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1 Introduction

In the last several years, there has been growing interest in models that can exhibit indeter-
minacy of equilibrium.! In the one-sector growth models of Benhabib and Farmer (1994) and
Farmer and Guo (1994), agents’ expectations of the rate of return on investment can become
self-fulfilling when the degree of increasing returns in production becomes sufficiently strong.
This in turn allows the economy to exhibit business cycle fluctuations without any changes
in the underlying fundamentals (preferences, technology, or endowments). By emphasizing
shifts in expectations as the driving force of the business cycle, these models create an oppor-
tunity for Keynesian-type stabilization policies that are designed to suppress “animal spirits”
or “sunspots.” This paper demonstrates analytically how fiscal policy rules can be designed
to eliminate all forms of endogenous fluctuations in the Benhabib-Farmer-Guo model. When
the proposed policy rules are implemented, the economy exhibits a globally unique and stable
equilibrium, regardless of the degree of increasing returns.

This paper builds on the results of Guo and Lansing (2002), where we explore the quanti-
tative implications of government fiscal policy in the Benhabib-Farmer-Guo model. Starting
from a laissez-faire economy that possesses an indeterminate steady state, we show that the
introduction of a constant capital tax or subsidy can lead to various forms of endogenous
fluctuations, including stable 2-, 4-, 8- and 10-cycles, quasiperiodic orbits and chaos. We also
show that the use of local steady-state analysis to detect the presence of multiple equilibria
in this class of models can be misleading. For a plausible range of capital tax rates, the log-
linearized dynamical system exhibits saddle-point stability, suggesting a unique equilibrium,
while the true nonlinear model exhibits global indeterminacy. This result implies that stabi-
lization policies that are designed to suppress endogenous fluctuations near the steady state
may not prevent sunspots, cycles, or chaos in regions away from the steady state. Overall,
the results presented in Guo and Lansing (2002) illustrate the importance of using a model’s
nonlinear equilibrium conditions to fully investigate global dynamics.

Using the same basic framework of Guo and Lansing (2002), this paper shows how the
model’s nonlinear equilibrium conditions can be used to design a globally-stabilizing fiscal
policy that suppresses all forms of endogenous fluctuations. Our approach is to solve for pol-
icy rules that map the equilibrium allocations of the original nonlinear economy into those of

a wholly fictional construct known as the “pseudo economy.” This methodology is simply an

'See Benhabib and Farmer (1999) for a survey of this extensive literature.



indirect method of solving for a set of target equilibrium allocations in the original economy.?
The pseudo economy is chosen to exhibit the important property that the equilibrium alloca-
tions depend solely on the current state of the economy and not on any expected future states.
Specifically, the pseudo economy’s combination of logarithmic utility and Cobb-Douglas forms
for production and capital accumulation generates exactly offsetting income and substitution
effects of the interest rate movements that govern the investment decision. When these ef-
fects cancel out, agents’ expectations of future returns can never be self-fulfilling. When the
proposed policy rules are implemented, the equilibrium allocations of the original economy
coincide exactly with the (unique) equilibrium allocations of the pseudo economy. In this way,
the policy rules ensure a globally unique and stable equilibrium, regardless of the degree of
increasing returns.

The remainder of the paper is organized as follows. Section 2 describes the model. Section
3 describes our approach for constructing a set of globally-stabilizing fiscal policy rules. Section

4 concludes. An appendix extends our approach to a two-sector model.

2 The Model

The description of the model closely follows the presentation in Guo and Lansing (2002)
with one exception. Here we allow for the possibility that tax revenues may used to finance
non-productive government purchases, whereas Guo and Lansing (2002) assume that all tax

revenues are returned to households in the form of income subsidies or lump-sum transfers.

