T (h ) . (4.1)

Even though T (h(s)) is asymptotically distributed as N (0, 1) under the null for each s, the distribution
of SupT is unknown. Fortunately, we can use the wild bootstrap approximation to obtain the critical
values.

We obtain the bootstrap residuals by e}, = € v, 7 = 1,2, ¢t = 1, ..., T, where €;; are the standardized
residuals from the first stage parametric estimation, {v;;} are mutually independent iid sequences with
mean 0, variance 1 and finite fourth moment, and they are independent of the process {r;}. In our
simulation, we draw v;; independently from a distribution with probability masses p = (1 + \/5) / (2\/5)
and 1—p at the points (1 —v/5) /2 and (14 v/5) /2, respectively. Based upon the bootstrap resampling
data {e},7i =1, 2}3;1 and {xt}thl , we construct the bootstrap version SupT.: of the test statistic SupT,.

B
We repeat this procedure B times and obtain the sequence {SupT;{ b}b . We reject the null when
bl

p* =B! Zszl 1 (Suan < SupT;’b) is smaller than the given level of significance, where 1 () is the

usual indicator function.

Table 1: Finite sample rejection frequency for DGPs 1-6

DGP\level 1% 5% 10% 1% 5% 10%
T =250 T =500
1 0.001 0.016 0.047 0.003 0.024 0.052
2 0.001 0.013 0.051 0.004 0.018 0.048
3 0.032 0.246 0.472 0.526 0.900 0.972
4 0.076 0.402 0.640 0.762 0.972 0.996
5 0.602 0.898 0.962 1.000 1.000 1.000
6 0.618 0.902 0.960 0.996 1.000 1.000

Table 1 reports the simulation results for DGPs 1-6. The number of replications M is 1000 and
500 for DGPs 1-2, and DGPs 3-6, respectively. In each case, we use B = 200 bootstrap resamples in
each replication to obtain the p-value for our test. From the table, we see that our test is undersized
for small to moderate sample sizes like T" = 250 or 500. Despite this, the test exhibits reasonably good
power behavior. In particular, as the sample size doubles, the power increases quickly. In addition, as
expected, the rejection frequencies for DGP5-6, which exhibit both nonlinearity and non-Gaussianity,

are much higher than those for DGP4 with the presence of only nonlinearity.

4.1.3 Evaluation of the SCC Estimates

To study the finite sample properties of our SCC estimates, we simulate data according to DGPs 3-6
above. For each DGP, we simulate 500 observations on r; = (r1¢,79;) , which represents roughly two-year
daily data. The number of replications for each case is M = 200. We consider four parametric models
for estimating the conditional correlation of r;, namely the CCC, VC, scalar BEKK and DCC models
reviewed in Section 2. In each case, we obtain our SCC estimators by choosing the conditioning variable

as X¢. To obtain our SCC estimators, we need to choose both the kernel and the bandwidth. It is
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well known that the choice of kernel function k(+) is not important in nonparametric or semiparametric
estimation. We simply use the Gaussian kernel: k (u) = exp (—u2/2) /V/27. For the bandwidth, we
follow the idea of grid-searching and set h; = cjﬁm_l/ 6.4 = 1,2, where 7; is the sample standard
deviation of 4, and the optimal ¢; is chosen from 0.5,0.6, ...,5 by minimizing the loss function of the
corresponding semiparametric model.

We consider two loss functions for evaluation. The first is the MSE loss (cf. Engle, 2002):

| M7 )
=7 2 2 (A7 =A") (42

m=1 t=1

MSE(p,)

(m)

where p; 2im)

and p,  are the true conditional correlation and its estimates at time ¢ in the mth replication,
respectively, and M is the number of replications. The second is based on the portfolios’ VaR. The Basel
Committee on Banking Supervision uses VaR to estimate the risk exposure of financial institutes for a
ten-day holding period and 99% coverage (o = 1%). Denote the VaR of the weighted portfolio with tail

probability « from model j within our framework as

VaR® = &7\ /w/Hiw,, (4.3)

where ®J, is the quantile of cumulative distribution function of weighted portfolio at tail probability o €
(0,1) from model j. Apart from adopting the quantiles of standard normal distribution, Bauwens and
Laurent (2005) use a Monte Carlo simulation and HDF (2006) employ the quantiles of the standardized
portfolio returns. We adopt the method of HDF (2006) to compute ®/. The VaR loss function for

model j is

QaJ' —

HMH

[ 1(y; < VaRW)] (y¢ — VaR®), (4.4)

where o = 1%. EW and MVW take w; = k~'¢ and wy = Hy "¢/ (VH; 't), respectively, where ¢ is a

k-vector of ones.

Table 2: Mean square error (MSE) comparison for DGPs 3-6

Estimate\DGP 3 4 5 6 Estimate\DGP 3 4 5 6

NCC 0.128 0.012 0.012 0.013 | HDF 0.128 0.012 0.012 0.012
(%) -0.157  22.981 24.528 24.699 | (%) -0.392 22981 25.786  25.904
CCC 0.128 0.016 0.016 0.017 | BEKK 0.119 0.023 0.023 0.024
CCC-NW 0.128 0.012 0.012 0.012 | BEKK-NW 0.119 0.019 0.019 0.019
(%) -0.392  22.981 25.786 25.904 | (%) 0.084 15.721 17.333 17.447
VC 0.367 0.049 0.020 0.038 | DCC 0.122 0.019 0.019 0.020
VC-NW 0.232 0.023 0.014 0.016 | DCC-NW 0.122 0.015 0.015 0.015
(%) 36.802 53.455 32.338 58.005 | (%) 0.082 19.474 22460 21.538

Tables 2-3 compare the finite sample performance of various conditional covariance estimators. In
addition to the absolute loss values for these estimators, the relative improvement ratios (%) are also
reported. For each of our SCC estimates, the improvement ratio of the SCC estimates (CCC-NW,
VC-NW, BEEK-NW, DCC-NW) over their PCC counterparts (CCC, VC, BEEK, DCC) is defined as

ratio = 100 {Loss (PCC) — Loss (SCC)} /Loss (PCC) (4.5)
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Table 3: Value-at-Risk (VaR) loss comparison for DGPs 3-6

EW MVW

Estimate\DGP 3 4 5 6 3 4 5 6

NCC 0.082 0.075  0.069 0.061 0.033 0.034 0.033 0.035
(%) 2.038 0.399 -0.146 6.769 | 29.892 27.015 23.148 24.086
HDF 0.083 0.075  0.069 0.065 0.044 0.042 0.037 0.042
(%) 0.000 -0.133  0.000 0.615 5.806 9.368  15.509 9.462
cCC 0.083 0.075  0.069 0.065 0.047 0.046 0.043 0.047
CCC-NW 0.081 0.074  0.068 0.060 0.031 0.033 0.032 0.034
(%) 2.638 1.332  0.729 8.154 | 33.118 29.194 25.000 27.527
vC 0.328 0.085  0.069 0.067 0.297 0.060 0.043 0.050
VC-NW 0.079 0.074  0.068 0.060 0.084 0.036 0.032 0.034
(%) 76.031 13.130  0.729 10.912 | 71.698 40.168 25.463 33.135
BEKK 0.083 0.076  0.069 0.066 0.047 0.046 0.043 0.047
BEKK-NW 0.081 0.074  0.069 0.060 0.031 0.033 0.032 0.034
(%) 2.521 2.243  0.291 8.092 | 32.976 28913 24.651 27.350
DCC 0.083 0.075  0.068 0.065 0.046 0.046 0.043 0.046
DCC-NW 0.081 0.074  0.068 0.060 0.031 0.032 0.032 0.034
(%) 2.292 1.198  0.731 8.308 | 33.045 29.258 24.942 27.586

where Loss(SCC) and Loss(PCC) are the MSE or VaR loss for the SCC estimate and the start-up PCC
estimate, respectively. Since the NCC models have no start-up parametric model, we compare them
with the parametric CCC estimate. For the HDF estimator, we take the parametric CCC model as
the start-up model. Positive value of improvement ratio means better performance of SCC estimators
than their start-up PCC estimators or NCC/HDF estimators than the parametric CCC estimators. We
summarize some interesting findings below. First, in terms of MSE, our SCC estimates usually beat
the start-up PCC estimates except for the CCC estimate in DGP 3. Second, regardless of portfolio
weighting methods, our SCC estimates always demonstrate better performance than the corresponding
PCC estimates in terms of VaR loss. Third, we observe higher VaR loss improvement ratio of the SCC
estimate over its start-up PCC estimate in MVW portfolio than in EW portfolio across nearly all DGPs.
The only exception is the improvement ratio of the VC-NW estimate over the parametric VC estimate
in DGP 3: the ratio for the VaR loss of EW portfolio is 76.03%, higher than that of MVW portfolio,
71.70%. Fourth, regarding MSE, the superiority ranking of semiparametric estimators is not always
the same as that of parametric estimators. In DGP 5, for instance, the performance of the parametric
estimators in the CCC, DCC, BEKK and VC models deteriorates in order, while the deteriorating order
of their semiparametric counterparts is the CCC-NW, VC-NW, DCC-NW and BEKK-NW models.

4.2 Empirical Analysis

We examine three sets of financial daily time series data, the Dow Jones Industrial Average Index
and Standard & Poor’s 500 Index (DJIA&SPX) from January 2, 2003 to December 31, 2007 (T =
1258 observations); Cotation Assistée en Continu 40 and Financial Times Stock Exchange 100 Index
(CAC&FTSE) from January 2, 2003 to December 31, 2007 (T' = 1281 observations); and Hang Seng
Index and Straits Times Index (HSI&STI) from January 2, 2003 to December 31, 2007 (T = 1260
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observations). All data sets are downloaded from Yahoo Finance. For the ease of interpretation, we
compute the percentage returns (r;) as log returns multiplied by 100 and then demeaned. We split
the whole samples at day R, the last day of 2006, use samples from 2003 to 2006 for in-sample (IS
hereafter) estimation, and apply the “fixed scheme” to do one-day-ahead conditional covariance matrix
forecast throughout end of year 2007. The IS standardized residuals are sorted to compute the p-value
for VaR calculation later. “Fixed scheme” means in the whole forecasting period we keep using the same
parameters, whose estimation is based on information set Fr. For the out-of-sample (OoS hereafter)
forecasting, the forecast length is 251, 255, and 250 days for the three data sets, respectively.