2.1 Firms

There is a continuum of identical competitive firms in the economy. For convenience, the
number of firms is normalized to one. Fach firm produces output y; according to a Cobb-

Douglas production function
y=zklhi 0, 0<0<1, (1)

where k; and hy are capital and labor inputs, and z; represents a productive externality that

is taken as given by the individual firm. We postulate that the externality takes the form

a=(KE)", nz0, 2)

%A related approach is used by Becker (1985) to solve for equilibrium allocations in a growth model that is
subject to capital taxation. Other examples of the pseudo-economy approach can be found in Stokey, Lucas
and Prescott (1989, Chapter 18) and Salyer (1996).



where K; and H; denote the economy-wide levels of capital and labor services. In a symmetric
equilibrium, all firms take the same actions such that k; = K; and hy = Hy, for all t. As a

result, (2) can be substituted into (1) to obtain the following social technology:
ye = K R?, on +ag > 1, (3)

where oy = 0(1 +7n) and ag = (1 —0) (1 +n). When n > 0, the social technology exhibits
increasing returns to scale. We restrict our attention to the case of a; < 1, which implies
that the externality is not strong enough to generate sustained endogenous growth. Under
the assumption that factor markets are perfectly competitive, the first-order conditions of the

individual firm’s profit maximization problem are given by

0
T = ki:, (4)
1-4
w = L0u 6
t

where r; is the capital rental rate and wy is the real wage.

2.2 Households

The economy is populated by a unit measure of identical infinitely-lived households, each
endowed with one unit of time, who maximize a discounted sum of expected utilities over

their lifetime

> A
> 5 [log ¢ ——t—|, A>0, (6)
t=0 1+ v

where 5 € (0,1) is the discount factor, ¢; is consumption, h; is hours worked and v > 0

denotes the inverse of the intertemporal elasticity of substitution in labor supply. We assume
that there are no fundamental uncertainties present in the economy.

The budget constraint faced by the representative household is
et +ip = (14 spe) meke + (1 + spe) wehy — Ty, (7)

where i; is investment, sg; and sp; are the subsidy (tax) rates applied to capital and labor
incomes, and T} is a lump-sum tax (transfer). The fiscal policy variables sk, spt, and T} are

determined outside of the household’s control. The law of motion for the capital stock is

kiy1 = (1 —0)ke +i¢, ko = ko, (8)



where 6 € (0,1) is the depreciation rate.

The first-order conditions for the household’s optimization problem are given by

Acthz = (1 + Sht)UJt, (9)
1 B
_—= — [1 — 6 + (1 =+ 3kt+1)7”t+1] N (10)
Ct Ct41
lim gtREEL — (11)
t—o0 Ct

where (9) is an intra-temporal condition that equates the household’s marginal rate of substi-
tution between consumption and leisure to the after-subsidy real wage. Equation (10) is the
standard Euler equation for intertemporal consumption choices, and (11) is the transversality

condition.

2.3 Government

The government chooses a sequence of fiscal policy variables {sk¢, Spt, Tt, gt}fio where g; repre-
sents government purchases of goods and services that do not contribute to either production

or household utility. The government budget constraint is
gt =Tt — sgr rike — spt wieh, (12)

where we assume that the budget is balanced each period. By specifying a set of policy rules
for sgt, spt, and T3, we also implicitly specify a policy rule for g;.

Finally, the aggregate resource constraint for the economy is given by
et +kipr — (1= 6)ke + gt =y (13)

2.4 Indeterminacy of Equilibria

It is well-known that one-sector growth models require strong increasing returns to exhibit
indeterminacy. In particular, Guo and Lansing (2002) demonstrate that a calibrated version
of the present model requires returns-to-scale of about 1.6 or greater (1 + 7 > 1.6) to exhibit
local indeterminacy under laissez-faire. Basu and Fernald (1997) note that returns-to-scale
estimates reported in the literature vary dramatically depending on the type of data used, the
level of aggregation, and the estimation method. In attempting to account for the wide range of

estimates, Basu and Fernald (1997) demonstrate that while the average U.S. industry exhibits
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approximately constant returns-to-scale, the aggregate private business economy can appear
to exhibit large increasing returns. The largest aggregate estimate they obtain is 1.72 with a
standard error of 0.36. When the aggregate returns-to-scale estimation procedure is corrected
to account for reallocation of inputs across industries, they find that the aggregate estimates
shrink considerably and are close to the industry results. The largest corrected aggregate
estimate they obtain is 1.03 with a standard error of 0.18. Despite these findings, Basu and
Fernald (1997, Section V) note that the uncorrected aggregate estimates may actually be more
appropriate for calibrating models (such as ours) that abstract from production heterogeneity
and assume a single representative firm.