For each series, we assume the conditional mean is zero based on efficient market hypothesis. When
implementing our nonparametric test for the correct specification of PCC model based on the stan-
dardized residuals from the IS estimation, we choose the kernel and bandwidth as in Section 4.1.2. We
choose the conditioning variable x; as the one-day lagged percentage return, i.e., x; = r;_;. We conduct
our nonparametric test for the three data sets and reject the null of correct specification of all the four
PCC models under investigation at the 1% level. In view of this evidence we apply our SCC models to
capture the remaining information in the standardized residuals of various PCC models.

When applying SCC models to these empirical data sets, we choose the kernel function and band-
width as in Section 4.1.3. The conditioning variable is set as the one-day lagged percentage return,
ie., xt = ry—1. To judge the relative fitting and predictive ability of various conditional covariance
models, we modify the two types of criterion functions used in Section 4.1.3. The MSE criterion in
(4.2) can not be used here because the true conditional covariance matrix is not observable. Zangari
(1997) addresses the advantage of focusing on the volatility hY of the aggregate portfolio y; = w'ry
instead of the conditional covariance matrix H;, where h{ = w'H;w and w is a weight vector. When
comparing the predictability of univariate GARCH models, Awartani and Corradi (2005) substitute the
unobservable volatility by the squared observed returns because of the rank-preserving property of this
substitution under the MSE loss. They conclude that both squared returns and realized volatility are
good proxies of the unobservable volatility for the purposes of model comparisons. Because intraday
returns are not available, Pelletier (2006) suggests using the cross-product of daily returns instead of
cumulative cross-product of intraday returns over the forecast horizon. Following these authors, we
compare various models by calculating the predictive measures, MSE% og for model j, as

1 T-1

. . 2
MSE 5 = T—FR) > (w2+1H%+1wt+1 - w2+1rt+1r2+1wt+1) ; (4.6)
t=R

where I/-\If‘/ 41 is the one-step-ahead forecaster of Hy; 1 at time ¢ from model j. The second loss is modified

from VaR loss (4.3) in simulations:
T-1
aj _ 1 o] o]
Qoos = T-R) Z {04 —L(yt+1 < VaROoS,t+1):| (yr+1 — VaRgys 441)s (4.7)
t=R

where V&LR?‘)’OjS,t+1 =Pl /w;HI/-\IintH, ®J is the quantiles of the standardized IS portfolio returns,
and a = 1%. The in-sample (IS) losses are similarly defined.

The IS and OoS performance measures of different conditional covariance models over these empir-

ical data sets are presented in Tables 4-5. For each pair of parametric start-up PCC model and the
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Table 4: MSE loss for equal weight and minimum variance weight portfolios

DJIA&SPX  CAC&FTSE HSI&STI DJIA&SPX  CAC&FTSE HSI&STI
IS OoS IS OoS IS 0OoS IS OoS IS OoS IS Oo0S
EW MVW

NCC 1.44  3.05 1.65  3.77 1.48  14.60 0.66  2.45 0.86 5.09 1.14  13.78
% 1530 -5.43 55.76 -7.51 14.71 -13.84 | 37.74 -7.30 73.19 -49.22 32.11 -26.25
HDF 1.31  2.87 1.85 341 1.41 12.60 0.63 227 1.12 3.36 1.07  10.31
% 23.16  0.73 50.62 292 18.49 1.80 | 39.87  0.55 65.09 1.55 35.97 5.62
CCC 1.70  2.89 3.74  3.50 1.74 12.83 1.05  2.28 3.21 3.41 1.68  10.93
CCC-NW 1.31  2.87 1.93  3.39 1.41 12.58 0.63 227 1.26 3.36 1.05  10.56
% 23.06 0.77 48.30 3.01 18.80 1.91 | 40.29 0.53 60.70 1.45 37.12 3.36
VC 1.70  2.89 3.75  3.50 1.74 12.74 1.05  2.30 3.18 3.42 1.68  10.74
VC-NW 1.31  2.87 1.85  3.39 1.41 12.52 0.62  2.28 1.13 3.36 1.05  10.18
% 23.02 0.74 50.69 290 18.65 1.74 | 41.18 0.87 64.38 1.88 3741 5.20
BEKK .71 2.89 3.82 3.54 1.74  12.76 1.07  2.29 2.92 3.83 1.68  10.81
BEKK-NW 1.31  2.87 1.67  3.43 142 12.56 0.62  2.26 0.93 3.62 1.05  10.76
% 23.02 045 56.23 295 18.34 1.61 | 4246 1.20 68.42 596 37.16 0.47
DCC 1.70  2.89 3.74  3.50 1.74  12.72 1.03  2.30 3.14 3.45 1.69  11.22
DCC-NW 1.31  2.86 1.67  3.40 142 12.46 0.60 2.28 0.93 3.35 1.06  10.02
% 23.07 0.73 55.52 2.89 18.46 2.03 | 41.79 0.97 70.79 2.74 3729 10.72

corresponding SCC model, the improvement ratio is reported in percentage as before. For NCC and
HDF models, we report the absolute loss values and the improvement ratio relative to the CCC model.
We summarize some interesting findings below. First, for both loss functions, our semiparametric model
can always reduce the IS loss values of the start-up parametric model no matter which weight to use.
Second, in terms of MSE, the improvement ratio of our SCC model against the start-up PCC model is
always positive for both IS and OoS evaluations, both EW and MVW portfolios, and all data sets under
examination. The same MSE superior pattern is observed in HDF which produces positive improvement
ratio over CCC model across data sets and sample period. But this supporting evidence is not found for
the NCC model. But the relative out-of-sample gains of our and HDF’s semiparametric estimators over
the parametric estimators are generally much smaller than the relative in-sample gains. We conjecture
that one of the reason for this is the use of fixed-scheme (instead of rolling-window) forecast. Third,
for DJTA&SPX and CAC&FTSE MVW portfolios, our SCC model can always reduce the VaR losses
no matter which sample period (IS or OoS) or which start-up parametric model we choose. We do not
observe the same phenomena for HSI&STI data, which might be explained by their emerging market
properties. Fourth, there exists no semiparametric model that is universally the best across different
data sets, weighting schemes or loss functions. While the SBEKK-NW model has the smallest OoS
VaR loss across the weighting methods for DJIA&SPX portfolio, its OoS MSE is bigger than that of
the CCC-NW, VC-NW and DCC-NW models for the equal weight DJIA&SPX portfolio. Last, for the
same conditional covariance model, the MVW portfolio always outperforms the EW portfolio in terms

of IS losses and generally outperforms the latter in terms of OoS losses.
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Table 5: VaR loss for equal weight and minimum variance portfolios

DJIA&SPX CAC&FTSE HSI&STI DJIA&SPX CAC&FTSE HSI&STI
IS OoS IS OoS IS OoS IS OoS IS OoS IS OoS
EW MVW
NCC 0.030  0.071 0.034  0.056 0.031  0.117 | 0.021 0.032 0.025 0.046 0.025 0.112
% -3.44 -25.53 -5.538 -12.85 4.012 -70.36 | 12.03 19.30 2.703 -4.56 20.38 -94.12
HDF 0.025  0.057 0.031  0.050 0.029  0.063 | 0.021 0.039 0.023 0.042 0.024 0.058
% 13.40  0.176 6.1564  0.402 10.49  8.029 | 12.03 3.258 10.81 4.100 22.93 -1.038
CCC 0.029  0.057 0.033  0.050 0.032  0.069 | 0.024 0.040 0.026 0.044 0.031  0.058
CCC-NW 0.025  0.057 0.031  0.050 0.029 0.063 | 0.021 0.039 0.023 0.042 0.024 0.058
% 1272 0.000 5.846  0.402 10.19 7.737 | 12.03 3.008 10.81 3.872 24.52 -0.519
vC 0.029  0.057 0.033 0.049 0.032 0.062 | 0.025 0.041 0.027 0.038 0.031 0.054
VC-NW 0.025  0.056 0.031  0.049 0.029 0.058 | 0.021 0.040 0.024 0.037 0.024  0.056
% 13.61  0.704 6.422 0406 8.438 6.431 | 15.10 1.478 12.22 1.583 24.20 -4.664
BEKK 0.029  0.054 0.035 0.051 0.032 0.059 | 0.025 0.038 0.028 0.036 0.031  0.060
BEKK-NW  0.025 0.054 0.031  0.051 0.030 0.057 [ 0.021 0.038 0.024 0.035 0.024 0.059
% 14.04 0370 10.951  0.000 4.444 2.381 | 17.06 0.262 12.33 2.493 24.04 1.656
DCC 0.029  0.057 0.033  0.049 0.032 0.062 | 0.025 0.041 0.027 0.037 0.032  0.054
DCC-NW 0.025  0.056 0.030  0.049 0.029 0.059 | 0.021 0.041 0.024 0.036 0.024 0.054
% 13.36  0.885 7.034  0.000 9.091 4.693 | 14.23 0.735 11.28 3.784 25.32 0.924
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Appendix

A Proof of the Main Results

We use C to signify a generic constant whose exact value may vary from case to case, and a’ to denote
the transpose of a. Let f (x) =T~ Zle Kn(xs — x), and

Gy () =T esel Kn(xs — %)/ (x).

The following two lemmas are needed for the proof of Theorem 3.1.
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Lemma A.1 Under Assumptions AI1-A7,
VTh! {Uech (énp (x)) — vech (G, (x)) — vech (B (x))} 4N (0, ud, f(x)"'Dif 2 (x) DY),
where recall h'=hy..hy, and Q (x) and B (z) are defined in Theorem 3.1.