In what follows, we assume that the degree of increasing returns is strong enough to induce
local indeterminacy under laissez-faire. We acknowledge, however, that this assumption could
be challenged on empirical grounds. To the extent that one objects to the notion of strong
increasing returns, the analysis below should be viewed more from a methodological perspective
as illustrating a particular approach to achieving global stabilization of a nonlinear dynamical
system. We also note that multi-sector growth models can exhibit indeterminacy with a much
lower (and hence more realistic) degree of increasing returns.®> In the Appendix, we show how

our approach can be applied in a two-sector model.

3 Globally-Stabilizing Fiscal Policy

Two features of the model economy suggest a role for government intervention. First, the
laissez-faire equilibria are not Pareto optimal due to the presence of the externality which
introduces a wedge between the social and private marginal products of capital and labor.
Second, our assumption of strong increasing returns implies that the decentralized economy is
subject to expectations-driven fluctuations. One would naturally wish to solve the problem of
a social planner who seeks to maximize the utility of the representative household (6), subject
to the aggregate resource constraint (13). The first-best allocations provide an important
benchmark for judging the desirability of stabilization policy. Recently, Dupor and Lehnert
(2002) have used numerical techniques to establish some features of the first-best allocations
in a special case of (6) where the disutility of labor is linear, i.e., v = 0. They show that the
solution of the planner’s problem is generally characterized by endogenous cycles in which the

optimal labor supply undergoes discontinuous jumps as capital varies over the cycle. Hence, a

3See, for example, Benhabib and Farmer (1996), Perli (1998), Benhabib and Nishimura (1998), and Benhabib,
Meng, and Nishimura (2000).



fiscal policy that eliminates all forms of endogenous fluctuations in the decentralized economy
would not be considered optimal. Such a policy could still be welfare-improving, however,
if the policy simultaneously addressed the wedge between social and marginal products of
capital and labor.* Any welfare analysis would also have to take into account the transition
dynamics that are induced when the policy is implemented (or announced). In light of the
many complicating issues surrounding a welfare analysis of stabilization policy, we restrict our
attention here to issues of feasibility.

In Guo and Lansing (2002, section 4.2), we describe various control mechanisms that can
eliminate local indeterminacy for the model described in section 2. In particular, we show how
the log-linearized model can be used to design a state-contingent capital subsidy/tax scheme
that ensures saddle-point stability of the steady state. By selecting a locally unique equilib-
rium, such a policy prevents expectations-driven fluctuations near the steady state. There is
an important caveat, however, to a stability analysis based solely on a log-linear approxima-
tion. Guo and Lansing (2002) show that in the present model, a locally determinate steady
state (a saddle point) does not preclude the possibility of expectations-driven fluctuations in
regions away from the steady state. This means that stabilization policies designed using the
approximating model may prove unsuccessful when introduced into the true nonlinear model.
To avoid such an outcome, we now derive a set of fiscal policy rules that ensure globally

stability of the model economy.’

3.1 A Pseudo Economy

Consider a wholly fictional construct known as the “pseudo economy” in which a representative

household maximizes lifetime utility (6), subject to the modified constraints

Ct +/i\t = 1k +wihy, (14)

-~

kt+1 = Ektl_(z) 7’t¢7 /{30 = ];30, (15)

where r; and w; are again given by (4) and (5), ?t is investment in the pseudo economy,

?13 € (0,1] denotes the elasticity of next period’s capital stock with respect to investment,

*Cassou and Lansing (1997) conduct a welfare analysis of stabilization policy in an endogenous growth model
with a productive externality. Unlike here, however, their model exhibits a unique equilibrium. They show
that (suboptimal) stabilization policies can still be welfare-improving if the steady-state values of the policy
variables are chosen to address the externality.

A recent paper by Benhabib, Schmitt-Grohé, and Uribe (2003) shows how monetary policy rules can be
designed to ensure global stablity in a sticky-price model without capital.



and B > 0 can be interpreted as an efficiency index. We use the “hat” symbol (7) as a
reminder that the given variable or parameter is specific to the pseudo economy and has no
direct counterpart in the original economy. As we shall see, however, the hat variables and
parameters in the pseudo economy can be interpreted as elements of the fiscal policy that is
employed in the original economy. The above maximization problem differs from that of the
original economy in two respects: (i) the pseudo economy is in laissez-faire, and (ii) the law
of motion for capital (15) is Cobb-Douglas instead of linear. The Cobb-Douglas formulation
can be viewed as reflecting adjustment costs as in Lucas and Prescott (1971). When B=1
and 5 = 1, equation (15) implies that capital depreciates completely each period, whereas
0< ?qg < 1 indicates that capital is long lasting.

The first-order conditions for the pseudo economy are

Acth] = wy, (16)
i = ~
b P03 0+ 03u]. (1)
Ct  Ct+1

together with the transversality condition (11).
To solve for the equilibrium allocations, we substitute the budget constraint (14) into (15),
and combine them with the consumption Euler equation (17) to obtain the following first-order

linear difference equation in the output-consumption ratio:

%=B<p+$>+wﬁ, (18)
Ct Ct+1

where ¢ = 3 [1 —(1- 9)5} and p= 1 — 1. Since p >0, € (0,1), and b€ (0,1], we have
0 < ¢ < 1. Therefore, (18) is a forward-looking stable dynamic equation. Iterating (18) into

the future, we find that the only solution to this equation is

o ~
Yt - : pto
==p (p+ <;5> ¢} = ———— forall ¢, (19)
Ct JZO pt+(1-10)¢

that is, agents consume a constant fraction A = % of output each period. It follows

from (14) that the investment allocation in the pseudo economy is given by

i = (1= Ny, for all t. (20)
S Following Kim (2003), equation (15) can be viewed as a special case of a more general specification where
~ ~ sl o N1—e] V(A=)
kiy1 = B {(1 — gb) ktlf" + ¢ (it / gb) } . The Cobb-Douglas form, which corresponds to the case of

o = 1, has been used in applied work by Hercowitz and Sampson (1991), Kocherlakota and Yi (1997), and

~

Cassou and Lansing (1998), among others. The linear form of (8) can be recovered by imposing ¢ =0, B =1,
and ¢ = 6.



Intuitively, the combination of logarithmic utility and Cobb-Douglas forms for production
and capital accumulation generates exactly offsetting income and substitution effects of the
interest rate movements that govern the investment allocation. As a result, the household only
needs to observe the current state of the economy in order to decide how much to consume
and invest. This is the crucial feature of the pseudo economy that gives rise to closed-form
decision rules.”

Substituting (19) into (16), we obtain

1
1 -0\t

= (—=2 21

ht ()\A) ) ( )

which shows that work effort is constant in the pseudo economy despite the household’s will-
ingness to substitute labor hours intertemporally. Finally, substituting (21) into the social

technology (3) yields the following expression for total output:

22
1—-60\T1T+
_ .01

The fact that y, ¢; and iy in the pseudo economy are uniquely pinned down by the current-
period economic fundamentals has two important implications. First, the steady state in the
pseudo economy is a saddle point regardless of the degree of increasing returns in production.
Second, shifts in household expectations about future rates of return have no effect on the
equilibrium allocations. Consequently, the pseudo economy can never exhibit local or global

indeterminacy.

3.2 Solving for the Policy Rules

The allocations in the pseudo economy represent a potentially desirable benchmark for a
policymaker who wishes to stabilize the original economy against all forms of endogenous
fluctuations. We now proceed to derive a set of policy rules for the original economy that will
implement the allocations of the pseudo economy. We recognize, of course, that other policy
rules might accomplish the same objective by mapping into a different pseudo economy. For our
approach to be successful, the pseudo economy must exhibit the important property that the
investment decision does not depend on expected future returns. If the investment decision

in the pseudo economy depends on agents’ expectations about future returns, then these

"Kurz (1968) and Chang (1988) provide a number of examples of preference and technology combinations
in optimal growth models for which equilibrium decisions do not depend on the future. In the terminology of
Blackorby et al. (1973), these examples exhibit the property that “the future is functionally separable from the
present.”



expectations could become self-fulfilling when the productive externality is strong enough. In
this case, the policy rules that implement the allocations of the pseudo economy would not
guarantee a globally unique and stable equilibrium in the original economy.