Mg,

Proof. Let Wr;js = Kn(xs — x)e;se;s and W, = 71 Zstl Wrijs, where e;s is the ith element of
e;. Define two k (k + 1) /2—vectors:

I

WTS = (WT11$7WT21S)"'7WTk1$7WT2255"'7WTk287"'7WTk'kS)
i
Wr = (Wri, Wrar, oo, Wrkr, Wrag, oo, Wrga, oo, Wrgr)

Clearly, Wpr = T—! 25:1 Wrs. The statistic WTij/f(x) estimates the (i, j)th element of G, (x) by
using the pseudo-data {e;,x;}. Let Zp, = (h!/T)l/2 (Wrs — E(Wrs)) and Zp = Zf:l Zrs. Write

T T
Wr = T EWr)+T 'Y (Wre — E(Wry))
s=1 s=1
T T
= T E(Wr)+ (Th!)~/? > Zr,
s=1 s=1

The first term contributes to the bias of énp (x) whereas the second term contributes to the variance

of énp (x) . The proof will be completed by proving the following claims:

F) 5 f(x), (A1)
T
T " E (Wrs) = £ (x) vech (G (x)) + £ (x) vech (B (x)) + op(|[h[|), (A.2)
s=1
and .
Zr = Z Zrs 5 N (0, o f (x) DY 2 (x) DY) . (A.3)

s=1
(A.1) follows from standard results in kernel density estimation. Using standard arguments for

analyzing the bias of the Nadaraya-Watson estimator, we have
2
E (Wrijs) = E[Kn(xs —X)eireji] = f (%) [Gnp.ij (%) + Bij (x)] + op(|[h[%)

where

B;j (x) =

Ha1 If (x) 0Gnp.ij (%) aQan,i' (x)7 2
3 () 2 {2 i i v KCE
=1

Thus (A.2) follows by the stationarity assumption. To show (A.3),let ¢ = (c11, €21, Ck1, C22y ooy Ck2y ooy Ckk )
denote a k (k + 1) /2-vector of bounded constants such that ||c|| = 1. By the Cramér-Wold device, it
suffices to show

T
cZr= ZC/ZTS 4N (0, uéy f (x) ' D (x) D 'c) . (A.4)
s=1
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By construction, E (Zr) =0, and

T
Var (¢/Zr) =T~ 'h!Y " Var (¢'Wry) + 277 'h! > > " Cov (¢/Wre, ¢/ Wrt) = Ay + As. (A.5)

t=1 1<s<t<T

We calculate A; and As in turn.

T
Ay = T 'h!) Var(cWr)
t=1

T
= Z Z Z Z CijCim T~ 'h! ZE [Kﬁ(xt —x)Cov (Qij,tv Ot Xt = X)]

1<j<i<k1<m<Ii<k t=1

= /’[’02f ZZ ZZ CijCimWij, lm ) +0 (HhH)

1<j<i<kl<m<i<k
= pgef (%) /DR (x) Di’e + O (|[h]), (A.6)

where ¢, ; = eej and wijim (X) =Cov (0, 4, Oy ¢|%: = X) . To calculate Ay, write

AQ = 2T_1h! ZZ ZZ ZZ Cl‘jclmCOV (WTijsaWTlmt)

1<s<t<T1<j<i<k1<m<I<k

2h! Z (1 — —) D333 cijeumCov (Warijt, Warime) - (A7)

1<j<i<kl<m<I<k

Noting that even though {v;} is a m.d.s., this does not ensure that Cov(Wr;js, Wrim:) = 0 for s # t.
To bound the right hand side of (A.7), we split it into two terms as follows

T dr T
Z |Cov (Wrijt, Wrime)| = Z |Cov (Wrij1, Wrime)| + Z |Cov (Wrij1, Wrime)| = J1 + J2, (A8)
—2 =2 t=dpt1

where dr is a sequence of positive integers such that drh! — 0 as T' — oo. Since for any ¢ >
L |E (Wit Wrime)| = O (1),

J1=0(d,). (A.9)

For Js, by the Davydov’s inequality (e.g., Bosq, 1996, p.19), we have

2/(2+6)
|Cov (Wriji Wrime)| < Cla(t — 1))/ sup (E |WTij1|2+5)
0.
< C (h!)—(2+25)/(2+5) [ (t— 1)]5/(2-1—6) )
So by Assumption Al,
T
J2 < C (h!)7(2+25)/(2+5) Z [O[ (t _ 1)]5/(24»5)
t_dTJrl
< C(n)” (2+25)/(2+96) d_ Z £ [ ]5/(2+5) ((h!)_l) : (A.10)
t=dr

by choosing dr such that df (h!)g/ (249 _, . The last condition can be simultaneously met with
drh! — 0 for a well chosen sequence {dr} because a > §/ (2 + ¢) by Assumptions Al and A7. (A.7)-
(A.10) imply that

A =0 (d,hl)+o0(1)=0(1).
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Hence,
Var (¢'Zr) = péo f (x) /D Q2 (x) D 'e +0(1).

Using the standard Doob’s small-block and large-block technique, we can finish the rest of the
normality proof of (A.4) by following the arguments of Cai, Fan and Yao (2000, pp. 954-955). &

Lemma A.2 Under Assumptions A1-A7,

~

vech (an (X)) — vech (CN-‘rnp (x)) =op ((Th!)71/2> .