Proposition 1. The following state-contingent policy rules will stabilize the original nonlinear

economy against all forms of endogenous fluctuations and yield a globally unique and stable

equilibriums:
Sht — 0, (23)
A= NB? (ka\5  [1-6\k
- t—1\ ¢ - t
_ )12 _1 24
1 G M C= LR (21)
=1 1-¢ 1-¢
T; (1—)\)B4’ <kt1> ¢ -~ a)(kt>
— =1-X-0+ —B(1-A\ — , 25
Yt B K ( ) Yi (25)

where y; is given by (22) and A = %. The policy parameters B > 0 and qAZ) € (0,1]
control the steady-state values of sy and %
Proof: Given the initial capital stock kg, we solve for fiscal policy rules that make the equi-
librium allocations {ct, ¢, y¢, ke+1}4e identical for the two economies. By equating the (non-
linear) equilibrium conditions (7), (9) and (10) in the original economy to the corresponding
conditions (14), (16) and (17) in the pseudo economy, we obtain three equations that can be
solved for the three unknowns sp;, sk, and % We eliminate ?t from these equations using
the law of motion (15). Given that conditions (14), (16) and (17) define a globally unique
set of allocations in terms of current-period fundamentals (as demonstrated in section 3.1),
the above policy rules will rule out indeterminacy, local or global, for any degree of increasing
returns that satisfies a7 < 1. B

An expression for the state-contingent government spending policy implied by (23)-(25)
can be derived by comparing the resource constraint (13) with the equilibrium version of (14)

to obtain

~

gt = 1t — Ut (26)

Equation (26) shows that g; measures the amount of additional investment that must be
undertaken in the pseudo economy to produce the same sequence of capital stocks as in the

original economy.® Hence, g; can be interpreted as a measure of the implicit adjustment costs

8Recall that the two economies have the same sequence of capital stocks by construction.



associated with the Cobb-Douglas capital accumulation equation (15). This helps to explain
why the policy rules (24) and (25) depend on k; and k1.

The policy parameters B and 5 influence the original economy only through the policy
rules (24) and (25). The following proposition illustrates one way in which the values of B
and qAZ) could be chosen by the policymaker.

Proposition 2. The following settings for the policy parameters B and qAZ) achieve the laissez-

faire steady state of the original economy:

B = 6§79, (27)

o)
Il

5. (28)

Proof: The steady-state versions of (8) and (10) in the original economy with sg; = spy = 0
imply i/k =6 and i/y = 06/ (p + 6) . The steady-state versions of (15) and (20) in the pseudo
economy imply i/k = E% and i/y = HgAb/ <p + q?)) . Equating i/k and i/y in the two economies
yields two equations that can be solved for B and gAzﬁ Substituting these parameter values into
(23)-(26) and letting t — oo yields sp; = sp = % = 0 which implies laissez-faire. B

Proposition 2 shows that by appropriate choice of B and &, the policymaker can avoid the
need for intervention as ¢t — oo. The policymaker must credibly commit to intervene, however,
in the event that the economy is ever perturbed away from the steady state. In such an event,
the policy rules defined by (23)-(26) require the government to implement a sophisticated
combination of fiscal variables over time.

Finally, we note that the policy rules defined by (23)-(26) have been designed solely for the
purpose of achieving global stabilization; they do not address the productive externality. It is
straightforward, however, to extend Propositions 1 and 2 to the case where the steady state

values of sp¢, Sk, and % are chosen to eliminate the wedge between the social and marginal

products of capital and labor. In this case, as t — oo, we would have sp; = Sp = % = n?

4 Conclusion

This paper demonstrates how fiscal policy rules can be designed to ensure a globally unique
and stable equilibrium in a one-sector growth model with increasing returns-to-scale. The
policy rules map the model’s nonlinear equilibrium allocations into those of a wholly fictional

pseudo economy in which agents’ optimal decisions depend only on the current state of the

See Guo and Lansing (2002, Proposition 1).
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economy and not on any expected future states. The fact that equilibrium decision rules
are independent of expectations is the crucial feature that shuts down the mechanism for

belief-driven business cycle fluctuations.

11



A Appendix

This appendix extends our global stabilization approach to Harrison’s (2001) two-sector model.
Unlike Benhabib and Farmer (1996) who postulate uniform externalities across sectors in the
production of consumption and investment goods, Harrison (2001) shows that local indeter-
minacy can occur if the productive externality in the investment-goods sector is sufficiently

strong, even if there is no externality in the consumption-goods sector.

A.1 A Two-Sector Model

The economy consists of two distinct production sectors. In the consumption sector, output

is produced by competitive firms using the following constant returns-to-scale technology:

yer = kSGRL0 0<0 <1, (A.1)

where k. and he are capital and labor inputs used in the production of consumption goods.