Proof. Let A (x) = [vec((A}np (x))—vec(Gyp (x))]f (x) . Noting that f (x) 2 f (x) > 0 and vech(A) =
Difvec(A) for any symmetric k x k matrix A, it suffices to show that A (x) = OP((Th!)_l/Q). By the

first order Taylor expansion,
/ét = et(b\) = H;i/Q (/é) ry =€+ ét (5) (/6\ — 0*) (All)

where recall £, () = de;(0)/06, and 0 lies between 0 and 0,. By Assumptions A2-A3, § 2 4,. So

Kn(x¢ — x)vec [6;€] — ee}]

>
%
Il
S| =
B

o~
Il
-

Ky (x; — x)vec {gt (@) (5_ 9*> (b\_ 9*)'& (@)/:|

~
Il
—

I
N =
B

K (x; — x)vec [et (-0.)'s @/]

+
N[~
WMH

1

Kn(xi —x) (€, () @, (7)) vec [(5_ 0.) (9~ 9)]

I
N[~
N

t=1

!

+ Kn(x¢ —x) (& (0) ® ) (5 - 9*>

2
T t=1
= Al (X) + 2A2 (X) .

By the triangle inequality, Markov inequality, and Assumptions A4-A7,

‘(st (6) @, (0)) vec {(5 ) (i- 0)]

1 I
AL ()] < TZKh(Xt*X)
t=1

1 T — 12 ||~ 2
< 2> Kulxe—x) &, @) [0 -0
t=1
1 <& —2 (= 2 1
< T;Kh(xt—x)DfHe—H* :0P<m),
and
1 & _ _
122 < =3 Knlx—x) | (& @) @) (9-0.)
=1
1 x _ ~
< = Kl —x)[j& @) leil |7 - 0.

o~
Il

1
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= 0p (T71/2).

Consequently, A (x) = Op((Th!) ™" +T-1/2) = OP((Th!)*l/Q),I

T
1 _ ~
< 7 2 Kilxe =)D e

Proof of Theorem 3.1
The result follows from Lemmas A.1-A.2. 1

Proof of Corollary 3.2
By Assumptions A3-A5, ITIW = H;{f(@) = Hl/2 + op (1). By Theorem 3.1, CA-}"W = énp (x¢) =

Gpt +op (1) . It follows from the Slutsky theorem that

Hspt = H1/2an tH1/2 Hzl){fan fH / +op ( ) =H; +op (1) )

Pt T
and ITI;W =H; +op (1), where H} is a diagonal matrix with the square roots of the diagonal elements

~ ~ -1
of H, on its diagonal. Hence Ry = (Hy,,)  Hape (Hy, t) 2 (Hy)“UH, (H) D =Ry
To show (ii), noting that by Assumptions A3-A5,

H,:—H, = H/G,, )/} —H/ G, (x)H/;
- B/ (an (xt) = Gy (Xt)) H/? + {(HW H;/f) Gop, (ﬁ;{f - Hzlo,/tQ)
n ( le/tz _ H;/tz) G, tH1/2 1/2ant ( ;/tz _ H;/tz)}
- H)/ (an (xt) = Gnp (Xt)) H/} +0, ( 1/2> ;
we have

VTR [vech () — vech (H,)]
= VTHID] [vec (Hy) - vee (Hy)]
= VTHID; vee ()} (Gup (x0) = G (x0) ) HLZ) + 0 (1)
= VTR (H)7 @B/} ) vee (G (1) = Gup (x1)) +0p (1)
= VThID;} (H1/2 ©H,/}) Divech (G (x1) = Gy (x1)) +0p (1).
Then by Theorem 3.1,

VTh! [Vech (I/-\Ispyt) — vech (H;) — By (xt)} 4 MN (0, uSQf(xt)*lﬁt (X)) )

where

Bi(x) = D (Hl/ ? o HY, 2) Dyvech (B (x)) = Df (Hl/ >0 HY 2) vec (B (x))

= Dfvee (H/7B (x)H/) = vech (H,/7B (x) B/}

by the definitions of vech, vec, D, and D} and the fact that (A ® A)vec(B (x)) =vec(AB (x) A) for
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any k x k matrix A, and
2 x) = pf (B em[}) Do DD (1,7 /) (Df)
= pf N (L e ) Qe (17 o B N (DF)
= pf (B e e (B em?) (D) = D x) (D)
by the fact that Ny = Dy Dy is symmetric, Ny Dy, = Dy, Np.D{" = D, and Ny(A®@ A) = (A® A)Nj,
for any k£ x k matrix A. B

Proof of Theorem 3.3

Let ¢; denote a k& x 1 vector that has 1 in the ith row and 0 elsewhere. Then

/2., _ 1/2 1 (fy-1/2 —1/2 _
elt = L et =, Hp £ Iy =1, H r: + L; Hp,t — Hp,t ry = €3¢ + Vi,

Dt
dence of v;; on the sample size T. It follows that

where vy = (] (ITI’I/ - H, 1/ 2) r;. Note that for notational simplicity we have suppressed the depen-