Similarly, investment goods are produced by competitive firms using the technology
_ _o\"
Yit = xtk%hgt O where x; = (KgHé 9) , n>0. (A.2)

Here, k; and h; are capital and hours worked in the investment sector, and x; represents a
sector-specific productive externality. In a symmetric equilibrium, all firms in the investment
sector take the same actions such that k;; = K;; and h;; = Hyy, for all ¢.

Under the assumptions that factor markets are perfectly competitive and that capital and
labor inputs are perfectly mobile across the two sectors, the first-order conditions for the firms’

profit maximization problems are

Oyt  Opiyie
vy = Qe _ Opeyie A3
! Ket Kt (A.3)

w = (1—-0)ya _ (1_0)ptyit7 (A4)
hct hit

where p; denotes the relative price of investment to consumption goods. Since firms use
identical technologies and face equal factor prices across the two sectors, the fractions of

capital and labor used in the consumption sector are the same,

k’ct hct

— =—= A.
kt h/t Iu’t7 ( 5)

12



where k; and h; are the economy’s total capital and labor hours, respectively. Moreover,
market clearing in the capital and labor markets requires that kqs+ ki = k¢ and heg + hyg = hy.

The representative household maximizes its lifetime utility (6), subject to
¢t + peiy = (1 + sge) ek + (1 + spe) why — Ty, ko = ko, (A.6)

where investment i; is defined by the linear capital accumulation equation (8). The first-order

conditions for the household’s optimization problem are

AACth’y = (1 + Sht)wty (A7)
1 _ B [(1—=08)pesy1 + (1 + Sker1)Te41 (A8)

and the transversality condition (11). The government budget constraint is again given by

(12). Finally, the aggregate resource constraint for the economy is

ct + pelkeyr — (1= 0)ke) + 9 = e (A.9)
A.2 A Pseudo Economy

Consider a pseudo economy in which the representative household maximizes (6), subject to

the modified budget constraint
ct + priy = riky + wihe, ko = ko, (A.10)

where investment 7 is defined by the Cobb-Douglas capital accumulation equation (15). The

first-order conditions for the household’s problem are

Acthz = W¢, (All)
iy _ B 0= O)Periies + 0Py (A12)
Ct Ct+1 bt ’

13



and the transversality condition (11). Following the same procedure as in section 3.1, it is
straightforward to show that the equilibrium decision rules in the pseudo economy are given

by

1
19\
1- 0\ 1%
— v
_ . 0 1;9— 14+n
-~ — Y
i = |(1—pkf <M—A> ; (A.15)
: PN
. B 0 —_ +
o= Ja-ok (<)) (A16)

where u, = p = % for all ¢. Using (A.5) and the market-clearing conditions for the
capital and labor markets, we can obtain the closed-form decision rules for kg, het, kit and
hi+ accordingly. Therefore, the pseudo economy is completely immune to local and global
indeterminacy because its equilibrium allocations are uniquely pinned down by current-period

fundamentals.®

A.3 Solving for the Policy Rules

Given the initial capital stock ky, we solve for a fiscal policy that makes equilibrium price
{pt}i2o and allocations {ct, 1y, he, kit1, ket Ret, kit, hit }op identical for the two economies. By
equating the equilibrium conditions (A.6), (A.7) and (A.8) in the original two-sector model
to the corresponding conditions (A.10), (A.11) and (A.12) in the pseudo economy, we obtain
three equations that can be solved for the three unknowns sy, sk, and % We eliminate
i; from these equations using the law of motion (15). Government spending on goods and
services ¢¢ is determined by (12). Given that (A.10), (A.11) and (A.12) define a globally
unique set of allocations (as demonstrated above), the proposed policy rules will stabilize the

two-sector economy against all forms of endogenous fluctuations.

0Qur pseudo economy approach cannot be applied to the multi-sector models of Benhabib and Nishimura
(1998) and Benhabib, Meng and Nishimura (2000) which exhibit unequal factor intensities in producing different
goods. In these models, the fractions of capital and labor used in a given sector are not constant over time.
This feature precludes derivation of closed-form expressions for the equilibrium allocations in a multi-sector
version of the pseudo economy.
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