T 4
Z €it€jt — 0ij) Kn (x¢ — x) Z it + Vjt) (et + Vi) — 0i5] Kn (x¢ —X) = ZAij,l (x),

and
1 & T
T2 ; (€iejr — 6@') Z: eit +vit) (et + Vjt) — ZBU 5
where
A _ 1 T _ 1 T 2—
1j,1 (X) - T Zt 1 (elteﬂt lj) Ky (Xt ) ) Blj,l T Zt 1 (eztejt (S”) Ky (0) ,
Aj2 (x) = T E Y Vi K (e — X)), Bij2 = T Ly, viv? Kn (0),
Aij73 (X) = T Zt:l eitl/jtKh (Xt - X) ) Bz] 3= T Zt 1 thjtKh (0) ,
T
Aija (x) = % > it €itvieKn (x¢e — x) Bija= 7 Zt 1 gtVthh (0).
Consequently,
~ k=1 &k 1 T 2 1 k=1 k T o
I' = ZZ/ TZ elt/éjt_(sij)Kh (Xt_X‘| _ﬁ ZZ €1t€]t Kh (0)
=1 j=i t=1 i=1 j=i t=1

k—1 k 4
= > > { [ DA% (%) + 24151 (%) Aija (%) + 24451 (%) Az (%) + 24451 (%) Aija (%)

i=1 j=i =1

4
+2Aij,2 (X) Az’j73 (X) + 2Az’j,2 (X) Ai]‘74 (X) + 2Aij73 (X) Aij74 (X):| dx — Z Bij,l} .

Then we can write T' (h!)l/2 r= 2, Cir, where

k=1 k

ClT = h'l/ZZZ{/ 2]l dx — 7,71} fOI‘l—1234

=1 j=¢
k-1 k

Cr = T(h) WZZ/ i1 (%) Aiji_s (x)dx for [ = 5,6,7,

=1 j=1¢
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k-1 k

Cir = T 1/222/ ij2 (%) Aiji—s (x)dx for [ = 8,9, and
=1 j=1t
k-1 k
C’1OT = h' 12 Z Z/ 7, 3 1] 4 (X) dx.
=1 j=1¢

The proof will be completed if we can show Cir 4N (0, 0%) ,and Cjr = op (1) for 1 =2,3,--- ,10. We
only prove Cyr 4N (0, a%) and Cjr = op (1) for [ = 2,3, 5 since the other cases are similar.

We first show that Cyp % N (0,03) . Let ¢ = (x},€})" and ¢ (s¢, ;) = (h')l/2 Z Zj ;(eireje —
3ij) (eisejs — i) K (x; — x). We can write Cyp = 2771 Y i<tcs<r @ (St;Ss), which is a second order
U-statistic and is degenerate under the null. Under Assump:tion; Al, A4, and A6-A9 and the null
hypothesis, one can verify the conditions of Lemma B.1 in Gao and King (2003) are satisfied so that a
central limit theorem applies to Cyr. The asymptotic variance is given by lim,, .o 2F[¢ (¢, ct)Q] =03,
where §; is an independent copy of ¢;.

To show Cor = op (1), write

k—

k
§ E VZSVJSVZthtKh (Xt *Xs')-

1
Cor 1 (h!)'/?
i=1 j=i s=1 t#s

By (A.11) and Assumption A5, |vy| = |u/(€ —e)| = |¢/€,(B)(0 — 0,)] < Dy||6 — 6.]|, where recall
€, (0) = 0e;(0)/06" and 0 lies between 0 and 6,. By Assumptions A5 and A3,
T T
k(k+1) o
Carl = HEEDT )2 30 Y DD (- )
s=1 t#s
Op(T (W)/*)0, (T72) = op (1),

where the second line follows from a simple application of the Markov inequality, and the fact that for
t#£s

E 5353?}1 (%t — Xs):| =< {E [ﬁffh (x¢ — XS)] }1/2 {E [ﬁf?h (i = XS)} }1/2 =0

Similarly, noting that Csyr = (h')l/2 Z Z; _ Zé 1 2#5 eltujte“ujsKh (xt — x5) , we have,
k(k + 1 _ ~ 2
Gl <MD o (12 575 oo | DD G — x| [ -
s=1t=1

= 0,(T(W)/*)0, (T™) = 0p (1).

Noting that Cspr = (h')l/2 Z ZJ i 25 1 Zt 1 (€isejs — 045) I/ithtEh (x¢ — X5), we can write
Cst = Csr,0 + C5T,b, where

k=1 k T T
CST,a = T (h')1/2 Z Z Z €is€js — 6:]) VthjtKh (Xt - Xs) , and
i=1 j=i s=1 t£s
k-1 k T
C5T,b = (h')1/2 Z Z (eitejt — 5”) Vithch (0) .
i=1 j=i t=1



By Assumptions A3, A5 and A8, and the Markov inequality,

T T
k(k+1 — 2
Coral < D7 23757 (e 41) DR (s - ) 8- 6.

2
s=1 t#s

‘/\

= 0,(T(M)'*)0, (T™") = 0p (1),

and
k(k+1) 2
2

= 0,((h)"H0, (T71) = 0p (1),

A

T
‘CSTJ)' = T_l (h')1/2z (||et||2 +1> E??h (O) Hb\_a*
t=1

Consequently, Cs7 = op (1) . This concludes the proof of the theorem.l

Proof of Theorem 3.4

Under Hy(T~1/? (h!)71/4), the expression T (h!)l/2 = Z}il C)r obtained in the proof of Theorem
3.3 continues to hold. In addition, one can verify that under Hy(T~/2 (h!)_1/4), Cir = op (1) continues
to hold for [ = 2,3,.--,10. The main change is associated with the term Cir. Let €;;: = ejrejr — di5.
Let E; (€;;:) denote the conditional expectation of €;;; given F;_q and €;; = €+ — Ey (€;5¢). Then we
can write Cir = Cir,q + Ci1p + Ci7,c, Where

k-1 &k T T
Til (h')1/2 Z Z Z Zgijsgijtﬁh (Xt - XS) 5
i=1 j=1i s=1 t#s
k-1 &k T T
Ciry = T (@)2Y N33 Eo(es) Bi (eijt) K (x¢ — %), and
i=1 j=i s=1 t#s
k=1 k T T

ClT,c = 2T_1 (h')1/2 Z Z Z ZgijsEt (eijt) ?h (Xt — Xs) B

i=1 j=1i s=1 t#s

Cit,a

Ci1, now plays the role of Cir in the proof of Theorem 3.3, and we can show that Cir A4 N (0, 0'(2)) .

Next, noting that under Hy(T~/2 (h!)_1/4), By (€j1) = T-1/2 (h!)_1/4 Ajj (x¢), we have

k-1 k T

T
Cirp = T72Y Y 3N Ay (%) Aij (x¢) B (%1 — x4)

i=1 j=i s=1 t#s

T-1 2 T-1~
= ¢ (xt,%5) = ——Cirp (A.12)
T T(T-1) ISKZSQ t

where ¢ (x¢,%x5) = Zi.:ll Z";:z Ajj (x5) Ajj (x¢) Kn (x¢ — %) . Noticing that 5’1T’b is a second order U-
statistic, a typical WLLN for U-statistic of strong mixing process (e.g., Borovkova, Burton, and Dehling,
1999) would require that {¢ (x¢,xs) : t,8 > 1, # s} be uniformly integrable, which is difficult to verify

here. By the H-decomposition, we can write
Cirp =07 + 2HY + HY, (A.13)

where 97 = [ [ ¢ (x4,%:) f (1) f (%) dxpdx, Hy = 50 0y (x4) =07, HY = 7025 Y1 cpcacr
G(Xtaxs)v #1 (Xt) = f@ (Xtvxs) f (XS) dXs, and @(xbxs) =@ (Xt7xs) —¥1 (Xt) - ¥1 (XS) + ﬂT' By the

27



Fubini theorem and the change of variables, we have

k-1 k

I = 00 [ [ ) 6 TG —x0) £ ) £ )
k-1 k

_ ZZ/A;. (%) 2 (x) dx+ 0 (1). (A.14)
i=1 j=i
Note that ¢, (x;) is a measurable function of x; and inherits the a-mixing property of the latter. By
Assumption Al, ¢, (x;) is a strictly stationary a-mixing process with mixing coefficient « (j) — 0 as
j — o0o. By Proposition 3.44 of White (2001), ¢ is also ergodic. Furthermore, it is easy to verify that
E |y (x¢)] < o0. It follows from the Ergodic theorem (e.g., White, 2001, Theorem 3.34) that

a® 2o, (A.15)
Now, Hg) is a standard second order degenerate U-statistic with a symmetric kernel @ (-, ) : 9 (x4, x5) =
D (xs,%¢) and EP (x1,a) = 0 for any nonrandom a € RY. Noting that

[T max {E [ (x1, %) [P0 / 1@ (x1, %) " dF (x1) dF <Xt>} =0 ((my=0+)

where F (*) is the distribution function of x;, it follows from Lemma C.2 of Gao and King (2003) that

2
O co(—2 ) 2wy o (2 m) ) =
E[HT} _c(T(T_1)> T2 (h!) _o(T (h!) )_0(1).
Hence by the Chebyshev inequality
HP =op(1). (A.16)

Combining (A.12)-(A.16) yields Cipp & S} Z?:z J A% (%) f2 (%) dx = Ao

Now, write Ci7.c = Ci7.e1+C17.c2, where Cir = 2073/2 (W) S0 S™ ST iaA (x)
K (x; — x5) and Cip,e0 = 27 —3/2 (h!)l/4 Zi:ll Zf:z 21T§s<t§T €ijsDij (x¢) K1, (Xt — X,) . By construc-
tion E (€;j5|Fs—1) = 0. It follows that E(Circ1) = 0 by the law of iterated expectations and the

hypothesis that (x:,xs) € Fs—1 for t < s. By the Davydov’s inequality (e.g., Bosq, 1996, p.19), we have

k—1 k T

E(Cire) = 207737 (h!)1/4 Z Z Z E [€s0ij (x¢) Kn (x¢ — %)]
=1 =i 1<s<t<T
k-1 & T

= 27737 (h!)1/4zz > /E[EijsKh (xs — %) Ajj (x¢) Kn (x¢ — x)] dx

i=1 j=i 1<s<t<T
1/4 _2048 5/(2+96)
< CT7V2MmHY* (n)~ o Z [ (7)] = o0(1) for sufficiently small § > 0.
j=1
Similarly, we can show that E (Cp.,) = o(1) and E (C}p ) = o(1). Then Cir,. = op (1) by the
Chebyshev inequality.
Consequently, P(T > zo|Hy (T /2 (h!)71/4)) —1—=®(z4 — Ag/op).M
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